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O npumeHeHUU MOAM(PULIMPOBAHHOTO
MeTOoda BO3MYIIEeHUU K MHTepIpeTanuu
HYKJIOH-HYKJOHHBIX paccessHUMn

IO.M. JIOMCAJI3E, B.H. JIEHIBEJI, H.IO0. KPHBCKHH, B.H. ®YII[HY,
H.B. XUMHY, JLII. IYKHH, B.M. 9PHCT

In the first non-vanishing approximation of the modified method on the basis of the
assumption of the existence of scalar m-mesons and the violation of the nuclear force
charge-independence in the high energy region, the differential effective cross-sections
are obtained for all types of N-N-scatterings. The calculated cross-sections in the
energy interval 100-600 MeV agree enough satisfactorily with the experimental dates.
The various new possibilities in the modified perturbation method are discussed.

B nepBom HeucuesaiouieM NpUOMHKEHHH MOIU(PHUIHUPOBAHHOIO METOA BO3MYLIEHHH B
paMKax MpeANoNoKeHHH O CYLECTBOBAaHUH CKaJISIPHBIX 7T-ME30HOB W HapyLIeHUH 3apsijio-
BOM HE3aBHCHMOCTH SJIEPHBIX CHJ NPH OOJbLIMX IHEPTUSAX MOJNY4eHbl AH((epeHLHanb-
Hble 3Q(eKTUBHbEIE ceyeHHUs I/ BceX BUAOB N-N-paccesHUH. PaccuutaHHble ceueHUs B
untepsane sHepruéi 100-600 M3B [0CTaTOYHO YIOBJETBOPUTENBHO COIVIACYIOTCS C K-
CTepHMEHTaNbHBIMU JaHHBIMH. OOCYXKAAIOTCS Pa3/iHuHble HOBble BO3MOXKHOCTH B MOIHU-
(ULUPOBAHHOM MeTOfle BO3MYLIEHHH.

L.

B omHoM u3 mpembiayumux noknaanoB [1] coobuianoch 0 TOM, 4TO C MpPUBJEYEHHEM
IBYX OOLIMX MPEANOJIOXKEHHH — O CYILIeCTBOBAHUM B MPHPOME CKAJSPHBIX T-ME30HOB
U O HapylLIeHWH 3apsOoBOH HE3aBUCHMOCTU SIIEPHBIX CHJ TP OOJbIIUX IHEPrUSiX —
MOXKHO TIOJIYYUTh BECbMa YOBJETBOPUTENBHOE COIJIACHE TEOPETHUECKHUX CeUeHUH (Kak
MOJIHBIX, TaK U OU(QepeHIHaNbHbIX) C JKCIIEPUMEHTAJNbHBIMU B [0BOJIBHO IIHPOKOM
uHTepBase sHepruil 100-600 M3B nas n-p- ¥ p-p- 4, CAEIOBATEJbHO, N-n-pacCcesHul.
OnHako 3TH pe3yJbTaTbl OJMy4YeHbl B paMKax OObIYHOIO MeTOLa BO3MYLIEHHH, KOTOPBIH
CUUTaeTCs] HEMPUMEHHUMBIM K CHJIbHO CBI3aHHBIM HYKJOHHOMY H 7T-ME30HHOMY MOJSIM.
C UeJsblo HEKOTOPOrO O0OOCHOBAaHHSI KOPPEKTHOCTH TEPBOrO NMpPUOJMKEHHs OOBIYHOTO
METOJa BO3MYILLEHUH B NpHMeHeHHH K [IN-IN-paccesHUsIM, HUXKe MOJydeHbl CeYeHUs
yKa3aHHBIX MIPOLECCOB B paMKaX MepBOro MPUONHKEHHUS] TaK Ha3blBaeMOI'o MOLU(DULU-
POBaHHOTO MeToia BO3MYILeHHE [12].

Kaxk u3BecTHO, B 3TOM MeTOJ€e MPOBOAUTCS 0cO60€ CyMMHPOBaHHE MO BCEM NPOCTEH-
UM COOCTBEHHO-9HEPTreTUUECKUM YaCTSIM, BOSHUKAIOLIMM OT BCEX BAPUAHTOB CHJIbHBIX
B3auMofelicTBUi. B uacTHOCTH, I/l UHTepecyOLIMX Hac mpoueccoB N-N-paccesHUH,
nepBoe NpUb/HKeHHe MOAU(HULHPOBAHHOTO METONA IOJyUaeTcsl Kak pe3y/bTaT TaKoro
0co60ro CyMMHPOBaHUsI MO BCEM MPOCTEHIIMM 3aMKHYTHIM OapUOHHBIM TET/SIM, BCTaB-
JIEHHBIM BO BHYTpeHHHE 7-Me30HHble JUHHUH (PelHMaHOBCKHUX OUarpaMM BTOPOTO TI0-
psinKa.

Tpynsl MexxBy30BcKoH KoH(pepeHUHH “[IpoGseMbl COBpeMeHHOH TEOpHH 3JeMeHTapHBIX uactul’, 2-6
okTsi6pst 1958 r., ¥Ykropox, 1959, Ne 2, 211-215.
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B ocHoBy pacyera kjameTcss raMUJIbTOHHAH B3aWMOJEHCTBUS OAapPUOHHOTO W TT-Me-
30HHOTO MMOJIeH, NPUHATHIH B cTaTbe [3], HO W3MEHEHHBIH ¥ NOMOJHEHHBIH B COOTBET-
CTBUH €O cTaTbed [1]:

H = Zg {N’}/5Ti7TiN + A’}/57Tizi + Eiﬂ'i’y5A +1 [ 2752]1.771' + E’Y5Tiﬂ'i5} + (1)
! (AT, ! A N / - [ / = /=
+g {NTiﬂ'iN + AT+ Xm A+ [ EZ]iﬂ'i + EnmE}.
31ech B OCHOBHOM HCIIOJIb30BaHbl 0003HaueHHs1 ctated [3] u [1] ¢ HEKOTOPHIMH OUeBHU-
JHBIMH U3MEHEHHSIMH.

[lockosbKy pacueThl fayKe TepPBOTO HEHCUE3aIollero NpUOIHKEeHUsT MOAW(UIUPO-
BaHHOTO METOJA BO3MYILEHHH BeCcbMa I'POMO3JKH, B KaueCTBEe IE€PBOTO IIara Mbl Ipe-
HeOperyii pPasHOCTbI0 MacC MeXJy TUIepoHaMH, OTBETCTBEHHBIMH 3a OIHY H Ty e
3aMKHYTYIO THIEepPOHHYI0 neTio. [Ipu 3ToM ycioBuu nuddepeHHaIbHbIE CEUEHUS IS
Bcex TUnoB N-N-paccesiHuil npencrasisitores B une (h =c=1):

do =dops +dos +dos_ps, (2)

rae AJs n-p-paccesgHus

dUPs=4g4Q{{A(x)r+ { A(2x))r_ A@)A@2 — o) }dQ

M (x) M'(2—z M(z)M'(2 — x)
e g B(z)]? B(2-2)]? 2B, (z) 3)
dos =9 Q{[N@J +1|36=7) *N@MW2—w}d“

dos_ps =2(99')*Q {

a IJis p-p-pacCessHus

dops = 4g'Q { { Al r + { A2 ? r AR x)) } d,

2C (x) C(2—x)
M@)N2—2) M2 —2)N@) } a2,

M (x) M2 —zx) Mz)M(2 —x
ao [[B@T? [Be-0)]* B
dos =9 Q{[Nuﬂ + ¥ <N@ﬂw2—@}d9’ @

C(x) C(2—=x)
@N2—2) M2—2)N@) } dsd.

B (3) u (4) ucnonb3oBaHbl 0603HAUEHHS

dos_ps = —2(99')*Q { i

1 T
= mmmerry =i
_ 4/P+z 2) = 8(1+2/P)/P—z(2—x)
PO = v PO e wpy ®
C(z) = 22—z +4/P) x=1-—cos0O,

@+ 2 /P)2 -+ u2/P)’

rie ©® — yroJ paccesHHUsi B C.LI.U., a p (Macca MoKosi m-Me30Ha) U P (KuHeTHYecKas
9HEepTrus nagarollero HyKJjoHa B JI.C.) W3MepeHbl B efWHHUIaX MacCChl ITOKOsA HYKJIOHA .
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Janee:

4 4
M(z) =142¢°) Lg(z,mi),  M(2)=1+g>> L(z,m),
=1 =1

4
N(x):1—|—g/22313(33,m,-)7
i=1
1 —b/P 1+4/xP 1+4/xP+1
Lasmy) = - 148 l;/ _x\/ +2/ac ln\/ +4/xP + ’
(2m) x+ p?/P x+ p2/P V14+4/2P -1
1 1_i az+b/P
ez \' "2t rep
(1+4/3:P3/2 \/1+4/:I:P+1
x+ p?/P 1+4/zP—1
2(2/u? —1) 1 2a

) b: a/. 9 10
~/42 \/4/;% -1 2/p? =1

Is(wvmi) =

(6)

alzl(_é_uﬁ) i -
22 e T e

, 4 1
b =12/ — —larctg ———.

I Va/p?—1
B dopmynax (6) nHmekc i HymepyeT KOMOWHalMK GapHOHHBIX Tap, CBS3aHHBIX MO ra-
MuabToHHaHy (1) ¢ 7m-Me30HHBIM moJieM (m; — cpelHsisi Macca i-0oBOH GapHOHHOH, B
YaCTHOCTH HYKJIOHHOH, Mapbl), a 4 ¥ P nu3MepeHbl Ha 3TOT pa3 B eIUHULAX CPelHeH
Macchl COOTBETCTBYIOIIEH 6apHOHHOH Maphl.

I1.
UncsieHHble pacueThl MOKA3BIBAIOT, YTO BKJaA MOAH(UKaUuU B S(S)-BapuaHTax MpH
koHcTauTe ¢ ~ 1 (cm. [11]) okasbiBaeTcst HecyliecTBeHHBIM. [Ipu KoHCTaHTax

2-58,3  ¢%=0,95, (7)

HCIOJIb30BAaHHBIX HaMU paHee [1], apeKTHBHEIE CeueHUs] m-p- U p-p-paccesHUi, pac-
CuuTaHHble 1O QopMmyaaM (2)—(4), KaueCTBEHHO COTJIACYSICh C 3KCIEePUMEHTaJbHBIMH
JNAHHBIMH, OKa3blBalOTCsS BMECTe C TeM MPUMEPHO B [Ba pasa OGosbliuMu ux. Her,
OJIHaKO, HUKAKHX alpHOPHBIX OCHOBAHUH MOJMb30BAThCS B paMKaX MOAW(DHULMPOBAHHOIO
MeTola TeMM XKe KOHCTaHTaMH, YTO M B OObIUHOM MeToie Bo3MmylleHHH. Mcxons us
3TOTr0, Mbl HECKOJIbKO M3MEHHUJU KOHCTAHTH! (7), MPUHSB UX PAaBHBIMU

243, ¢%=0,T. (8)

3aMeTHM, KCTaTH, YTO OTHOILIEHHWE HOBHIX KOHCTAHT (8) coBmajaeT ¢ OTHOLIEHHEM Mpe-
JKHUX KOHCTaHT (7), BCJEACTBHE Yero BCe BBIBOABl O HEMPOTHBOPEYHBOCTH HAIKX
OCHOBHBIX TIPEANOJIOKEHHUH ¢ sKcnepumeHToM (cM. [1]), Byaydun oCHOBaHHBIMH Ha OTHO-
IIEHWH KOHCTAHT g ¥ ¢', OCTAlOTCS B CHJIE.
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JludepeHnyabHble cedeHHs], MOMYIEeHHEIE C HCIIONb30BAaHNEM HOBBIX KOHCTAHT (8),
XOPOLLO COIJIaCyIOTCS € IKCIIEPUMEHTOM [IPUMEPHO B TOH »Ke 00JIaCTH HEeprui, uto U
ceueHusi, nojyuerHele B pabore [1], T.e. ot 100 mo 600 Mss. [lpuBenenHas HuKe
tabauua 1 mpu cpaBHeHHH ee ¢ puc. 1 paboTel [1] uamOCTpUpyeT BbIllIECKa3aHHOE:

Tabauua 1
T 0 0,1 0,2 0,6 1 1,4 1,8 1,9 | 2,0
j—g, mb | 812 | 3,68 | 2,83 | 2,19 | 2,13 | 2,73 | 4,87 | 7,21 | 21,1

Juddepennuanstoe cevenne do/dS) n-p-paccestHus 17151 KHHETHYECKOH SHEPrHH Najaiollero HeATpoHa

300 MaB B J.C. KaK (yHKUHS yriia paccesHus © B c.u.u. (x =1 — cos ©).

Heob6xonrnmo 3amMeTHTh, 4TO C BO3pAaCTaHWEM SHEPrHHM 3HAMEHATEJH B BbIParKEHH-
ax (3)—-(4) OynyT npubMMKATBCA K HYJI0, a CeueHHss — K OeCKOHEYHOCTH. DTO aHa-
JIOT M3BECTHOTO JIOrapu(MHUYECKOro MOJCA B 3JEKTPOIMHAMUKE, BO3HHKAIOLIETO TIPU
CYMMHPOBaHHH MPOCTEHIINX 3aMKHYTBIX 3JIeKTPOHHO-TIO3UTPOHHBIX MeTeqb. Ho ecau
B 3JIEKTPOAHHAMHKE 3TOT IIOJIIOC ITIOSIBJSETCS MPU KOJOCCAJNBHBIX JHEPTUSX, He Npef-
CTaBJSIIOLIKMX B HacTosilllee BpeMsi MPaKTHUeCKoro HHTepeca, To B PS(PS)-BapuaHTax,
BCJIEICTBHE OTHOCHTENbHO OOJBLIOH BeJHUHMHBl KOHCTAHTHl CBSI3H ¢, OH MOSIBJSETCS
yKe npu 3Heprusx nopsiaka | Bas. ITockosbKy 3T0 06CTOSATENBCTBO NPUBOAUT K (PU3H-
YeCKH HelpUeMJIeMbIM pe3yJbTaTaM, OHO HOJIKHO PAaCcCMaTPUBATBLCS KAaK YCTAHOBJIEHHe
rPaHHULbl IPUMEHUMOCTH MOAHW(HULHPOBAHHOTO METOAa B NpeKHEeH ero (hopMyJNHpPOBKE,
UCIOJIb30BAHHOH HaMH BHILIE.

B aToii cBA3M 0COOBIH MHTepec MPeNCTaBJSIOT Pe3y/bTaThbl, MOJy4YeHHblE HeJaBHO
H.H. Boroso6oseiM, A.A. Jloryuoseim u [I.B. Hlupkoseim [4] u kacaromunecs npobie-
Mbl YCTpaHeHHs MOgoGHOro poja MOJIOCOB. B COOTBETCTBUM ¢ 3THMH pe3yJbTaTaMH K
ceyeHUsiM (2) HOKHBI ObITb H0OABJIEHBI ONpele/ieHHble BBIPAXKEHHUSI, MOMHOCTbIO KOM-
TNIeHCHpYIOIMe 3TU Nosioca. B HacToslee BpeMsi HAMU NPOBOAATCS PacueTbl, YYUTHIBA-
IOlIMe BKJaIbl OT 3TUX JOTMOJHUTEbHBIX BbIparKeHUH.

YKarkeM MOMyTHO Ha JIOOOMBITHYIO BO3MOXKHOCTb, UMEIOILYIOCS U MOAU(DHULIHUPOBAH-
HOM MeTofe Bo3mylueHuid. Eciin npennosoxute, uto, Hanpumep, koHcranra g PS(PS)-
BapuaHTa JOCTATOUHO BeJMKa W eIUHHUlel B 3HaMeHaTess1X (3)—(4), B KOTOpble BXOAUT
3Ta KOHCTAaHTA, MOXKHO MNpeHeOpeub, TO 3TH BBIPa)KeHHs BOOOLIE MEPECTAHYT 3aBHU-

CeTb OT KOHCTAHTHI g. B stom cjayydae, O4YeBUOHO, POJib 6e3pa3MepHoro napameTpa B

2
MOAM(ULHUPOBAHHOM MeTole OyAeT WUrpaTh BeJWUYMHA TOPsIKA (1) , roe 4 — yucJgo

KOMOUHAL M GapUOHHBIX Map, CBA3AHHBIX C m-Me30HHBIM II0JIEM. !

[TockonbKy MeTonm, B KOTOPOM pa3JoxKeHHe BeleTCs MO TAKOro Tuma 6e3pasMepHo-
My NapameTpy, BecbMa IpHUBJeKaTesqeH KaK C (pU3M4YeCcKOH, Tak U ¢ MaTeMaTHYecKoH
TOYEK 3pPeHHs, UHTepeCHO ObL10 Obl MPOCJEAUTh Pa3yMHOCTb BBeJeHHUS TaKOH OOJBIIOH
KOHCTaHTHl ¢. [Ipy 3TOM, OIHAKO, CTAHOBHUTCS BECbMa CYLIECTBEHHBIM BOMPOC 00 ydeTe
BKJIaJia ellle He OTKPBITHIX, HO, MO-BUAMUMOMY, HECOMHEHHO CYIIECTBYIOUIUX B MPUPOLE
yacTul, 6apUOHHOTO THIMA, CHUJIbHO CBSI3aHHBIX C 7m-Me30HHBIM moJeM. Becbma rpybas,
(hakTHUeCcKH nonyeHOMeHoJornyecKas OlleHKa BKJala 3THUX THIOTeTHYeCKHUX YacCTHLL
MOXeT ObITh MPOU3BeNeHa C MOMOILIbIO BBeleHHUs B 3HameHaTesu (3)-(4) HekoToporo,
IJIS1 TIPOCTOTHI TIOCTOSIHHOTO, MapameTpa A.

[IpenBapuTesnbHble pacyeThl, POBEAEHHBIE HAMH, MOKA3bIBAIOT, UTO MPU A ~ 4 s
Bcex BUIOB IN-N-paccesiHWil B BecbMa IIMPOKOM HHTepBaje oT =~ 15 mo ~ 600 MsB
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¥, TMO-BUIMMOMY, BBIIIE TMOJYYalOTCsl OTHIOAb He abCypAHbIE Pe3y/abTaThl. DTa BO3MO-
JKHOCTb, OfiHaKO, TpebyeT Gosiee OOCTOSTENbHOTO aHA/W3a, B YaCTHOCTH, ydyera [0-
MOJHHUTENbHBIX YJIEHOB, Ha CyILIECTBOBAHHE KOTOPHIX YKA3aHO B yrKe LUTHPOBABLIEHCS
pabote [4].

1. Jlomcanze 0.M., Jlennven B.U., Kpusckuit U.10., Cratbsi B 3ToM xe cGopHuke, C. 195.
2. Jlomcanze IO0.M., CraTbs B 3TOM ke cGopHuke, C. 182.

3. Salam A., Nucl. Phys., 1956, 2, 173.
Gell-Mann M., Phys. Rev., 1957, 106, 1298.

4. Boroawobos H.H., Jlorynos A.A., Illupkos [1.B., Merton AucrnepcHOHHBIX COOTHOLIEHHH W TeOpHs
Bo3MyuleHui, [Ipenpunt OSSN, 1959.
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Jo npob6semMu pagialiiHOro po3mnany
T~ -Me30Ha

LI0. KPHBCbKHH, IO.M. JIOMCAJA3E, B.I. ®¥1[HY, I.B. XIMIY

From the viewpoint of the relativistic invariance of quantum field theory and on the basic
of universal Fermi interactions, employing the method of renormalising, the authors
obtained a finite expression for the probability of # — e 4+ v +  decay in the first
non-vanishing approximation of the perturbation method. The result of the ratio of the
probability of 7 — e 4+ v + v and m — p + v decays obtained in this way is ~ 3- 1077,
which agrees quite satisfactorily with the experiment.

B pamkax pessituBicTCbKM iHBapiaHTHOI Teopii KBaHTOBaHHX IOJIB Ha TincTaBi yHiBep-
casmbHOo! PepMi-B3aeMOAil 32 NOMNOMOro0 MeTOLy MePeHOPMYBaHb OfiepKaHO CKiHUEHHH
BUpa3 AJsl iMOBipHOCTi po3magy m — e + v + 7y B NepIIOMY He3HHKaluoMy HalJHkKeH-
Hi MeTony 36ypeHb. OnepkaHe Ha MiACTaBi LbOrO pe3ysnbTaTy BiJHOLIEHHS HMOBipHOCTEH
posnaniB m — e4v-+7y tam™ — p-+v, piBHe ~ 3-1077, LiJKOM 3a10BiIbHO Y3rOAKY€EThCS
3 €KCIIEPUMEHTOM.

1. HaiiHoBiwi ekcriepuMeHTH NMPUBOAATh A0 TAKUX NAHUX [Js BifHOLIeHb iMOBipHOCTeM
pi3HHUX po3mnaAiB 7~ -Me30Ha:

W(r —e+v)

p= Wt = pto) ~ 1074 (muB. [1, 2]), (1)

W(r —e+v+7)

Wir = pt0) <2-107 (muB. [3]), (2)

Py =

AKi CBigyaTh NpoO LyzKe MaJi iMOBipHOCTI po3naiis
T — e+, (3)
T—=e+v+. (4)

3 npyroro 60Ky, 3 TOUKH 30py Teopii KBAHTOBaHHX MoJiB posnand (3) i (4) moBHHHI
icHyBaTH 3a paxyHOK Ge3yMOBHO iCHYIOYOr0 3B’sI3Ky 7-Me30HHOrO Ta HYKJOHHOro (a
TaKOX, 3BUYaiHO, TiMepoOHHOr0) MOJIB i 3araJbHONPUHHATO! B NaHUE yac yHiBepcaJsb-
Hoi (-posmanHoi B3aemonil [enn-Manna-®efinmana [4]. OckinbKH Npu po3paxyHKax
iMoBipHOCTEH LHMX po3NaiiB 3a MeTOLOM 30ypeHb BUHHKAIOTb PO30OiXKHI BHUPA3H, MOXKE
3[IaTHCS, 1[0 CydyacHa Teopis KBAHTOBAHUX M0JiB SIBHO CYNIEPeYUTh eKCllepUMeHTalbHUM
panum (1) i (2).

CrannapTHU# wasax obxony Liel TpyoHOCTi 3 HECKIHUEHHOCTSMHU MOJATaB A0 LbOIO
yacy a0 B PO3MIAAi BUKJ/IOYHO BiIHOLIEHb TEOPETHUYHHUX iMOBipHOCTEH po3MnaliB, NpH
SIKOMY MOXKHa HaisiTHCSl Ha BHUIAJKOBE CKOPOUEHHs LMX HeckKiHdueHHocTted [5, 6], abo
B “00pisyBaHHi” po36ixkHUX iHTerpasiB mo BipryanbHux immynbcax [7]. [lpu mbomy,
ofHaK, Tpeba MaTW Ha yBasi, 110 MeplWHUH Miaxing mMae o6MexkeHY LIiHHICTb, OCKIiJIbKU

YkpaiHncbkuil hisuunuil xkypaan, 1960, 5, Ne 6, C. 777-780.
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eKCIepHMEeHTaNbHO BUMipIOIOTbCS HE TiNBbKH BiNHOLIEHHS iMOBipHOCTeH po3mamiB, a #
ix aGCcoMoTHI 3HAUeHHSs, @ APyTHH NiaXing B3araJi noBrHeH OyTH BU3HAHUM MPUHLIUIIOBO
He 3aJI0BiJIbHUM BHACJiOK MOPYLIEHHA HUM PeNsATUBICTChbKOI iHBapiaHTHOCTI Teopil Ta,
6isblie TOro, Horo HeBUIPABAAHOI NOBiJBHOCTI.

Ane icHye Takox i iHIIA MOXKJHBICTb MomoJaHHs Iiel TpyaHocti. $IK mokasaHo
y [8], Bci HeckiHYeHHOCTI, 1110 BUHHUKAIOTb NPH PO3paxyHKax posnany (3) B HabJHKeH-
Hi, MepLUIOMYy MO KOHCTAHTi [3-3B’SI3KYy i K 3aBrOJHO BUCOKOMY IO KOHCTaHTaX CHJIBHUX
3B’13KiB, MOXYTb OyTH TOYHO OOepHEHi B Hy/b 3a JOMNOMOrO0 PessTUBICTCbKH iHBa-
piaHTHOI MPOLEAYPH TEPEHOPMYBAHHSI KOHCTAHTH ¢’ MPSMOro 3B’13KYy 7T-ME30HHOrO Ta
eJeKTPOHHO-HeHTpiHHOrO moJiB. BHacsinok uboro posman (3) B TakoMy HaGJHXKeHHI
MoxKe BifOyBaTHUCS JHIIE 32 PAXYHOK MPSIMOTO 3B’13KY 7-ME30HHOTO Ta €JIeKTPOHHO-
HEUTPIHHOTO MOJIB, | Ha/MeXKHUM BUOOPOM ¢’ HOro IMOBIpHICTH MOXKe OYyTH MpUBENEHA Y
BiATOBIIHICTL 3 eKcrepuMeHTa bHUMU naHuMHu (1).

lono posmany (4), To mic/s MpoBedeHHs MepeHOpMyBaHHsS (a6o y3arajbHeHOi pe-
ryjasipusailii po36iKHUX iHTerpasiB) iMOBIPHICTb 11bOrO PO3MaLy JIHIIIE PUBOAUTHCS 10
cKkiH4eHOro pesyabraty [8]. Merta naHoi po6oTH — MOKa3aTH, I10 NPUHAHMHI B MeplIo-
MY He3HHKalnudoMy HabJMKeHHi MeTony 30ypeHb Liel CKiHUeHHH pe3y/bTart, ofepKaHui
— MiJKPeCJUMO Lle pa3 — CTPOro pesATHBICTCLKH iHBapiaHTHUM ILJAXOM, He cyrepe-
YUTh eKCIIEPUMEHTAIbHUM HaHuM (2).

2. TaminbroHiaH B3aeMOAil cHCTeMU KBAaHTOBaHMX MOJIB, 110 MPUHMAIOTh yyacTb Y
posnani (4), 6epeTbcs y 3arajJbHONPHAHATOMY BHUIJISALI

H =:igUs7Wp; + —= [y, (1 + Fys5) Untheyu (1 +v:) + hee] - +

&
V2 (5)

+ 3B’30K 3 eJIeKTPOMarHiTHUM I0J1eM

. A
st ouinku nopsinky Beqaudnuu W(mw — e+ v+ ) po3rasiHeMo \K P
OIHY 3 TPbOX MOXKJHBUX [iarpaM MepLIOro He3HHKAUOro HalJiH-
KeHHs1 Metony 30ypenb, a came apiarpamy (I), me p, k, g Ta r —

YOTUPUMIpHi iMIYy/JbCH T-Me30Ha, (POTOHA, eNeKTPOHa Ta aHTHHeH- 4
TpiHO, BiAmoBigHO (AWB. pHC.).

[Ticns ycyHenust po3bixkHoctedt (nuB. [8]) iMmoBipHicTb posmany (4) AJst w-Me30Ha,
1[0 3HAXOOHUTBCS B CTaHi CIOKOIO, TMPeACTaBJSAETbCsl ¥ BUNAL (h =c = 1)

2 2
g° e 1
W(TF—>€+V+'}/):EEG2MM2—W///CZQ]€ er dk:ox

koro

Pw el

qurV(Xau,XaV - Ya;LYaV)_ (6)

(ar) 2 2
- 9 (X,uu 7Ypu)+X5uY5y5puaﬁQQrﬁ y
Ie UYOTHPUMIpPHHH cKansipHUH NOOYTOK NBOX BeKTOpiB a, b Bu3HaueHo Tak: (ab) =
a,b, = (ab) — apbo; q, r Ta gy BHpaxawTbcs uepe3d ko = |k| i3 cmiBBigHOWIEHDb
k+qgq+r=0, u—ko—qo—10=0, 10 = 7|, 90 = /> + m? M, p, m — macu
CIIOKOIO HYKJIOHA, T-Me30Ha, €JIEKTPOHA BilMOBiNHO; €,,0,3 — OAMHHUYHHMH IOBHICTIO
2
. . n
aHTHCHMETDPHYHHIA TeH30p YeTBepTOro pary i mns (45)” < 1

F
X = §[pu(3ky —2py) + kupy — (kp)duw],s Y = euwapkapp- (7)
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3. UncenbHa ouinka Bupasy (6) m/s KOHCTaHT % =15, % = %7 G? =2-10"%¢cm?
Ta F' =1 pae
1
Wr—e+v+7)= ~ 10 cex 1. (8)

T(m —e+v+7)

SKI10 BpaxyBaTH, 110 eKCllepUMeHTa/bHe 3HadeHHs 7(m — p+v) ~ 2,5-1078 cek., To
BiJHOILIEHHS po, NOPiBHIOBaTHME ~ 3 - 1077, 110 3a/0BiIbHO Y3TOMIXKYETHCA 3 EKCIepH-
MeHTaJbHUMH HaHuMH (2)°.

3ayBaXKMMo, L0 BKJal Yy iMOBipHicTb posmany (4) Bil TCEBIOBEKTOPHOTO (3-po3-
NafHoro BapiaHTa MpPUOJIU3HO HA MOPSAOK MEPEBULIYE BKJA Bil BEKTOPHOTO BapiaHTa.
Lleii pe3ysbrar 36iraeThCsi 3 TBepHKEHHSIM, HaBeleHUM B poboti [6], mpo momaB/eHHs
B posmnani (4) BekTopHOro (-pO3MafHOro BapiaHTa, XOU BeJHYHMHA L[bOTO MONABJEHHS B
HAIlIOMY BHMAJKY Ha TOPSIIOK MEHIIa.

3ayBaxKMMO TaKOX, 10 KOJH 3aMiCTb NepeHOpMyBaHHs (a6o ysarasnbHeHoO! peryisi-
pu3atlii) npoBecT “06pi3yBaHHs” JorapudmiyHe po3GixKHOTO iHTerpaja y BuUpasi Ijs
W (r — e4+v+7~), onepxanomy no aiarpami (I), Ha neskomy immynbci A, six ue 3BHuaki-
HO i pobuThes [7], To AJs ofepXKaHHs Hallol YHceabHOT olliHKH (8) Take “06pisyBaHHs”
Tpe6a MPOBaIMTH Ha iMMyJbei, WO 3an0BosbHsie ymMoBy: In(A/M) ~ 1073, Ockinbku
astop crarti [7] Bu6paB In(A/M) ~ 1, To He AMUBHO, YOMY BiH He OIepXKaB y3TOILXKe-
HHS 3 eKcriepuMeHTOM. Llell mpuk/sazn mokasye, HacKinbku Tpeba 6yTH 00epeXHUM IpH
OLiHLI pe3y/bTaTiB, OflepPXKaHUX 3a JOMOMOTOI0 TPOLenypH “o6pidyBaHHsS” pPO30IKHHUX
iHTerpaJis, fKa NOpyLye PeNsaTUBICTCbKY iHBapiaHTHICTb Teopil.

1. Tazzini T., Fidecaro G., Mevviron A., Paula H., Tollestrup A., Phys. Rev. Lett., 1958, 1, 247.

2. Impeduglia G., Plano R., Prodell A., Samios N., Schwarza M.. Steinberger J., Phys. Rev. Lett.,
1958, 1, 249.

Tpynst VII PouecTepckoit KoH(pepeHLHH N0 (GU3HKe BUCOKMX dHeprui, 1958.
Feynmann R., Gell-Mann M., Phys. Rev., 1958, 109, 193.

Treinmann C., Wyld H., Phys. Rev., 1956, 101, 1552.

Bakc B.T., Hopde B.JL., KIT®D, 1958, 35, 221.

KoG3apes N.10., 2K3T®, 1957, 33, 551.

Jlomcansze IO.M., TIpo6semMbl cOBpeMEHHOH TeOpHH 3JeMeHTapuHX 4dacTHl, Tpyabl BcecorosHoit me-
JKBY30BCKOH KOH(epeHUHH B YKropoge, 2—6 oktsa6ps 1958 r., 1959, Ne 2.

e S A

B . .
B uucenbHy ouinky mnas W(m — e + v + ), HaBefieHy B crarti [8], BKpasacs MoMHJIKa, L0 MPHBeJa
110 BEJIMUHHU pPq, HA JBA NMOPSAKH Oi/bLIOT BiJl eKCIepUMEeHTalbHO .
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O nIByXHEeUTPUHHOU AHHUTUJISLAU IJIEKTPOHA
C MO3UTPOHOM

H. KPUBCKHH, [0. IOMCAJIZE, B. ®YII[HY, H. XHMHY

1. Kak u3BecTHO, OMHUM H3 CJIEACTBUH OOLIENPUHATOrO B HACTOSILEE BPEMS YHHBEp-
canpHoro B3aumomedctBusi [enn-Manna—®@efinmana [1] siBjsieTcsi BO3MOXKHOCTb TPO-
ecca

e 4+et v +7. (1)

‘< K

//

< M
N

/P4 \\—i‘

PaccuntanHoe 0ObIYHBIM IyTEM B MIEPBOM HeHUCUe3aolleM I'IpI/I6JII/I)K€HI/II/I METOda BO3MY-
menu# (nuarpamma (I)) muddepennnanbHoe 3pPeKTUBHOE CeueHHe TOTO Mpolecca B
cHCTeMe LEeHTpa HHepluu umeet Bui (h = ¢ = 1):

do G\* P
A i [ I 2
ds? (27r> 4/ P2 _m2{ met )

+6P+/ P2 — m2 cos © + 2(P? — m?) cos® 6},

rJe KOHCTaHTa yHHBepcaJabHOro B3aumozneiicteus G2 ~ 2-10~%cm*, P — nonnas snep-
TUs 3JeKTPOHA B C.II.H., M — Macca MOKOsl 3JeKTPOHAa U © — yroJ MexAy HadasjbHbIM
3JIEKTPOHOM M KOHEYHBIM HEHTPHHO B TOH XKe CHCTeMe.

[TonHoe ceuenwe mporecca (1) npeacTaBiasieTcst B BHIE

e
127 /P2 1 m2

38M€TI/IM, YTO CE€YEeHHe Ipolecca

(14P% — 5m?) . ©)

Oy

p A pt - v+, (4)

TaK>Ke€ BBITEKAKLIEero M3 CXeMbl re.}'IJ'I-MaHHa—CDGI:IHMaHa, noJsydaeTrcs M3 Bpra)KeHI/Iﬁ
(2) u (3) mpocToil 3aMeHOl MaccChl 3JeKTPOHA HA Maccy ji-Me30Ha.

2. dkcrnepuMeHTanbHoe obHapyxeHue mpouecca (1) (uau (4)) Morio Obl SIBUThCS
NPSIMBIM J10Ka3aTeJbCTBOM CXeMbl YHUBEpCaJbHOrO B3aUMONeHcTBUs. Pasymeercs, ce-
yenue nporecca (1) HeH3MepPUMO MeHbIlle, BO BCSKOM CJIydae MpH OOBIYHBIX SHEPTHSX,
CeueHHs 0. ABYX(DOTOHHOH aHHHUTUJIALMH 3/JEKTPOHA C NMO3UTPOHOM (1pu P ~ 13 M3B,
0,0, ~10719).

Jloksanel U CoOOIIeHHsT YKTOPOACKOTO T'OCYapCTBEHHOTO YHHBepcHTeTa, cepusi (pu3.-mMat. Hayk, 1960,
Ne 3, C. 23-24.
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Onnako, Kak BUAHO M3 (3), ¢ poctom P npu 60abmux P cedenue o, pacter Kak P2,
B TO BPeMsl KaK CeyeHHe o, nafaet Kak P~21n P (mocsenHee cjiefyeT U3 pesy/bTaToB
crareit [2, 3]). [loatomy mpu >Heprusix mopsitka AecsiTkoB baB oba mpoiiecca HAYHYT
KOHKYDHPOBaTb. DTO OOGCTOSATENLCTBO MPU yueTe OYPHBIX TEMIOB Pa3BUTHS TEXHHKH
IKCMEPUMEHTA B HAcTosilllee BpeMs AaeT OCHOBaHHE PaCCUMTHIBATH HA BO3MOXKHOCTb
MOCTAHOBKH 3KCIIEPUMEHTOB MO oOHapyXeHHuwo mpouecca (1) (uau (4)) B Henasekom
OymyIieM.

B sakJouenue, mosb3ysick aprymentanueit cratbu [4] (cm. takxke [5]) mast mpo-
Ilecca TOPMO3HOTO HCMYCKaHHSI HEATPUHHOM Mapbl, OTMETHM, uTo mpoiecc (1) moxer,
M0-BUAUMOMY, TIPUBOAHTH K MaKpOCKOMHUeCKHUM 3(hdeKTaM B GOJBIIMX TejaaX, HaXo-
ISIUXCS TIPH BBICOKHUX TeMIlepaTypax (Hampumep, B 3Be3ax). DJaronpusiTCTBYOLIAM
(bakToOpOM 3/1eCh SIBJSIICS TO OOCTOATENBCTBO, UTO cedyeHue mpouecca (1) mo mopsiaky
BeIMuMHbl B (137)2 pas GoJblie CeueHHst TOPMO3HOTO H3JyYeHHs HeHTPUHHOM Maphbl Ha
eIHHUYHOM 3JIEKTPUYECKOM 3apsifie.

1. Feymann R., Gell-Mann M., Phys. Rev., 1958, 109, 193.
2. Dirac P., Proc. Cambr. Phil. Soc., 1930, 26, 361.

3. Jamm L., Zs. . Phys., 1930, 62, 545.

4. Tlourekopso b., KITP, 1959, 36, 1615.

5. Tanpenbman ' M., IMunaes B.C., K3T®, 1959, 37, 1072.
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AHaquTH4YeCKHe CBOMCTBA aMILJIMTY],
POXKIEHUS B OMHOYACTUYHOM MPUOJIHIKEHUU
KaK (DyHKLMM JBYX MepeMeHHbIX

B.H. ©YLIHY

1. McciienoBaHuio aHaJUTHUECKUX CBOHCTB aMILIMTYH POXKAEHUS KaK MO0 TeOPUU BO3MY-
LIeHHUH, TaK U Ha OCHOBe aKCHOM TEOPHH I10JIs IOCBSLIEHO B MOCJ/eHee BpeMs J0BOJIBHO
MHOro pa6ot [1-4]. Dto cBsizaHO, BO-MEPBBIX, C MOMBITKOH yueTa BHICIIMX BKJAIOB B
YCJIOBHE YHUTApHOCTH, BO-BTOPBIX, C PAa3/JHYHBIMH MPHOJIHKEHHBIMU MeTOLaMH (MeTo[
Uy u Jloy, onHouacTH4Hble MPUOIHKEHHUS), KOTOPble OCHOBBIBAIOTCS Ha aHAJTUTHYECKHX
CBOHMCTBAX aMIIUTY[ POXKAEHHUS.

3Hasl aHaMUTHUECKMe CBOHMCTBA aMILIUTYH POXKAEHHS, MOXKHO CYAUTb O BO3MOXKHO-
cTu mpumeHeHusi meroma Uy u Jloy [5]. DToT mMeron, Kak H3BECTHO, OCHOBAaH Ha K-
cTpanoasuuy QyHKUMH f(s,t), KOTOpas OnpeleseHHBIM 00pa3oM CBfi3aHa C BKJALOM
B aMIUIMTYAY POXKJAEHHS OT auarpammbl puc. 1 [5], 3amaHHOH B (husudeckod objacTu
OTHOCHTENIbHO MepeMeHHol ¢ (t < () mpu QUKCUPOBAHHOM S, 0 TOUKH t = u?, e pn —
Macca 7-Me30Ha, eCJM paccMaTpuBaeTcs mpouecce w+n — n + w + m.

OueBHAHO, YTO AJIS JOMYCTUMOCTH TaKOH 3KCTPAMONALUOHHON NpoLefyphl (DYHKIHS
f(s,t) momkHa 6bITH aHaTMTHYHOH B obmactu t < 2.

Puc. 1. Puc. 2.

B Hacrosiell 3ameTKe HCCaenyIOTCS aHAJIUTHUECKHE CBOUCTBA aMIJIUTYbl IIPOCTOrO
POXIEHHUS] KaK (YHKUHH OBYX NepeMeHHbIX (¢ U t24) B OHOYACTHYHOM NPUOJIHIKEHHH,
T.e. BKJaga B aMIUIUTYAy POXKAEHHS OT AWArpaMmbl puc. l; ob6cyKmaeTcss BOMpOC O
npumenumoctu Metona Uy u Jloy mas mpouecca m +n — n + m + m. Hccaenosanue
TPOBOIKTCS C MOMOLIBIO HHTErPaIbHOTO MpeacTaBienus Mocra—Jlemana—Jlaiicona.

2. BxJaan B aMIVIMTYAy POXKAEHHS OT AMArpaMMmbl puc. | 3amuiiercss ciaegyoLliuM
00pasoM:

T®) =V (p3,p3,¢) T (p3,p3, 02, ¢, t24, 545) (1)

t—p?’

e sas = (pa + ps5)? =5, tosa = (p2 — pa)?, tis = (p1 —p3)* = ¢.

YKkp. MaT. XKypH., 1963, 15, Ne 2, C. 227-232.
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U3 (1) BuaHO, 4TO 06/aCTBI0 aHAJTUTHUHOCTH T°, HampHMep, OTHOCHTEJBHO Mepe-
MeHHOH ¢, OymeT mepecedeHue obsacTeil aHanuTudHOCTH (yHKumE V() u T4(t). Tlo-
3TOMY AJISl TIOJTHOThl U3JI0XKEHHS IPUIETCS OCTAHOBUTHCS HA aHAJMTHUECKUX CBOHUCTBAX
BeplIMHHON (QyHKuMKM V (t). B panbHeiiem 6ynem npeamnosaratb, uto p3 = p3 = m? —
Macca HYKJIOHa, a BCe Apyrye 4acTHIbl — ME30HBI.

XopolIIo U3BECTHO, UTO, UCXOs1 U3 aKCHOM TEOPUH T10Jis (JIOpeHIIBAPHAHTHOCTH, MPH-
YUHHOCTH U CIIEKTPaJNbHOCTH), YAAETCS 10Ka3aTh AUCIEPCHOHHbIE COOTHOLIEHHUS TOJIbKO
oas p > (\/§, 1)m, T.e. s HeDU3MUECKMX MacC. DTO 03HAUYAET, YTO B KOMILIe-
KCHOH OKPecTHOCTH TO4KHM t = 4u? (GyHkuus V() MOXeT MMeTb 0COOEHHOCTH. DTH
0coGeHHOCTH OBIIK HccaenoBaHbl DMMe [6] ¢ MOMOIIbI0 TaK Ha3bIBaeMOro “TpsMOro
Npe/iCTaB/eHUs1” BePIIMHHON (PYHKIHH, T.e.

[ ]
V(z1,429,t) = [ d¢ [ dn | dkx
0  &-1 ki 2)
« p(k7£a7774z2)
[2k2 +2(1 4+ €2 — n2)22 — (21 + 1) + n(z1 — O)]° — 2\ (21, 42, 1)
rae
b= max{0; a— 2 [(1+0)? =€ ez [1-n? -4} 3)

B nawem yacTHoM cayyae a =b=m+ p, c = 2, 229 = m.

[IpupaBHsIB 3HaMeHaTeJb BbIpa)KeHHs1 (2) K HYJI0, MOJYUYAM MHOXKECTBO TOYEK B
MJIOCKOCTH ¢, B KOTOPbIX V' (f) MOXeT HMeTb 0COGEHHOCTH. DTO MHOXKeCTBO OyAeT cie-
AYIOLIUM:

(1+n) [+2 = (1—n)? — €] — 4¢?

Ret=2 , 4
. (14m)?—¢€ @
Re t [(141)2 — €2] +8¢22,)°
Imt=—(Ret)+ {Ret( 277) 5}2 5222} 7 )
(1 +n)? [(1+n)? - €]

k1
roe v > —.
2o

[IpuBenemM KaueCTBEHHYIO KapTHHY o0sacTH aHaniuThdHOCTH. KoopauHaThl ToYek

4my 2(2
(Re )4 = 5w (Re ) = "7 (e puc. 2)

3mech BaxHO OTMETHUTb, 4TO V(t) aHaJUTHUHA BAOJb OTPULATEJbHOH 4acTH AeH-
CTBUTENIbHOH OCH, BKJwouas Touky t = 2u2. OnHako MosiB/JeHHe KOMIJIEKCHBIX 0CO-
GeHHOCTel BOJIM3M TOUKM t = u? MOXKET OTPHMIATe/bHO TOBJMATH Ha MPaKTHYECKOe
OCylIlecTBJEHHEe KCTPANOJALHOHHOH npouenypsl Yy-Jloy.

3. Hccnenyem Tenepb aHaqMTHYeCKHe cBOCTBa (yHKuuu T4, AMnauTyny npouecca
A+ B — C + D MOXHO 3anucaTb B BHJE

10—~ [do oxp PR g ot [R() (5) A4 (<5) 0 ©)

CrnenyeT 0co60 MOmUEPKHYTh, 4TO Bhipaxenue (6) onpenensier T He TOBKO AssA
TeX BEKTOPOB p1 — p3 = k U po, KOTOPBIE JIeXKAT HA MacCOBOH 000JI0UKEe, HO U IJIs1 TEX
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BEKTOPOB, JJIsi KOTOPBIX MHTerpas (6) cyuectByeT. DTO 0OCTOSTENbCTBO AAeT BO3MO-
XKHOCTb paccMaTpuBaTth (p; — p3)? = t Kak He3aBUCHMYI0 KOMIJIEKCHYIO MepeMeHHYIO.

C TMOMOIIbI0 aHAJIOTMYHBIX PAacCyXIeHHH, Kak ¥ B [7] AJs caydas ympyroro pacce-
SIHUSI, HMeeM:

(4 _ 1 du d>* (u, 5%, pa, ps)

r 2 1 2 2’
) k=g~

(7)

1/2
S
roe ¢ — BecoBas (yHKUHMS, oOpaliawiiasics B Hyab BHe obsacth 0 < u < 7;

s1/2 gl/2
Ty tusuws 5w

2
s1/2 2 s1/2 2
» > max [0; my — <T—u0> —uZ; mo — (T—u()) —u?|. (8)

Bri6paB cucremy neHTpa Mace py + ps = 0 U BBOIS MOJISPHBEIE KOOPAHHATHI

—

P4 = |pa] (1,0,0), k= K(cosb,sin6,0), « = u(sinfcosq,sin[sina,cosf),
nepenuiieM BbipaxeHue (7) B BUIE:

27 27

=y f o [ [ [ o [ B

rae

2
Kz(s,t)+u2+%2—(uo+%) 0

= 1
X(s:1) 2K (s, t)usin 3 ’ (10)

(s+ pu? —1t)? —4u?s
4s '

K2 — (11)

[TockosibKY BCst 3aBUCHMOCTB OT ¢ M cos 6 (s — (hDUKCHPOBAHO) BbiJeJeHa B 3HAMeHa-
teqe, To T4 MoxKeT HMeTh 0COGEHHOCTH 3a CueT HyseH 3HaMeHaTe/s BeIpaxkeHus (9),
a Takxe npu Tex t, ajsi Kotopuix K (s,t) =0, T.e. mpu

t = (51/2 + M)Q. (12)
Jlst onpefiesienust oGnacTi aHatutiuHoetn T paceMoTpuM Takue cayudau:
1) =1 <cosf <1, t — KOMILJIEKCHOE;
2) —oco <t < m?, cosf — KOMIJIEKCHOE;

3) t ¥ cosf — KOMIJIEKCHbIE.
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1) B sToM ciyuae 3HaMeHaTesb BhipaxkeHHus1 (9) MoxkeT obpalathesi B HYJb, KOTIa
-1 < X(s,t) <1. (13)

Uro6el HAUTH TpaHHLy 06JIACTH aHAJUTHYHOCTH OTHOCHTEJBHO MepeMeHHOH ¢, Heobxo-
numo u3 (10) BblpasuTh t Kak GyHKuUMIO X, ug,u, 2%,sin 3 ¥ HaliTH MHHMMalbHOe i,
IpU KOTOPOM 3HaMeHaTesb MOXET ellle 00pallaThCsi B HyJb, [PUYEM CJEIyeT yuecThb
yeaosus (8) u (13). B paGote [pemuna [8] 6bli0 MpoBeleHO TaKoe IeTajlbHOE HCCIe-
JOBaHHE NJIsT MHUMOH UYaCTH aMIUIUTYIbl ME30H-HYKJOHHOIO YIPYroro paccesiHus Ha
HyneBo# yroJs. Tak Kak 3HaMeHaTesb BeIpaxkeHHs (9) coBmanmaer ¢ OOHHM K3 3HAMeHa-
tesiedd pabotsl [8] [cm. dopmyay (5)], TO MBI MpUBeneM 3[IeCh TOJNBKO OKOHYATEJbHBIH
pe3y/bTaT — BUA I'PAHULbl 06/ACTH aHAJIUTHYHOCTH (B eIMHHLAX () C YYETOM, UTO B
HalleM cjaydae mi = mg = 2, U npu ycaosuu (12).
ImA oo ImA N\
NN
NN
NN
NN
SO\

NN
NN

Puc. 3. Puc. 4.

W3 npusesienHbIx pucyHKoB 3 U 4! BoiTekaet, uTo npu s > 9u? Mexay dusHueckoil
o6nacTbio nepementoil ¢ (t < 0) u momocom B Touke ¢ = pu? T©) e umeer npyrux
oco0eHHOCTeH Ha AEHCTBUTEJNbHOH OCH, a 3TO 03Hauaetr, 4To W GyHKuUUs f(s,t) He
OyIeT UMeTb 0COOEHHOCTEH B 3TOH e 00JaCTH.

2) Ecau ¢t (DUKCHPOBAaHO B BhilleyKasaHHOH obmactd, To T kak ¢pyHkumus® cosf
aHaJMTHYHA B SJUIMIICE C MOJYOCSIMH To(s,t), /a3 (s, t) — 1, rae

_ (m} —t)(m3 — )

O6sactbio aHanutuynoctd T4 B TpexmepHOM MpocTpaHCTBe MepeMeHHBIX Re t,
Re cosf u Im cosf Oyner obmacTe, NMpHBefeHHAs HA PHUC. D. YpaBHEHHEM BepxHel
yactu nosepxHocTH (0 < Re t < m%), TIPUBEIEHHON Ha PUC. D, SIBJSETCS MOBEPXHOCTD
3JIJIMIICOU A

2 2
(Re cos ) (Im cos9) Rif _1 (15)

~2 =2
zg z5—1 mj

(14)

a ypaBHeHHeM HHxKHeH dacTH (—oo < Re ¢t < 0) — ypaBHeHHe MOBEPXHOCTH 3JIJIHIICOU-
na

(Re cos#)? (Imcos®)® = (Ret)® 1 (16)

72 =2
zg T5—1 ()

'Ha puc. 3 HesamrpuxoBaHHasi 064acTh — 06/1ACTb aHAJHTHUHOCTH 7@ npH s = 4p BOJIH3M TOYKH
t = p2, Ha puc. 4 — Bup obnactu aHaautHuHocTH T4 mpu s > 9u? BGAM3M ToukM t = 2.
2cos 0 — nuHelHas OYHKLUS tog.
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rae

i) -

To = {1 T K500 [5 - (m1 — ma)?]

C/ienyeT 3aMeTHTh, UTO BCe ITH PACCYXKIEHMS CIIPABENJIMBB NPU TaKUX S, TMPH
Kotopbix K2(s,t) >0 u s > (mg —ma)?.

Puc. 5

3) UroObl H36aBUTbCS OT HEONHO3HAUHOCTH B 3HaMeHartese BbipaxkeHus (9) v K2,
YCTaHOBMM 06/1acTb aHANUTHYHOCTH He A/s camoil dynkuuu T4, a mns HexoTopoi
KOMOWHAIUHU ee, a HMEeHHO:

TW =7® [s,cos(0 — m),t] — T® [s,cos0,t]. (18)

I[Mocse HeclOXKHBIX BHIKJAAA0K nomydaeM, uto T4 Gyner ananmtuueckoil (yHKLHeH
KOMIIJIEKCHBIX TMepeMeHHbIX ¢ ¥ cosf NI MHOXKeCTBa TeX TOueK, JJI KOTOPbIX HMeIoT
MeCTO YCJIOBUSI:

(Re cos#)* — 6(Re cos#)?(Im cos#)? + (Im cos#)? + (Re X?)? — (Im X?2)2—
—2 Re X2 {[(Re cos6)? — (Im cos#)?] cos2a + sin® a} +
+4 Im X2 Re cos@ Im cosfcos2a — 2 [(Re cos)? — (Im cos6)?] sin® o # 0,
(Re X?)(Im X)? — 2(Re cosf)(Im cos®) Re X? cos2a—
—Im X2 {[(Re cos)? — (Im cos0)?] cos2a + sin® a} —
—2(Re cosf)(Im cosf)sin? o # 0.

(19)

4. Jlng mosHOrO OTBETa Ha BOMpPOC O mMpuMeHHUMocTH Mertoma Uy u Jloy Heobxo-
IUMO OBLIO Obl UCCJIEIOBATh aHANTUTUUYECKHE CBOHCTBA aMIIUTY[ POXKAEHHS B BBHICIIHX
npub/nKeHUssX (IBYyXYaCTHYHOM, TPEXUYACTUUHOM H T.I.), HO [OCKOJIbKY TaKasi 3afada
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CBSI3aHA C MPUHLHUMHAJIBHBIMHA TPYAHOCTSMHU, TO OOBIUHO OTPAHHUHBAIOTCS TOJNBKO NHa-
rpaMMaMH{ B OfHOUACTUYHOM MPHUOIHKEHHH, T.€. MOJAraloT, UTO 0COOEHHOCTH, KOTOPBIE
MOTYT BO3HHKHYTb TIPH yYeTe BBICIINX NPUO/IMKEHHH, JeXKaT HAMHOTO BBILIe, YeM M0-
moc B touke t = p? dynxnun TO). Takoe npuGAMIKeHHe, MO-BUIMMOMY, TPHMEHHMO,
Kak 3TO yKa3aHo B [D], mpu Masbix mepefauax uMmnysabca (nopsaka p). OnHaxo, ecsu
OrpaHHYHTLCS TOBKO AHArpaMMoii puc. 1, To ocobennoctu T(%)| KoTopbie MOTYT BO3HH-
KHYTb 3a cueT BeplIMH M; U My, nexar Bblllle MOJIOCA B TOUKe t = /f JUIst TIpolecca
T+n—n+7+7apu s> 9u? utyy <0 (husnueckas 06JacTb), MOXKHO 3aKJIOUHUTh,
uTo U GyHKuMA f(s,t) npu s > 9u? OymeT aHaIMuTHYHA B obaacT t < 2u2, T.e. MeTOn
Uy u Jloy mpuMeHHM AJIsi BBILIEYKA3aHHOrO Mpolecca.

[onyuennble o6acty aHa uTHIHOCTH GyHKIMH T(°) OTHOCHTENBLHO TepeMeHHBIX t
U to4 3HaUUTEJBHO OOJIbLIe 00/ACTeH aHATUTHUHOCTH, KOTOPBIE OBLIH MOJyueHbl AcKo-
au [3], 4TO ecTecTBEHHO, MOCKOJNBKY HAMH PACCMOTPEHO TOJBKO OQHOYACTHYHOE MpPH-
O/IMKeHHe TOJHOH aMIIUTYIbl POXKAEHHUSI.

DTH pe3ysbTaThl MOTYT OBITb 0000IIEHBl Ha Cy4ail, KOTAa U3 BeplinHbl Mo BHIXOAUT
n JUHUH.

1. Tarsky J., J. Math. Phys., 1962, 3, 1.

Ascoli R., Minguzzi A., Phys. Rev., 1960, 118, 1435.
Ascoli R., Nuvo Cim., 1960, 18, 754.

Kim Y.S., Phys. Rev., 1961, 124, 1632.

Chew G.F., Low F.E., Phys. Rev., 1959, 1640.
Oehme R., Phys. Rev., 1960, 117, 1151.

Lehman H., Nuovo Cim., 1958, 10, 579.

Hpemun U.M., 2K3T®, 1961, 41, 821.
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AHaJiTU4YHI BJACTUBOCTI y3arajJbHeHUX
NeTJbOBUX Aiarpam

B.I @yL[HY

A method is proposed for finding the singularity surface for diagrams of fig. 1 type. An
equation is obtained for the singularity surface for diagrams of type b in any order of
the theory of perturbations. The equation of the singularity surface is obtained, using
the integral reprsentation for the vertex of functions [2] and [3], as well as Landau’s
condition.

[IponoHy€ThCsT METOL 3HAXOKEHHS TOBEPXHI CHHTYJSPHOCTI IS Aiarpam, 110 HaBefeHi
Ha pucyHKy. OTprMaHO PiBHSIHHSI MOBEPXHI CHHTYJISIPHOCTI AJisl Aiarpam THMy b B 10BiJjb-
HOMY MOpsinKy Teopii 36ypeHb. PiBHsSIHHSI NMOBepXHi CHHTYJISIPHOCTI MM OTPHMAJIH, BHKO-
PUCTOBYIOUM {HTerpajbHe MpeACTaBjeHHs mJsi BepuimHHoi (yHkunu [2] i [3], a Takox
yMoBYy JlaHmnay.

JLsl 3HaXOMKEeHHSI CHHTYJSPHOCTEH BHECKY B aMIITYLy po3ciloBaHHS ab0 MOpOAXKe-
HHS Bin AoBisnbHOT piarpamu PeilHMaHa AOBOAUTHLCS PO3B’si3yBaTH piBHsIHHS JlaHpay.
Taka 3amaua nocUTh JIeTKO po3B’s3yeTbes AJst NpocTux AiarpaM. OnHak mas aiarpam 3
BeJIMKMM YHCJOM BHYTPILIHIX /iHi# piBHAHHSA JlaH#ay NpakTHYHO He MOXKHa pO3B’s3a-
TH. ToMy mocTae MUTaHHA: SIK OflepXKaTH PiBHSHHS MOBEPXHI CHHTYJISAPHOCTI miarpamu
DeiiHMaHa B IOBIIBHOMY MOPSIAKY Teopil 36ypeHb?

Y 3B’3KYy 3 LUKM cJif BigMiTHTH po6oty [1], me omep:kaHO mapaMeTpUUHi PiBHSHHS
NOBEPXHi CHUHTYJSPHOCTI JJsl BJACHUX OCOOMHMBOCTEH AiarpaMH, BUXOASYM 3 PiBHSIHb
Jlannay.

B paHifl ctarTi NpoONoHyEeTbCS MeTOM, 32 AOMNOMOrOI SIKOFO MOXKHA Ofep:KaTH PiB-
HSHHSI TOBEPXHi CHHTYJISIPHOCTI [JIs y3araJbHEeHHX INeTJIbOBHUX HiarpaM (pHCYHOK) B
JOBiJIbHOMY TIOpPSIAKY Teopii 36ypeHb. Binmitumo, 110 06/1acTh aHAMITHYHOCTI, IKY MO-
JKHa ofiepKaTH 3 LbOro piBHAHHS, Oyne MeHLIOM, HixK 06/acTb aHaJiTHYHOCTI, SIKY
MoxKHa Oysio 6 ofep:KaTH, SIKILO AOCJiAWTH PiBHSHHS MoBepxHi JlaHznay.

D Ds D Ds
2 3
1 4
P Dy P 2
b c

Jns npocrotu posrasiHeMo niarpamy b. Bei mipkyBaHHS, mpuBeneHi masi niei aia-
rpamy, siKk Oyfe BUAHO HMXKUeE, JIETKO TepeHOCATbCS Ha AjarpaMy 3 4MCJIOM 30BHILIHIX
JiHi{ 6inblie HiXK YOTHPH, TOOTO HA AiarpaMy THMA a.

JTonosini Akagewmii Hayk Ykpaiuu, 1964, Ne 1, C. 7-9.
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[Ipunycrtumo, 1o Bci 4acTHHKM — 6030HH, i B KOKHOMY BY3Ji AiarpamMu cxopns-
Thesl TpU JiHil. Bknag B ammaityny poscitoBaHHS Bin miarpamu b 3amuiieMo B TakoMy
BUTJISIAI:

M
4)_/ Hvl 17(]17(14)7 (1)

’L

ne Vi (M?,q3,q3) — BepluuHHa (QyHKLis, sika 3icTaBasieTbes 3 BepiunHow [; M7 = p?.
Jaui BUKOpUCTaEMO iHTerpanbHe 300paxKeHHs st Vi (Mf,q%qi) ke 6yJ0 ofepKaHo
B pobotax [2] i [3]. Toni Bupas (1) mepenuieTbes Tak:

1

:/dﬂ/dmpﬁ, /dq1 ! 5 - (2)

0 [Bai + (1 —B)q3 — 1]

—
—~
]

!
3
S~—"

©(B,n) — noBijbHA, B3araji KaXKyuH, y3arajibHeHa (DYHKIs, 79 > 0; TOYHE 3HAYEHHS
7)o HaBeneHe B po6oti [3]. luTerpyiouu no g, omepKuMo

:/1,;; /dnw, /doq. /d% <{D}3ai), 3)

0
Ie
D=a-b,
a=—an+a(l—B)M3—miay+ az(M3 —m3)+
tau(u —2m3) + as(M7 —m3), (4)

b=a3(1—pB)2M? + a3M3 + aju+ aZM} — a1 (1 — B)[as(s — 2m?)—
—aqu — 2MEas) + azlag(u + M3 — M3) — as(s — 2m?)] + auasu.

Pigusuns tuny Jlannay mias 7@ —

D=0, (5)
oD >
S = 0, EZ: o = 0. (6)

[yl 3HaXOKeHHsl SIBHOTO BHIVISILY DiBHSIHHSI MOBEpPXHi CHUHIYJ/ISPHOCTI HeoOXimHO
pO3B’si3aTH JIiHIHHY HEONHOPiIAHY CHUCTeMY M'ATH piBHSHb (6) i PO3B’SI30K MiACTaBUTH
B (5). OnmepxxaHe piBHSIHHS A S,t,u i Oyoe PiBHSAHHSIM TOBEPXHi CHHTYJISPHOCTI. ¥
BUMAJKY, KOJW 30BHIIIHI i BHYTPIilIHI Macy NOpPiBHIOITH (m), PIBHSHHS MOBEPXHi CHH-
TYJSPHOCTI Ma€ BUIVISAL

%(1 — B)(u—2m?)s + (m2B —n) + [m?(1 — B+ 2)\) — 2]t =
=m?[m*(36 - 2) — 1),

(7)



AHaniTHYHI BJACTUBOCTI y3arajbHEHHX METJIbOBUX Jiarpam 19

0<pB<1,n>mny, A — NOBiNBHUH TapaMeTp, SIKMH 3’SIBUBCS TOMY, L0 JAETEPMiHAHT
cuctemu (6) DOPIBHIOE HYJIIO.

OueBHIHO, 10 aHAJOTIYHUI METOJ MOXHa 3aCTOCyBaTH i IJs Aiarpam TUMy c,
ajle Ipu LbOMY MOTPiOHO BHKOpPHUCTATH Oi/Mbll CKAaaHe {HTerpasbHe 300paKeHHS /s
BepiinHHOT QyHKIii [2, 3] (dopmyau (16.6) i (11) BigmoBigHO).

Ha 3akinuenHsi HaBeneMo 6e3 NOBefeHHS Take TBEPAXKEHHS: BKJAJA B aMIIITYLY I10-
POI’KeHHd BiJl fiarpaMM TUIY a He Ma€ BJIACHHUX OCOOJNHMBOCTEH, SKIIO0 YUCJIO 30BHIIIHIX
JiHil n > 6, TOOTO /151 BUBUEHHS aHAJITUUHUX BJIACTHUBOCTEH Aiarpam a NOCHUTb BUBUH-
TH 1T peayKoBaHi Aiarpamu, fKi OLepKYIOTbCS 3 Hel BUKPECJEHHAM OJHI€l 3 BHYTPILIHIX
JiHil ¢;. Lle TBepoKeHHs1 MOXKHa oBecTH MeTonoM DbpayHa [4].

1. Jlorynos A.A., Tomopos W.T., Yepnuros H.A., loduwnux na Coguiickus ynusepcumem, 1962, 55,
117.

2. Nakanishi N., Suppl. Progr. Theor. Phys., 1961, 18, 1.
3. Jlio U-uens, Tonopos U.T., JAH CCCP, 1963, 148, 806.
4. Brown L.M., Nuovo Cim., 1961, 22, 178.
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IIpo nmoatocu aMnIiTyau HapOHKEHHS AJs
npouecy w-+d—od+ w4+

B.I. ®YL[HY

The author studies the contribution poles in the generation amplitude from the diagrams
of the drawing, as well as from diagrams obtained from the diagrams of the drawing
by transposing the external meson lines, for the process # +d — d + m + 7 in respect
to the invariant ¢13. Values are found for other invariants (si2, s34, s45 and ta5) with
which the poles lie close to the physical region.

Hccenenyiores nomoca BKJIaAa B aMIUIUTYLY POXKIEHHS OT JHAarpaMM PHUCYHKa, a TaKxkKe
OT IUarpaMMm, KOTOpble MOJY4aloTcsl U3 AUarpaMM pPUCYyHKa MepecTaHOBKOH BHEIIHHX Me-
30HHBIX JIMHUH, 1714 npouecca m+d — d-+m+7 OTHOCUTeJNbHO MHBapUaHTa t13. HalineHsl
3HaueHHs JPYTHX WHBAPHUAHTOB (S12, S34, S45 U t2s), IPU KOTOPBIX IMOJIOCA JesKaT BOIH3H
(husnyeckoit obaacTH.

3 poo6irt Jlannay i Katkocebkoro [1, 2] BunsuBae, 1o BKJIAL B aMILIITYLy HapOAXKEHHS
Bif niarpaM, 300pakeHHX Ha PUCYHKY, Mae€ NPOCTi MOJIOCH BiIHOCHO ONHOro 3 iHBa-
pianTiB (HanpwkJam, t13), Bl SIKHX 3aJ€XHTb aMIUIITyAa, KOJH XKOAHHE 3 mapaMeTpis
®eiiHMaHa He JOPiBHIOE HYJIO.

Ockinbky aMmaiTyfa Mae MOJIOCH, TO NPUPOLHO MPUIYCTHUTH, IIO IX MOXKHA eKC-
MepUMEHTaNbHO BUSBUTH. Tak, HANPUKJA/, BOHH MOXYTb BIJIMBATH HAa BEJUUYUHY €KC-
NepUMEHTaNbHO BUMIPIOBAHOTO Mepepisy mpoleciB HApOMXKeHHs (3BUYalHO, MPH LOMY
MPUMYCKAETHCS, 10 “CIPaBXKHS~ aMILIITyla BiANOBIAHUX MpOLECiB Mae Taki K 0COBJIH-
BOCTi, sIK i ammiityna B Teopil 36ypenb). lmen [3] sampomoHyBaB HOCJHIAWTH 3 Ii€l0
Metoto mpouec m + d — d + 7 + . Takuil BUGip MOB'A3aHUN 3 THUM, L0 aMIIiTyna
Takoro mpouecy He mae momocie tuny Uy-Jloy [4] (B Touui t = p?) i uum camum
TMOJIETIY€ {HTEPIpeTalilo eKCrepUMeHTa bHUX JaHHUX.

A

T

b

106 excrnepuMeHTaJbHO BHUSBUTH BIIMB IOJIOCIB Ha BeJHUYMHY MepepisiB BUllle-
3a3HaYEHOTO Mpolecy, HeoOXiMHO AeTaNbHO AOCHIMUTH iX TOJIOKeHHs (B TJIOLIHHI t)
i BKasaTH, NpU Hak/JaJaHHi AKMX YMOB Ha iHLIi iHBapiaHTH MOXKHa 4YeKaTH eKCIIepH-
meHTanbHOoro edekrty. Janai mu mposememo Take moctimkenHsi. Kyk i Tapcbkuii [5]
3HAMIIIM TIOJIOKEHHS MOJI0Ca BiAHOCHO OIHOTO iHBapiaHTa /s Hiarpamu a (He Bpaxo-
BYIOUH Jiarpam, siki Oep»XyITbhCs 3 HiarpaMH a TMEPeCTaHOBKOI ME30HHHUX JiHil) MpH
KOHKPETHUX 3HaueHHAX iHIIMX iHBapiaHTIB.

c

YkpaiHcbkuil hisuunuil xxkypHan, 1964, 9, Ne 2, C. 117-121.
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1. gk Binomo, amnsiTya NpocToro npouecy HapoAKeHHS 3aJle’KUThb BiJl II'ATH He3a-
JlexXHUX iHBapiaHTiB. BuGepemo Taki HesaJiexHi iHBapiaHTH:

s12 = (p1 +p2)?, s34 = (p3 + pa)?, 45 = (P4 + ps)?, ()
tas = (p2 — ps)?, tiz =t = (p1 — p3)?,
Ie p1, p3 — IMIOyJAbCH AEUTPOHA, P2, Py Ta Ps — iMmysabcu Me3oHiB. Kpim uux iH-

BapiaHTiB 3py4HO BBECTM e M'AThb iHBapiaHTiB: s35 = (p3 + ps)?, tis = (p1 — ps)?,
2 2 2 : :

tos = (p2 — p3)?, t1a = (p1 — pa)? Ta tog = (P2 — pg)?. Mix UMMH | He3aJeKHUMU

iHBapiaHTaMM MOKHA BCTAHOBHUTH TaKi CIiBBiAHOLLIEHHS:

S35 = S12 — S34 — Sa5 + M? + 242, t15 = 834 — 812 — tos + M2 + 24,
t1g = tos —t — s34 + 2M? + 112, tys = Sa5 — S12 — t + 2M? + 112, (2)
tog =t — tos — s45 + 3p,

ne M — maca pefiTpoHa, (4 — Maca m-Me30Ha.

Bynemo nocnigxyBaTH MOJIOXKEHHS! NMOJIOCIB BifHOCHO 3MiHHOI t. 3po3yMisgo, 110
NOJIIOC JIEXKHUTh M03a (pisH4HOW0 00JacTI0 3MiHM iHBapiaHTa t, a caMe, 11032 Bigpi3KOM
[t7,tT] (BMMamok, KOJM TOJIOC JIEXXMTh BCEPENMHI 1[bOTO Bifpi3ka, 03Hayae, 10 BiH
3HAXOMUThCS HE Ha (iBHUHOMY JIUCTI), He

t7 =2 (M? — piopso) — \/(p%o — M?) (p3, — M?),

t* =2 (M? — piopso) + \/(P%o — M?) (p3, — M?),

 s1o+ M7 — 2 819 — S5 + M? 3)
P1o = 2\/@ ) P30 = 2\/@ )
S19 — M? + pi? S12 — s34 + P2
= =0 (4)

P20 = 2\/5 , P50 = 2\/@

OT2Ke, MOJIIOC MOXKE BIIJIMBATH Ha BEJHUMHY INepepisy, sKILO BiH JeXUTb Ha AiHCHIN
oci (Re t) i no6ausy Bimpiska [t7,¢T].
2. Ymosu Jlannay [1] /s BUllleHaBefeHUX JiarpaM MaiTh TAaKWH BUIJISAL:

5
S augi =0, (5)
=1

le ¢; — iMmysibe, B3THE Ha Macosill o6osonui 2 = m? (m — Maca HyKJoHa), SIKHH
3icTaB/se€TbCsl BHYTPILIHIN JiHIT Alarpamu. BUKopUcTOBYIOUM 3B’30K MiK 30BHILIHIMU
Ta BHYTPILIHIMU iMIIy/lbCcaMU Aiarpam, OfLep:KHUMO PiBHAHHSA A/ 3HAXOIKEHHS I0JI0XKe-
HH$ MOJIIOCIB BKJaAy B aMILIITYLy HapoIKeHHs Bif niarpam, 306paKeHHUX Ha PUCYHKY,
a TakoX BiJ Aiarpam, siKi ofepKylTbcs 3 JiarpaM PUCYHKa MepecTaHOBKOI MEe30HHHUX
JiHiA:

D1i(s12, 534, 845, a5, t) = 0, Dy;(s12,...,t) =0,

6
Dgi(Slg,...,t)ZO, 121776 ()

fBHi Bupasu nas Dy;, Do;, Ds3; HaBeneHi B 10HAaTKY.
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Tenep 3HaligeMo MOJIOXKEHHSI TOMIOCIB, 3YMOBJIEHUX BKJAIOM B aMILITYyAy Bim aia-
rpam a, b, ¢; ui noaocu 6yayTh B TOUKaX

| Al = VAR

th = 2m? "
D )
11

)

12 11 A22
A21 + A21A21

ty = 2m® = 3p% + tos + 545 + T3 , (7)
Doy
12 1T 422
tl3€1 — 2M2 _ 2m2 4 ‘LLQ + S45 — S12 + A31 + 113311431 .
Dy
IpHi 11 22 1,2 1,2 .
BHI BUpasu mas Ajq,..., A5y, 1a Dii°,..., D3} HaBesieHi B nonatky (auB. opmy-

i (J16)-(118)).

3 (7) BunnuBae, o KopeHi piBHsHb aasi Dy, Doy, D3y OynyTb aificHi, fKio
11 422 11 422 11 422
A A7 =0, Az 451 =0, Az Az = 0. (8)
Kpim uboro 3 (7) BUAHO, 110 MpH 36i/blIeHHI S MOJIOCH BiIAaAfOTbCs Bill (isHuHOT
obsacti. OTKe, MOJIOCH aMIUIITYIH HApOIXKeHHs OyoyTb pO3TalloBaHi M06GIH3y (Ha

BificTaHi MOPALKY m2) ¢isnuHOi o6sacTi (BiZHOCHO t) TPH MasuX 3HAYEHHSX S12, a
caMme, KOJH S5 ~ 10m?2.

S12 | S34 | Sa5 t25 t tt thy t5, th
408 | 3,94 | —7,395
02| 5 | 02| 0.2 | 2,610 | —0.0454 | o | o | o0
4,06 4,06 —8, 158
9,4 5 0,3 —-0,2 | —2,730 | —0,0140 4,62 8,04 5,304
4,10 4,08 —8,695
9,6 5 0,4 | —-0,3 | —2,715 | —0,030 4,91 7.74 —5,520
4,09 | 4,21 | —9,828
10 | 5 05| -0.3 | -2606 | —0.052 | ;oo | oo | oy

B ra6nuui naseneni snauenns t¥, t5,, t5, (B onuuuuax mMac HyksoHa) npu sio ~ 10,
a Bci iHwi iHBapianTu (ikcoBani y ¢isuuHill 06aacTi, TOOGTO BUKOHYIOTbCS YMOBU

s34 > (M + p)?, sa5 > 44, 25 < 0. 9

Bepxui uudpu y crosnusx 7-9 tabmuui BigmosinaoTh sHauenHsm thy, th i th i3
3HaKOM TUIIOC Tepesi KopeHeM B (7), a HWXHI — i3 3HaKoM MiHyc nepen KopeHeM B (7).
TakuM UMHOM, KPHBA 3aJ1€XKHOCTi eKCIIepUMMEeHTAaIbHO BUMIpIOBAHOTO nepepisy 7 + d

— d+m+m Big cosl = |£01|]|9j°’ | (cos @ — ninitina yHKILis t) MOBMHHA 3POCTATH, SKIIO
f# — 180° (abo 0°) i iHmipilHB]zfpiaHTH Taki: s10 ~ 10, s45 ~ 0,4, s34 ~ 5, to5 ~ —0,2.
JlomaTok
Hagenemo siBHi Bupasu Di;, Da;, Ds;:
2m? 2m? —t  2m?% —tys 2m% —p? M2 —2m?
om? — ¢ 2m? 2m? — u2 2m2 — sg5 M2 — 2m?
Dii =1 2m? —tys  2m2 — 2 2m? 2m2 — p? sz —2m? |, (1)
o2m? — uz 2m? — s45  2m? — p2 2m? S19 — 2m>2
M2 —pu?2 M?—2m? s34—2m? s19 —2m? 2m?




[Ipo mostocy amnaiTynu HapomkeHHs OJs npouecy m+d — d+m+ 7 23

D1y = D11 (t2s — ta1, S3a — S35),

D13 = D11(s12 — t15, Sa5 — toa),

D14 = D11(tas — toa, S12 — t1a, Sa5 — tos, Sza — S35),
D5 = D11(f25 — 845, S12 — t15, Sa5 — los, S34 — log),

Dig = 1(t25 — t45, S12 — t14, Sa5 — T25, S34 — t23)7
2m? 2m? —toy 2m?2 — ,u2 ti5 —2m2  M? —2m?
2m? — toy 2m? 2m? — p?2  M? —2m?  s35 — 2m?
Dy =| 2m? —p?2  2m? — 2 2m? s34 —2m?  s12—2m? |, (12)
tis —2m?2  M? —2m2 s34 — 2m? 2m? 2m? — /ﬂ
M? —2m? s35 —2m? s19—2m?  2m? — 2 2m?

Doy = Day(tas — tos, tis — t1a, S34 — S35, S35 — S34),

Do3 = D21 534 — to3, S12 — ti4),

Doy = Doy (toa — tos, t1s — t14, S3a — toz, S12 — S15, S35 — S34),
Dys = D21(i24 — S45, tis — S12, S12 — ti5, S35 — t23),

Do = Do (tas — 845, ti5s — S12, 834 — 535, S12 — l14, S35 — t23),
2m? tos —2m?2  2m2 — p?®  tys —2m2 M2 —2m?
tog — 2m? 2m? M2 —2m?2 2m?— /ﬂ 2m? — Su5
D31 =| 2m? —pu?2 M?—-2m? 2m? s34 —2m?  s19 —2m? |, (J13)
tis —2m?  2m? — ;LQ Sg4 — 2m> 2m? 2m?2 — uQ
M?—2m? 2m? —s;5 s10—2m2  2m? — 2 2m?

D3y = D31 (t15 — t14, S34 — S35),
D33 = D3y (taz — s34, t15 — S12, S34 — S35, S12 — t14, 545 — l25),

D3y = D3y (tag — s34, S34 — tag, S12 — tia, Sa5 — las),
D35 = D31 (t23 — s35, t15 — t14, 534 — ta3, S12 — t15, Sa5 — loa),

Dsg = D31 (taz — S35, t15 — S12, S12 — t15, Sa5 — t2a),

Crpinku 03HauaOTb BiAMOBIIHY 3aMiHY.

3a3HauuMo, L0 BCi AeTepMiHAHTH CHUMETPHYHi i, KpiM Toro, amiHHa ¢ BXOAHTb Y
nerepminanTy Dy1, Doy, D31 (BpaxoByrouu criBBigHoiIeHHst (2)) y JiBU# BepXHif KyT.
Came 11e i 1a€ MOXJHBICTh JOCHTb MPOCTO 3HAHTH KopeHi piBHsHHA (6) mpu ¢ = 1,
SIKII[0 BUKOPUCTATH TaKy HeTepPMiHAHTHY TOTOXKHicTb [6] (AMB. momaToK):

DI Diy = A A% - (4})°, (14)
e
Dy = a11(2m2 — t)2 + b11(2m2 — t) + c11,

Di’f — HeTepMiHaHT, kUl omepxkyeTbes 3 ([1), SIKIIO BHUKPECTUTH B LIbOMY AeTep-
MiHaHTi mepwi ABa psiaKK i mepwi mBa crosmui; (—1)"T7AY, — nerepminauT, KW
omepxyerbes 3 (1), KO B HbOMY BHKPECJHTH -8 PSIOK Ta j-H CTOBMYHK.
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3 ([14) BunauBae, 110
a1 = —D;72, by = —2412  (t = 2m?), b2, —dajic = 4AL A2 (115)

Awnasoriuni crniBBifHOIIEHHS MOXKHA 3amucat 1is Doy Ta Ds.
BukopucroBytoun cnieingHowenHs (/14), (I5), MoKHaA ofepKaTH Taki BUpasH AJsi
All,... A3} 1a D2, Dy, Dyt
AT = sa5(s3a — 4m?)[4m?(s12 — s34) + S34545);
A3} = (s12 — 4m?)tas[s12tes — 4m3(s12 — 534)); (116)
A2 = 2m?(s19 — 834)[2m2 (s34 — 4m?) — (812 — 4m?)(2m? — to5)|+

+ S45 [t25(812 — 4m2)(834 — 4m2) + 2m2($34 — 4m2)(534 + t25 — 312)];

Al = (s34 — 4m?)(s35 — 4m?)[2m> (s34 — 2812 + 2835 — 4m?)+

+ (s34 — 4m?)(s35 — 2m?)];
A%2 = (519 — 4m?)(t15 — 4m?)[2m>(s12 — 2834 + 2t15 — 4m?)+

+ (tis — 2m®)(s12 — 2m?)]; (17)
A2 = (4m? — t15)[(s12 — 2m?) (s34 — 4m?)(4m? — s35)+

+2m2(s12 — 4m?)(s12 — $34 — 835 + 4m?)] + 2m? (s34 — S12) X

X [2m?(s12 — 4m?) — (s35 — 2m?)(s34 — 4m?)];

ALl = s45(s34 — 4m?)[(545 — 2m?) (s34 — 4m?)+
+2m?(2s12 + 2545 — s34 — 4m?)];

ARt = A3

AL3 = (4m? — t15)[s45(s34 — 4m?) (512 — 2m?) + 2m?(s12 — 4m?) x
X (812 + 845 — 834)] — 2m?(s12 — 834)(2m3(s12 — 4m?)+
+ (834 — 4m?)(s45 — 2m?)];

(118)

12 112 pl2 2 2
Dll = D21 = D31 = —-2m (812 — 834) .
[pu o6uucaenni t¥,, t5 5 mu npuitnsau, mwo

M = 2m, a 2m? + p = 2m?2.
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5. Cook L.F., Tarski J., J. Math. Phys., 1962, 3, 1.
6. Tarski J., J. Math Phys., 1960, 1, 149.
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AHaJiTUYHI BJACTUBOCTI aMILIITY/
HapomxeHHd i meton Uy-Jloy

B.I ®oYLU[HY

The author investigated the analytical properties of the contribution to the production
amplitude from the diagrams of fig. 1 for the processes 7 + N — N + 27 (taking into
account all possible permutations of external lines). The conditions are presented under
which the contribution to the production amplitude from these diagrams are analytical
in the region bounded by an extrapolation ellipse. The “threshold” and “triangular”
properties of the type 7 diagram are discussed in detail.

HcenenyioTesi aHaIWTHUECKHe CBOHCTBA BKJaga B aMIUIUTYAY POXKAEHHs OT AHarpamm
pucyHka ags mpouecca m + N — N + 27w (¢ y4eToM BCeX BO3MOXKHBIX [epPeCTaHOBOK
BHEIUHUX JIMHHUH). BeimucaHbl yc/oBHs, TMPH KOTOPHIX BKJAA B aMIUIUTYLY POXKIEHHS
OT 3THX OMAarpaMM aHaJUTHYeH B 06/1aCTH, OrPAaHHYEHHOH 3JIJIMICOM SKCTPAMOJISILHH.
JleTanbHO paccMOTpeHBI “OporoBele” U “TpeyroJbHble” 0COGEHHOCTH AHArpaMM THMA 7.

B po6ori [1] 6yB 3anpornoHoBaHi# MeTOM, 3a AOMOMOrOI0 SIKOTO MOXKHA 3HAHTH, HATPHU-
KJaj, MOBHUH Tepepi3 mpouecy m + m — 7w + 7 (Bigomo, 1o 6esnocepenHbo BUMIpSTH
nepepis TAKOro MPOLECY B JAHUH Yac HEMOXKJIHBO), 3Halouu nesiKy ¢yHkuino f[t(z)] Bin
MOBHOTO Tepepidy HempykHoro npouecy m + N — N + 7 + 7. Lle#i meton 6asyetbcsi
Ha ekctpanossuii ¢yHkuil f[t(z)], sxka 3anaeTbes y disuuniil obmacti z € [—1,1], Ha
TOYKH, sIKi 3HAXONATHCA 3a MeXKaMH LbOT0 Binpiska, 10 Touku t(z) = p?, me u — Maca
m-Me30Ha. 3po3yMiso, 110 Taka npouenypa Moxe GYTH CTPOro OOTPYHTOBaHA JIHILIE B
TOMY BHMAAKY, AKIIO aMIJIiTyna HapomxkeHHsi (abo nesika 11 kKoMmGiHallisi) aHaJgiTHYHA
B 06s1acTi, oOMexxeHiil esincoM 3 ¢okycamu =+1, i AKIO0 Npu UbOMy Touka t(2) = u?
HaJIeXXWTh 1il obsacti. Hani el eninc HasuBaTUMeMO eJincOM eKCTpamoJsiil.

Ap, Ap,
N p I <
///// S /fi ///
[N
1\
1
———— — — I/ —’—_—_——— —
(AN 2
pz\‘ D
Ds
% Pig

N
.
D JAS

YkpaiHcbkuil (isuunuil xxypHan, 1964, 9, Ne 3, C. 277-282.
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Buxonsiun 3 axciom Teopil moJsisi, He BIAETbCS MOBECTH aHAMITUYHICTD aMIITYyAH
HapomkeHHs (2] y Bumesraganii obacti. Tomy 1ikaBoO AOC/IAWTH aHATITHYHI BIACTH-
BOCTi aMILIITyAM HapomXKeHHS SK (PYHKUil ¢ mnas miarpam pucyHka. Jiarpamu 1boro
THIY TIPH AesIKHX OoOMeXeHHsX Ha Macd [3] MaxopyioTb Bci {HIIi Hiarpamu, sKLLO
iHBapiaHTH, Bill SIKMX 3aJIeXKUTb BHECOK B aMILIiTyAy HapomxkeHHs, aikicHi. [IpupomHo
BBaXKaTH, 11O Li AiarpaMu JanyTb HaWOJMK4i OCOOJUBOCTI He TiNbKH NpPU AiACHUX
t, ane ¥ 1pyM KOMIJIEKCHUX. B po6oti BUnucaHi yMOBH, NPH SKHX BHECOK B aMIITYLY
HapOJKeHHs BiJ niarpaM pUCyHKa aHaJiTHUHUN B 06JacTi, 0OMexeHill esincom ekcTpa-
nosisittii (BpaxoBYOThCst BCi miarpaMu, siki MOXKHA OJep»KaTH MePeCTaHOBKOK 30BHILIHIX
Jinii). JetanbHo po3rsaarTbes “noporosi” i “TpukyTHI” ocobanBocTi miarpamu 7.

1. Ha pucyHky 3o0paxeHi niarpamu IpoLeCy HapOAKEHHS MCEeBIOCKAJSIPHOIO 7r-
Me3oHa B peakuii N + 7 — N + 27 (Bci iHIIi giarpaMu JaHOro mpolecy Bifpi3HATH-
MyTbCs BiJ AiarpaM, HaBeJeHUX Ha PHCYHKY, TiIbKH [ePeCTaHOBKOIO 30BHILIHIX JiHiH).
AmniTyna Takoro mpouecy 3aJieXXHTb Bill I'SITH He3aJleXKHUX {HBapiaHTiB:

s12 = (p1 + p2)?, s3a = (p3 +pa)?, s45 = (pa + p5)?,

0]
tos = (p2 — p5)?, tis =t = (p1 — ps)?,

Ie p1, P3 — IMIYJIbCH HYKJIOHA, D2, P4, P5 — iMIyAbcH Me3oHIB. Kpim 1ux inBapiaHTiB
3pY4YHO BBECTH llle I'SITh iHBApiaHTIB: S35, t15, tos, t14, to4.
Mix uvMu | He3a/eXKHUMU iHBapiaHTaMU MOKHa BCTAHOBUTH Taki CIiBBiAHOLLIEHHS:

S35 = S12 — S34 — Sa5 + m? + 247, t15 = s34 — S12 — tos + Mm% + 243,
t14:t257t7534+2m2+u2, t23:54575127t+2m2+,u2, (2)
tog =t — tos — s45 + 3p>.

fk Bimomo, ymoBu Jlanmay [4] mjs BHIleHaBEJEHHX AiarpaM MarOTh BHUIJISIT

5
ZaiQi =0, 3)
=1

Jle ¢; — BHYTPIlIHIA iMOy/be, SKUMH 3iCTaBAS€TbCA BHYTPIlLHIN JiHil niarpamMu, B3TUH
Ha MacoBiil o6osonwi g7 = m? (u? a60 4u%). BUKOPUCTOBYIOUM 3B'I30K MiXK 30BHILLIHIMK
Ta BHYTpPIWUHIMHU iMIOyJbCaMHU LiarpaM, OLEpPXKUMO Taki PiBHAHHA A/ 3HAXOIKEHHS
0CcOoOJIMBOCTE!l BHECKYy B aMIJiTyAly HapOIKeHHs BiJ HiarpaM pHUCYHKa, a TaKoX BiX
Jliarpam 3 nepecTaBJeHUMH 30BHIlLIHIMH JiHiAMU:

D1i(s12, 834, 545, L25,1) = 0, Dsi(s12,...,t) =0,
Ds;(s12,...,t) =0, Dyi(s12,-..,t) =0, Ds;i(s12,...,t) =0, (4)
Dﬁi(slg,...,t):O, D7¢(512,...7t):o, Z:L,G

HBHi Bupasu s Dy, ..., D7; HaBeneHi B H0AATKY.

Oco6amBocTi miarpam pHCyHKa, 3TiIHO 3 HaHUMHU [D], MOXKHA PO3MIJIHMTH Ha: a) “mo-
poroBi” (TOYKH po3rajyKeHHsi), Koau Tpu napameTpu PeifHMaHa NOPIBHIOWTL HYJIIO;
B) “TPUKYTHI” (TOUKM poO3rajy>KeHHs), KOJH ABa napamerpd PelHMaHa AOPiBHIOOThH
HyJI[0; ¢) “KBanpaTHi” (TOYKM po3raslyxKeHHs), KO oauH napamerp PefiHMaHa nopis-
Hioe HyJ0; d) “BaacHi” (moJitocH), KOJIM KOOHUH 3 mapameTpiB PellHMaHa He HOPiBHIOE
HYJIIO.
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: . Pps .
2. Y BUMajKy HapoIXKeHHs 3B’A30K MiX z = cosf = m i t 6yne 3apaBaTHUCh
p1l|P3
TaKUM CI1iBBiJHOLIEHHSM:
L t —2m? + 2p1op30
B 2 2 ’
\/(pm —m?) (p3o — m?)
2 2 2 ®)
S12+m*—pu 812 — S45 + M
Pro=—FH5  — > P30 = ——  — -
2\/812 2,/812
PiBHsIHHSA eqinca ekcTpanossuii B IJIOLMHI 2 Ma€ BUIVISAL,
z =ch (B + 1), B = arcch z,, 0<6<2m, (6)

2 —2m? + 2pyopso
= 2 2\ (12 2Y" (7)
\/(pm —m?) (p3o —m?)

Ockinbk Mix z 1 t icHye niHidHUE 3B’A30K, TO eqinc (6) mpu mepeTBopeHHi (D)
TNepPexXOUTh TaKOXK B eJinc B MJOMMHI ¢. TOUKM MepeTHHY LbOro ejinca 3 AiHCHOIO
BicCIO B IJIOUIMHI ¢ Taki:

2

2 2 2 m N2 2
Re t, = u*, Re t, =4m* — p* — 1+37 (s12 — S45 + m*). (8)
12

Besnuuna masnof miBoci eqinca excrpanossimii

Im t. = 24/ (o, — m?) (3 — m?) (22 — 1), ®)

Hast toro, mo6 ekcrpanossnio Yy i Jloy [1] moxua 6yso o6rpyHTyBaTH (SKIIIO
0OMEXKHUTHCH OMHOTIONIOCHO Aiarpamoro [6] Ta miarpamamu prcyHKa), HeoOXinHO, 11100
KopeHi piBHsIHb (4) 3HAXOAMJIMCS 3a MexaMu eJjinca (6) mpd yMmoBi, 110

s12 > (m+2p)?, Sa5 > 44, s34 > (m+ p)?, tas < 0. (10)

BunucaTtu o6MexeHHs!, 1110 HaKJIaoaloTbCsl Ha KoediluieHTH piBHSHb (4), IpU SKUX
KOpeHi LUX piBHsHb (BiZHOCHO t) GyLyTb 3HaXOOMTHCS 3a MexaMH eJinca (6), sKuL0
KOHKDETHO He 3aJaHi 3HaueHHS S12, S45, S34 Ta tos AyXKe TpoMi3ika 3amada. Tomy Mu
BUMHILIEMO LI 0OMeXXeHHs suiie ans piBHsaHHA Dy; = 0, BBaxkatouu, 1o aiarpama 7 He
Mae “kBajapaTHUX’ 1 “BiacHUX” 0COBJIUBOCTEH.

“IToporoBi” 0co6MBOCTI 3HAXOAUTUMYThCSI 38 MEXAMHU eJlifnca eKCTPanoJsilii, Ko

tos — S34 — (m:l:,u)Q +2m2—|—,u2 < Re tp,

(11)
S45 — S12 — (m + /L)z + 2m? + /lz < Re tp.
“TpukyTHi” oco6nuBoCcTi 6yayTh B THX TOUKaX, AJIS SIKHX
A2+ Blt+Cl=0,  AX3,13,+ Bt +C? =0, (12)

A2, + Bitoz + CF =0, i=1,2,3.

SIBHi Bupasu masi A, B i C' HaBeneHi B 10o#aTKy.
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Bunumemo ymoBu Toro, mo “TpukyTHi® 0co6aMBOCTi He OyoyTb 3HAaXOAWTHUCH B
ob.Jiacti, ooMexenii (6):

Re tkF > Re t,, 2m? + p? 4 to5 — s34 — Re th, > Re t,, (13.1)

2m? + p? + s45 — s12 — Re thy > Re ¢, ’
abo

Re tF < Re t, 2m? + p? 4 to5 — s34 — Re tF, < Re ty, (13.2)

2m2+,u2+845 — 812 — Re t]2€3 < Re ty, '
abo

[Im t*| > Im t., [Im t¥,| > Im t., [Im t5,] > Im ¢, (13.3)

ne t*, t¥,, th, — xopeni piBusinb (12).

TakyuM yuHOM, BHECOK B aMILIITydy HapoOIKeHHs Bif ycix piarpam Tumy 7 He Oyne
MaTH “moporoBux” i “TPUKYTHHX  0COOGJHBOCTEH BcepenuHi efinca (6), KLU0 Mao0Th
micue cniBBigHomenns (11) i (13).

[ onep:kaHHS YMOB TOro, 110 “KBaApaTtHi” Ta “BjacHi” 0COOGJUBOCTI He 3HAXOMs-
ThCSl BCepeNHMHi eJiinca ekcTpanodsilii, noTpibHO 0OUYUCAUTH AeTePMiHAHTH YETBEPTOTO
i msaroro mopsiaky (muB. momatok ([I.1)) i mpoBectw aHasoriuHi MipKyBaHHS, K i y
BUNAAKY “NOPOroBUX’ i “TPUKYTHHX~ 0COOGIHBOCTEH.

JlomaTok
Hagenemo Bupasu mns Dy, ..., Dr;:
2u? 42 —p? 5u% —t 2u2 — to5
4p? 8u? s12 —m? —p?  8u? — s45 4p?
Dy = —p? s12 —m? — p? 2m? —4p? s34 —m?2 —p? |,
5u% —t 8u? — s45 —4pu? 8u? 4pu?
2u? — tos 4p? s34 —m?2 — p? 4p? 2u?
8u? 4p? —4p? 5u? —t 8u? — tos
4p? 2u? sig—m? —p?  2u? — 545 4p?
Doy = 74;12 S$12 —m2 — uz 2m?2 fuz $34 —m2 — 4#2 s
5u? —t 2u? — s45 —p? 2u2 4p?
8u? — tas 4p? s34 —m? — 4p? 4p? 8u?
2m? 2m? — u? toz —m? — p?  t15 —m2 — 4p? —p?
2m? — p? 2m? —u? s34 —m?2 —4p®  s12 —m? — p?
D31 =| tog —m? — p? —p? 242 4p? 2p2 — s45
t15 —m? —4p? s34 —m? — 4p? 4p? 812 4p?
—p? s12 —m? — p? 2u? — s45 4p? 22
2m?2 2m? — ,u2 toz —m?2 — ,u2 tis —m2 — ,u2 —4,u2
2m? — p? 2m? —4p? s34 —m? —p?  s10 —m? —4p?
Dy = toz —m? —4pu? —4p? 82 42 812 — sa5
t1s —m2 — p2 s34 — m2 — 12 42 2u2 42
—4p° s12 —m? — 4p? 8u? — s45 4p? 8u?
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2m? 2m?2 — u2 2m?2 — toy t15 — m?2 — u2 —4;12
2m? — p? 2m? 2m? — p? s34 —m?2 —p?  s12 —m? —4p?
D51 = 2m2 — toa 2m?2 — u2 2m?2 —,u2 S35 — m2 — 4u2 s
t1s —m2 — p2 s34 —m2 — 2 2 22 4p2
—4p? s12 —m? —p?  sg5 —m? — p? 4p? 8u?
2m?2 2m? — u2 2m2 — toy tis —m2 — 4#2 —/_L2
2m? — p? 2m? 2m? — p? s34 —m? —4p?  s10 —m2 — p?
Dg1 = 2m2 — toy 2m?2 — ,u2 2m?2 —4#2 s35 —m?2 — ,uz s
t15 — m? —4p> s34 —m? — p? —4pu? 82 4p?
—p? si2—m2—p?  sgs —m? — p? 4p? 2u2
2m? 2m? — p? 2m? — tas 2m? —t —u?
2m?2 — u2 2m?2 2m? — u2 2m2 — s45  S12 —m?2 — uQ
D71 =| 2m2 — tos 2m?2 — uz 2m? o2m? — ,u2 2#2 — 845
2m? —t 2m? — s45 2m?2 — u? 2m? w?
2 s1g—m2 —p? s34 —m? — 2 2 22
D12 = D11 (t25 — toa, S34 — Sa5), D13 = D11(s12 — tis, S45 — to4),
D14 = D12(s12 — t14, 545 — t25), D15 = Di3(tas — s45, 834 — t23), (O.1.1)
D16 = D15(t15 — t14, toa — t25).
Bupasu pas Daa, ..., Dag omepKyioTbcsi D21 TOYHO TaKOW K 3aMiHOK (CTpijKa 03Hauae BiAMOBiAHY
3aMiHy), siK i Bupasu masi Di2,...,Dig 3 Di11.
D3s = D31 (t15 — t14, S34 — $35),
D33 = D31(t23 — s34, t15 — 512, S34 — S35, S12 — l14, 545 — t25),
D34 = D31 (t23 — s34, $34 — t23, S12 — t14, S45 — t25), (1.1.2)
D35 = D31 (t23 — $35, t15 — t14, 34 — t23, s12 — t15, S45 — t24),
D36 = D31(t23 — $35, t15 — S12, S12 — t15, S45 — t24).
Bupasu past Dy, ..., Dag onepxytoTbesi Dg1 TOYHO TaKOIO X 3aMiHOMO, sIK i BUpasu ans Dsa, ..., D3g
3 D31.
D53 = Ds1(tos — tos, ti15 — t14, S34 — S35, S35 — S34),
Ds3 = Ds1(s34 — t23, s12 — t14),
D34 = Ds1(t2a — t2s, tis — t14, $34 — t23, s12 — t15, S35 — $34), (1.1.3)
D55 = Ds1(taa — 845, t15 — s12, s12 — t15, 835 — t23),
Dsg = Ds1(t24 — 845, t15 — S12, 834 — 835, s12 — l14, 835 — t23).
Bupasu nast Degg, . .., Dge 0nepXyioTbest 3 Dg1 TOUHO TaKOIO XX 3aMiHOI0, 5K 1 BUpasu 15 Dsa, . .., Dsg
3 D51.
D7y = D71(t2s — t24, s34 — $35), D73 = D71(sa5 — t24, s12 — t15),
D74 = D71(t2s — ta4, sa5 — tos, s12 — t14, 534 — 835), (L14)
D75 = Dr1(t2s — sa5, s12 — t15, Sa5 — t24, s34 — t23), o
D76 = D71(t2s — S45, s45 — t2s, S12 — t14, 534 — t23).

SlBni Bupasu nag A, B i C' MawoTh BUMIAL:

Aj = A} = A}

=1,

n (2m? — p?)(2m® — t25)

B% = —4m? 5

m
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Ct = (u® —t25)°, B3 = —4m® 4 3p” — ta5 — sus,

2
m
C3 = 2m>(tas + sas — 3p%) + m?p® + F(t% + s45 — 3u%)?,

2\(,,2 2
S45 — — ta5 m
By = —4m? + ( 3 )é” )7 C3 = —5(2p® — sa5 — t25)°,
1% I
2 2 2
u (t25 — p?)(s35 —m?)
Bf = =2(m® + ) + 5 (2m® —p®), B = —2(m® +i°) - .2 :
2 2 242 4 w2 2 2 2 2 p? 2 242
Ci=m"—p")" +u *ﬁ@m —po)(m +H)+ﬁ(2m - 1)’

(t2s — p?)(s3s — m?)(m? + p?) n m?

5 —2(835—m2)2+(t25 —u?)?,
1 1

C3 = (m® —u*)* +

p2(2m? — tz5)
m2

p?(2m? — p?)

Bf = —2(m® 4 1) + . Bi=—2m®+u%)+ "

)

w2 @m? = ta5)(m? £ p?) | p*(2m? = ta5)®

032:(m2_u2)2+/"4_ 2 ’

m?2 m

p@m? = p?)(m? + p?) | p?(2m? - p?)?

C?:(m27“2)2+y‘47 2 2 )

m m
(t1s —m?)(sas — p?)(m? + p?)  m?

5 + —(s45 — p*)* + (t15 — m?)?,
I w

C3 = (m? — p?)* +

) (s = m?)(sas —m?)

B3 = —2(m? + u2 2

, B3 =B3(tas — sa5), C3F =C3(tas — s45).

Ilpumimka npu Kopexmypi. Ilicas toro, sax po6ota Gyna 3gaHa A0 APYKY, MH, BUKOPUCTOBYIOUH DiBHS-

HHsA JlaHpay i Teopemu I'ypBina npo KopeHi MHorousieHiB, 3HaHIIIM AOCTATi YMOBH, NPHU SIKUX OCOOJMBOCTI

JIOBiJIbHOT JliarpaMH JiexaTb 3a MeXKaMHM eJlifica eKCTpanoJsuii.
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AHanuTUYecKre CBOMCTBA aMILJIUTY/bI
paccessHUs, COOTBETCTBYIIENM OOHOMY KJaccCy
auarpamm PeiiHMaHa

B.H. KOJIOMbBILEB, B.H. ®YIIHY

Ha npoTs>keHHH MOCTeHUX JIeT H3YUEHHIO aHATUTUYECKUX CBOUCTB aMIJIUTYIbl pacce-
SIHUSI B TEOPUM BO3MYLIEHHMH IOCBALIAN0CH OOJBLIOE KOJUUECTBO paboT, OCHOBHOH Lie-
JIbI0 KOTOPBIX OBbLJIO MOJydYeHHe OOBIUHBIX THCIEPCHOHHBIX COOTHOLIEHHH U CHEKTpalib-
HbIX mpencraBieHnil. OCHOBHBIM MeTOIOM B psiie paGoT SIBJISETCS METON MaXKOpHpo-
BaHusl nuarpamM PeliHMaHa, NO3BOMSIOWIKE CPaBHUBATH 0GJIACTH AHAJUTHYHOCTH HJIsI
pa3anuHbeiX auarpaMM. C MOMOIIBbIO 3TOrO MeTOlda HM3yueHHe aHAJUTHUECKUX CBOHCTB
BKJIQJIOB OT BCEX AHArpaMM pacCMaTPHUBAeMOTO MpOlLlecca B aMIJIUTYLY paccesiHUsi CBO-
IUTCS K HU3YUYEHWIO aHAJIWTHYECKHX CBOHMCTB BKJAAOB OT CPABHUTENbHO HEGOJBILIOTO
yucsia guarpamMm. Ha 3ToM myTH mosiyueHO [0Ka3aTe/bCTBO aHAJIUTUYHOCTH aMILIHTY-
Ibl paccesiHUsi B JOCTATOYHO LIMPOKOH KOMIJIEKCHOH 06/acTH M3MeHEeHHs MHBapHaH-
THBIX MepeMeHHbIX, MO3BOJNHUBIIEH YCTAHOBUTb CIPABENJHBOCTb OOBIUHBIX NUCIEPCHOH-
HBIX COOTHOLIEHHH, HO, K COXaJIleHHI, HEeJIOCTATOUHOH JJIsi NOKa3aTesNbCTBa IBOHHBIX
CreKTpasbHLIX NpeacTaBiaeHnid Maunneabcrama (1] (cm. paboty [2], B KoTopoil umeercs
noapoOHBIH 0630p paGOT TOTO W APYTHX HarpaBJeHHH).

Temoll HacToslel paboOTHl ABJASETCS H3yYeHHE AaHAJUTHYECKHX CBOHCTB aMIIUTYI
DeiiMaHa, COOTBETCTBYIOIMX ONHOMY KJacCy OHarpaMm, omucaHHomy B padorte [3].
McxonHBIM sIBAsIETCS (-TIPeACTaBIeHNe aMIIUTYAbBl PaccesHusi, B KOTOPOM y2Ke BBIMOJ-
HEHO HHTEerpPUPOBAHHE 110 OJHOMY MapaMeTpy C MOMOLIbIO J-(QYHKLHH.

BosBpalienne K pacCMOTpeHHOMY paHee KJacCy OHarpaMM BbI3BAaHO TeM, YTO Mbl
HaJeeMCsl Ha NpPHMepe 3THX AHArpaMM HCCJIENOBATh BJWSIHHE CBOHCTB CIEKTpPAJbHBIX
KPUBBIX Ha aHaJUTHYECKHe CBOMCTBA CaMUX aMIIUTYH. Tak, B KOHLEe HacTosileld pabo-
THI TOKa3aHO OTCYTCTBHE KOMILJIEKCHBIX OCOOEHHOCTEH y AMarpaMMBbl LIECTOTO MOPsiAKa
TP ONpefeeHHbIX (He SIBJSIOUIMXCS He0OXOAUMbIMK) OPAHHUEHHSIX Ha MacChl YaCTHLI.
OnHako B 9TOM Cjydyae MPUXOAMTCS HCKJIOYaTh Gosiee 4eM OJHUH MapameTp U3 ypaBHe-
uuil Jlanpay. Ha Haw B3rsisin, ucnoJib3yeMblil B cTaTbe MeTO[ SIBJseTCS AajbHEHIIHM
pa3BuTHeM MeTona Tapckoro [4], MHTEHCHUBHO HCIOJB3YIOLIEr0 YpaBHeHHUs Jlannay.

Hiuke B 1.1 Gyner nokasaHa TeopeMa 00 OTCYTCTBUH KOMIIJIEKCHBIX OCOOEHHOCTEH Y
(heliHMaHOBCKHX aMILJIUTYA PACCEsSHHUS OMpeNeseHHOro BUIA, a B M.2 — OMHCAH KJacc
JI¥arpamMM, BKJaAbl OT KOTOPHIX B aMIUIUTYHY PAacCesHHs YAOBJETBOPSIOT YCJIOBUSM
Teopemsl 1.1 (cMm. puc. 2).

1. PaccmoTpuM (DeHiHMAHOBCKYIO aMITUTYLY

n

ﬁ des {1 = ai} (C(a)yr

i=1

Rt = [ S | (0

Ykp. mat. xypHaua, 1964, 16, Ne 5, C. 610-623.
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y KOTOpOﬁ 3HaMeHaTeJ/b

D(a;s,t) :f(oz)s—‘-g(a)t—K(a;mf,MjZ) (1.2)
fla) = anfi(an—2) >0, (1.3)
g(a) = an_191(an_3) > 0, (1.4)

YIOBJETBOPSIET YCAOBHSAM
—K(;mi, M?) = anan,lkl(an,g)M]% + anka(an_3,m7, M?)+

(1.5)
+an—1k3(an—27 m?7 MJZ) + k4(an—23 m?7 MJQ)

v npu m? u M?, yloBIeTBOPSIOIIMX HEKOTOPBIM YCJIOBUSIM, MAcCOBBIH KOI(DQHUIMEHT

n
K («) HeoTpuuaresien mpu Bcex «; > 0 u Y «; = 1. Kpome toro, Gynem npeanosarats,
i=1
4to k1 (an—3) > 0 npu Bcex a.
[TokazkeM, yTo mpu sz/ < 0 dpyHkuusi F'(s,t) He MMeeT KOMILIEKCHBIX 0COOEHHOCTEH
no o6erM nepeMeHHbIM s M t. C 9TOH LeJbIO BBINOJHUM HHTErPUPOBAHHE MO v, C
TOMOIIBIO 0-(DYHKLUHH W B MOJYYHBIIEMCS BbIpaXKEHUH

H doi{C () }?
t)
S /{Cn lan 1+2bn 1Q0p—1 + Gp— 1}7‘

(1.6)

31eCh
Cpn—1 = _kl(an—ii)MjZH (1.6a)
n—2
2b,_1 = _fl(an—Q)S + a1 (an—3>t + (1 - Z ai) ky (O‘n—?))MjQ/_
i=1 (1.66)
—ka(an_s,mi, M?) + ks(an_2,m;, M) = —f15 + g1t + b,
n—2 n—2
Gy = <1 — Z ai> filan—2)s+ <1 — Zoq) kg(an,;;,manQ)—&—
i=1 i=1
(1.68)

+ka(an— Qm M2 (120@) fis+a,

=1

GyeM MEeHSITb KOHTYP WHTErPUPOBaHUS MO MapaMeTpy (v,_1 IPH aHAJUTHYECKOM MPO-
noskeHud QyHkunu F'(s,t) ¢ BeliecTBeHHOH obsactu s1 = Re s < s, t1 = Re t < 1
Ha KOMILJIEKCHbIE 3HAYEHUsI ITHX MEPEMEHHBIX.

Bosiee TOUHO HccseqyeM aHaJHTHYECKHE CBOHCTBA MOMbIHTErPAJbHOH (DYHKLIHH

n—2
1— Z a;
1

d t) dou, — 1.7
(as / “ 1{77, 10[n 1+2bn 10p 1+ oy 1}T ( )
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Npu (PUKCHPOBAHHBIX 3HAUYEHHSIX OCTAJbHBIX NMapaMeTPOB U3 06JAaCTH HHTETPHPOBAHHUS.
Bce Bo3moxHbIe 0coOble TOukH (pyHKUHH P(;s,t) B MPOCTPAHCTBE MEPEMEHHBIX § =
S§1 +isg U t = t; + ity Jexkar Ha mMoBepxXHOCTH Tuna JlaHmay, mosyuaeMod myTem
UCKJIIOUEeHHUS MapamMeTpa «v,—1 U3 CUCTEMbl YpaBHEHUH

D(a;s,t) =0,

D (1.8)
8— = 2cn—1an—1 + 2bn—1 = Oa
aanfl

T.€. Ha INOBEPXHOCTH
Anfl = (2bn71)2 —4cp_1an-1 = 0. (19)

3HaueHusi s W t, ymoBaeTBopsiouye ypasHennio (1.9), COOTBETCTBYIOT COBMAAAOLIUM
0COObIM TOYKaM B IIJIOCKOCTH «¢y,_1. K HHUM Heo6XOOHMO N00aBHTH ellle 0coOble TO-
uyku pyHKuud P(a;s,t), COOTBETCTBYIOIIME KOHLIAM MPOMEXKYTKOB MHTETPUPOBAHHUS MO
Qp—1. DTH 0COOble TOUKH OTpeNessioTCs U3 ypaBHEHHH

an—1(s) =0, (1.10a)
n—2 n—2

ay () =an1(s)+ (1= ai| [ens (1= ai]+2by1], (1.106)
=1 =1

Ka)K10e U3 KOTOphIX B cuiy yeqoBuil (1.3) u (1.4) 3aBHCHT TOJIBKO OT OOHOH MepeMeH-
HOH. B cHuy ycsoBHsi oTpHLaTeNbHOCTH MaccoBoro koadguuuenta K («) 3TH ocobble
TOYKH JIEXKAT Ha BeLIECTBEHHBIX OCSX W MO3TOMY HMH B HajbHEHIEeM HHTEPeCOBaThCS
He OymeM.

Hccnenyem caenyrooiinit Bompoc: Kakue To4ku moBepxHoctd (1.9) sBasitorest neid-
CTBUTEJBHO OCOOBIMH TOYKAMH (DYHKLHH, T. €. COOTBETCTBYIOLIME UM CHHIYJISPHOCTH
“3aKMMalOT” KOHTYP MHTErPUPOBAHHS B IJIOCKOCTH (p_1 C PA3HBIX CTOPOH, H KakKHe
TOYKH He SIBJSIOTCS OCOOBIMH, T.e. COOTBETCTBYIOIIME MM CHHTYJISIPHOCTH “MOAXOOAT’
K KOHTYpPY C OfHOH cTopoHBl. O6CYyXKIeHHe 3TOr0 BONPOCA CBSIXKEM C T€M 3aMeUaHHEM,
YTO MOCKOJIBKY (PYHKUHU f1(t—2) U g1(Qyp—_2) TOJOXKHUTEbHBI, TO TOYKH MOBEPXHO-
ctu (1.9) ¢ s U ty UMelOlIHe ONWHAKOBBHIA 3HAK, HE SIBJASIOTCS B AeHCTBHUTENbHOCTH
0cOObIMH, TaK KaK MHMMas yacTb 3HaMeHaTeJss

Im D(a;s,t) = fso + gta

He oOpallaeTcs B HyJb IPH TaKUX 3HAUCHHUSAX Sz H ia.

C 3Toli Lesbl0 pacCMOTPUM pasjnuHble 06/1acTH (G B IJOCKOCTH BeILECTBEHHBIX
3HaYeHWH s; W tp, MoKasaHHble Ha puc. 1. [IpenBaputesnbHO pasfgesuM BelleCTBEHHYIO
U MHUMYIO yacTH ¢yHKUMH A, _; B ypaBHeHu# (1.9), KoTopoe Tenepb GyneT KBHBa-
JIEHTHO CHCTeMe

Re A,_1 = (—fi181 + git1 +b)* — (— fis2 + g1t2)*—

n—2 (1.11a)
—4Cn,1 1-— Z a; | s1+al|l = O7
i=1

n—2

Im Ay = (git2 — f152)(b— fisi+g1t1) —2f1 (1= D @ | cu152 = 0.(1.116)
=1
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A/z-l(sl’tl):0
A
a, (1,)>0
al’l—l(tl):o - /— EN
@ (1,)<0 -7
G,
an-l(slatl):()l / a, (s)=0
26,(500020 4 G)<0 0 a, (5050

Puc. 1.

1. Paccmorpum Tenepb o6sactb Gy : [ap—1(s1) < 0Nal,_1(t) <0]. B atoit obnactu
B CHJIy HEPABEHCTBA c,_1 > ( BelleCTBeHHas YaCcTb 3HAMEHATEJIs]

Re D(a;s1,t1) = f(a)s1 + gla)t: — K(a;m?,Mf)

He obpaliaeTcs B HYJb HU TPU KaKUX « U3 00J1acTH HHTerpupoBaHusi. CjenoBaTesNbHO,
byHkuus P(«;s,t) ABASETCS AHAJIUTHUECKOH MPH KOMIUIEKCHBIX 3HAYEHHSX § U t C
BEIllleCTBEHHBIMH YaCTAMH, NPHUHALIEKALUMY 00/1acTH (G1 ¥ TPOU3BOJIbHBIMY MHUMBIMHU
JacTAMH.

2. B obnactu Go : [al,_1(t1) > 0N 2b,—1 > 0N ay—1(s1) < 0] ocobele TOYKH,
Jexalline Ha MoBepXHOCTH A, _1(s,t) = 0, HMEIOT MHHMblE YaCTH OIHHAKOBOIO 3HAKa,
4TO JIEFKO YBHAETH, UCNOJb3ys ypaBHeHHe (1.116) njs onpenesieHHsi OTHOILEHHS

n—2
to fi {—f181 +91t1+b+2(1— Z%‘) Cnl} -2,

i=1 n—1
2 _ = . 1.11B
S92 g1{—f1s1 + g1t1 + b} g1 - 2bp—1 ( )

CJie0BaTesbHO, KOMIIJIEKCHbIE TOUKH § U t C BEIeCTBEHHBIMH YacTAMH, NMPHHALJIe-
KALUMHU 06JacTi G, ABJAAIOTCS PEryaspHbBIMHA ToukaMu (yHKunu P(a; s, t).

3. O6nactb G : [a),_,(t1) < 0N2b),_;(s1,t1) > 0Na,—1(s1) > 0] paccmarpuBaercs
aHaJOTHUHO o6JacTh G, a 3HAYMT, KOMIJIEKCHbIE TOUKH C BEIIeCTBEHHBIMH 4aCTAMH,
NpUHAAJIEKAUMME 061acTi G, SBJSIOTCS PeryJsipHbIME ToukaMu QyHKUHH P(q; s,t).

[pexxne yem MepexomuTh K HasbHEHIeMy 0GCYXKIEHHUI0, OCTAHOBUMCSI Ha HEKOTO-
PBIX BaXKHBIX CBOMCTBaxX MepeceueHusi MOBepXHOCTH A, _1(s,t) ¢ miockocTbio (s1,t1),
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T.e. Ha CBOHCTBAaX BelleCTBEHHOH CIEeKTPaNbHOW KPHUBOH:

n—2

o= (=fisi+giti+b)*—dc,_y || 1 - Zai s1+a| = 0.(1.12)
0

i=1

An—l (S, t) s

to

Ypasrenue (1.12) npencrasiser napa6osy B IVIOCKOCTH (S1,t1), 3aKJIIOUEHHYIO Me-
KAy MPSIMBIMH ap,—1(S1) = 0 ¥ al,_4(¢1) = 0, pacrnosnoxkeHHyt0 B 067acTH G : [an—1(S1)

> 0Nap—1(t1) > 0] u KacawUIyOCs ITUX NPIMBIX B TOUKaxX HX MepecedeHus C Mpsi-
MBIMH

2bn_1(81,t1) =0 (1133)
)4
n—2
2[);171(81751) = 2bn_1(81,t1) +2[1-— Z a; | cn_1=0. (1.136)
i=1

B CPaBeJIMBOCTU 3ITHUX yTBep)K}leHI/Iﬁ MO2KHO JIeT'KO y6e111/1'rbc91, paccmaTtpuBas
9KBHUBAJICHTHbIE 3allUCHU YPaBHEHHUSA KpHBOﬁ

Ap_1(s1,t1) = [2bp—1(s1,11)]* — dep_1an-1(s1) =

(1.12a)
= (2], (s1,11)]* — den_ra), 1 (t1) =0

¥ y4YHMTBIBasi HEPABEHCTBO C,—1 > 0.

Jlerko Bumets, uro JgeBasi yactb (l.11a), T.e. Re A, _;(s,t) orpuuaresnbHa B 06Ja-
cTtH, B KOTOpod A, _1(s1,t1) < 0, T.e. B 3awTpuxoBaHHO# Ha puc. | obnactu, orpa-
HUYeHHOH napaboJoii. CiiefoBaTe/IbHO, OBEPXHOCTh 0COOBIX Touek (hyHKuuu P(a;s,t)
“pacrionioxkeHa” Haj 06JACTbIO BeleCTBEHHBIX 3HAUeHHH S W t1, He MPHHAAMEKAIIUX
3alUTPUXOBAHHOH 00./1aCTH.

Kpome Toro, B o6sactsix jieBee U Bhilie npsiMod 2b,_1(s1,t1) = 0 u mpaBee u HUXKe
npsiMoit 2b),_;(s1,t1) = 0 MHHMBble YacTH S U ¢, KaK 1o caenyet u3 ypasHeHus (1.11B),
HUMEIOT OJMH M TOT XKe 3HaK.

CJ/iefoBaTe/IbHO, MBI TIPUXOAUM K BBIBOLY:

4-5. B obaactax Gy : [an,l(sl) > 0N 2bn,1(81,t1) > 0] u Gy : [a;kl(tl) >
0N 20, _1(s1,t1) < 0] ¢pynkuust ®(« : s,t) ABASETCH PETYASPHOH, TaK KaK MHHMAs
yacTb 3HameHaTesst D(q; s, t) MpH 3HAYEHUSAX So U To, UMEIOLINX ONUHAKOBBIA 3HAK, HE
obpalaetcst B HYJb.

6. Wrak, ocranoch paccMmoTperh 06jacTh 3HaueHuit Gyy U Gyyrr. Obnacts Gyg
orpaHuyeHa (cM. puc. 1) JUHUAMU

an_1(t) =0, 20, _4(s1,t1) =0, Ap_1(s1,t1) =0,

n—1
2b,—1(51,t1) =0, an-1(s1) = 0.

[Ipexne Bcero cienyet OTMETHTb, YTO HaJ TOH 4acThio objactu Gy, KOTopas 3akKJjiye-

Ha MeXIY MPAMBIMH 2b,_1(s1,t1) = 0 1 2], _;(s1,%1) = 0 TouKH 0cOGOH MOBEPXHOCTH

UMeloTcs, TaK Kak ypaBHeHHs (1.11) coBMeCTHBl M MHHMBlE HacTH s M ¢ HMEIOT IPO-

TUBOINOJIOKHBIEe 3HaKH. COOTBETCTBYIOLME UM CHHIYJSPHblE TOYKH IOABIHTEIpajJbHON

¢yHkouu B mpaBoit 4acTd (1.7) B MJIOCKOCTH TNepeMeHHOH COBMAfalOT M HAXOLATCS
n—2

BHE JIMHUH HUHTETPUPOBAHHUSA (O, 1-> ai). Tak xak npu BelleCTBEHHBIX 3HaYeHUSIX
i=1
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$1 W t1, npuHajiexawux obnactd Gy, ¢yHkuus P(«;s,t) aHaqUTHYHA, TO €€ MO-
JKHO MPOLOJIKHTb Ha KOMILJIEKCHBbIE 3HAUeHHsl $ U ¢ C BEIIEeCTBEHHBIMHU YaCTSMH 3THX
nepeMeHHbIX, NPUHALJNEKALIMMH, MO-TIpekHeMy, (G1 B CHJIy TOrO, UTO COBNAJAOLIHeE
CHUHTYJISIPHOCTH B IJIOCKOCTH “NOAOHAYT” K HENpPephIBHO H3MeHseMOH JHHHH HHTErpPH-
poBaHHUsl ¢ OIHOH cTOpoHHl. [loaToMy ToukM s U ¢ ynosJerBopsitomide cuctemsl (1.11) ¢
$1 1 t; € G1, B NeHCTBUTENBHOCTH SIBJSIOTCS PEryaspHbIMH ToukaMu P(q; s, t).

[pu anamutuuyeckom mpoposmkenun P(q;s,t) Ha KOMIJIEKCHBIE 3HAYEHHSI § U © C
BEILLeCTBEHHBIMH YaCTAMH, NPUHALMEKAWUMHE 067acTH Gy, COBNAAIOIINE CUHTYJISP-
HOCTH MOIbIHTerpaibHOH (QyHKUHMH B BbipaxkeHud (1.7) mas ®(a;s,t) B mIocKocTH
nepeMeHHOH «y,—1 OYAyT OCTaBaThCsl COBNANAIOMIMMU TIPH § M ¢ NPUHAIJIEXKAIUMU
noBepxHocTH (1.2). Kpome Toro, oHu, no-npexxkHemy, 6ynyT “moAXonuTh” K KOHTYpPY HH-
TETPUPOBAHUSI C OIHOH CTOPOHBI A0 TeX MOp, MOKa He COBMAAyT C OIHHUM H3 KOHLOB
JUHUK UHTerpupoBanus (cm. gemmy 2A pabotsl Tapckoro [4]). [Tocientee xe moxer
CJIYYUThCSI TOJBKO B TOM CJydae, KOTa 3HAueHHs 1 U t; COBNAAAIOT C KOOpIMHATAMU
TOuek mnepecedyeHust A; uau As, B KOTOPHIX TOYKH NOBEPXHOCTH UMEIOT paBHbE HYJIIO
MHHMbIE 4acTH. DTH OCOOble BellleCTBEeHHble TOUKH (GyHKUHH P(a;s,t) coBmamamoT C
TOYKAMH, YIOBJETBOPSIOMUMH ypaBHeHusim (1.10).

Takum o6pasom, Touku moBepxuoctu (1.9), “pacnonoxkentbie” Hal 06/1aCTbIO SBJISI-
I0TCSI PeryJsipHbIMU Toukamu (GyHKUu# P(a; s, t).

7. Kak yxe oTmeyanoch, Han objaactbio Gy moeepxHocTh (1.9) “He HaxomuTcs”.
CJ/ieioBaTeIbHO, KOMIIJIEKCHBIE TOUKH S M ¢ BELECTBEHHBIMH YacTAMHU K3 06sacTd Gy g
TaKkKe SIBJISIIOTCS PEryJ/sipHBIMH ToukaMu (GyHkiuu P (a;s,t).

Pestomupysi BhillleCKazaHHOE, MPUXOAUM K CJAEIYIOLIEMY YTBEPXKAEHHIO.

Jlemma 1. Qyuryus P(«;s,t) umeem moavKo Aullb 8eujecmeaerHble 0cobble MOUKU
npu A106bix o us obaacmu unmeepuposarnus (1.6).

Ha ocHoBaHuUM 3TOM JileMMBI MOKHO C(HOPMYJIMPOBATh TaKOe MpeAJsoKeHHUe.

Teopema 1. Amnaumyoa Deiinmana F(s,t) 3adannas unmeeparom (1.1) co saname-
namesem D(«;s,t), yoosremsopsrowum ycarosuam (1.2)-(1.5), npu sz, < 0 cymo
aHarumu1eckas QYHKYUsL nepemennsvix s U t 8 obracmu, asisouelics npoussede-
Huem 08Yx NAOCKOCMeL C BbLKAIOUEHHbIMU PA3PE3amMu 8004b BEL4ECMBEHHbLY OCell

so =Ims =0, so < Re s < 00, to =Imt =0, to < Ret < oo.

B cayuae, korma M]2 > 0, mapabosa A,,_1(s1,t1) = 0 pacrnosoxeHa B obmacta Gy
H SIBJISIETCS] TPAHHULIEH BEIEeCTBEHHOH 00/1aCTH aHAIUTHYHOCTH GyHKUMH P(ay; s, t). [Ipu
3HAYEHUsX S1 U 1, YOOBJETBOPSIOIUX ypaBHeHUIO A, _1(s1,f1) = 0, CHHTYJISIPHOCTH
B IUIOCKOCTH (yp_1 “32XKHMalOT’ KOHTYP HHTEIDUPOBAHMS C PA3HBIX CTOPOH W IMO3TO-
My aHasJuTH4YecKoe mponoskeHue P(a;s,t) HAa KOMIUIEKCHBIE 3HAYEHHsI S U t C Belle-
CTBEHHBIMH YacTsIMH, He NMpHHai/exXauwumMu obaactd Gy N (A,—1 > 0), oCyLIeCTBUTD
HEeBO3MOXKHO MPH U3MEHEHHH TOJIbKO JIUIIb KOHTypa HHTErPUPOBaHUS 10 1. M3 cKa-
3aHHOTO CJleyeT, YTO JJIs1 aHAJUTHYEeCKOr0 MPOJOJIKEeHHS 0 NepeMeHHOH & = MJ?, co
3HaueHu# & < 0 Ha MOJIOXKHUTEJbHBblE 3HaYeHHs1 HEOOXONHUMO OCYLIeCTBUTb M3MEHEHHS
KOHTYpPOB 110 JPyTHM IlapameTpam «.

2. Kak usBecTHO Kax0H (heliHMaHOBCKOH AuarpaMme C 4eTbipbMS BHELIHUMH JIU-
HUSIMHM COINOCTAaBJISIETCS BKJAJL B aMIJIUTYLy paccesiHUsi, KOTOPBIH C TOUHOCTBIO A0 IO-



AHanuTHYeckye CBOHCTBA aMIIUTYABl pacCesiHUs 37

CTOSIHHBIX MHOXHTEJIEH MOXKeT ObITh MPEeACTaBJeH B BUE CJIeAyIOllero nurerpana [5]:

R = [ dor o [ - S

=1
3,[[er BBEJEHbI CJedYolire 0003HaYeHHU: D(a;s,t) — JHUCKPUMHHAHT KBaﬂpaTHQHOfI

2.1
Dlass. D) @1)
dopmel ¥(q; , s,t), KOTOpasi OMPeeIsieTCsi COOTHOLIEHHEM

U(q; o, 8,t) = Z ai(k} —m?), (2.2)
i=1

TZle YeThlpeX-UMIYJbChl k; SBJSIOTCS JTHHEHHBIMH KOMOHHALUSIMY BHEILIHUX HMIYJIbCOB
p; (j =1,...,4) ¥ UMIy/IbCOB MHTEIPUPOBAHHUS ¢, CONOCTABJSEMBIX KaXKIOMY He3a-
BUCHMOMY KOHTYPY AHArpaMmbl; o U m; — napamerpsl PeliHMaHa U MacChl, COOTBeT-
CTBYIOLLHE ¢-H BHyTpeHHeH nuHUK nuarpammbl, C(«) — OIMCKPUMHHAHT KBaIpaTHUHOH

(hopMBI
Po(g; ) =

Yucna p U r NoNOXKHUTENbHBIE U ONpPEeAeNsOTCS UHUCJIOM BepLIMH AMArpaMMbl U UHCJIOM
| He3aBUCUMBIX ee KOHTypOB Huckpumunant D(«; s,t) siBasieTcst THHEHHOH (ByHKLHEH
nepemMeHHbIX s, t, m? M2 U MOXeT ObITb IPeJCTaBJeH B BHJE

\I/(q;oz,s:t:0,m?:0,Mj2:0). (2.3)

D(a;s,t) = f(oz)s—{—g(a)t—K(a;m?,Mf), (2.4)

rae

K(oz;m?,M2 Za miK;(a Zazm, (2.4")

\pz\g 44 % g 1/9‘
& q,
4 qiz
Pote— ...
)
! P4,
a‘u—]“
p+-Y4. /.
qh m,
gn m,
/pl/(f Pip—q, i}
Puc. 2.

OnHo 13 BaxHHIX CBOHCTB D(«v; s,t) 3aKJ/I0UAETCS] B CJIEAYIOLIEM.

3uauenne D(;s,t) npu s =0 u t = 0, T.e. MaccoBbiii Koaduunent — — K (a;m2,
M?) oTpuLaTesieH MPH MOJNOKHTENbHBIX i, €CHH MacChl YaCTHI[, y4acTBYIOUIMX B
peakLyH, YHOBJETBOPSIIOT HEKOTOPHIM YCJIOBHSM (BKJIIOYAIOLIUM YCJOBHS CTAaGH/IbHO-

ctu) [2, 5].

OcHoBHO# croco® aJisi H3yueHHsi CBOHCTB AucKpuMHHaHTa D(a; s, t), Kak QyHKUHH
«/ OCHOBaH Ha MHBapuaHTHOCTH D(«y;s,t) OTHOCHTENBHO PA3JIMYHBIX BHIGOPOB JHHHH,
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[0 KOTOPBIM “TPOTEKAT’ HMITYJbChl BHEIIHMX YACTHI[ yepe3 NaHHYH AHATPAMMY U
OTHOCHTEJ/IbHO Pa3JIMYHOr0 BhIOOpPA HE3aBUCHMBIX 3aMKHYTHIX KOHTYPOB [Jisi BHYTPEH-
HHUX MMITYJIbCOB MHTETPUPOBAHHUS.

[IpaBasi cropona (2.2) umeeT BUA

Z aprQrgr + 2 Z brqr + c. (2.5)

KoadduuueHTs a, b, ¢ Bce 3aBUCAT OT «v IMHEHHO, NIPUUEM ag, He 3aBUCHUT HU OT KaKHUX
IPYTUX NepeMeHHBbIX, by 3aBUCHUT TaKxKe OT BHELIHUX MMIIYJIbCOB, a ¢ 3aBUCHT JHHEHHO
OT KBaIpaTOB U CKaJIPHBIX MPOW3BENeHUH BHEIIHUX WMIYJbCOB M OT KBaJIpaTOB Macc
BHYTPEHHHX YacTHll. JMCKPUMUHAHT ypaBHeHHs (2.5), cleoBaTeNbHO, HUMEET BUJ

a1 a2z - ay b
a1 azy - agy by

D=1 v i . oo (2.6)
bl b2 bl C

Pasnaras D no mocsienHel CTPOKe W 3aTeM II0 MOCJAEAHEMY CTOJOLY, MoJydaeMm

D ==Y Ag(a)bpb, + Cla) - c, (2.7)
rae
aixz aiz -+ an
21 Q22 -+ Q2]
Cla)y=| -+ o oo e ], (2.8)
app  ai  cccoa

a Ap,(«) ABAsiOTCS anreGpanyecKUMH JOTMOJHEHHSIMH 3J1EMEHTOB ag, B C(a).
[poussenenust bib, 3aBUCAT OT MPOM3BEIEHHH ¥ KBaJPaTOB BHEIIHHX HMIYJIbCOB,
KOTOpBIe, OyIyud BBIpayKEHBI uepes s, t U M]2 no ¢opmynam

s=(p1+p2)?  t=(p1+p3)® u=(p1+p1)?

4
stt+u=» M pi=M,  2pipy=s— M —M;,
i=1
_ 2 2 _ a2 2
2pips =t — My — M3, 2pips = My + M3 — s — 1,
2pops = ME + MZ — s — t, 2pops =t — M3 — M3,
2pops = s — M3 — M§,

(2.9)

npuBenyT K (2.4).

Kaxnblii unen B (2.4) siBsieTcsi OMHOPOAHOH (BYHKIIHEH M0 o CTeneH# .

Ilnst 6osiee meTaNbHOTO HU3YUeHHs1 CBOHCTB Koa(pduuueHToB f(a) U g() UCmosb3y-
€M MHBapHaHTHOCTb D(«; $,t) OTHOCHTENBHO Pa3JM4YHOrO BbIGOpA MyTel, M0 KOTOPHIM
NPOTEKAIOT MMITYJIbCH BHEIIHUX YaCTHIL P1, P2, P3 U Pa.

[IpenBaprTesbHO BBeLEM NOHATHE S-MYTH W t-TyTH, HECKOJBKO OTJIMYAIOIINECS OT
COOTBETCTBYIOIIMX MOHATHH B padote MueHa.
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s-Ilyte. HazoBem s-myTeM B naHHOH nuarpamme J0OyI0 HENPEPLIBHYIO JHHHIO, CO-
CTOSIILLYI0 U3 BHYTPEHHHX JIMHHUH AHArpaMMbl U COeNMHSIOULYIO BepIIHHbL | U 3 nan 2
U 4 COOTBETCTBEHHO.

t-IlyTb onpenensieTcss Kak JIMHHS, COCTOSIILAS U3 BHYTPEHHUX JIUHUH AHArpaMMBbl U
coefMHsOIAs BeplikHbl | ¥ 2 uau 3 u 4.

\ﬁ% S s Pt i/p?
~— =
q;,
A ApApt...

/ ) q,'}
S, 4, AN

o, AG,

» . 5 -l i\

Ps

ADAD A .

Bri6epeM BHYTpeHHHe He3aBUCHMble WMIYJbCbl HHTETPUPOBAHUS ¢; TaK, KaK MOKa-
3aHO Ha puc. 3, a. [Ipu TakoM BbIGOpe MMMYJbC p; BHeLIHeH YacThlbl | mporekaer
TOJIbKO JIMIIb BAOJb S-TIyTH, COENUHSIONIEr0 BepiiunHbl 1 ¥ 3 (B HanbHeHIIeM S$13), HM-
NyJbC po TPOTEKAET BAOJb S-NIYTH Soq4, CYMMa HMMYJbCOB p1 + p3 MPOTEKAeT TOJbKO
JIMIIb BAOJb t-TIYTH t34, BAOJb t-MYTH t12 ¥ BCEX OCTaJbHBIX JMHHE HHarpaMMbl Mpo-
TeKaeT TOJIBbKO JIMIIb UMIYJbCH ¢;. B 3TOM ciyuae Ko3pduUUeHT ¢ B (2.5) He 3aBUCHUT
OT s, U 3aBUCHMOCTb D(«;s,t) OT § CONEPNKUTCS TOJNBKO JIMIIb B MPOU3BEAEHHUSX by,
KOTOpble NIPUHUMAIOT OIUH U3 CJEAYIOUINX BHJIOB:

1) mbo —by, = > uyp1 + Y Ak (P1 + P3) + D Qg,D2, €CTH , MPHUHALIEKHT
k1 k13 k2
513, Qk,, TIPUHANEXKHT t34, v, TPUHALJEKHT Soq, @ MUMIYJLC qp NPOTEKaeT

BJIO/Ib S13 1O JMHHUM C UHIAEKCOM ki, BAOJb t34 — MO JUHHUH ki3 U BIOJb Soq —
[0 JINHUHU Ko}

2) mm6o —by = > g, p1 + Y, Ak (P1 + P3), €CTH Qy, TPUHALIEKHT S13 H Qi
k1 k13
NPUHAIJIEKHUT t34, 8  TPOTEKAET BHOJb S13 U t34 1O JUHHAM k1 H ki3;

3) qmbo —by = > ay, P2, €CIH (k, TPUHALIEKHUT Soq, & ¢ MPOTEKAET BAOJDb Sgq, HO
k2
He MPOTEKAET BAOJb BbIIEJEHHOTO Ha PUC. 3, a t-TIYTH t34;

4) nubo —by = > ag,,(p1 + p3), €CaU ,, TPUHALMNEKHUT l34, 8 UMIYJIBC g HeE
ki3
NpoTeKaeT BAOJb S-NyTeH S13 U Sag.

CrenoBatesibHo, B cuay (2.9) mpousBeneHue bpb, COIEPKUT MEPEMEHHYIO S TOJBKO
JUIIb B TOM CJydae, €ClU v TPUHANJIEXKHUT S13, & (v NMPUHALJIEKHUT Soq4 (HUJIH HAOGO-
por).

Taxkum 06pa3oM, Mbl IPUXOAUM K CJEAYIOLIEH JeMMe.

Jlemma 2(f). Koagpgpuyuenm f(«) npu s 8 D(«; s,t) seasemes cymmoii uda

fla) =" ararfi,(a), (2.10)
k,r
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ede cymmuposarue npoucxodum no makum uxroexkcam k u r, 4mo ecau oy NPUHA-
Orexcum Si3, MO o NpUHaoexcum sqa, a fi,. (o) — Hekomopas QyHukyus, Komopas
6 cuny ceoticmea ouckpumunanma D(«; s, t) He 3asucum om oy U .

Py

P>
\% PADe p1+p2—...: fl)/
AD\—... ;\ AD:t+q,

A Cly
P “pz‘l'%_---_q,g

q" /q,l P-4
Pel - RN

D Puc. 3, 6. Ps

Bri6upast HMIy/bChl HHTETPUPOBAHMS M MYTH, 1O KOTOPBIM NPOTEKAIOT BHELIHHe
UMITYJIbChl, KaK MOKa3aHO Ha puc. 3, O, ¥ MOBTOPsisi BBIKJAAKH, MPOBEIEHHbIE BbILIeE
OTHOCHTEJIbHO CTPYKTYpPbl f(a), MOXKHO MOJYUYHTb Clenylollee MPeNJoKeHHe, SBJSO-
1ieecsi aHaJjorom Jemmal 2(f).

Jlemma 2(g). Koagpgpuyuenm g(a) npu t 8 D(«; s,t) aeasemcs cymmoil suda

gla) = arongy,(a), (©.11)
k,r

ede cymmuposarue npoucxooum no maxkum undexcam k u r, umo ecau «ay NpuHa-
!

Orexcum tia, mo ou npuradiexcum tza, a gp,.(o) — Hexkomopas PYHKYUA, KOmMOpas

6 cuny ceoticms D(«; s, t) He 3asucum om oy, U .

B cuny nemmbl 2(f) u 2(g) MoxHO mo6uTbCs BbimosHeHus ycaoBud (1.3) u (1.4),
Hajaraemblx Ha Koapuuuents f(a) U g(a), peayudpys Bce JMHHH HA S- U t-MyTHAX,
MOAXOASIMX K KaKOH-HUOYAb M3 BEpIIMH IUArpaMMbl Ha pHC. 3, @, OCTaBJss HeperLy-
LIMPOBAHHBIMH 0 OAHOH JIMHMK Ha KaxJoM K3 3THX myrted. CyliecTByeT, 04eBHUAHO,
MHOT'0 CIoCO60B pefyLHpoBaHHsl. BaxKHO BbISCHHTB, CYLIECTBYET JIH XOTs Obl OMH U3
croco6oB, npu KotopoM fi(a) u g1(a) B (1.3) u (1.4) okasanuch Gbl He 3aBUCALIUMHU
OT @y U ,—1. Ha onvH U3 HUX yKasaTb Jerko. VIMEHHO, HU B OIHO M3 CJaraeMbiX B
npaBoii yactu (2.10), KOTOpoe COLEPKHUT B BHIAE MHOXKUTEJS MapaMeTp o Ha JIMHUH,
Hecylled UMIyJabC p; — g1 (CM. puc. 3, a), mapameTp o He BXOAHUT. IleHCTBUTEJBHO,
napaMeTp v CONEPXKUTCsS B BHIe ClAaraeMoro B 3JeMeHTax aj; U C B MPaBOi 4acTu
(2.6), He BxomALMX B anrebpanyeckoe AOMOJHEHHe HH OIHOTO 3JeMeHTa aj,, KOTOpPOe
JaeT BKJaL B QyHKUHIO f;, (o), BCTpevarollyiocsi B BHe NPOU3BENEHHUs C NapaMeTpoM
o B npasoit yactu (2.10). YTBepKaeHHe 00 OTCYTCTBHH CJaraeMoro B NpaBoi 4acTH
(2.11), conepxxalero B BUie MHOXKHTEJS IPOM3BEIEHHE (v1 ¥}, MOXKHO TaKXKe JIETKO IM0-
JIyUUTh, NPOBENs aHAJOTHUYHBIE paccyieHHs. TakuM o06pa3oM, peayLHpys Ha s-NyTH
S$13 BCE JIMHHH, 338 HCKJ/IOUEHHeM HecCyllel mapameTp o/, a Ha ¢-yTH 19 — BCE JIMHHH,
3a HCKJIOYeHHeM Hecylled napameTp «;, TeM CaMbIM 100beMCsl He3aBHCHUMOCTH f1(«)
1 g1(a) oT o) ¥ oy (Wau, nepeo6GO3HAYHB HUX YEPE3 Q H (1, — OT Qi H Qp_1).
OTBeT Ha BOIIPOC CYLIECTBYET JIU IPYro# crnocod penylLupoBaHusi, MPUBOASIINN K He3a-
BUCHMOCTH f1(a) ¥ g1(c) OT COOTBETCTBYIOLINX MEPEMEHHbIX, 1aTbh TPYAHO, TaK Kak B
o0LIeM CJydae 3TO MOXKET MPOH30ATH TONBKO NMPH CJIOKHBIX B3AUMHBIX YHHUTOXKEHHSX
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B BblpaxeHusx tuna (2.10) u (2.11). [MosoxurenbHoctd f1(a) u g1(a) MOXKHO 3aTeM
DOOUTbCS PeAyLMPOBAHHUEM TeX JIMHUH, NapaMeTpbl KOTOPBIX BXOASAT B MPOU3BENEHHUS C
OTPHLATENbHBIMUA 3HAKAMH.

OcraHoBHMCSl Tenepb Ha CBOHCTBaX K03(h(HUIUEHTOB K]’.’(a) pH sz B NIpaBoOy ya-
ctu (2.47). Us puc. 3, a BumHO, uto 3aBucuMocTb D(c;s,t) or M7 sakmwoueHa B
npousBeneHusx bib,, KOTOpble caMU COREpXKAaT B BUIE MHOXKHUTEJSI Maccy Mf TOJBKO
JIMIIb B TOM CJIydae, KOTA B HUX COJNEPKHUTCS NPOU3BENEHUE ik, D2V, D3, THE Ql, TIPH-
HaIJIeKUT S-TIYTH So4, 8 (g, NPHHANIEKHUT ¢-NYTH t34. TakKUM 00pa3oM, Mbl PUXOIHM
K BbIBOLY: KO3(duuneHT K/ (cr) MOXKeT ObITb NPEACTaBJEH B BHAE CyMMbI

Ky =" apon, k" (a), (2.12)
ka,k3

rie CyMMHDPOBaHHe NPOMCXOIMT 110 TAKUM HMHIEKcaM ko M k3, UTO eClM (v, NpHHaJe-
JKUT S24, TO (v, TIPUHALIIEKHUT 34, U k§2k3 B CHJIy CBOHCTBa AHCcKpuMHHaHTa D(a; s, t)
He 3aBHCHT OT (v, U (v,. Ha ocHoBaHuH (2.12) Jerko mosy4uTh CJIEAYIOMYIO JEMMY.

Jlemma 2(K). Koagppuyuenm K7 (a) npu M]2 moscem 6vimob npedcmasier 8 sude

K (a) =) agarkl, (a), (2.13)
k,r

ede cymmuposarue npoucxodum no maxum urndekcam k u r, umo ecau oy npuradie-
Hum s-nymu, no0xo0sem K 8epulune j, mo o, npuradiexcum t-nymu, noo0xoosujem
K moil we sepuune duaepammol, u ki («) 6 cury ceoiicmea D(w;s,t) ne sasucum
om ay, U Q.

Paccmorpum knace puarpamm DefiHmaHa, npeAcTaBaeHHBIH Ha puc. 2. Mcnosb3ys
JaeMMbl 2(f) u 2(g), MOoxHO 3amucaTbh Ko3ppuuueHts f(a) u g(a) B Bume

fla) = anfi(a,...,an—2), (2.14)
gla) = an_1g91(a1, ..., an-3), (2.15)

ynosseTBopsitoiiem yeqosusM (1.3) u (1.4).
cn2 A r2
Hsyuum temnepb CTPYKTYPYy MAaccoBOro Kos(ppuunenta — K (a;m3, M7). lpumenss
nemmy 2(K7) K 3Tolt iMarpamMme, MOXHO 3aK/MIOUHTB, 4TO Kodhduunent K5 (a) umeer
BHIL

K (a) = apan_1k; (). (2.16)

[ToxaxkeMm Tenepb, uto Koshduuuentsl K (o), Ky (a) u Kj (), crosiiue cooTBeT-
ctBenHo npu M2, M2 w M} B D(«;s,t), He 3aBUCAT OT NPOU3BENEHHUS vty _1. Jlefi-
CTBUTEJIbHO, B MpaBoil uactu (2.7) mpousBeleHHe (v, 1, KaK JIETKO MOKa3aTh MpU
BbIGOpE ¢k, MPEACTABJIEHHOM Ha pHC. 2, BXOAMT JHIIb B cjaraemoe —bybiA; nepBo
CYMMBI U B cj1araeMoe cay Ay, UTO HETPYIHO YBHIETb, pasnoxuB C(«) Mo s1eMeHTaM
nocJefHero cTo161a (MId CTPOKH):

Cla) = apAy — ay—1Au—1 + -+ (=) tan Ap. (2.17)

[Tpoussenenue byb; CONEPMKUT tyy(tp—1 B CAEMYIONIEM BHIE

biby = =200 1(p1 + p2)pa — 20 Y @ (p1 + p2)pa+
) (2.18)
+20, 1 Z pops + s +a’  MP+ (Z o/i) M2,



42 B.1. Kosnombiues, B.H. ®yuuu

Hcnonbays (2.9), 3amMeyaem, uto

2(p1 + p2)ps = MZ — M3 — s, 2(p1 + pa)p2 = s — ME + M3,

(2.19)
2p2p4 :t—M22 —Mf
H, CJIef0BaTe/bHO, MpaBast yacTh (2.18) mepenwiercss B Buie
biby = —apa, 1 (M2 — M7 —8) — ay, Za;(s — M7 + M3)+
(2.20)

2
+an 1 Zag(t — M2 - M) +a’s+a’  M?+ (Z ag) M2,

PaccMorpum Teneps caaraemoe cajAy. B KoapduLUeHT ¢ nepeMeHHBIE (v, Qip—1 U
Qlp—2 BXOMSAT CJIEAYIOIIAM 06pa3oM:

c=an(s+m2)+ a1 (MZ+m2_ )+ ap_om? o+

(2.21)
+0CTa/IbHble Y/IeHbI, 3aBUCSLIHE OT Qvyy_3, ..., (1, M2, U M3,
a 3JIleMeHT aj; MOXKHO TpeACTaBUTb B BUIE
ay = Qp + Q1 + Qo + OCTaJIbHBIE YJIEHBI. (2.22)

Takum oGpasom, B caaraemoM cay Ay, mawouem Bkaan B kosdduunent K(a;m?,
M?), mpousBesieHte (v, (v, 1 BCTPEUAETCS B BUAE vty 1 Ay MJ ¥ B CyMMe CO BTOPBIM
caraeMbiM B TepBo# ckoOke mpaBo# yactu (2.20), yMHOXKeHHOH HAa —Aj; KaeT HyJb.
CurienoBartesibHO, Ta YacThb CyMMBI ciaraeMblx —bby Ay + cay Ay, KoTopasi faeT BKJaL B
K (c;m7, M?), CONePKUT NPOH3BENCHHE iy, (ty,—1 TOMBKO JIHIIb B BHIE tpory 1 Ay M3,
T.e. TOJIbKO TPH MaccoBoil mepemenHoi M3. JlokasarenbcTBo HezaBucumoctd K1'(«),
KY(a) u K} (a) OT NIpOU3BENEHHS (v vy 1, TAKUM 06PA30M, 3aKOHYEHO.

Kpome Toro, ucmosbsys (2.20), (2.21) u (2.22) u 3ameuast, 4TO 3aBHCHMOCTb
D(a;s,t) OT ap, Qp_1 U Qp_o 3aKJAIOYEHA TOMBKO B 3JEMEHTaX ay, b U ¢ MOXHO
MOJIYYUTb CJEAYIOLIYIO JIEMMY.

Jlemma 3. Cymma craeaemvix Ki(a)M? + KY(a)M3 + K{(a)M} moxem 6Goimo
npedcmasiena 6 gude
K ()M} + K3 (a) M3 + K{f () M} =

- ankll/(an—?n M ) + O5n—1k'2 (Oén 2, MZ) + k4 (O[n 2, sz)7 .] 7é 3.

(2.23)

[Tepenuiuem nBa mepBbIX c/jaraeMbix npaBoit yactu (2.4') B Buze

Za miK;(a Zaz 2Kl (a Za m? (2.24)
Jlerko mokasate, 4To mpaBasi cTopoHa (2.24) mpeactaBuMa B BHJE

a) Z aim? = apm2C(ay,_3)+
B , (2.25)
tan_1m2_1C(an_3) + an_om?_,C(ay,_3) + Z a;m?C(a).
i=1
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JleficTBUTE/IBHO, YUUTHIBAS, UTO C(a) 3aBHCHUT OT MEPEMEHHBIX (ty, Op—1 U Qo ClIE-
AyoLuM 06pasom

Cla) =clan +apn—1+ an—o+--+),
MOXKHO CUHTaTh, UTO, TaK KaK MPH H3yUeHHH aHAJUTHUECKHX CBOHUCTB F'(s,t) HCMOJb-

syercsi opmyna (1.6), B koropo#i 3HaueHue D(«;s,t) GepeTcs Ha TMIEPMIOCKOCTH
n

> a; = 1, koapduuuent C(a) He 3aBUCHT OT (1 U Qyp—2, T.€. UMEET MECTO Mpe-
i=1
craBsenue (2.25).

CyMMHUpysl pe3y/bTaThl 3TOro naparpada, MOXKHO cOpPMYJIUPOBATh CJEAYIOIHUE OC-
HOBHOH BBIBO/I.
Teopema 2. B cury swipasmenui (2.10), (2.11), (2.23), (2.25) OJuckpumuranm
D(a; s,t) moacem Goimo npedcmasiern 8 gude

D(a;s,t) = anfi(an—2)s + an_191(an—2)t + anan_1ki(an—3) Mi+ (2.26)
+ank2(an737 m127 sz) + anflkfi(an*% miQ’ M]2) + k4(0€n—27 mzz’ MJZ)’ |

u3 Komopoeo caedyem, umo 8KkAa0 8 aMNAUMYOY paccesaHus om Ouaepammel, npeo-
cmasaenHoli Ha puc. 2, yoosaiemsopsem 8cem Ycao8usam meopemol 1.

P> D
4
2 (13 (X'S 4
m,|a, a, |, Qg 176
o o
M ! Z M
P Puc. 4. s

PaccmoTpnM, HakoHell, BKJaA B aMIUIUTYLY pPacCcesHHs OT AMarpaMMbl LIECTOTO I1O-
psinka (puc. 4), KOTOphIH MOKeT OBITb 3aIHCaH B BUAE CJELYIOLIEr0 HHTerpana

li[l do; 6 {1 = a;} C?(a)

FO(s,t) = / 2.97
=0 Dlas P @)
rae

D(a;s,t) = f(a)s + g()t — K(a;mZ, M), (2.28)
fla) = ar[as(as+as+as+ar)+agas]+aras (o +as+az+ag) +aszay],(2.29)
9(@) = azaag, (2.30)

7
—K(a;m?, Mf) =—C(a) Z aim? + ag{[on (g + as + ag + ar) + agar| M2+

i=1
+as(oy + a5 + s + ar) + agas] M3+ (2.31)

+a6{[a7(al + oo + a3 + 044) + O¢1054]M32+
+las(ar + az + a3 + as) + asag M7},



44 B.1. Kosnombiues, B.H. ®yuuu

C(a) = (a1 +ag +az + ag)(ag + as + ag + a7) — a;. (2.32)

HckJtouas ¢ nomMouibio §-pyHKLUHY apaMeTp a7, 3aMHILIeM COOTBETCTBYIOILYIO CUCTEMY
ypaBHeHU# THna Jlanpay

6
D(a;s,t) = cga + 2bgag + ag = 0, oar=1-— Zai,
= )

D
87 = 206a6 + 266 = 0,
aaﬁ
> oD
D(a;s,t) = coai + 2bgag + ag = 0, ag=1-— E oy, Do 0, (IT)
i=1 5

4
D(al,ag,ag,a4,s,t):0, 046:1720%7 045:07

i1 (11
oD _ . D _

(90[4 o (90[3 =0
3HayeHUs s U t, YIOBJETBOPSIOLIME MOACHCTEME |, MPUBOIST K COBNANAIOIIUM CHH-
TYJISIPHOCTSIM 0 (vg; YOOBJETBOpsiiole mopcucteMe I, — K coBmagawmouM CHHTYJISIP-
HOCTSIM TI0 (v5 U KOHLIEBBIM 10 (¢ W, HaKOHel, yHOBJeTBopsiouiue nonacucteme III,
NPUBOAST K COBMAAIIIUM MO (¢4 U (3 ¥ KOHLIEBBIM 110 (g U 5.

Hccnenosanue noxpcuctem I u Il moxer GbITh mpoBeneHo TeM ke CrocoboM, 4TO U
uccnenoanue cuctembl (1.8) m.1, u mpu M2 < 0 u M? < 0 COOTBETCTBYMIIHE ITHUM
MOACUCTEMAM 0COObIE TOUKH S§ U T — BElleCTBEHHbI.

Oco06ble TOukH, cooTBeTCcTBYMOIIME noacucteMe III, sexxat Ha moBepxHOCTH, ypaBHe-
HHe KOTOPOH MOXKHO 3alucaThb B BHJE PaBEHCTBA HYJIO CJEAYIOLUIETO ONpenennuTest

R +2Bst+ Ct> +2Ds+2Et+ F = 0,
dor  dao
rae
di1 = —ast + m? — OZ1]\4327
—a18 — ast +m? — a1M32
di2 = -
2
1—a; — —at 2 g M2 — — ot 2 _ g M2
7( a1 — ag){—ast+m a12 51— a1s — aot +m* — oy M3 s+ mi—
sai(l—a; —ag) — (1 —2a; — 2000)m? — ayae M? + (1 — oy — ) M2
7052M2 9 )
(1—a; — a){—agt + m? —a; M2}
d21 = — 9 )
d a1(l —ag —ag)s — (1 — 2a1 — 2a9)m? — ayaa M? + as(1 — g — o) M3 "
22 =

2

x(1 = ay — ag)|[araaM? — (g + az)m?].
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CJienyet OTMETHTD, YTO 3TO YpaBHEHHE TIOJNyUEHO TIPH CJeNyIOMUX OrpaHHUEHNSAX Ha
Macchl 4yacTuu: meg = ms, My = 0. B n10cKOCTH BellleCTBEHHBIX 3HaUEHHH TepeMeHHbIX
S ¥ t OHO TIpeNCTaBJsieT runepboIy.

HccnenoBaHue 3Toro ypaBHeHHSs, KOTOPOE MPOBOAUTCS TaK Ke, KaK U UCCJef0BaHHe
cucrembl (1.11) B n.1, mokasbiBaet, uTo ocobble ToukH (yHKuuu FC(s,t) aBasworcs
BEILIECTBEHHLIMH.

CJleoBaTesIbHO, aHAJNW3 CUCTEMBl YDAaBHEHUH MMOKA3bIBAET, UYTO KOMILJIEKCHbIE 3HaUe-
HUS MEePEMEHHBIX § U t SBJISIOTCS Pery/sipHbIMU TOYKaMHU BKJIafa B aMIJIUTYLy paccesi-
HHUS OT AMAarpaMMbl LIECTOro NOpsiAKa MPU Mg = M3, M?? <0uM?=0. [To-Bupgumomy,
HCKJ/IIOUeHHe OCTaBLIUXCS MapaMeTPoB (v, (ig U vy TIO3BOJIUJIO CHSITh 3TH OTPaHUYEHUS
Ha Maccel yactul. OfHAKO 3TOT BOMPOC B CTaThbe He PACCMOTPEH, TaK KaK HCC/eloBa-
HHe CTEKTPaNbHBIX KPUBHIX (SBJISIOIIMXCS B 9TOM CJydyae KPUBBIMH MOPSiAKa Bhille 4)
OCYILECTBUTb 3aTPyIHUTENBHO.

OTMeTHM B 3aKJ/I0YeHHe, YTO TOJyueHHble [Jisi JUarpaMMbl IIECTOrO MOpsifika pe-
3y/nbTaThl 0e3 Tpyla MEepeHOCATCs Ha MPOU3BOJIBHYIO AMArpaMMy JIECTHHUHOTrO THIIA
C TeM TOJBbKO JIMIIb OTJAMYHEM, UTO HEOOXOAWMO HCKJ/I0YaTb U3 ypaBHeHUH Gousiblliee
YHUCJI0 MapaMeTPoB (¢ IJs 10KA3aTesJbCTBA COOTBETCTBYIOLIMX aHAJUTHYECKHUX CBOHCTB
(heHHMaHOBCKUX aMIJIMTYA. BO3HUMKaIOLIHe NP 3TOM OrpaHHYEHHUs] Ha MacChl YacCTHIL
(paBencTBO BHYTpeHHux macc u M2 < 0, M? = 0), no-BULMMOMY, MOTYT GbiTh CHSI-
Thl TIyTEM HCKJIIOUEHHS OCTABIIHUXCS HEUCKJIOYEHHBIMH MAapaMeTPOB (v, UTO MPUBEMET K
CTEeKTPaJbHBIM KPUBBIM BBICOKOTO MOpsiika. Mbl HaleeMcst OCYIIeCTBUTb UCCJef0BaHNE
3TOro cJydas B cjenyoulell padore.

1. Mandelstam S., Phys. Rev., 1958, 112, 1344.

2. Tomopos M.T., [lucnepcHoHHble COOTHOLIEHHSI U CMEKTPaJbHble MPEACTAB/IEHHS B TEOPHH BO3MYILle-
uui, npenpunt OUSAU, P-1205, 1963.

3. Kosiombines B.M., AsropedepaT auccepraluy Ha COMCKaHHWe YYeHOH CTeleHH KaHauaata (us3.-mar.
nayk, Usn-so AH YCCP, Kues, 1963.

4. Tarski J., J. Math. Phys., 1960, 1, 154.
5. Chisholm R., Proc. Cambridge Phil. Soc., 1952, 48, 300.
6. Wu T., Phys. Rev., 1961, 123, 1567.
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OO0 aHaNUTUYECKUX CBOMCTBAX HEKOTOPbIX

BEPIINMHHBIX aMIIJIATYd B TEOPUHA BOSMYIII,CHI/Iﬁ
B.H. ©YLIHY

1. Ucxonst U3 akcHoM Teopuu moJsi, IMamoTa [1] mokasaJ, 4ToO BeplIHHHAS aMIJIUTYy1A
KaK (YHKUHMS KBaAPATOB BHEIIHUX UMIY/IbCOB p? = 5 U p3 = { He UMeeT KOMIUIEKCHBIX
ocobennocteii (Im 5 # 0, Im ¢ # 0), ecaM KBaipaT TPETbEro BHELIHErO HMIYJbCa
orpuuaresnen (p3 = i < 0). Bonee Toro, um nokasano npencrasienne Manmeabcrama
OTHOCHTEJIbHO 3THX MepeMeHHbIX s ps < 0.

[IpencraBasieT HHTepeC UCCENOBAaHHE aHAJIUTHUECKUX CBOHCTB BEPLIMHHBIX AMILJIH-
Tyn PellHMaHa, TOCKOJNBKY 3HAHHE aHAJIUTHUYECKHX CBOHCTB 3THUX aMIIUTYI, KakK Oyner
BUJIHO HM2Ke, N103BOJISIET U3YUHUTb aHAJIUTUYECKYIO CTPYKTYPY aMIIMTYL paccesiHus U
POXIEHUs] B TPOU3BOJBHOM MOPSiIKE TEOPUH BO3MYIIEHWH [Ji OMpeleieHHOro KJjac-
ca puarpaMm. K HacrosiieMy BpeMeHH AeTajbHO H3y4YeHbl OCOOEHHOCTH AHArpaMMbl
puc. 1 [2, 3].

OTMeTHM, 4TO yKe aMILIUTYAA TaKOH, CPAaBHUTEJbHO NIPOCTON AHArpaMMbl He HMeeT
npencrapienuss MannenbcTtama, korga o > 0%,

B pasgmese 2 u 3 nokasaHo, 4YTO aMIIUTY/bl, COOTBETCTBYIOIME AHAarpaMMaM puc. 2
¥ 3, He HUMEIT KOMILIEKCHBIX OCOGEHHOCTEH OTHOCHUTENbHO MEPEMEHHBIX § W t TpH
omnpejie/IeHHBIX OrPaHMYEHHSAX HA MacChl BUPTYaJbHBIX YAaCTHIL ¥ KBaApaT HMIYJbCa p3.

B uerBepTOM paspese mokasaHo, KaK C MOMOLIbIO MHTErPajbHOTO MPEACTABJIEHHUS
IJ BepLIMHHON aMIJMUTYAB (HampuMep, mpeiactaBieHdsi MaHpuesnbcTaMa) MOXHO HC-
CJIefloBaTb aHAJHTUYeCKHe CBOHCTBA aMILIMTY[, COOTBETCTBYIOIIMX AHMarpaMmam THIIA
puc. 4, OMUCHIBAIOLIMX MPOLECCH PACCESHHUS YACTHII.

Puc. 1. Puc. 2. Puc. 3.

2. OcobenHoctd amnautynbl @ellHMaHa AHArpaMMbl PHC. 2 HAXOAATCSH Ha TOBEPX-
HocTH Jlannay [4]

&=01-27) (66— VI-T-8)) +

(1
129/ T=72 (VT +&V/1-8).
rae
s=m2+ m% —2mmq&q, a=m2+ m% —2mm1&o,
t = 3m7 +2m3(nss + N5 — E3), ma = /(1 =~2)(1 = £F) — &1,
=1 -1 -€2) - =
N45 L= -&) =&, =5

Ykp. maT. xypHaua, 1965, 17, Ne 3, C. 137-141.
*I1pu ompenesieHHbIX YCJOBUSIX Ha MacChl BUPTYaJbHBIX YACTHIL.
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P P;

2 5 4y Ps
Puc. 4. Puc. 5.

Paccmotpum ciyuait, xorma v = 1, ¥, KpOMe TOTO, Pafd MPOCTOTHI, MOJOXKHUM & =
5m?. Torna ypasnenue (1) npumer BUz

o® = 4(5m? — 5)2 4+ (22m* — 25 — )2 — 64m? = 0. (2)

Hanee, Bocrosib3yemcs uneeit pabotsl [5], T.e. ypaBHeHue (2) mpeacTaBUM CJEAYIO-
UM 00pa3oMm:

Re 0(3) = 8(5% — 82) + 4(51, — 5obn) + B2 — B2—

—128m?25, — 44m?t; + 520m* =0, 3.1
Im o® = 2(45, + 1, — 32m?)5, + (£; 4 25, — 22m?)ty = 0, (3.2)
rae
51 = Re 5, 55 =Im 5 #0, t; = Ret, ta=Imt#0,
U pelluM 3Ty CHUCTEMY YpPaBHEHHH OTHOCHUTEJbHO Sz. Torma MosydyuM, 4yTo
4)

A(51, 1) = 857 + 45,1, + 13 — 128m?5, — 44m?t; + 520m*,
2(45; + t; — 32m?) )
22m2 — 25, —t;

8=

W3 (4) caenyer, 4TO TOJNBLKO Te€ 5 ¥ ¢ MOTYT ObiThb KOMIIJIEKCHBIMH OCOOBIMH TOUKAMH
aMILTATYObl, AJs1 KOTOPhIX A > 0, T.e. TOUKH, B KOTOPBIX AeHCTBUTeJNbHBEIE YacTh (51 U
t1) nexar BHe sasunca A = 0 (puc. 3).

Tenepp ucnosbayeM ToT (hakT, uto ammiauryna PellHMaHa AUarpaMMbl puc. 2 He
vMeeT ocobeHHOCTeH B 006J1aCTH, TIe 51 < 0,t1<0,a5,#0wu tz # 0 (B najbHe#IeM
0603HauMM 3Ty 06aacTh uepes C) [4, 6]. Tlockonbky Touku 5,% € C' yIOBIETBOPSIOT
ypaBHeHusM (3.1) u (3.2), To 3TO O3HAuaeT, YTO OHM He SIBJSIOTCS Ha CaMOM JeJe
0COOBIMH TOYKAMH aMIUIUTYAbl (3TH OCOOEHHOCTH JieXKAT He Ha (DU3HUECKOM JIHCTE).
JlpyrumMu cl0BaMH, 3TO 03HA4YaeT, YTO KOHTYP WHTEIPUPOBAHUSA 10 NapaMeTpy «, eCJH
BKJIaJl B aMIJIMTYLY OT YKa3aHHOH AHarpaMMbl NPeICTaBUTb B BUIe MHTerpanoB PelH-
MaHa, He 3ailemJsiercs, koraa § u ¢ € C.

VItaK, /15 aHa IMTHYeCKOro MPONOJIKEH s aMILIUTYIbl U3 o6aacTi C' Ha Bce JpyrHe
TOYKU MPOCTPaHcTBa (5, ) NOCTATOYHO HUCMOJb30BaTh JeMMy HMmena—Tapcekoro [7] (cm.
Jemmy 2a). YToObl MOJHOCTBIO 3aKOHYHUTh JOKA3aTeNbCTBO MPUBEIEHHOTO BHILIE yTBEp-
JKIeHHs!, HeoOXOIHUMO ellle N0Ka3aTh, YTO aMILJIUTYIbl, COOTBETCTBYIOLIME AHATPaMMaM,
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KOTOpble MOJy4alnTCs U3 AHarpaMmbl puc. 2 “crsaruBanuem” aunuil (1,4) uan (2,4) B
TOYKY, He MMEIT KOMIJIeKCHbIX ocobeHHocTeil. [locsieHee cTaHeT OYEBHAHBLIM, €CJIU
3aMETHTh, UTO TIPU STOM MBI MOJYUYUM TPEYTOJbHBIE IHAarpaMMbl, 8, KaK M3BECTHO, aM-
IJIMTYIbl TAKAX JHarpaMM He MMEIT 0coGeHHOCTed B 06JacTH, rie 53 # 0 u to # 0. B
9TOM MOXHO ¥ HEMOCPeNCTBEHHO YOEeIUThCs, €CIU MOBTOPUTD TOJMBKO YTO TPHBEIEHHBIE
pacCcyXAeHHUs IJs 3THUX JHATrPaMM.

3. Hccrenyem aHaqUTHUECKHe CBOWCTBA aMILIMTYAbl OUarpaMMbl puc. 4. 3anuiueMm
BKJIaJl B aMILIUTYAY OT 3TOH AHarpaMMbl B BHIE

7(3) /d 3%#13» )7 (6)
H

rne V (g3, ¢35, 1) — BepumHHas QpyHkuus tpeyroibuuka (4, 2, 5). Jlas 9To# QyHKuUMH
crpaBeliuBO npencraBienne Mannenbcrama [2] (mpu @ > 0):

_ p(pi, pi3, )
V(g q5,1u) = / dyii dyi3 : (7)
2 ! 2 (2 — 1) (@ —13)
aog>(ms+me)? bo>(ma+me)?

[ToncraBus (7) B (6) u MpH 3TOM 3aMeHUB MOPSIOK HHTErpUpoOBaHHMs (MpeamnoJsara-
eM, 4To 3Ta omepalus 3aKoHHa), B a-mpenctasienuu 1) (5, ¢, %) MOXKHO MPENCTABUTH
CJIenyIoLUM 06pa3om:

5
Lo p(pd, p3,u)d (1 - ozz-)

TG (5 / dp? / 112 / da BB =1 7 (8)

0

D®) = ay(t - pi) + aa(5 — p3) — agm? + au(f —m3) + a5 (5 — m3)—

~ 9
—(Oél + a4)2t — (012 + a5)2§ + (ag —+ 015)(041 + 044)(17, — 5 — f) ( )
Jlns Haxoxaenus ocobennocteit T (5,1, W) ucnonbsyem ypasuenus Jlauaay
D®)(5,t,4,a) =0, (10.1)
aD®) (5,1, @ 5
DTS hwa) g s Y a=1. (10.2)

8ai

Boipasus u3 ypasnenuit (10.2) as u oy yepes 3, t, @, a1, (o, (3 ¥ NOACTABMB HX
B (10.1), mosiyurM ypaBHeHHe MMOBEPXHOCTH CHHTYJASIPHOCTEH, KOTOpasi, BOOOLIe TOBOPS,
He CoBManaer ¢ MoBepxHocThio JlaHnay (kaxkaast Touka nosepxHocTy Jlanmay npuHame-
JKUT 3TOU MOBEPXHOCTH, HO 00paTHOEe yTBepKieHHe HeBepHO). Mcmosib3yst ypaBHeHHe
3TOH MOBepXHOCTH, noKaxeM, uto T'3)(5,%, %) He uMeeT ocoGeHHOCTeH, e/ 5y # 0,
t#£0,au<0.
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ypaBHeHI/Ie IOBEPXHOCTH CHHFyJIHpHOCTeﬁ HUMeeT BHUI:

o\®) = as? + 2bst + cf? + 2ds + 2et + f =0,

a=c=aj3, b= —a2,

d=—az[m? —m3 +u(l — 201 — a3)] + 2(1 — a1 — a3)asi,
e =az[m3 —m3+ a(l — 201 — a3)] + 201031,
f=[m%+u(l—2a1 —az) —mi)*+

+du{—a1p? — aspd — azm? + agmi + (1 — a1 — az)(ara —m3)}.

(11)

JaJiee, TIOBTOpSsisI pacCyKAeHHs pasfesa 2, HAXOAUM, UTO TOJBKO T€ KOMIIJIEKCHbIE
TOUKH 5, t MOTYT ObITb OCOOBIMH, AJ151 KOTOPBIX

to = (152, (12)

(13)

rue

as, + bty +d

St b5 fe

st 13 > m2 napabona A; = 0 (JMHHS TepeceyeHHs MOBEPXHOCTH a§3) C IJIOCKO-
CTBIO 51, 1) JIEXHUT Beeraa B objactu, rae 57 > 0, 1 > 0. [TockobKy MOBEPXHOCTD
CUHTYJISIPHOCTEH a§3> “gaxogutcs Hapx obsacTbio C”, TO 3TO HaeT BO3MOXKHOCTL aHa-
JINTUYECKHU NPOLOJ/IKUTb aMILIUTYLy T(3)(§, t,4), KaK ¥ paHblle, U3 C Ha Bce JIpyrue
TOUKH MPOCTPAHCTBA (3,1), MJIst KOTOPHIX 5o # 0 U ¢ # 0.

MBI He paccmaTprBaeM CJydaeB, KOra HEKOTOPblE M3 MapaMeTpPOB < PaBHbBI HYJIIO,
TaK Kak MPH 3TOM COXPAHSIOTCS BCe CHOPMYJHUPOBAHHBIE BbIlllE BHIBOAHI.

Ho cux mop npennosarajocb, uto % < 0. OTMeTHM, YTO TakKHe Ke pe3yJbTaThl
nosydyarotcess ¥ 145 @ > 0, ecJd NpH 3TOM

Ay = a5? + 2b51t) + ct? + 2d5, + 2ety + f, B = (14)

N Y
Ummgmms g (15)

2myms

UroObl yOenuThcsl B CIPABEIJMBOCTH 3TOrO yYTBEPXKIEHHUs, HYyxKHO BMecTo (7) wc-
M0JIb30BaTh MOAM(UUMPOBaHHOe mNpenctasneHnune Mangenbctama aas (yHkuun V (g3,
q3,1), KoTopoe mnoJyueHo B padote [2] (cm. dopmyay (22)).

W3 npuBefieHHOT0 CJEAYeT, UTO €CJIH MPEANONOXKHUTh CIPaBENJUBOCTb MPEACTaBJIe-
uust (7) 0Jst AMarpamMm JIECHHUYHOTO THMA C M BHYTPEHHHUMH JHHHSMH, TO aMIJIUTYyaa
QDeliHMaHa [/ AHAarpaMMbl TaKOTO Ke THMA € n + 1 BHYTpPeHHEeH JIMHUeHd He UMeeT
KOMIIJIEKCHBIX 0COOEHHOCTeH.

4. B stom pasnesne paccMaTpuBaloTCcs 0COOeHHOCTH aMImiauTynel PeliHmaHa nua-
rpaMMbl PUC. D, KOTJJa MacChl BUPTYaJbHBIX U PeaibHbIX UaCTHL ONHHAKOBBI, 338 UCKJIIO-
YeHUeM MacChl YACTHLBI ¢ UMIYJIbCOM P1.
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BKJ'IaJl B aMIUIATYLY pacCesgHus OT 3TOH AuarpaMMbl 3aluiieM B BULE

2 2 2
T(4)(s,t) :/alql‘/'4(]91#]1;(11)7
L a2 —m (16)
s = (p1 +p2)°, t=(p1+ps)°.

Hcnonb3ys uHTErpasibHOe mpenctaBieHHe (7), Kak U B pasfiese 3, MOXKHO I10Ka3aTh,
4TOo

6
s s ke (1- 2
(4 _ 2 2 i=
T (s,t) —/dul/du2/da D™ (a: 5, 1)} ) (17)
ag bo 0
DWW (s,t;0) = ag(ag + ag)s + as(ar + az)t — ajp’—
—az(pf — p3) — agm® + au(pl —m?) — azm? — (a2 + a4)?pt— (18)

—agm?® — az(az + ag)(pr — m?) — ag(az + as)(pi +m?).

JloKas3aTebeTBO OTCYTCTBHS KOMIJIEKCHBIX ocoGenHocTeii B T4 (s,t) cBomuTes K
MOBTOPEHHIO BBIKJALOK pasfena 3, U MO3TOMY Mbl ero 3fech He npuBoguM. OmgHako
OTMETHM, UTO aMILIUTYIA Tr(:g(s,t) I¥arpaMMel, KOTopasi MOJyuyaeTcss U3 OHarpaMMbl
puc. 5 “craruBanuem” JuHu# (2, 3) U (5, 6) B TOUKY, UMeEEeT TaKOH e 3HAMeHATe/b
Dﬁi(a; $,t), KaK H aMILINTyda QHarpaMMbl YeTBEPTOro mopsiaka (KBaapaT) ¢ mepemMeH-
HBIMH MaccaMH fi1 U pio. AHaJIWTHYeCKHe CBOMCTBA 3TOH AHATPAMMBI A€TaJbHO H3yUeHbl
Tapckum u Baagumuposeim [7, 8]. Bocnosb3oBaBiikich UX pesysbTaTaMH, Jerko yoe-

4 .
JAHTbCS, UTO Tr(eg(s,t) He MMeeT KOMILIEKCHBIX OCOOeHHOCTeH, ecin sy = Im s # 0,

Taxkum 06pasom, 3HaHME aHANUTHUECKHX CBOHUCTB BEPIIMHHBIX aMIIUTYH, 8 TOUHEE,
UX UHTErpajbHbIX npeactaBiaeHuil (Mannenbcrama unu beprmana-Beiins [3]) naet Bo-
3MOXKHOCTb M3yUaTb aHaJUTHYeCKHEe CBOHCTBA aMIIUTYH pacCessHUs U POXKIEeHHUs, CO-
OTBETCTBYIOILIUX ONpefiesieHHbIM KJaccaM AuarpaMm, B IIPOU3BOJIbHOM MOPsIKEe TeOpUu
BO3MYILIeHUH.

1. Yamamoto K., Prog. Theor. Phys., 1961, 25, 720.
Fronsdal C., Norton R., J. Math. Phys., 1963, 5, 100.
Cumonos I0.A., JKIT®D, 1962, 43, 2263.

Tonopos U., [penpuat OUSAN (nokropek. anccepr.), 1963.
Konowmbies B.M., ®ymuu B.U., YMK, 1964, Ne 4.
Nakanisi N., Sup. Prog. Theor. Phys., 1961, Ne 18, 1.
Tarski J., J. Math. Phys., 1960, 1, 149.

Bnapumupos B.C., YM2K, 1960, Ne 2.
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Yuurapuaa cummerpusa u rpynna Ilyankape

B.H. @YLIHY

B Hacrosiiiee BpeMsi B psine pa6oT o6cykaaeTcss Bonpoc 00 o6benuHeHUH rpynmnsl [Ty-
ankape P ¢ rpymno# BHYTpeHHHX cuMmmertpuil S (mpocras rpymma Jlu) [1-5]. Ilpu
3TOM IIPEXKJE BCETO CJelyeT BBISICHHUTb, HE sBJSETCS JHM NaHHOe 00belMHEHHE TPHUBHU-
ajbHbIM. HanbGosee yOennTesNbHBIE pe3y/nbTaT B 3TOM HalpaBjeHHH nojaydeH Muie-
JeM [3]. OnHako ¥ 3TOT pe3y/bTaT MOJNYyUYeH TPH AOBOJbHO KECTKUX OTPaHHUEHHSX Ha
rpynny G, siBasioliytocs obbenuHenreM rpynn P u S (mpeanosaraercsi, UTo KaXKIbli
sneMeHT g € G umeer BUI g = sp, s € S, p € P). Ho, kak 310 BuaHo u3 pador [4, 5] u
Ip., IpU 00befMHeHHH ABYX rpynn G D PS coaepKHUT 3JieMeHTbl, KOTOpble HelpeacTa-
BUMBI B BUe sp. Aare6pa JIu Takoil rpymnsl BCeraa COmep:KUT reHepaTopkl, KOTOpble He
NpHHajJexxat HU anreépe P, Hu S. [1o3ToMy eCTeCTBEHHO U B 9TOM CJydae BBISICHUTD
BOIIPOC O TPUBUAJNBHOCTH HJIM HE TPUBHAJBHOCTH JAHHOTO 0ObeIUHEHHUS.

B 3To# 3ameTKke HalmeHBl YCJOBHS, NMPH KOTOPBIX ajdredpa, comepkaiiasi, Kpome
reHepatopoB ajare6p P u S, no6aBouHble reHepaTopbl, SBJASEeTCs TPUBHAJIbHBIM 00beat-
HeHueM P u S.

[TycTb reHepatopaMu anre6pel G sIBJIAIOTCS reHepatopsl anredp P u S, a Takxe
renHepatopbl H; u £, yIOBIeTBOPSIOIINE yCJOBHAM:

[H],H]=0 (l,m=12,....k), (1)
I:E'Iy?E{/} #0 (’Y)V:]‘727"'77n)' (2)

Kpome Toro, 6ynem mpeamnoJsaratb, YTo IJisi TIPOM3BOJIBHOTO 7Y MOXKHO YKa3aTh TaKoe
l , mpu KoTOpoM

[E/,H],] =0 s m # 1, [E, Hj| #0. (3)
I'eHepatope! anrebp P 1 S yAOBNETBOPSIOT YCJIOBUAM:
[PpaPU]:/\;aPT (T’p70:1a27-~-a10)a (4)
[HZ,H]]ZO (i,j:l,Q,...,n), [HzaEa] ZTZ'(O()E(M
[Ea,E_o]_ =Y ri(@)H;  wm > [BaE-olri(e) = H;, (5)
i 10 MPOCTHIM
KOPHAM
[Eou Eﬁ] = NaﬁEa+ﬁ (Oé # _/6>7 [Hi7 Pp] =0. (6)

HokaxeM, uto [Eq, P,] =0, 1.e. o6bennHeHye G OyfeT (pU3HUYECKH TPUBHAJIBHEIM
HUKaKHX MacCOBBIX ()OPMYJ HeJb3sl MONYUYUTb B OJHOM M3 CJAENYIOLIUX TPeX CJaydyaes:

L (HH) =A%, [P.E) =BLE, [E,E] =0 (7)

KIT®, INucbma B pepaxuuio, 1966, 2, Ne 4, C. 157-160.
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HMoxkasarenbctBo. [Ipy ykasaHHBIX pomylueHusix o rpymme G
(B, Py)_ = al ,Es +b],H; + Py +db, ,H] + [],E.,. (8)
[Mockosbky G, MO Mpenno/oxeHuo, — rpymnna JIu, To umeer MecTo ToxAeCcTBO SIK0GH
J(EOU PP7Hi) = HE(MPP] le} + [[Ppa Hl} 7E(¥] + HHlv EOL] aPP] =
= af, (ri(a) = ri(8)) By + b, [H}, ] + 13, [BL, Hi] + ©)
+ri(e) (03, H; + c,,Pr +d. ,H] + f1,E.) =0.
U3 (9), ¢ yuetom ycqosuit (5) u (7), caenyert, 4To

Gap = 0h0ap,  bl,=0, ¢, =0, 7, =0. (10)

I[aﬂee paccMOTpUM cCJenyrluiee To2KAEeCTBO Akobu:
J(EO”PP’E’/‘/) = agp I:EB“E’/Y} +b{xp [HJ7E',‘/] + (11)
+cop [Ppy B3] + oy [H] EL] + f2, (B, B =0,

YuuteiBast (3) u (10), us (11) caenyet, uto

!

dap =0. (12)

s 1oKasaTe/NbCTBa TOTO, YTO Qqp = 0, AOCTaTOUHO HCIIOJNB30BATh TOXKAECTBO
Hkobu

J(P,,Py,Ey) =0 (13)

M CBOHCTBA CTPYKTYPHBIX KOHCTAHT A7, (CM. [1]).
2. [E;, H,-] = DZiEl’,, [P,,H]]_ = C:,’;an, [H],E,] = 0. (14)

3. Ecam B G cyllecTByeT XOTb OMH reHepaTop H|, KOTOPHIA KOMMYTHPYET C reHe-
patopamu P u S, 10 1 B 3TOM ciydae [E,, P,] = 0.

It moKasaTesibCTBa ITHX YTBEPXKAEHHH HYXKHO BMecTO ToxaectBa (11) ucronbso-
BaTh TOXJECTBO

J(Es,P,, H)) = 0. (15)

B 3akJ/ioueHHe OTMETUM, UTO €CJU ycJjoBue (6) BBITIONHSETCS He AJis1 BCeX 4 TO, Kak
9TO MOKa3aHo B [2], MOXKHO TTOCTPOUThL HETPHBHAJIbHOE 00benHHeHHe (G, TeHepaTopaMu
KoToporo 6yayT Toabko P,, H; u E,.

Coester F., Hamermesh M., MoGlinn, Phys. Rev., 1964, 135, B450.
Ottson U., Kihlberg A., Hilsson J., Preprint, Gothenburg, 1964.
Michel L., Phys. Rev. B, 1965, 137, 405.

Giirsey F., Pais A., Radicati L., Phys. Rev. Lett., 1964, 13, 239.

Kanpiesckuit B.I'., Mypangsin P.M., Tasxeaunze A.H., Topopos U.T., Ipenpunr OUAU, I-1929,
1964.
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IIpo npencraBaenHs rpynu ae Citrepa

B.I @yL[HY

Ak Bimomo, cyKynHicTb HiHCHHUX TepeTBOPeHb y I 'SITHBUMipHOMY mnpocTopi MiHKOB-

CBKOTO , = aapZ, (o, p =0,1,2,3,4) yrBoptoe rpyny ne Citrepa, sKIIO KBaipaTHIHA
4

tdopma s? = x% -3 xf inBapiaHTHa BimHOCHO 1MX nepeTBopeHb. Tomac [1] i Heio-
i=1

ToH [2] moGymyBaju i OmMHCasd YHiTapHi MpeacTaBjeHHs i€l TPyNH, BHKOPHUCTABIIN

TOH (DaKT, 1[0 MaKCHMAJbHOW KOMIakKTHOW miarpynoto rpynu ge Citrepa (m0o3HauUMO

if uepes LO,4) € rpyna Oy, TpeAcTaBJeHHs sIKOi 1o6pe BHUBUEHI.

B niét 3amitui mu nobynyemo npencrassieHHs rpynu LO4, BUKOPHUCTaBLIM Te, 10
MaKCHMaJIbHOI0 HEKOMIIaKTHOW niarpymnoto rpynu ae Citrepa € BjacHa rpyna JlopeHua
LOs, Bci mpencras/eHHs kol onucadi [enbdannom i Halimapkom.

InginiTesumanbHi onepatopu mpeacTaBgeHHs rpynu LOy4, 3a10BOJIBHSIIOTE CHIiBBiA-
HOLIeHHS

[Ai1j1 ’ Aizjz}_ = 6i1j2Aj1i2 + 6j1i2Ailj2 - §i1i2Aj1j2 - 6j
i177;27j17j2 = 17273747

1j2A

11929 (11)

[Aij, Br]_ =0, skwo k#j; k#j  i,5,k=1,2,3,

(1.2)
[Bi7 Bk‘]_ = Aik‘a

ne Aij i By, — omepaTopH, fiKi BiANOBifal0Tb HECKiHYeHHO MaJIUM [IOBOPOTAaM B MJIOLIU-

Hax (x;,x;) 1 (w0, xs).

EdexTrBHO nobyayBaTu npencraBieHHs rpynd LO4 — ue 3apgaTtd ail omepaTopiB
A;j, By Ha peskuii 6asuc B npoctopi R, ne BusHadeHu# omepartop Ty (¢ — eneMeHT
LOy,). Ipunyctumo, mo R € NpsiMOI0 CYMOIO IPOCTOPIiB, B IKUX peasi3yloThes He3BiaHi
npexactaBaeHHs rpynu LOs, i 10 B il cyMmi He 3ycTpiuaeTbcst ABOX NMPOCTOPiB, sIKi 6
Masu onHakosi innexcu (lo, 1) [3, 4]

3rigHo 3 [3, 4] B KOXKHOMY 3 IUX MPOCTOPiB MOXKHA BUOpPATH KaHOHIUHWH Gasuc

lo,l . S loJh - .
l:)ml' 3akoH nii omeparopis A;j, By, xomu 4,5,k = 1,2,3, Ha §lf’m1 Bimomu#t [3, 4],

. lo,ly - lo,l
TOMY 3a/JHIINJIOCA BUSHAYMTH TibKH A;4&% 1 By&% t.
OxpeMmo BUMHIIEMO KOMYTAlliliHi CMiBBiIHOLIEHHS Mixk omepatopaMu A4, B;, By Ta

iHmwmmu oneparopamu anre6pu (1):

[Aji, Aia) . = —0j; Apa + 0riAja, [Air, Bs]_ =0, 3.1)
[Ais, Bi]_ = —Ba, [Bi, B4]_ = Aja, '

[Ai47 Bk]_ = 07 AKILO k 7& i; k 7& 47 (32)
[Aig, Aja] = —Ayj, [Ass, B4]_ = B;. (4)

YkpaiHcbkuil hisuunuil xkypaas, 1966, Ne 8, C. 907-908.
e npunyiienns, sk 6yne BUAHO HUXKYe, 3pOGJIEHO JIMILIE 3apaiy CTIPOIIEHHS.
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PosrisiHemo cucteMy piBHSIHDB

Logq;+L1§\II+L2§\I;+L337\I;+%\II—O (5)
pe Lo, Ly, Lo, Ls — maTpuui, » — crana BennuuHa; ¥ — (QyHKLid, fKa NepeTBo-
plO€Tbes 32 3BiAHUM TpencTaBjaeHHsAM Tpynu LOs3, sike PO3KJIALAETHCS B MPSMY CyMY
He3BifHUX TpencTaB/eHb. dkiuio B (3) 3pobut 3aminy Ay — L;, By — Lo, TO MOXHa
MepPeKOHATUCh, 110 MPH 1bOMY CHiBBiAHONIEHHS (3) 306iraTUMyThCsi 3 YMOBOIO DeJISITH-
BicTcbKoi iHBapianTHoCTi piBHsAHHSA (5) (muB. [4], cTop. 278).

Leii pakT no3BoJsie 3pa3y HAMKWCATH OCTATOUHHH pe3y/bTar:

Byl = plotleo i g plo—tglo bl g phttgohitt 4 phi-lelo b=t (6)
b§0+1101\/(l+l0+1 l*lo), lZZO‘i’l,

bt =/ + 1) —lo+1), 1>, (7)
bt =0+ I —1 + 1), 1>,

Vot =)/ U+ L+ D) —1), 1>,

Iie ¢1, Ca, C3, ¢4 — IOBIJBHI cTafi, IKi MOXKYTh OyTH BH3HauyeHi 3 yMOBH (4):
A fl(),ll — [B B ] lO’ll (8)
(3] M

LlikaBo 3asHauyMTH, 10 AKIIO R € MPSMOI CyMOK ABOX MPOCTOPiB®, B AKHUX pe-
anisyiotbcst He3BinHi mpencrtasienHs rpynu LOs 3 iHpekcamu lg = 1/2, 13 = 3/2 i
lo=-1/2, 11 =3/2, T0 A;s = ¢, By = ¢p; SKILO NOKAACTH €1 = C3 = ¢, TO

Agp, = const -y, B; = const - yovs, 9

Ie Yo, v; — Marpuui Hipaka.

Orxke, mMatpuui v, V% (4, v = 0,1,2,3) peanisyioTb 4oTHPHBHMipHe NpeaCTaB-
JeHHs1 anre6pu (1). 3ayBakuMo, B YOMYy MOXKHA I€DEKOHATHCh, W10 MATPUL Yy, VuYu,
YuYs, Y5 Pealli3yloTh YOTHPHBHMIpHe NpefcTaB/eHHs aire6pu LOs.

Hesginni npeacrasiaenns rpynu LO, 1 GYAyIOTbCS aHAJIOM{UHO, MPH 11bOMY 3aMiCTh
cucteMH (D) cJ1il BUKOPUCTOBYBATH Oi/blll 3arajibHy CUCTeMY piBHSIHb [D].

Thomas L.H., Ann. Math., 1941, 42, 113.
Newton T.D., Ann. Math., 1950, 51, 730.

Hatimapk M.A., Jlunefinble npencrasienus rpymnsl Jlopenua, M., 1958.

W N =

lenbdang .M., Munnoc P.A., lllanupo 3.41., [IpencraBnenns rpynmnsl BpaiieHu# # rpynmst JlopeH-
na, M., 1958.

Cokoaiuk T.A., JAH CCCP, 1957, 114, 1206.

6. Cokosink I.A., [pynnoBbie METONb B TEOPHU 3JE€MEHTAPHBIX yacTul, Aromusaar, 1965.

o

EA
2Hessinni npencrasnenns rpynun LOy4, fiki samani B R = Z @RO 1
i=1

JIILE B TOMY BHMAJKY, KOJH BCi iHAEKCH 1z, lﬁ OIHOYACHO 11iji abo miBILLidi.

, OYyAyTb CKiHUEHHOBHMipHUMHU
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O Baoxenuu aareops Ilyankape

B.H. @YLIHY

The article shows the way of constructing, according to a given spectrum of elementary
and hypothetic particle masses, such an algebra G, containing Poincarais’s algebra P
as a subalgebra, or an enveloping algebra U(P), that a mass operator determined in
the space, where one of unreducible representations is given, be selfadjoint and have a
spectrum, coinciding with the given mass spectrum.

By embedding small Poincarais’s algebra (non-relativistic case) an explicit type of a
mass operator was obtained. It is noted that the mass operator can depend on a spin
and parity only in the case, when the fundamental particles, which adrons and bosons
“consist” of, have different types and parity.

1. 3a nocnenHue TOAbl IKCIEPUMEHTANBHO OTKPBITO MHOT'O 3J1€MEHTapHBIX yacTHl. He-
CMOTpsl Ha ycreliHoe npumeHerue teopud rpynm SU(3) u SU(6), no cero BpeMeHH
He CO3[laHa TeOpHs, KOTOpas cMorja Obl OOBSCHUTH CIEKTP Macc afpoHOB WM 6030-
HoB. Ecsin pacemoTrperh TabmuIly 3/€MeHTapHBIX YaCTHILL, TO MOXKHO 3aMeTHThb, 4TO MX
MaccChl, UM MacCOBBIH OMeparop, Kak Mbl OyleM HUKE TOBOPUTb, SIBJSIOTCS HEKOTOPOU
(yHKIHe# B3aHMOKOMMYTHPYIOLIUX ornepatopo M, T.e.

M = f(I3,1,Y,J, P, X), (1)

I, 15, Y, J, P — onepaTopbl U30CMHUHA, NMPOEKLUH M30CIHHA Ha OCb z TUIep3apsna,
CIIMHa, NapHOCTH COOTBETCTBEHHO, X — HEKOTOpble ONepaTophl, (PU3UYECKUH CMBbICI
KOTOPBIX TOKa He siceH?,

OnHo# M3 OCHOBHBIX 33134 TEOPHUH JIEMEHTAPHBIX YACTHI SIBJSETCS yYCTAHOBJIEHHE
SIBHOH 3aBHCHMOCTH M OT 3TUX onepaTtopoB. B paborax [1] mesanuch MOMBITKH yCTaHO-
BUTb TaKyI0 3aBUCHUMOCTb MeTOIOM BJjoxeHHUs anredpel [lyankape P B 6oJjiee LIMPOKYIO
anre6py Jlu G. OkaspiBaeTcsi, YTO TaKUM MeTOZOM, KaK 3TO MOKasaHO B [2], HeBo-
3MOKHO TIOJIYYHUTh 3aBHCHMOCTH THna (1), ecnu anrebpa G KOHEYHOMEpHa, a OmepaTop
Kasumupa Pﬁ anrebpel P — camocomnpsiKeHHbIH. B CcBSI3M ¢ 3TUM eCTeCTBEHHO Bbifl-
CHHUTb BOIPOC, MOXKHO JIM MOJY4YUTb TaKyl0 3aBUCHUMOCTb, HE OFPAHHYMBASCH TEM, YTO
Pi — CcaMoCOMpsiKeHHbIH, a G — KOHeYHOMepHast UJu GeckoHeuHoMepHas anrebpa Jlu.

B pabore mnokasaHo, Kak BJIOXHTb a/iredbpy P B GG Tak, uTOOBl OnepaTop Macchl
(M cmuHa) OB CaMOCONPSKEHHBIH M MMesl NUCKpeTHBIH crnektp. Kpome Toro us
paccMOTpeHHs BJIOxKeHHUs1 MaJjioll anre6pel [lyankape P, B KoHeUHOMepHYIO anrebpy G
(HepenATUBUCTCKHUH coydail), HalileH SIBHBIH BHJ OIepaTopa MacChl YACTHIBI, KOTOPHIH
IIPY HEKOTOPBIX NPEeANOJIOKEHHUAX NPUBOAUT K MaccoBod (opMmyJe [ensn—ManHa.

2. Ilycte HaM 3ajaHbl 4eTbipe HENPUBOAMMBIX MNpeicTaBJjeHus ajnreépel P B Mpo-
crpancrBax Hi™®', HY>®  HE®®  HY® rpe py, s, (1 = 1,2,3,4), BooGiue rosops,

Ykpaincbkuil disuunuii xkypHai, 1967, 12, Ne 5, C. 741-746.

B neficteuTesbHOCTH M — OMepaTop MacChl He OTAE/bHOI UYACTHIEI, a ONMepaTop MacChl HEKOTOPOH
CHCTEMBI, KOTOPasi MOXKET HAXOAUTHCS B PA3JIHUHBIX BO3OYXKIEHHBIX COCTOSIHHSIX, COOCTBEHHBIX MJIsi 3TOTO
oreparopa.

2Be3 TaKkHX JOMOJHUTENLHBIX ONMEpPaToOpOB HEBO3MOXKHO OOBACHUTH Pa3HUIy MEXKIYy MAcCaMH ME30HOB w
u® nun, fuf.
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KOMIIJIEKCHBIE YHCJI1a, KOTOPble XapaKTepH3YIOT MpeacTaB/eHust atoi anre6psr [3]. Kak
i\2 . . )84

U3BECTHO, OIepaTop (P;) , JeficTBytomit B H/"®" KpaTeH eNMHHYHOMY ONEpaTopy,

T.€.

(P’ H, = i3 H,. 2)

[TockonbKy Hac OyneT HHTepecoBaTh OKTET GapHUOHOB, MoNoKUM Re p1y = N, Re s =
=, Reus = X, Repuy = A — Maccel cOOTBETCTBYIOLIMX GapHOHOB, a S1 = Sy = §3 =
S4 = %

O6o3Haunm uepe3 H TIPOCTPAHCTBO, KOTOpOe SIBJISETCS MPSIMOH CYMMOH MPOCT-
paHcts H;. B H-mpocTpaHcTBe onepaTophl MMINY/AbCOB P, U Pf UMEIOT BUJ

Pl 0o 0 0 (P)° 0 0 0
N R - s | 0 () 0 o0
Bl 6w oo | el o e e O
0 0 0 B o 0 0 (PY

rae uepes P;i U (P;i)2 0003HauyeHbl omepartopel, oTobpaxatuue H; B H;. Ananoru-
4HBIH BHJI MMeeT omepatop MomeHrta M,,. OueBunHo, 4to B H peasusyeTcs NpPHBO-
I¥Moe TIpenctaBjeHue anre6psl P. OnHako OTHOCHTENbHO HeKoTopoil anrebpsl G O P
3TO NPOCTPAHCTBO MOXKeT ObITb HENPHUBOAUMBIM, T.e. H He COLEp:KUT MOANPOCTPAHCTB
MHBAPHAHTHBIX OTHOCHUTEJbHO G.

Kaxnei#i onepatop B H MOXKHO 3amucath B Buje [4]

dii diz diz dig

dy1 dap doz doy (4)
d31 d3p d3z dzs |’

dgyr dyz dyz dyy

rie onepatopel d;; otobpaxkawoT H; B H;. HerpynHo y6GenuTbcsi, 4TO COBOKYNHOCTb
orepatopos THna (4) u onepaTopos anre6psl P o6pasyloT anreépy G°, T.e.

[Pv[DvD/]]+[Dv[D/aP]]+[D/7[P7D”207 ()

rae D' — onepatop tuna (4).

duanuecKuil CMBICJ IOMOJHUTENBHBIX OMEePaToOpoB [D COCTOHT B TOM, YTO OHH Iepe-
BOAST YacTHULY (BEKTOP COCTOSIHHSI) H3 OJHOrO M30TONHUYECKOrO MYJbTHIIETA B APYrOH
WIM B JIMHEHHYI0 KOMOHMHALMI0O 4acTHL (BEKTOp COCTOSIHHMMH), KOTOpble NpPHHAJJIEXKAT
Pa3JMYHBIM H30TOHMYECKUM MYJBTHIIIETAM.

[TockosibKy onepatop P2, BOOOIe rOBOPsi, HECAMOCONPSIKEHHbIH, TO €r0 HeJb3s MPU-
HATb 32 OMepPaTop KBaapaTa Macchl dacTuibl M2, EcTecTBeHHO OmpeenuTsh onepaTop
KBaj[paTa Macchl 4acTuibl M? cienyomum o6pasom:

P? + (P?)*
M? = Re PQ:#. (6)
2
B tom cnydae, korna Bce d;; = 0 nas ¢ # j, HUKaKoH 3aBUCHMOCTH oleparopa
Macchl oT onepaTopoB I3, I, ..., X HEBO3MOXHO TaKMM MyTeM MOJY4YUTb, X0Td G D P,

T.e. ajarebpa G siBJsieTCs TPUBHAJbHBIM paclunpeHuem anrebpol P [5].

3Hpu 9TOM, KOHEUHO, IpejosaraeTcsi, YTo 0OblYHOe MIPOU3BeJeHHe onepaTopos P, D, D’ uMeeT cMbICI.



O ByokeHuu anre6pol [lyankape 57

Tak kak ckasspHoe npousselieHue B H 3amaercs (opmyJsoH

4

i=1

rne h,g € H, a h;,g; € H;, T0 o4eBunHO, uT0 M? sBISIETCS CaMOCONPSIKEHHBIM
onepatropoM B H U UMEET TOJbKO JAUCKPETHBIH CIIEKTP.

Taxkum obpasom, Mbl nocTpounu anrebpy G O P, oIHO U3 MpeACTaBJeHUH KOTOPOH
peanusyercs B H. DTUM caMblM U MOKa3aHO, YTO METONOM BJIOXKeHHs anre6psl P B
G MOXHO, B MPHHIMIE, MOJYYHTh 3aBUCUMOCTh THma (1), ofHAKO BOMPOC O TOM, Kak
KOHCTPYKTHBHO 3ajaTb anrebpy G, T.e. MOCTPOUTH 6a3uc (reHepaTopel) 3TOH anreGpbl
W BbIpa3uThb omepatop M? yepes 3T0T 6asuc, ocTaeTcsi oTKpuThiM?. Takas samaua B
HepeJIITUBUCTCKOM CJydae, KaK OylneT BUAHO HUXKe, MOXKET ObITb MOJHOCTbIO pelleHa.

[Ipexxne yeM mepexomUTb K HEPeNSTUBUCTCKOMY CJIydalo, CAeJaeM HECKOJbKO 3aMe-
YaHUH 00 omepaTopax Macchl U CIIMHA.

3. XapaKTepHOH UepToill peNATHBUCTCKON TeoprH (¢ airebpanueckoil TOUKH 3peHHs)
SIBJSETCS TO, UTO, B OTJMYHE OT ONepaTOpOB JHEPrHH, UMIY/IbCa U MOMEHTa, KOTOpble
SIBJSIIOTCSL d/eMeHTaMU aire6pel P orepaTopel MacChl U CIIHHA, Ja)Ke B cJydae cBo6o-
IOHOH TEOpHH, He SIBJSIOTCS 3JeMeHTaMu anredpsl P. JleficTBUTeNBHO, AJS CBOGOLHON
yactuibl popmyna (1) umeer BUI

M? = f (P2, P? P2 P2) = P2 — P2 — P} — P,

Oneparop KBagpaTa CivHa

S =WoWa, Wy = %aampﬂM,wg.
Jlerko yGemuTbesi, uTo onepatopel P2, ..., P2 WZ, ..., Wi He NpuHamiexar ajre-
6pe P, 1 mo3ToMy, 4TOObl NPUAATb YETKHUH MaTeMaTHUeCKHH CMBICJ 3TUM (opMmyJaM,
Heo6X0IMMO paclinpuTh anreépy P po ee obeproiBaioiieit anreépsl U(P). Tak kak
rerepatopamu anre6pe U(P) BJSIOTCS BCE BO3MOXKHBIE TPOU3BENEHHsI eHepaTopoB
anre6psl P, To B pamkax anre6pnl U(P) oneparopst M2, 5% P2, ... W2 npunaniexar
3TON Ke anrebpe.

Taxkum o6pasom, [Js1 TOro, YTOOb! ONEPATOPbl MACCHl M CIIMHA BXOAW/IH B TEOPHIO “Ha
paBHBIX NpaBax’ ¢ ONepaTopaMH HEPTHH, UMIYJbCa U MOMEHTa, HEOOXOAUMO MOJIOKHUTD
B ee OCHOBY He ajrebpy [lyankape, a anre6py U(P). B cBs3u ¢ atum Gosiee KOppekTHO
roBopuTb 0 BJaoxkeHnu U(P) B G, a He o BioxeHun P B G.

4. PaccMoTpuM BJIOKeHHe MaJioi anreOpbl [lyankape P (T.e. anre6psl ¢ reHepa-
tTopamu Py, My2, Mas, M13) B G;. AHaJOTHUHBIM METOIOM, KaK U B MyHKTe 2, MOXHO
noKasaTb, 4TO B 3TOM cJjyd4ae ajnrebpa G; DO P, OyfeT KOHEUHOMEepHOH a/nre6poll —
64-mepHo#i anre6poit Jlu. B kauecTBe reHepaTopoB 3ToU ajire6pbl BeIGepeM OMepaTophbl:

re, r, Iy o g, o, un=0,1,2,3. (8

pvy T pds

KoMMyTalMOHHbIE COOTHOLIEHHST MKy 3THMH reHepaTopaMyu MOXKHO YCTaHOBHTh, €CJIH
3aMeTHUTb, YTO B (yHIAMeHTaJbHOM (OKTETHOM) MpencTaBieHuu anredpol G = U(8) =

4Cnyuait, korna PE — caMoCoTpsiKeHHBIH, a G — OeckoHeuHasi anrebpa Jlu, pacecmorpen H. BorpyGoi
1 M. I'aBiruekoM (CM. TakxKe MPUMeYaHHs NIPU KOPPEKTYpE).
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U(4,4) oun umerot B [6]

I'*=1®o,, Fﬁ:'y;t@aou qu:’YM'YV@Ua; (9)
F35:7H75®0-0u F?:75®O'O¢7

rie I — eiMHMYHas MaTpULa, O, Y, — Marpuubl Ilaynu, upaka. Bce renepaTopsl
anre6pel U(8), 3a uckmodenueM renepatopos [0y, (5, 'Y, sBasiotcs onmepatopamu
tuna (4).

Hafitu siBHBIH BHO MaccoBoro omeparopa B paMmkax asareGpel U(8) o3Hauaer Bbipa-
3UTh €ro yepes reHepaTopbl 3TOH ajre6pel. B naHHOM ciyyae ornepaTopoM Macchl sIBJs-
10TCS

N-E 0 0 0

0 =-E 0 0 10
P=1 9 0o w.E 0 | E‘(o 1)' (10)
0 0 0 A-E

HeTp}I}lHO y6eIII/ITbC$I, 4yTo
PO = 60FO+01Y+62[+03Y2, (11)

e co, €1, C2, €3 — BOOOIIE rOBOPS, IPOU3BOJIbHBIE MTOCTOSIHHEBIE, A
1 0 0 1 0 3 2 1 0 3
[=5(+T8-Y), Y=_(§+1%), Y>=_(I°+1°).

B oxrteTHOM mpencraB/ieHUH ajreGpel 17(8) 3TH MOCTOSIHHbIE OJHO3HAYHO BbIPAXKAIOTCA
Yyepe3 MacChl 4acTHI, KOTOpPble BXOASAT B OKTET, a MUMeHHO ¢y = A, 2¢; = N — ZE,
ca=Z2—A, 2¢c3 =N +Z—3%— A. Jlna Bcex BBICIIUX NpeICTaBIeHUH aare6pel (7(8)
TAaKHUX TOYHBIX COOTHOLIEHWH MEXIy MaccaMH 3JeMEHTapHBIX YacTHI W TOCTOSHHBIMU
Co, C1, C2, C3 HEJIb35l YCTAHOBUTh, W mo3atomy (opmysa (11) Gymer maBaTh HEKOTOpbIE
MacCOBble COOTHOLUEHHSI MEXAY MacCaM{ 3JeMeHTapHbIX UYaCTHL, KOTOpble BXOASAT B
JIlaHHOE MpeaCcTaBleHHe 17(8)

JI106OMBITHO OTMETHTD, YTO ecsiut B (11) MONOXKHUTE co = 2¢, 2¢3 = —c¢, TO hopMyJa
(11) MPYBOAMT K M3BECTHOMY MacCOBOMY COOTHOWIeHHI0 I'enn-ManHa®.

UroO6bl MOJYYUTh 3aBUCHMOCTb MaCCOBOTr0 onepaTtopa oT I3, HEOOXOAUMO ydyecThb pa-
3HHUIYy MeXIYy MaccaMH YacTHL, KOTOpPble BXONSIT B ONWH M30TONHUYECKHUH MYJbTHILIET.
[IpoctpancTBo H B 3TOM C/ydae siBJsieTCs MPSIMOH CyMMOH BOCbMH MpocTpaHcTB H;, u
nosTomy ajirebpa (G;, HEIPUBOAMUMOE TIpelCcTaBJeHHe KOTOPOU peanusyercs B H sBse-
Test 256-MepHoit anrebpoit Jlu. [enepatopsl anre6pol G = ﬁ(16) B (pyHZaMeHTaJbHOM
NpelCTaBJIeHUH UMEIOT BUIL

Fo‘ﬁZFO‘@Uﬁ, F,‘fﬁzrﬁ@’%’ Faﬂ:l“i‘y@o’ﬂ’

nv
Ty =Ty @05, T37=Tg@op,

(12)

Onepartop Py, aHaMOTMYHBIM CIOCOOOM, KaK W B pamkax anare6psl U(8), MOXHO
MPeICTaBUTh TakK:

Po=cpl + Y + eIy + 31 + Y2 + I+ oY I + I, (13)

53amerum, uto mpu sToM dopmyaa (11) Gyner oramuaThest o dopmyas OkyGo (et unena I2).
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rae ¢y, cy,. .., ch — npousBoJbHbIE MocTosHHble, a ['%° — enunuunas matpuua,
1 1
Y:§F3®(00—|—O‘3), Y2=§FO®(UQ+0’3),
1
I3 = Z{(F3+F8)®(ao —03) + T ® (00 +03) }
2 11 0
I3 = 1 51" ® (300 —o03) + Ty @ (09 — 03) ¢,

1
I:g{FO®(500—03)+(F3+F8—F§)®(00—03)},

1
YI; = ng ® (o0 + 03),

1
I g{ro®(50'0—0'3)—(FB—FFS)@(Uo—Ug)—F8®(0'0+0'3)}.

Duszuueckuil cMbica ornepatopoB It U I~ COCTOMT B TOM, UTO OHM MEPEBOAAT Ya-
CTHLY (BEKTOD COCTOSIHHsI) OJHOTO H30MYJbTHILIETA B 4aCTHULY (BEKTOP COCTOSIHHS),
KOTOpasg MPUHALJEKHUT TOMY 2K€ CaAMOMY H30MYJIbTHUILJIETY.

Ecau NPeAroNoKUTb, UHTO BCe aApPOHBI ABJIAITCA CBA3AHHBIMHW COCTOAHUAMHU TpexX
KBapkoB (co crmHOM 1/2), To anrepa Gy = U(6) D P, u omepatop Maccsl HMeer
CJIeYIOUH BUL!

Py=cj+ Y +dyls, (14)
my + mo + ms ,,_m1+m2—2m3

/!
rie g = ————, ] >
Macchl KBapKOB.

/!
, C3 = M1 — Mg, a My, Mz, M3 —

M3 mosydeHHBIX pe3y/bTaTOB MOXKHO CHeJaTb CJAeLYIOLIHe BbIBOIbI: BO-NEPBLIX, MO
3a[JaHHOMY CIIEKTDPY Macc 3JeMeHTapHBIX WUJM THIOTETHYECKMX YaCTHIL BCETAA MOXHO
MOCTPOUThL TAKYH HETpHBHaJbHYI0 anrebpy G O P, uto omepatop M? onpeneseHHbli
B MPOCTPAHCTBE, TJle 3aJlaHO OJHO M3 HENMPUBOAUMBIX MpeACTaBaeHUl G, OyneT camoco-
NpsSiKEHHBIH, a ero CIeKTp COBMAaeT C 3afaHHBIM CIEKTPOM MacC YacTHI[; BO-BTOPbIX,
MEeTOJIOM BJIOXKeHHUs1 anredpbl Py B (G; MOXKHO MOJydaTb MaccoBble (opMyJbl (oneparo-
pBI), He MOJb3YsiCh MPU ITOM HU THUIOTE3aMU O CYLIECTBOBAHHU BHICIIMX CHMMETpPHH
(SU(3), SU(6)) 1 noaycu/bHbBIX B3aUMOIEHCTBUH, HU METONOM TEOPHH BO3MYILIEHHH;
B-TPETbUX, MaccoBble (HOPMYJbl MOT'YT 3aBHCEThb OT CIIHHA W YETHOCTH TOJBKO B TOM
caydae, ecaqu (QyHAaMeHTaJbHblE YAaCTHIBI M3 KOTOPBIX ‘COCTOSIT” aApoHbl WU 6030-
HBl, UMEIOT pasHble CIUHBl U UETHOCTH; B-UETBEPTHIX, UTOObl B (DU3HUECKYIO TEOPUIO
Oreparopbl Macchl ¥ CIIMHA BXOOWJHM HAa PaBHBIX MpaBaX C ONepaTOpaMH HEPrHU HM-
IyJbCa U CIHHA, HEOOXOOMMO B OCHOBY TEOPHM MOJOXKHUTb He anre6py [lyankape, a ee
00epThHIBAIOILYIO a/redpy.

[TockosibKY TIpHBeleHHblE pPe3yJbTaThl, B OCHOBHOM HOCST MOIEJBHBIH XapakTep U
dopmyanl 11), (13), (14) moaydueHBl TONBKO B HEPENSATHBUCTCKOM CJydae, TO HUKAKHX
COTIOCTABJIEHUH C IKCIIEPHUMEHTOM Mbl He MPUBOLHUM.

IIpumeuanne npu Koppekrtype. Ilocse Toro, kak padoTa Obljla CLaHA B [1€4arth,
Hamu Oblla KOHCTPYKTHBHO IOCTpoeHa OeckoHeyHoMepHasi anarebpa (i, comepxkarias
anrebpy Ilyankape. Onepartopel D, mepeBoisilive yacTULy (BEKTOp COCTOSIHHS) ¢ Mac-
coil m; B uyacTuLy (BEKTOp COCTOsSIHMS) ¢ Maccodt m; (4,5 = 1,2,3,...) cTposrcs U3



60 B.1. ®yuuu

0nepaTopoB d;;, KOTOpble HMEIOT BH]
%:/@@m@a@%@%@,

*
rae W;(p), ¥;(§) — omepaTopsl poxKJeHHs W NOJIOLIEHHS (epPMHOHA C MaccaMH m; H
m; COOTBETCTBEHHO.
[TpoctpancTtBo H; COCTOUT H3 BEKTOPOB

m:/@F@i@m.

MaccoBble (hopMysbl, MONyUeHHBIE B paMKax 3TOH ajreGpel, coBmanaoT (popmasib-
HO) ¢ dopmynamu (11), (13), (14).
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5. ®yuwwmu B.U., MTucoma 8 KITD, 1965, 2, 157.
6. Salam A., Delbourgo R., Strathdee J., Proc. Roy. Soc. A, 1965, 284, 146.
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O6 oneparopax B3aumMoaeuCTBUS
B.H. @YLUIHY

The problem on finding interaction operators in the field quantum theory is formulated
and solved (in some particular cases). It is shown that in the most general sense this
problem is reduced to finding isometric operators satisfying the conditions (22).

B TeOopHuH, OCHOBBbIBAMOIIIEHCS Ha YPaBHEHHUU NBUKEHHUS

OV
HY =i, (1)

KaK TPaBUJIO, TPENNoJaraeTcsi, YTo MOJHbIH FaMUJIbTOHMAH CHCTEMbl MOXKHO MpeacTa-
BUTb B BHIE [l]

H=H'+H'. 2)

XoTsl Takoe MpPeATooKeHne KaXKeTcsl eCTeCTBEHHBIM, Ha CAMOM XKe JleJie 3TO OYeHb Cy-
leCTBEHHOE OrpaHUYeHHe Ha TEOPHIO, U BO3MOXKHO SIBJISETCS NPUYMHOH BOSHUKHOBEHUS
pacxoniMMOCTeH B HeH.

Bosee TouHO 3TO MpenmosiokeHHe 03HAYAET, YTO BCe NTUHAMHUECKHE OTepaTophbl CU-
CTeMbl UMEIOT BHJ,

— po / _ ag0 !
P,=P,+ P, M, =M,, +M,,, (3)
rie P, — NOJHBIA ONepatop HePrMH-UMIYJbCa CUCTeMbl, M, — MOJHBIA TEH30D
Momenta, a P, MSV — omnepaTopbl (CBOOOIHbIE) HEB3AUMOAEHCTBYIOLIEH CHCTEMBI.

Onepatopel co WITPUXaMH OyneM Ha3blBaTh ONEpPaTOPaMH B3aUMOAEHCTBHS.

Hcxons u3 TpeboBaHUN PeNSITUBUCTCKON MHBAPUAHTHOH TEOPHH, Ha omepatopel P,,
M,,, cnenyet HaJlOXHTb YCJIOBHE, YTO OHH ABJAIOTCS reHepaTopaMu anreOpsl [Tyankape
P [2], T.e.

[Pavpﬁ], =0, [M/_vaa], :i(gvapu_guapu)a
[M;U/, M’yd], = i(g;m'Mu'y - g;t'yMua + gu*yM,ua - gl/oM,wy)~

OueBH/HO, YTO U CBOGONHBIE OMEPaTopbl A0JKHBI TaKxkKe ObiTh FeHepaTopaMH a/redphbl
[lyankape P, t.e.

(4)

(PP =0, (M P = i(9uaPl — guaPl),

(M, M2, ] =i (guo My — 9uy My + 90y My — gue M) -

(4)

B pensiTHBMCTCKOH KBaHTOBOi MexaHuke cBoGomHble omepatopnl PO = (PJ, P?),
MSV = (KO, JO) CHCTEMBI, COCTOSIIIIEH W3 OAHOM YaCTHIbI, UMEIOT BUA [3]
_o\1/2 _ S 5 _,
P=w=m*+p?) ", p=-iV, P'=p )

—_

JO=Fxp+5  K°=Z(fw+wf)—(Fxp)(m+w) ! —tp

[\V]

rie § — CIIHMHOBBIH OTepartop.

YkpaiHcbkuil hisuunuil xxkypHan, 1967, 12, Ne 8, C. 1331-1338.
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B KBaHTOBOH TEOPHH TOJISI 3TH OMEPaTOPBl ONMpPEeISIOTCS Yepe3 KaHOHUUECKHH TeH-
30p 3Hepruu-ummnynsca 1y, CclenyoLUHUM 06pa3oM:

Py = /d?’x Two, MSV - /dBI (xuTvo — T po)- (59

Hecmotpst Ha To, uto omepatopsl (5) u (5) UMEIOT pa3JUUHYIO CTPYKTYpy, B aJjre-
6panyeckoM CMbICJIE 3TO 3KBHBAJIEHTHBIE OMEPATOpPbl, TaK KAaK OHHM Peasiu3yloT ONHO U
TO K€ HempuBoAMMOe npenctabieHue anre6pbl P°. [To3Tomy W (H3HuUeCKHe TeOopHH,
noctpoeHHele Ha omeparopax (b) u (5'), SKBHBaJEHTHBI, XOTs MPOCTPAHCTBA, B KO-
TOPbIX AEUCTBYIOT 3TH OMEPaTOphl, Pa3jUYHbl. DTO yTBEPXKJAEHHE CIPABENJHUBO WU AJs
MOJIHBIX OTEepaToOpPOB, €CJU AUHAMHUECKHE OMepaToOpbl CUCTEMbl B KBAHTOBOH MeXaHH-
Ke W KBAaHTOBOH TeOpUH MOJsi PeasM3yloT OfHO W TO XKe MpelcTaBjeHue aaredpsl P.
U BooOG1uie, nBe Teopuu cienyer CUUTATh (PU3NYECKH SKBUBAJEHTHBIMH, €CJU CPeNHHE
3HaUYeHHUs] KOMMYTHPYIOIIMX OMepaTopoB MOJMHOr0 Habopa B 00enX TEOPHSIX COBMANAIOT.
flcHO, 4TO Takoe ompeje/ieHHe SKBUBAJEHTHOCTH [BYX OMHMCaHUU Oosee obliee, yem
0ObIYHO MPHHSTOE [3], KOTOpOe MO CYIIECTBY SIBJASETCS CJAEICTBHEM H3 IMOCTYJaTa O
PaBHOIPABHOCTH Pa3JMYHBIX CUCTEM OTCUETa.

B paGore [4], a 3atem B [b] BHepBbie paccMaTpuBasach 3ajaya 0 HaXOXKAEHWH Hau-
6oJiee OOIIUX BbIpaXKEHUH /151 OMEepaToOpoB B3aWMONEHCTBUN B PeNSITUBUCTCKON KBaH-
TOBOH MexaHuKe. B Hacrosiiieét paGore Qopmyarpyercss ¥ pelaetcst (B HEKOTOPhIX
YacTHBIX Cydasix) Takas Ke 3afauya B PeJSITUBUCTCKOH KBAHTOBOH TEOPHH MOJS.

[Ipexpe ueM mepedTH K pellieHHIO 3TOH 3afayd, HeOOXONMMO NPUAATh YETKHUH MaTe-
MaTHuecku# cMmbics paBeHcTBaM (3). O6osHauum yepes H ruab6epToOBO MPOCTPAHCTBRO,
B KOTOPOM 3a1aHO MpejcTaBieHHe anredpnl P, a uepes H° — noampoctpanctso B H,
B KOTOPOM peasiuayercs npeacTabienue anre6pol P°. ®opmynam (3) MOKHO MpHAATh
YeTKHH CMBICT B CJEAYIOLIHX CAydasx:

1. Tlpencrasnenus anre6p P u PV 3apaunsl Bo Bcem npoctpanctse H (H = H°) uan
Ha MJIOTHBIX (HemIoTHBIX) MHOXKecTBax D(P) = D(P°) C H.

2. Tlpencrapnenue anre6psl P 3anano B H O HY, a npeacrasienne P’ — B uHBa-
puanTHOM noanpoctpanctee HO.

3. TlpencraBnenue P 3ajaHO TOJbKO Ha MJIOTHOM (MJIM HENJOTHOM) MHOXECTBe
D(P) > D(P°) B H.

1. PaccmoTpum nepBuIi ciyuaid.
a) Tak kak anre6psl P u P° usomopdHbl, T0 paBeHcTBa (3) MOXKHO paccMaTpUBaTh
KaK cBs3b Mexay 0asucaMu B 10-MepHOM BEKTOPHOM NPOCTPAHCTBE, O3TOMY

Py =Py + b7 MY, M, = ¢}, PY + 7MY, . (6)

[Mockosbky onepatopsl Py, M), yIOBIETBOPSIOT KOMMYTALHOHHBIM COOTHOLIEHUSIM (4),
TO MOCTOSTHHBIE KO3 DHIHEHTH B (6) H0KHBI ObITb TAKHMH, YTOOBI YIOBJETBOPSIHCH
CJeflyIolllie PaBEHCTBa!

{a (037 = b57) +a) (57 —b)7)} gox = 0,
(b7 = b57) (07 = bE7) gy = O,
{Cﬁu (bgzp - bg\/) + (Zg (dﬁz - dzly)) } 9pB = g/_mzaz - gyaa?;a
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(bgp__bgw)(dgg —'dZE)gwo ::guabﬁﬁ _'guabﬁﬁv

(et (25 = dZ3) + s (470 = 432) } 9op = 9wy = GouChy + Gouho — 00T
(@25 - 7)) (a2 = 4) = 9o % — GodZh + 95,058 — 9528,

45 = —d)s.

Y = Y
C,uz/_ Cu;u

M3 (6) mosyuaeMm siBHble BEIpAXKEHHs JJIs ONEPATOPOB B3aUMOIEHCTBHS uepe3 CBO-
60o/HblE ONepaTophl

P,=b’MJ, + Y aiPyj, (7)
B=0, B#a
M, =c, PP+ > digMy,. (7
v,0 =0,
YF#E R OFV

Dopmyiibl (6) MOXKHO pacCMaTPUBaTh Kak JHHEHHbIE ONHOPOAHblE KAHOHHYECKHE COO-
THOLLUEHHs] MeXAy oreparopamu P, M, u P2, MSV. OueBuaHo, 4to Gopmybl (7)
onpenensiioT Haubosee OOLIMH B ONEPATOPOB B3aMMOINEHCTBUS, €C/IH OrPaHHUHUTHCA
TOJIBKO JINHEHHBIMH KaHOHHYECKHMH MpeoOpa3oBaHUsIMH. B obiiem ciydae HesqHHeH-
HBIX HEONHOPOJAHBIX TPeoOpa30BaHUH OMepaTophl SBJASIOTCS HEKOTOPBIMU (DYHKLUHSMHU
OT CBOOOIHBEIX ONEPATOPOB!

Pl :FQ(P'?vMSV)v 77&0[1 (8)

M, = Fu(P§,M3,),  X#p, o#v. (&)

M3 ycnoBusi pensiTHBUCTCKOH MHBapHaHTHOCTH (4) caemyet, uto dyHKuuu F,, F,,
JOJIXKHBI ObITb TAKMMH, UTOObl OII€pPaTOPhbl B3aUMOAEHCTBUS YI0BIETBOPSIN TAKUM KOM-
MYTallHOHHBIM COOTHOLIEHUSIM:

[Por B3] = [P3, PA]_ + [Pa, P5] 9)
[M;qu;]_ = i(gVaP[L - guapll/) + [ngM;w]_ - [MSWPCIJ ) (9I)

(M} M3, ] =i (90 M) = MLy + gunMiy = 900 M) ) +

+ (M3, My | = [Myy, M5, ]

(9”)

Takum obpasom, 3agauya o HaXoXKJEHUH ONepPaTopoB B3aUMONEHCTBUS B TOM CJIy-
Yae CBOIMTCS K OMHMCAHHIO BCeX KaHOHHUYECKHX MPeoOpa3oBaHHi onepaTopoB P, M,
u PY, MIBV. CrenyeT oTMETHTB, YTO Aake ecJiM Obl OblIM OMKCaHBl BCe TakHe mpeobpa-
30BaHMs, TO Mbl He CMOIVIM Obl HAaHTH BCe BO3MOXHBIE ONEpPaTOpbl B3aWMOAEHCTBHS,
TaK Kak omeparopsl P, M, Moryt, Booblie roBopsi, yIOBJeTBOPATL ycaosusam (9), HO
He ObITb QyHKUMAMUH PP, Mﬁy. B 3ToM nocsenHeM ciy4ae Halla 3ajada CBOAMTCS K
pEeLIeHUI0 OMepaTopHbIX ypaBHeHui (9) mpu 3amaHHbiX onepatopax PJ, Mﬁ,, Hanee
yKaxKeM Ha OfMH KJacC pelleHHH 3TOH 3ajayH.

6) B KBaHTOBO# TeOpHH N0/ AHHAMHUYECKHE ONepaTopbl OOBIYHO CTPOSTCS U3 orepa-
TOPOB POXKJAEHHUS M YHUUTOXeHHs. JJif IpoCcTOTh, pACCMOTPHUM TOJIBKO B3aUMOJEHCTBHE
MeX/y HeHTPaJbHBIMH ME30HaMH.
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PaCCMOTpHM TaKylO CUCTEMY OIIEpaTOPOB:
Po=P)+ P, M;; :Mz'oj+M{jv Mo; = Mg, + Mg, (10)
rae

PO = /d3k koo (F)a(k),  a=0,1,2,3, (11)
Mo = [k Lk O(k) — k;m2(k) ,j=1,2,3 (11')

1y 9 i1 lmz ’ ,)] = 1,49,

7 -

MY, = —Mjy = —E/d?’kkomo(k), (11

- Oa*(k) - = da(k) /S—

0k) = —a* - 2 2

m; (k) akz a<k) a (k) 81% ) k‘o k +m=,
P = [ @k ko {a B0 + v Bral)} + fo, 12)
Mj; = i/d% {kimé‘(q) - kij(E)} + fij, (12
M}, = =M}, = i/d3k kom!;(K) + foi, (127)

QD

v* (k) dv(k)
ok ok

o(k) — a” (k)

-,

U(E) — ¢yskuus, a*(k), a(E) — omnepaTopbl POXKAEHHST U YHHUTOKEHHST ME30HOB, YI0B-

JIETBOpSAoLIe O0OBIYHBIM KOMMYTalXOHHBIM COOTHOLIEHUAM

—
i
~—
I
4

o ov* (k) L Ou(k)
fm——§/d3k ko< T (k)a—]%).

HenocpencTBeHHON MpPOBEPKOH MOXKHO y6equTbes, UTO cuUcTeMa onepatopos (10)
ynoBJeTBopsieT ycaoBusaM (4) u (4'), a mporue Bcero B 3TOM yOeMUTHCS, €C/IU CIenaTh

Takoe KaHOHHYEeCKOe mpeobpasoBaHue [6]:

—

c(k) = a(k) +v(k), (k)= a*(k) + v*(k).

(13)
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B noBbix omepartopax c¢*(k) u c(k) monHble nuHamudeckue oneparopsl (10) umeror

Bup!

P, =PYa* — c¢*,a — c), (14)
M;; = Mg(a* —c*a—c), (14"
My; = MY,(a* — ¢*,a — c). (14"

DTOT mpUMep TOKa3blBaeT, uTo Besikasi cucteMma omepatopoB (10), koTopas MoxeT
ObITb TPUBeIEHA MPH OMOIIM KAaHOHMYECKHX MpeoOpa3oBaHUU OMepaTopoB POKAEHHUS
W YHHYTOKEHHS K AHArOHAIBHOMY BHAY (OTHOCHTENBHO omepatopo c*(k), c(k)), yaos-
JIETBOPSIET KOMMYTALHOHHBIM COOTHOLIEHUsIM (4).

CrenyeT OTMeTHTb, 4TO cHcTeMa omepatopoB (10) siBisieTcsi HeTpUBHANBHBIM pe-
IIeHHeM ypaBHeHHH (4), onHako (U3HUecKas TeOpHsi, NOCTPOEHHash Ha OCHOBE 3THX
OTepaTopoB, MO CYILECTBY, SKBHBaJeHTHa CBOOOIHOH TEOPHH MOJs, eC/H Tpeodpas3oBa-
Hus (13) sABASAOTCS COOCTBEHHBIMH KAaHOHHUECKUMH MPe0o0pa3OBaHUSIMHU.

B pa6ote [7] mpuBemeHb Takxke yacTHbe pelieHus ypaBHeHHH (9), OT/IHUHBIE OT
Hamux. BeipaxeHusi nns reHepatopoB anredpbl P rnpuBeleHbl B BHAe OeCKOHEUHBIX
psinoB omepatopoB a*(k) u a(k). Bonpoc 0 cX0OMMOCTH 3THX psiIOB He 06CYyXKAaeTcsl.

2. Tax kax Bo BTopoM caydae H D HO, 1o (3) ciemyer sanucaTh B TaKOM BHIE:

P, = P,E°+ P,E' = PY + P,
M, = M, E° + M,,E' = M{, + M/

Qo

(15)

rne E° — omepartop npoekTupoBauusi Ha moanpoctpaHctBo HY, E' — onepatop npoe-
kTupoBanus Ha H © H. U3 dopmyas (15) caenyer, uto onepatopsl P2, MSV ABJSIOTCS
4acTaMHU oneparopos P, M,,,, JeXxalluMu B H°. B stom caydae cooTHoineHus (9)
HUMEIOT BU[

(L Py| = PYPL— PP,

[M;/wﬂpéz]f =1 (gDOzP/L - g,uOéPL//) + PgM,LILl/ - M,SVP(;’

[M,L/Lw M//\a], =1 (g#UMri/\ - g#)\le/a + gl/)\M;La’ - guaM;u\) +
+ MOM!, — MO M.

N2 nv

(16)

W3 (16) BuaHO, UTO OMEpaTOpbl B3aWMOIEHCTBHSI 00pasyloT 06O0OIIEeHHYI0 (MM KBaH-
TOBaHHYI0) aire6py JIu B TOM CMbIC/Ie, YTO HEKOTOpPBIE CTPYKTYPHBIE KOHCTAHTHI 3TOH
ajreOpel He yucJa, a ONepaTophl, KOTOPble, B CBOIO OUepelb, SIBJISIOTCS IeHepaToOpaMu
anre6pel [Tyankape PY. B ofuem ciydae 3afadya 0 HaXOXKAEHHH OMEPATOPOB B3aHMO-
JEHCTBUSI CBOIUTCS K MOCTPOEHUIO MPENCTABIEHUH TaKOH 00001eHHON anre6pel. Takyo
3ajauy, no-BUIUMOMY, HEBO3MOXKHO PEeLIWTb MU3BECTHBIMU B HACTosllllee BpeMsl MeTofa-
Mu. OnHaKo B NpelrosNokKeHHH, UTO
0 p/ 0p/ _
P3P, — PyP; =0,
0/ 0 pr _
PoM,, — M, P, =0, (17)

0 / 0 !
MMMW—MW o =0,

ICrpenkn B popmysax (14) osHauatoT cooTBeTCTBYIOUIyIO 3aMeHy B dopmynax (11) mas omepatopos P,

0
M,
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cucteMa ypaBHeHHH (16) MoxeT OBITH pellleHa, TIOCKOJNBKY B 3TOM CJydae ONepaTophl
B3auMoJeficTBUs 00pasyioT anre6py [lyankape P’, a Bce npeacTtas/ieHUsi TakKoH anre6pbl
Haigensl [8].

Hanee mokaxeMm, uTO €C/H MOANPOCTPAHCTBO H’' WHBApUAHTHO TAKXKE M OTHOCH-
TEJIBHO CONPSKEHHBIX omepatopoB P*, To ycsoBusi (17) BBEINOJHSIOTCS TOXKIECTBEHHO,
T.€.

PyP, = PiM,, = My, M, =0. (18)
PaCCMOTpI/IM TakKoe CKaJiIpHOE MPOU3BEACHUE!
(P'E'h,E°h) = (P'W, E°h),

rne h' € Ho H°, E°h € H°. Tlpu BbillleyKa3aHHbIX MPEIMNOJOKEHUSAX CIIPABENTHBO
TaKoe PaBeHCTBO:

(P'W,E°h) = (Ph',E°h) = (W, P*E°h) = 0, (19)

U3 KoToporo caeayer, uto P'h/ € H' = H © HY, T.e. OTHOCHTE/IbHO OMePaToOpOB B3aH-
MOeHACTBUSI TpoCTpaHcTBO H’', WHBapHAaHTHO, a 3TO W O3Hauyaer, 4to ycuaoBus (18)
YIOBJIETBOPSIIOTCS.

Herpynno y6enutbcs, 4To Takoe Ke yTBepXkKAeHHe CIpPaBeAJHMBO M TOTAA, KOrna
onepaTopsl P 3agaHbl He BO BceM H, a TONbKO Ha MJIOTHOM MHOXeCTBe B(P) B H npu

E°D(P) € D(P). (20)

3. Temepb paccMoTpuM cayuai, korza D(P) miotHo B H, Ho ycaosre (20) He
oinosiasiercsi. O6o3naunm uepes DO(P) u D'(P) Takue MHOXeCTBa

D°(P)=E°D(P)nD(P), D'(P)=E'D(P)nD(P).

[To popmynam (15) anreGpa P ogHosHauHO ompenenserca depes onepatopsl PV u P’
TOJIBKO Ha Tex 3sieMeHTax h € H, Kotopele nmpuHaanexat obnactu D = D°(P)® D'(P).
Ha camom xe nene onepartopsl F,, M, onpene/aeHsl B 60/ee IIMPOKOH 06JacTH lND(P),
MI03TOMY BO3HHKAaeT 3ajaya O paclIMpeHHH OnepaTopoB P, KOTOphle oONpenesieHbl Ha
mHOKecTBe D dopmynamu (15), Ha MHOXKECTBO E(P) [Iput 5TOM pacuIMpeHHsT TOJKHBI
ObITb TaKUMH, 4TOOBI paclivpeHHble onepaTopbl 06pa3oBbiBaiu anaredpy IlyaHnkape.
Jlanee mMbl ocTaHOBUMCS Ha GoJlee y3KOH 3ajade, a UMEHHO, O PacCLIMPEHHH omepa-
TOpoB P NpH yCJOBUH, YTO OHM CUMMETPHUUHH U objacTb D C 5(P) nyotHa B H.
Hcnonb3yst Teopuio CHMMeTpHUECKHX paclivpeHHi [9], MOKHO HaWTH Bce CHMMe-
TpPUYECKHEe paclIMpeHHs omnepatopos F,, M, , KOTOpbe onpeneseHbl Ha MHOXecTBe D

uvs
dopmyaamu (15). Dty paciuiupenus onpeaensotcs Gopmynamu

ﬁafa :P8f2+P<;f¢;+Z(x<pa +zaVa§0a7 (21)

My fuw = Mﬁu 31/ + M;Iw ;/w + 2P + 2w Vi P,
rae

a07 ,31/ € DO(P>7 ém ;/w € DI(P)7
fa :f2+fc/y+<pa+va@av

S =T+ T + v + Vo Py,
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Vo, Vi — H30MeTpHYECKHe ONepaTophl, Zy, 2y, — HEBELIeCTBEHHbIE YHCIA, Po, Puw
— BekTOpa B H, npuHajsexamue AedeKTHBIM NPOCTPAHCTBAM Oneparopos Py, M, .

M3 Bcex BO3MOXKHBIX pacluMpeHud onepartopos P, u M, 3anaBaeMbix (popmyna-
mu (21), cnenyet oTo6paTb TOJBKO TaKHe, KOTOPble YIOBJETBOPSIIOT KOMMYTAaLHOHHBIM
cooTHolleHUsM (4). 1o orpanudenue Ha P, u M, NPUBOIUT K TOMY, UTO U30METPHU-
yeckHe onepatopel Vi, V,,, NOJKHBEI yIOBJIETBOPATh CIEAYIOLIHUM yCJIOBUAM:

{(:z“ava —2aE) (Vo — B) ™", (Z5Vs — 23E) (Vs — E’ﬂ _=5 (22
{(EMVVMV - z/»WE) (VIW - E)71 ’ (EO‘VO‘ - ZO‘E) (Va B E)il} -
N (22')
=3 {gua (EuVu - ZuE) (Vu - E)il — Gua (EVVV - Z,,E) (VV - E)il} ’
{(Em/v;w - Z;wE) (Vuu - E)71 1 (ZapVap — ZapE) <V°‘B B E)il} -
= i{guﬁ (zuaVua - ZuaE) (Vva - E)71 ~ Jpa (E"BVVB B ZVBE) 8 (22")

x (Vg — E)—l + 9o (Zu8Vup — 2upE) (Vg — E)—l "
+9Vﬂ (zuavuoz - ZMaE) (VH(X — E)_l},

rie F — elHHUYHBIHA Omeparop, a Mo MOBTOPSIIOLINMCS TPEUECKHM HHIEKCAaM CyMMHPO-
BaHHe He TIPOBOAUTCS.
Takum 06pa3oM, 3a7a4a 0 HAXOXKIEHUH ONEepPaTOPOB B3aUMOLEHCTBUS CBOAMTCS K Ha-
XOXKIEHHIO H30MeTPHUeCKHX 0nepaTopoB Vi, V)., yIOBJIETBOPSIOWNX yPaBHEHUAM (22).
AHaJIOTHYHBIM CIIOCOGOM MOXKHO PaCCMOTPETb M TOT CJydai, Korga oneparopsl P,
M., 3a1aHbl Ha HeMJOTHOM MHoxectBe D dopmynamu (15), HO npy 9TOM HEOOXOAMMO
IpeanoJarath, 4To oHU 3aMkHyTH [10].
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A relativistically invariant mass operator
W.I. FUSHCHYCH

In [1] it was shown how, for a given (discrete) mass spectrum of elementary or
hypothetical particles, it was possible to construct a non-trivial algebra G containing
a Poincaré algebra P as a subalgebra so that the mass operator, defined throughout the
space where one of the irreducible representations G is given, is self-conjugate and its
spectrum coincides with the given mass spectrum. Such an algebra was constructed
in explicit form for the nonrelativistic case, i.e., the generators were written for the
algebra. However, the problem of how to assign the algebra G constructively and
determine an explicit form of the mass operator in the relativistic case has remained
unsolved.

In the present work we present a solution of this problem, construct continuum
analogs of the classical algebras U(N) and Sp(2N), and show that the problem of
including the Poincaré algebra can be formulated in the “language” of wave function
equations.

1. For simplicity, we will assume that there be given only three particles with
masses my, mq and mg. Ry, Ry and R3 will represent the spaces in which irreducible

N2
representations of the algebra P are realized. The operator (Pé”) in these spaces is,
as is well known, a multiple of the unit operator:

. 2
(PC@) R, =m2R;, i=1,2,3, a=0,1,23. 1)

We will designate by R the linear sum of these spaces!. The operators of energy-
momentum, angular momentum, and square of the masses of the system, which may
be in various excited states in this space, take the form

Py =PVFy + PP Py + P(Szg)Fszz»

] (2)
My, = M) Fyy + M2 Fay + M) Fis,

M? = (Pc(yl))QFu + (POEQ))2F22 + (Pg’))QFzﬁ:&, (3)

where the Fj; designate the squared three-rowed matrices in which unit operators
stand at the intersection of the i-th row and j-th column, while all other elements are
zero.

It is clear that in R there are realized reducible representations of the algebra P.
However, relative to certain sets of the operator G this space may not have invariant
subspaces. Obviously, operators must appear in this set of the type

din diz dis
D= doa doo do |, 4)
d3y dsz2 ds3

Ukrainian Physics Journal, 1968, 13, Ne 3, P. 256-262.

In the case of a real physical problem, we should have taken the linear sum with certain weights,
the squares of the moduli of which could be interpreted as the probability of finding the system in one or
another of the states.
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where at least one of the operators d;; (i # j) is nonzero. In order to solve our
problem, these operators must be constructed in explicit form.

For the determination of the explicit form of the operators use will be made of the
methods of the quantum theory of fields. The vector h; € R, will be presented in the
form [2]

h; = / dk F,(k)aF (k)|0). (5)

For simplicity of notation, we shall assume that the distribution function Fj(k) =
Fy(k) = F3(k) = F(k) and all particles are without spin. The generators of the
Poincaré algebra, expressed by the operators of creation and annihilation, have the
form [3]

Py = / dk kja} (k)a;(k),

P = /dk Eat (R)as(k), k(Y = \/k* +m2,

, (6)
i 1 i
) =3 [k (00 - ks O®) . M =5 [ ak K50,
+
() gy — 0 (k) oy Da; (k)
fl (k) - 8kl al(k) a; (k) akl N
We can now write the explicit form of the operators
di = / dke dk' F(k)F'(K) {a? (k)a; (k) + aF (K )as ()} @)

Obviously, the operators D;; = d;;F;; will transform vectors from space R; to R;.
Space R is irreducible with respect to operators P,, M,,,, and D;;. This statement is a
consequence of the fact that the operators D;; transform a given vector from h € R,
to vector h; € R;, while, since the subspace R; C R is noninvariant relative to these
operators then, by the same token, the irreducibility of the representation G in R is
shown.

The set of operators (5) and (6) (and their linear combinations) form a Lie algebra
in the case where they satisfy the Jacobi identities. Calculating, for example, the
commutators [P, D;;]—, [Pgs, [Pa, Dij]-]- etc., it is not difficult to convince oneself
that the operators derived from these are not linear combinations of the operators P,,
M,, and D,;, i.e., the set G is an infinite-dimensional Lie algebra. All elements of
the algebra G can be expressed explicitly by the operators a; (k)a;(k’), a (k’)ai(k:)
[0a; (k)/Oki)a;(K'), a; (k)[0a,(K')/Ok]] and all possible products of these operators.
As W11 be shown below these operators form a continuous Lie algebra. In R space
the operators of hypercharge and isospin have the form

Y = j1F11 + joFa2 + jaF3s, J =i1F11 + ioFh + i3 s, (8)

where ji, jo, j3 and i1, 49, i3 are hypercharges and isospins of particles mq, ms and
ms. The formulas (8) permit the expression of the operator M? by the operator of
hypercharge and isospin. In our case

M?=dE+0VY +¢J, 9)



70 W.I. Fushchych

where F is the unit operator, and a’, V', ¢’ are arbitrary, generally speaking, constant
quantities. In the triplet representations of the algebra G, which we considered, these
quantities are uniquely determined by the masses mj, my and ms. In all other
representations, such uniqueness does not exist and hence formula (9) will give a
mass relationship between the elementary particles. If the initial particles have spin,
then

M? =aS +bY +c¢J, 9"

where a, b, ¢ are arbitrary numbers and S is the spin operator.
Other examples of infinite dimensional Lie algebras, containing the algebra P, are
considered in [12].

Note 1. It is well known that the masses of elementary particles depend on spin,
hypercharge, isospin, and other quantum numbers; hence, for determining the mass
operator, one tends to express it by the operators of spin, hypercharge, and isospin. It
should be noted that, generally speaking, the mass operator can always (in principle)
be expressed by one operator. In fact, let

MQZf(A15A27~"aAn)7 (9”)

where Ay, As, ..., A, are mutually commuting seli-adjoint operators, operating in a
certain separable Hilbert space. In agreement with Neiman’s theorem [4] concerning
creation operators, one can determine such a bounded self-adjoint operator A in this
space that

A, = on(A).

From this theorem it follows that M2 = f(A;, As,..., A,) = f(A), ie., the mass
operator can always be represented as a function of only one operator A of a weakly
closed ring. This attests to the fact that there exists one universal quantum number,
with the help of which it is possible to explain the mass spectrum of elementary
particles if the explicit form of the function f is known.

Since the mass operator in the approach arises from the same sort of generator of
the algebra G as, say, does the operator of isospin or hypercharge, the formula (9”)
may be viewed as an equation of a hypersurface in a space of mutually commuting
operators. For such an interpretation of the mass formula (9”), the generation opera-
tor A apparently plays the same role as does time in classical mechanics (where the
aggregate of all trajectories lies on a certain manifold, in particular on a surface
F(z,y,z) for which x = z(t), y = y(t), 2 = 2(t)).

From the geometrical point of view the mass equations

M=a+4+b5(5+1)
for hadrons and
M?*=a?+1*S(S+1)

for mesons represent “trajectories” (a parabola for hadrons and hyperbola for mesons)
of motion of the system, which can exist in various mass and spin states.
The mass equations of Okubo,

M=a+bY +c{J(J+1)—-Y?/4}
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for hadrons and
M? =a+bY +c{J(J+1)-Y?/4}

for mesons, represent a hyperbolic paraboloid and double poled hyperboloid in an
imaginary three-dimensional space (M,Y, J).
In this manner, if we quantize the general equation for a hyperbolic paraboloid:

2

/4y —cz? —cz—by+x—a=0,

i.e., if in this equation we make the substitutions + — M, y — Y, z — J, then we
will obtain the formula of Okubo for hadrons. If with each multiplet we associate
a definite hypersurface, then various transitions of one multiplet to particles of the
same multiplet can be interpreted as “motion” or the given hypersurface. Transitions
of particles of one multiplet to particles of another multiplet may be considered
as transitions from one hypersurface to another. If to all experimentally discovered
hadrons (or bosons) is assigned a single hypersurface, then all possible transitions
of hadrons (bosons) to hadrons (bosons) should be interpreted as “motion” on this
hypersurface, for which all quantum characteristics of the system can change.

2. The characteristic special feature of problems concerning the spectrum of atomic
hydrogen and of a harmonic and anharmonic oscillator, from the group theoretic
standpoint, is that all these problems can be solved by the method of embedding of
the finite dimensional Lie algebra, appropriate to groups of hidden symmetry, in a
broader but dimensionally finite Lie algebra [5, 6]. However, this statement does not
depend on where the Hamiltonian is defined — in a Hilbert or in a vector space with
indefinite metric. Thus, for example, the problem of the spectrum of an N-dimensional
oscillator with complex ghosts can also be solved by the method of embedding of a
finite dimensional Lie algebra in a finite dimensional Lie algebra®.

From the above considerations (section 1) it follows that the Poincaré algebra
(relativistic case) can be included by a nontrivial method only in the infinite dimen-
sional Lie algebra (the case of non-Lie algebras are not considered here). This existing
difference between the relativistic and non-relativistic problem of the embedding of the
Lie algebra can be adequately explained in a natural manner. In quantum, mechanics,
as is well known, we always deal with finite numbers of degrees of freedom. Transition
to an infinite number of degrees of freedom, apparently, implies a transition from a
finite dimensional Lie algebra to an infinite-dimensional one. We shall expiate this
statement with an example.

As was shown in [6], the space of states of an N-dimensional harmonic oscillator
realizes an irreducible representation of the algebra U(N+1) D U(N). The generators
of the algebra U(N + 1) satisfy the following commutation relations:

[E),E| = 0p0E) — 0,0E7, \po,x=1,...,N+1, (10)
where
EZzl[aM,aj , w,v=1,... N,
2 * (11)
E;I)H—l = g(H)G,;, E%+1 = f(H)auv E]Jzi[.—:__ll = h(H),

2The question of inclusion of an algebra of symmetry U(2N) of such an oscillator in a dynamic algebra
will be considered in a subsequent paper.
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N
H= Z a:aw [aﬂ,cﬁ]_ = 0 (12)
p=1

If the N number of the oscillators tends toward infinity, we approach the infinite
oscillator, but then the dynamic algebra of an oscillator U(N + 1) and the algebra of
hidden symmetry U(N) go over into the infinite dimensional Lie algebra. The algebra
Sp(2N) may be determined by an analogous method, when N — co.

For transition from quantum mechanics to the quantum theory of fields, it is
also necessary to let the volume in which the oscillators are “contained” approach
infinity [2]. For such passages to the limit, the operators a, and a are replaced
by the general operators of annihilation a(k) and creation a™(k), which satisfy the
relations

la(k),a*(K")]_=d(k—K). (13)
The dimensionally infinite algebra U(N) for this case is naturally associated with the
N—o0
continual algebra U(k, k'), the generators of which are the operators
1
E(k, k") = 3 [a(k),aJr(k:')]Jr. (14)

It is not difficult to convince oneself that operators of the form (13) satisfy the
following commutative relationships:

[E(k.K'),E(q.q")]_=6(k—q)E(q.k)— (k' —q)E(k,q). (15)

Further, let us construct the algebras Uy (k, k") and Span(k,k’). Consider the set of
operators:

B (k. k) = % auk) @t (K], oy =1,...,N, (16)

Bk k) =au(k)a,(K'),  B"(k,K) = a;(k)a) (k) (17)
where

[, (k), af ()] = 8,50k — k). (18)

Taking into account (18), it can be shown that

[Ey(k,K'), El(a,4')] = 0,30(k — q)EL(q, k') — 6,00(q — K')E} (k. q'), (19)
[Euv (k. k'), Eap(a,4')]_ =0, (20)
|El(k,K'), Eap(q,q")] _ = —06,30(K' —q')Eay(q, k) —0ua0(q—K')Ep.(q’, k),(21)
[El(k, k), E*P(q,q')] _ = 0,p6(k—q')E* (q,K') +60ud(k— @) B (¢, K'),(22)

[Ew/(kv k/)7 Eaﬂ(qa ql)] _ = 5V(¥6(k/ - q)Eg(ka q/) + 6ua5(k - q)Elé(k/7 q/)—i(_QB)
+0,50(k' — q')Ej} (k,q) + 0,50(k — @) E} (K, q),



A relativistically invariant mass operator 73

[E*(k,k'), E*"(q,q")]_ = 0. (24)

The set of operators { E¥(k,k')}, satisfying the relations (19) form a continuous
Lie algebra Un(k,k'). The set of operators {E(k,k'), E*(q,q')}, satisfying the
relationships (19)-(24), form the continuous Lie algebra Spoy(k, k).

Utilizing the commutating relations (19)-(24) it is possible to show that the
elements from Span(k,k') D Un(k, k') satisly the Jacobi identity. Since elements
of the algebra Uy (k, k') depend continuously on the variables k and k’, it is then
possible to formally determine the derivative

OB (k, k')
ks

O (k, k')

— At /
= AL, (k. K), o%

=B, (k, k), i,j=1,2,3. (25)

Taking into account (19), it is not difficult to establish that

[t )]~

26)
L Wp-d) ., 0a-p) . (
= 5HBTAOU/(q?p) - 5aua—qj ug(qu ),
(Bl 0.0, Blyla.a)] =
27)
2(p—q) ., 95(q — p') (
- 5#5 aq; Bav(qvp/) - 5a1/ 6 ; ijﬂ(pvq/)v
[El(p.p), Alsla.q)]_ =
. 95(a — v’ (28)
= 5,800 — ) A 0.0) — 00 2P B ),
E/(p.9), Blyla.a)] =
29)
A(p—¢q . (
= 0up (gq, 1 )EZ(q,p’) —000(q — P") B} 5(p, 4'),
j
(AL, (p.0), Blyla.a)] =
30)
*(p—q') , L O*El(p.q) (
_ El/ _ _ 123
6#5 8]728113 a(qap ) 6au§(q P ) 8])18(]_;

Analogously, the relation may be established also for the derivatives

0B (kK)  0EuL(kk)  OE™(kK)  OE™(kK)
ok; oK, ok, ok;

From the relations (26), (28) and (27), (29) it can be seen that the set of operators
{E!(p,p'),Al,(q,q)} and {E!(p,p'), Bl,(q,q')} also form a continuous Lie algeb-
ra.
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For consideration of the continuous Lie algebras, we may introduce, by analogy to
the classical Lie algebra theory, the concepts of the universal enveloping Lie algebra,
the center, Casimir operators, etc. It is clear that all these concepts require refinement
from the mathematical point of view since, so far as we know, such Lie algebras are
not considered in the mathematical literature. As regards the problem of classification
and formulation of all irreducible representations of the algebra Span (k, k'), it leads,
as can be seen from relations (16) and (17), to the problem of the description of all
unitary non-equivalent commutation relations (18). This last problem, as is known,
has not been solved up to the present time.

With the operators E}(p,p’), apparently, one cannot directly associate certain
physical quantities (energy, momentum, angular momentum, etc.). However, the in-
tegral operators derived from these operators, i.e., operators of the type

Ey :/dp dp’ f(p,p")E,(p,D'),

as can be seen from Sec. 1, can be assigned definite physical meanings.
It is possible to display other continuous Lie algebras. Thus, for example, the
operators

{EZ(k, kl)v Epspin (P15 Pn) = Ay (pl)auz (p2) - - A, (pn)}

or

{E!(k,E'), E¥#2bn(p . p,) =af (p))at,(ps) . ..ab (p,)}

also form continuous Lie algebras.
3. In [7] it was shown that the set of infinitesimal operators of homogeneous
Lorentz group O(3,1) and operators L,,, entering into the relativistic equation

<L 86 + %> O (xg, ) =0, ©w=0,1,2,3 (31)

form a Lie algebra, which is an isomorphous set of infinitesimal operators of the de Si-
tter group O(4,1). The function \Il(xo, x) for a Lorentz transformation is transformed

according to the representation R = Z EBR , where (I§,11) are pairs of numbers

to which are given the irreducible representatlons of O(3,1). Since the generators of
group O(3,1) and operators L, transform one solution of Eq.(31) to another solution,
it is clear that in all solution sets of (31) there are realized irreducible representations
of group O(4,1). Since ®(x,x) pertains to a apace which is a linear sum of spaces in
which is realized the irreducible representation O(3,1), then, obviously, the spectrum
of the Casimir operators,

1

K, :_ZguypaM Mp07 w,v,p0=0,1,2,3

K = 2M v M,
in this space will be discrete.

On the basis of the above it is natural to propose the following problem: to
formulate an equation for the wave function ¥ which would be invariant relative to
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the Poincaré group and in all sets of solutions (solution space) of this equation of the
spectrum of Casimir operators,

1
P?=P,P,, W=WW,, W,= 3Eaps Py (32)

would be discrete.

For the solution of this problem we will use one of the results of Foldy [8]. In [8]
it was shown that with each irreducible unitary representation of the Poincaré group
with mass m and spin s there can be associated a Schrodinger equation

8\1/(I0, :L')

HY =1
(x07w) ? ot )

(33)
where H = (P? +m?)"/? and W(zo,x) is the (2s + 1)-component wave function,
quadratically integrable over the space variables. The question of the uniqueness of
such correspondence (i.e., the question of possible existence of another equation which
would also express the free motion of a relativistic particle with mass m and spin s)
is left open in [8].

The single ambiguity, which apparently arises from the establishment of this
correspondence, is tied to the extraction of the square root of the operator P? + m2.
Actually there is no such ambiguity, since the operator P? + m? is positive, and by
virtue of theorems [10] the square root of a positive self-adjoint operator is uniquely
determined. This is proof in itself that the stated correspondence is isomorphic.

If the Hamiltonian in Eq.(34) is expressed in the form

H=+VP*+ M2,

where P? = P2 4+ P3 + P2, and M? is the operator determined by formula (3) it can
then be seen that (34) is a natural generalization of the relativistic Eq.(33) (in which
the constant value m? is replaced by the operator M?) in the case where the particle
can take on various mass states.

In this manner, every relativistic equation expressing a free particle of mass m
and spin s is unitarily equivalent to Eq.(33) (H > 0).

Since the Casimir operators P2 and W? enter the theory on equal terms, then we
may use the operator W2 to obtain the equation of motion of a free particle. In this
case, the equation which, generally speaking, is unitarily equivalent to Eq.(33), has
the form

VW2 £ m2s(s + 1) X (x, 1) = WoX (,1), (33")

i.e., between X and W, there exists the coupling X = V¥, where V is the isometric
operator.

Establishment of isomorphism between the Schrodinger equations and the irredu-
cible unitary representations of the Poincaré group permits the writing of the equation
which would have the above state properties. This equation has the form

H\I’+:Z 8t 5 (34)
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where

/ p2 2
P +m1 0 0 \IJT1781(.§UO75B)
H = 0 \/P2 +m% 0 ’ \I/-‘r = \IJTZ’L”(:EO):B)
\I/"LS"SS T ,CB
0 0 /P’ +m? v (wo®)

The plus sign means that the sign value of the supplementary Casimir operator (the
sign of the energy) for the Poincaré group [9] for these solutions is equal to +1.

The Schrodinger equation which would also be invariant under time reflection has
the form

0X
HX =i— 35
et (35)
where H' = 70 L X = Yy .
0 H U_

In conclusion, let us note that, in agreement with the theorems of O’Raifeltai-
gh [13] in the space of the solutions of Eq.(34) one cannot realize an irreducible
representation of a finite dimensional Lie algebra which would contain the Poincaré
algebra as a subalgebra.

If Eqs. (31) and (33) are considered equivalent (the unitary equivalence is con-
structed only for equations describing particles with spin 1/2), then the formula for
®'(xg, ), expressing motion of a particle which may be in various mass states, has
the same formal appearance as the equations for elementary particles. However, the
quantity s¢ is then not a constant but a variable, taking on the following values:

= :‘:ml/\l,ﬂ:mz)\g,imgAg,..., (36)

where m? = p3 — p? and ); is some real nonzero eigenvalue of the operator Ly.

In [15] it is shown that only for such values of » do Egs.(31) have nonzero plane
wave solutions.
The relation (36) can be written in the form of the mass formula:

M = Lyt (36")

The operators which transform solutions of Eq.(31) with fixed mass to solutions
which have a different mass are constructed from creation and annihilation operators
by an analogous method (as in Sec. 1).

Note 2. Equation (31), as was shown in [11], excluding the Dirac equation, cannot be
reduced by the unitary representations of the Foldy—Woythysen type to a Schrodinger
equation. Consequently, the function ®(xg,x), strictly speaking, is not a wave function
of a particle with fixed mass m and spin s.

The construction of a non-trivial theory of interaction based on Eq.(35), i.e., the
introduction of potential in (35), by excluding those theories which with the help
of unitary representations reduce to free particles (or as is generally stated, to the
theory of free quasiparticles) [3], meets with difficulties in practice [14].

From the previous considerations, with every elementary particle there is asso-
ciated a space R;, in which is realized an irreducible representation of algebra P.
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A particle which can be found in various excited states is associated with space R
which is a linear sum of the spaces R;. The inadequacy of such an approach lies
in the fact that all elementary particles are considered as stable, and consequently
possessing definite mass. Actually, a definite mass to these resonances cannot be
ascribed, since particles are then nonstable.

To account for this fact, it is sufficient in the above mentioned considerations to
change the linear sum to the linear integral:

R / ®R(m)g(m), (37)

where the metric g(m) is concentrated on the set composed of one or more points
(depending on how many stable particles) and nonoverlapping intervals [m}, m/].
A more expanded formulation of equation (37) has the appearance

R = R*°(mg) ® Z R;, (38)
=1
Ri— / OR* (m) £ (m)dm, (39)

where R®(m) is the space in which is realized the irreducible representation of
algebra P with mass m and spin s;; the function f® (m), nonzero only in the interval
(m},m}"), characterizes the “smearing” (indeterminacy) of the mass of a resonance. If
in (39) we replace f*i(m) by a delta function, then R, as before, will be a linear sum
of spaces R;.

N2
The operator (Po(f)> in R, is determined in the following manner:

(P9 i = / & (PO) R (m) £ (m)dm = / Em2R* (m) f* (m)dm.  (I')

The operators P, M,(ﬁ,), M?, P? can be determined by an analogous method.
A more detailed presentation of results obtained by taking account of “smearing”
of the resonances will be given in another paper.
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On a possible approach to the variable-mass
problem

W.I. FUSHCHYCH, I.Yu. KRIVSKY

The mass operator M is introduced as an independent dynamical variable which is
taken as the translation generator P, of the inhomogenous De Sitter group. The classi-
fication of representations of the algebra P(1,4) of this group is performed and the
corresponding P(1,4) invariant equations for variable-mass particles are written out.
In this way we have succeeded, in particular, in uniting the “external” and “internal”
(SUz) symmetries in a non-trivial fashion.

The idea of variable mass has been considered by many authors in connection with
the mass-spectrum and unstable-particles problems (see e.g. refs. [1, 2]). Since for
the stable free particle Mg = P¢ — P? it is supposed that the square of variable-mass
operator (in the presence of interaction, of course) is defined by M? = P} — P2

In connection with the problems mentioned, the idea seems to be attractive to
consider the rest mass as a variable M, on the same footing with the three-momen-
tum P. It is natural to realize this idea in such a way that we define the mass
operator M as an independent dynamical variable P, like the components of three-
momentum P. By this the correspondence principle with the fixed-rest-mass theory
demands the free operators of energy, three-momentum and variable mass to satisfy
the condition

P?=P*+ M?=P?+ P} )

in this case too. It is obvious that such a definition of the mass operator is more
general than the above and is non-trivial (see below) even in the case of absence of
interaction.

The presence of a dynamical variable M = P, in the p-representation in addition
to the three-momentum P makes it inevitable to introduce in the z-representation (in
quantum mechanics) an additional dynamical variable besides the three coordinates .
It is natural to take for this the canonical conjugate of M, which will be denoted below
as T = x4. It should be noted in this context that at least the corresponding principle
with the fixed-rest-mass theory (not to speak of deeper physical arguments) does
not allow to consider the time ¢ = zy as a dynamical variable (e.g. as canonically
conjugated to Py) in the variable mass theory too. Further, if we do not want to violate
the conventional connection between the momentum and configuration spaces, the
variable-mass concept discussed here requires to study the group of transformations
which conserve the five-dimensional form 22 =2 — 22— 72 = xi nw=0,1,2,3,4,ie.,
the inhomogenous De Sitter group, the algebra of which we call P(1,4), in analogy
to the algebra P(1,3) of the Poincaré group.

To write P(1,4)-invariant equations for free particles with variable mass, we make
use of the classification of the irreducible representations of P(1,4). Analogously to

Nuclear Physics B, 1968, 7, P. 79-82.
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the case of the algebra P(1,3) (ref. [3]), we consider four classes of representations

which correspond to the values P? = k%2 > 0, P? = 0 and P? = —n? < 0 of the
invariant
P*=P; - P*- P} =P, pw=0,1,2,3,4. 2)

The algebra P(1,4) which is determined by the generators P, and M,, has,
besides eq.(2), two other invariants:

1 1
V = ~2 Wy s = —wfw, (3)
where

1
Wyy = 7§€#uaﬂfyMaﬁP.y. (4)

For class I (when P2 = k2 > 0) , in the system P = P; = 0, we have

52 = Py 2W + 2P, 'V = (M + R)? = s(s + 1)1, (5)

I?=P72W — 2P,V = (M — R)? = I(I + 1)1, (6)
where 5,1 =0,%,1,... and

M = (Mg, M31, Mis), R = (M4, Moy, Msy). (7)

It follows from egs.(5) and (6) that in the case I all the representations of P(1,4)
are unitarity and finite-dimensional (with respect to s and I) and are labelled by two
numbers s and I. These symbols are naturally to be identified with spin and isospin
of the free particle with variable mass m, and, owing to p% > k2, one can understand
the parameter x (which is the boundary value of energy) as a “bare rest mass” of this
particle.

The P(1,4)-invariant (in the Foldy [4] sence) equation for the wave function
Y(x) = (¢, x, x4) of such a particle (and antiparticle) with arbitrary s and I has the
form

<ﬂ\/P2+PZ+x2—i%> Vor(t@,z) =0, = ( oo > ®)

where —s <s3<s, —I<I3<].

Thus, the variable-mass concept discussed has made it possible to unite non-
trivially the “external” (P(1,3)) and “internal” (SU,) symmetries which was not
successfully done by the conventional approach to the variable mass [2].

For the class II (when P? = 0), in the system P, = P, = P, = 0 we have

PV =-MP, P2W = P?, (9)

where P/ = My, + MZ-4P0P471, 1=1,2,3.

The generators P’ and M are those of the algebra P(3) which are evoked by
the group of translations and rotations in 3-dimentional Euclidean space. Since the
spectrum of W is continuous in this case, its values are, obviously, difficult to interpret
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physically in an acceptable fashion. If we put W =0 when V =0 ven if M # 0; an
additional invariant

W' =M?=s(s+1)1 (10)

appears, so that in this case all the representations are unitary and finite dimensional
and are labelled by the spin s =0, 3,1,....

The P(1,4)-invariant equation for the wave function of the particle (and antipar-
ticle) with variable mass m and arbitrary spin s has the form

(By/P2 + P? — z%) Vs, (8, @, x4) = 0. (11)

For the class III (when P2 = —n? < 0), in the system Py = P = 0 we have
V =4nMN, W =n?(N? — M?), (12)

where N = (Myy, Mya, Mp3). The generators M and N are those of the algebra
O(1,3) of the homogenous Lorentz group and V, W given in (12) are its invariants.
Therefore, according to ref. [5], in this case all the unitary irreducible representation
of P(1,4) are infinite dimensional and are labelled by the numbers 7, ly and [, where
n is arbitrary real, —1 <y < 1if [ =0 and [ is imaginary of [p = 3,1,....

In this case the P(1,4)-invariant equation for the wave function has the form

.0
(m/PHPz —n? ‘%) Ul (t, @, 24) = 0, (13)

where -1y =0,1,2,..., = <3 <[. We have got in this way, the infinite-dimensional
equation for the wave function. The physical sence of the numbers n, Iy, {1, I3 is not
as clear as in the former cases.

Note, by the way, that recently the infinite-dimensional equations have been inten-
sively discussed [6] (though the physical arguments underlying them are still rather
poor). Following the authors [6], one can try to find some physical sense for the
numbers 7, lo, l1, l3. However, it seems that the cases I and Il can more directly be
related to the problems of mass spectrum and unstable systems than the case III.

For the sake of completeness we mention that in the case IV when Py = P = P, =
0, we have V = W = 0. The generators M, remained are those of the algebra O(1,4)
of the homogenous De Sitter group, all representations of which are well known (see
e.g. ref. [7]) and the corresponding equations are written out in ref. [8].

Here we have written down the P(1,4)-invariant equations for variable mass iree
particles, more exactly, for elementary systems with respect to P(1,4) (but, of course,
non-elementary with respect to P(1,3)). The construction of the quantum field theory
on the basis of these equations and the introduction of interaction, in the framework of
the Lagrange formalism, are performed by total analogy with the conventional theory.
However, as a first step to the problems of mass spectrum and unstable systems it is
expedient to introduce some interactions in the quantum mechanical equations and to
study the corresponding models which is the subject of the next publications.
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O BOJIHOBBIX ypaBHEHHSIX B -IIPOCTPAHCTBE
MuUHKOBCKOr0

B.H. ®YI[HY, H.I0. KPHUBCKHH

The mass operator is determined as an independent dynamical variable related to the
generator Py of de Sitter’s inhomogeneous group P(1,4) in the Minkovski 5-space. The
classification of irreducible representations of the P(1,4) algebra is given. The wave
equations invariant under the P(1,4) group and describing the particles with arbitrary
spin and isospin are written down in the Schrédinger—Foldy form and isospin entering
the equations dynamically so as spin. The equations of the first degree with respect
to 9, (p = 0,1,2,3,4), invariant under P(1,4) that is, the equations of the Dirac
and Kemmer-Duffin type are considered in detail. It is shown that the equation of the
Kemmer—Duffin type in the Minkovski five-dimensional space describes a fermion of
the nucleon-antinucleon type but not boson than boson.

Report presented at the Conference on Composite Models of Elementary Particle
(Institute for Theoretical Physics, Kiev, Ukrainian SSR, June 1968).

OrmpeneseH onepatop Macchl Kak He3aBHUCHMasi IMHaMHUecKasi NepeMeHHasi, CBs3aHHast
¢ reHepatopoM Ps HeopHopoxHo#t rpymmel ge Currepa P(1,4) B 5-MepHOM MpoCTpaHC-
TBe MuHKoBcKoro. [IpoBenena knaccudrkauyis HENpPUBOIUMBIX NpeNCTaBJleHHH anre6psl
P(1,4). Beinucansl BosiHOBble ypaBHeHusi B opme lpenunrepa—Posan, HHBapHaHTHEIE
OTHOCHTENbHO rpymnbl P(1,4), onuchiBaOLMe YaCTHLB ¢ TPOU3BOJIbHBIM CIIHHOM H H30-
CITHHOM, TIPHYEM H30CMHH BXOAHUT B 3TH ypaBHEHHUs AMHAMHMYECKH, KaK M CIHH. [leTasbHO
paccMOTpeHbl MPUMepbl YpaBHeHHH mepBoi crenenu mo d, (u = 0,1,2,3,4), uHBapuas-
THBIX OTHOcHTesbHO P(1,4) — ypaBHenus tuma Hupaka u Kemmepa-dsdduna. IToka-
3aHo, uTO ypaBHeHHe THna KeMmepa—Jladduna B 5-MepHOM npocTpaHcTBe MHUHKOBCKOTO
OMMCEIBaeT He 0030H, a (PepPMHOH THIA HYKJOH-aHTHHYKJIOH.

Pa6ota 6bl1a nosoxkeHa Ha PaGoueM coBelllaHHM MO COCTaBHBIM MOJEJNSIM 3JieMeHTap-
HbIX yacTull, coctosBiueMcs B UT® AH YCCP B uione 1968 r.

§ 1. Beegenue. Bei6op rpynmnsl

Bomnpoc o HanucaHuM ¢U3HUECKH NPHEMJIEMBIX YPaBHEHHH, B KOTOPHIX MepeMeHHEle
THIIa M30CIHHA, TUNep3apsia BXOOUAM Obl IMHAMHUYECKH, HA PaBHBIX MPaBax CoO CIH-
HOM, OBl MOAHAT MHOTHMH aBTopaMHu (0630p 3TUX padoT cM. B [1]). B atux padorax
TJIaBHblE YCHJIMSI HANpaBJsINCh Ha 00belnHeHHe onHoponHo# rpymnnsl Jlopenua O(1,3)
C rpynnaMmu “BHYTpPeHHUX  cHMMeTpuil. Bosee nocsenoBaresbHOe pellleHHe 3TOrO BO-
npoca, OfHaKo, TpebyeT HETPHBUANBHOrO 0ObeNHHEHHsT HEOXHOPOAHOH rpymnmel JlopeH-
ua (rpynnet [lyankape P(1,3)) ¢ rpynnamu “BHyTpeHHUX  cuMmmetpuii. Oxupaercs,
YTO MMEHHO Ha 3TOM IyTH yHACTCS MOJNYUYUTb CHEKTP MacC U IpyTHe XapaKTEePUCTHKH
3JIEMEHTAPHBIX YACTHL.

OnHako, Kak MokasaHo B paboTtax [2], HEBO3MOXHO HETPHBHAJIbHO OOBEAWHUTD aJ-
reopy! P(1,3) u “BHyTpeHHHe” CHUMMETPUU B PaMKaxX KOHEUHOMepHOU anre6ps G, ec/u
onepatop macchl M2 = P2 — P2 umeer QuCKpeTHbIi crektp. B pa6ore [3] Gbu1 mo-
CTPO€H HeTPHUBHAJbHbIN NpuMmep anredpsl G O P(1,3) mas ciyuas, KOrga ornepaTtop

[Tpenpunr UTP-68-72, Kues, Ne 72, 1968, 38 c.
LAnre6pbl ¥ COOTBETCTBYIOIIME MM TPYTIbl 0603HAYACTCS 3/16Ch OJMHAKOBBIMH CHMBOJIAMH.



84 B.W. ®yuuu, M.IO. Kpusckuit

Macchl UMeeT yxKe [10J0CaThlii CIeKTP; HO U B 3TOM CJydyae 0KasaJsoch, 4To ajaredpa G
sBJIsleTca OecKoHeuHoMepHoH ajre6poit JIu. PaccmoTpenue e 6ecKOHEUHOMEPHBIX aJl-
re6p /s PU3NYeCKUX 3afady 3aTPYLHHUTENbHO KaK BBUIY OTCYTCTBHS pa3paboTaHHOIO
MaTeMaTH4YecKoro ammnapaTa TakKux ajredp, Tak U BBHLY HEOOXOAHMOCTH pelleHHs 3a-
BEJIOMO HeJIerKoH 3ajaud NpHIaHUs (PU3NUECKOrO CMBICJA, M0 KpalHeld Mepe, BCeM
ee KOMMYTHPYIOLIUM reHepatopaM. He roeopsi yxe o TOM, 4TO BOIPOC O HalHCaHHU
ypaBHeHUH [BUXKEHUS], UHBAPHAHTHBIX OTHOCHUTEJNbHO TaKUX ajreOp, COBepLIEHHO He
sceH. Bce 3To HaBOOUT Ha MBIC/b, UTO IIPH OTBICKAHUM O0O0beAHHSBIIE} KOHEUHOMEepPHOH
anre6psl G cllefilyeT, OUeBHIHO, OTKa3aTbCsl OT TPeGOBAHUS AHUCKPETHOCTH WM Jaxe
N0JI0CaTOCTH CIIEKTPa OMepaTopa MaccChkl, a KCIepUMEHTa/bHO HabJloflaeMble TUCKpe-
THble MacChl NbITATbCSl MOJNYYUTb KaK COOCTBEHHble 3HAUEHMs OllepaTopa Macchl IpH
HaJIM4YUU COOTBETCTBYIOILErO B3aUMOLEHCTBUS.

B naHHO# pabore mpensaraeTcss OAMH M3 BO3MOXHBIX CIOCOG0OB HETPHUBHAJBHOIO
06be/IMHeH s, B TepMMHAaX ypaBHEHHH ./ BOJNHOBBIX (yHKuMi? anre6per P(1,3) ¢
ajrebpamMy “BHYTPEHHHMX CHMMETPUH B paMKaX KOHeYHOMepHOH ajre6psl JIu, umero-
i onpeneseHHoe (usndeckoe onpasnanue. OH 0OCHOBAH Ha PacCMOTPEHUH ONepaTopa
(kBampaTa) Macchl Kak He3aBHCHMON NTHHAMHUYECKOH TepeMeHHOH, ompenensieMod Kak

M? = 5% 4+ P2, (1.1)

Toe s — HEeKOTOpbId (PUKCUPOBaHHBIN mapamerp, a Py, — omepatop THMA KOMIIOHEHT
8-ummnynbca P, KOMMYTHPYIOLHH co Bcemu reHepartopamu ajire6pnl P(1,3). CootHo-
lIeHWe MexAy dHeprued Py, 8-ummysnbcom Pu nepeMeHHoOH Maccoit M ¢usnueckont
CHCTEMbl OCTaBJIsIeTCs MPexXHUM (31ech Belony h = c = 1):

P2=P24 M>=P2+:?%  k=1234 (1.2)

Onpenenenune (1.1) menaetr P-mpocTpaHCTBO (OQHOH UYACTHLBI) MATHMEPHBIM: P =
(Po,ﬁ,P4). Eciu P- ¥ z-npocTpaHCTBa MO-NpeKHEMYy CUUTATb B3aUMHO COMpPSI2KeH-
HBIMH, [OCJefHee TOxXe OYAeT NSATUMepHBIM: x = (zg,Z,x4). EcTecTBeHHO 0CTaBUThH
32 BpeMeHeM t = zp U 8-KOOpIMHATOH X MPEKHIOW pOJb, a B KayeCcTBe T4 BHIOPATbH
(B XBaHTOBOH MeXaHHKe) THHAMHUYECKYIO MepeMeHHYI0, KAHOHUUECKH COTPSIKEHHYIO K
P,. Jlanee, ecnu He HapylaTh OOLIENPHUHSITYIO CBSI3b MeXKIY UMITYIbCHBIM H KOH(HUTY-
palMOHHBIM MPOCTPAHCTBAMH, TO TIpejJiaraeMas KOHLENIHS [epeMeHHOH Macchl Tpedy-
€T PacCMOTPEHHs TPYMIbl NPeobpa3oBaHUH OCTABJSALIMX UHBAPUAHTHOH MATHMEPHYIO

dopmy
=2 -2 —al=a? ©p=20,1,234, (1.3)

— HeopHoponHo# rpynnbl ne Cutrepa, anredpy koTopoil o6osHaunm kak P(1,4), B
otauume ot anrebpsl P(1,3) rpynnsl [lyankape.

CoBepllIeHHO OUEBHHO, YTO NIPUHATOE 3/I€Ch OINpeJIeIeH e OllepaTopa Macchl Kak He-
3aBHCHMOH AHHAMHYECKOH MepeMeHHOH siBjsieTcst 6ojiee OOMIUM U HETPUBUAJBHBIM (CM.
HUXKe) Naxke HJisl Caydasi OTCYTCTBHs B3auMonedcTBHs. OHO MOXKeT 0Ka3aThCsl IMJIOLO0-
TBOPHBIM (MJIM Ha)Ke HeOOXONMMBEIM) TPH ONHCAHHUHM HeCTaOMJIbHBIX YacTHL (CHCTEM)
KaK He 00Jafal0lUX (PUKCUPOBAHHOH MacCoH.

?Kaxk nokasaHo B [3], anre6pauueckas 3ajaua o MOAXOsIIeM BAoxKeHuH anre6ps P(1,3) B Gosee mupo-
KYI0 MOXeT ObITb C(hOPMYJHMpOBaHa B TePMHHAX YpaBHEHWH [/ BOJHOBBIX (PYHKLHH, YTO oOJjerdyaer HajuJje-
JKalluH (hU3uUecKUil aHalu3 00befUHSIOeH CXeMbl.
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YMecTHO HamOMHHTB, UTO HJesl MCIOJIb30BAHUS MATHMEPHOTO MPOCTPAHCTBA B (H-
3uke Oblna BeickazaHa ®. KyeliHOM 3a10J4ro 10 OCHOBaHHSI KBaHTOBOH TEOPHH U pac-
CMaTpHBaJ/iaCh B CaMbIX Pa3/HUHBIX BapHaHTaX (0630p OCHOBHBIX paGOT 3TOTO Hampas-
JIeHUsl CM., HampuMep, B MoHorpauu Pymepa [4]). OHa uHTeHCHBHO 06CyXAanach B
0611edl TeOPUH OTHOCUTENBHOCTH B CBSI3H C 00beJMHEHHEM TEOPHUH TATOTEHHUS U 3Je-
KTPUYECTBa, a B [JajbHEHIIEM — IOCTPOEHHEM BOJHOBOH MeXaHHKHU B MSITHMEPHOM
npoctpaHcTBe [4]. OnHO W3 OCHOBHBIX OTJHUHMH HAlllero pacCMOTPEHHs 3TOH HIEH co-
CTOUT (MOMHUMO HHTEPNPETALUH [ISITOH KOOPAHHATHI) B BEIGOPE TPyMIibl MpeotpasoBaHuil
KOOpPAAMHAT MATHMEPHOro MPOCTPaHCTBA.

B § 2 nanHoit pa6oThl HaliieHbl HHBapHAaHTHI aire6psl P(1,4), mpoBeneHa Kaaccudu-
Kalus HEMPUBOAMMBIX MpeacTaBieHuil aareopsl P(1,4), B kaacce I, korna P? = PE >
0, HalileHa KOHKpeTHasl pea/inM3allisl IpelCTaBJeHUs [Jis IeHepaToOpoB 3TOH a/iredpsl,
BBITIMCAHBI BOJIHOBbIe ypaBHeHHs1 B (opMe Ulpennnrepa—®Posny, vHBapHAHTHBIE OTHO-
CHUTeJIbHO BBIOpaHHOH rpynnbl. B § 3 naHa ¢pusuueckasi HHTepNpeTaLUsi BOJHOBBIX ypaB-
HeHHH, COIJIaCHO KOTOPOH ypaBHEHUs B KJacce [ ONUCBIBAIOT YacCTHLbl C NPOU3BOJb-
HBIM CIIMHOM M H30CHHHOM, NPHYEM H30CIHH BXOAWUT B 3TH ypaBHEHHs AMHAMHUYECKH,
Kak ¥ crnuH. B § 4 mpoBeneHa kjaaccH(pUKaLWs HENPUBOIUMBIX TPENCTaBJEHHH aJre-
6pet P(1,4) B npyrux Kjaaccax d BHIIMCAHB cooTBeTcTBYMoOUMe P(1,4)-uHBapuaHTHbIE
ypaBHenus®. B § 5 u 6 mertanbHo paccMoTpeHbl npuMepsl P(1,4)-HHBapHAHTHBIX ypaB-
HeHHH MepBOH CcTemneHW Mo O, B MATHMEPHOM MpocTpaHCTBe MHHKOBCKOIO — ypaB-
HeHus tuna [dupaka u Kemmepa-Isdduna. JI1o60nbITHO OTMETHTb, UYTO YpaBHEHHE
tuna Kemmepa—adpduna B cxeme P(1,4) onucbiBaeT He 0030HBI, a (hepMHOHbBI THIA
HYKJ/IOH-aHTHHYKJIOH.

§ 2. Knaccudukauus npencrasiaenuii aareopsr P(1,4).
BoJsHoBbIe ypaBHeHud B Kaacce I.
OpmuTOBBl reHepartopsl P, u J,,, anredpsl P(1,4) HeogHoponHo# rpynnsl ne Cut-
Tepa yIOBJIETBOPSIIOT COOTHOLIEHHUSIM

[P, P,)] =0, —i[Py, Juo) = 9w Ps — guo Py, (2.1a)

—t [Juuv Jpo] = GuoJvp + Gupduc — GupJve — Guodup, (2.10)
rae

goo =1, Gkl = —Ok; w,v,o,p=0,1,2,3 4; k,1=1,2,34, (2.2)

a, Jy,, — reHeparopsl ogHopoxaHoi rpynnsl e Currepa O(1,4). CoBOKymHOCTb reHepa-
TOPOB J,, = —J,,, TIOJE3HO I AaJibHEHIIero 3anucaTb B BUAE MaTPHUILbL:

0 Jor Jo2 Joz Joa
0 Jiz Jiz Jus

(Jw) = 0 Jog Joa |. (2.3)
0  J
0

3,[[er, KakK B ApPYyTHUX HO,[[O6HbIX 3alucAX, COOTBETCTBYIOIIHME MaTpHUYHbIE 3JIEMEHTbI
HUXKe TJIaBHOW JMaroHaJJd He BBLINHCAHBI. KpOMe TOro, AJs yHOpoOlLleHHs 3allucCH, HYJAHU

3KpaTKoe conepKaHHe HEKOTOPBIX Pe3y/bTaTOB, IPHBENEHHBIX B § 2-4, u3/oxeHo B [5].
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TJIaBHOH JMaroHa/jy B NMOJOOHBIX MaTpuiax OyaeM B JasbHeHIIeM OMycKaTb. 3aMeTHM,
KCTaTH, 4TO B OT/IM4Me oT caydass O(1,3), COBOKYNIHOCTb IeHepaTopoB J,, anredpsl
O(1,4) Henb3sl HcuepnaTb FPYNIHPOBAHHEM HX B 3-MepHble MJH 4-MepHble BEKTOPHI.
[TosTomy HH2Ke yallle BCero MPUXOAUTCS UMETb A0 C TEH30PHBIMH KOHCTPYKLHSMH.
Jl1s HamucaHMs BCeX BOJIHOBBIX ypaBHEHMH, HHBAPHAHTHBIX OTHOCHTE/bHO HEONHO-
ponsoit rpynnsl e Cutrepa P(1,4) (“P(1,4)-vHBapHaHTHBIX ypaBHEHHH”) U peanusyto-
KX TpeacTaB/eHus anare6pel P(1,4), Heo6X0AMMO HAHTH MHBAapHAHTBl 3TOH anredpsl,
NPOBECTH KJAcCHU(PUKALMIO MPEeJCTaBNIeHUH M0 3HAYEeHHSM HWHBApUAHTOB M HAHTH sB-
HbIH BHJ| ee IeHepaTOPOB B Pa3JIMYHBIX NPeNCTaBJeHHsX. fFCHO, 4TO OOHHUM M3 TaKHX
VHBapHaHTOB SIBJISETCA KBaApaT O-UMITyJbCa:
P?=p? - P? - P =P? p=0,1,2,3,4. (2.4)

w?

Jlnst OTBICKAHHS PYTHX HHBAPHAHTOB PACCMOTPHUM aHTHCHMMETPHUYHBIH TEH30D Tpe-
TBETO paHra

Uwa = Pudva + Padap + Padyuw. (2.5)

On umeer 10 He3aBUCHMbBIX KOMIOHEHT, MO3TOMY 3KBHBAJIEHTEH COOTBETCTBYIOLLEMY
aHTHCHMMETPHYHOMY TeH30py BTOPOTrO DaHTa w,,,, KOTOPHIE ONpeeJuM Kak

1

1
Wyy = Qeuvaﬁ’yPaJﬂ’Y = éswaﬂ'yUaﬁw (2.6)

TI€ €uvapy — €IMHHUHBIA IOJHOCTbIO AaHTHCHMMETDHUHBIE TEH30p MATOrO paHra c
€01234 = 1. COOTBETCTBHE MEXAY KOMIOHEHTaMH TeH30poB (2.5) u (2.6) ynoGHo 3amu-
caTb B MaTpPU4HOH (hopMe

Wo1 Wo2 Wp3 Wo4 —Usz4 —Us1a —Ui24 —Usai

_ w12 Wiz Wi4 | Uoza Upsz Upos
W23 W24 014 031

W34 Uo1i2

3amerum, yto B P(1,3) aHajoroMm TeH3opa w,, sBasercs 4-Bektop w, (cM. (2.56)
B [6]).

Hcnonbays (1.1), MOXKHO MOKa3aTh, YTO UMEIOT MECTO CJEAYION[He KOMMYTAlUOHHbIE
COOTHOLIEHHUS:

[P, wpe] =0,

—1 [J;LV7 wpa] = guawup + gllpwuo - gupwuo - guawupa (283)
=i [Wpws Wpo| = (GuoCupapy + GupEucay — GupEvoapy — Gvo€upasy) Padsy;

[P;u Uupa] = 0,

—1 [J[Ll/v Upaa = g,ucrUupa + gupU,uaa - gupchra - guaU,upow

—i [Ulwav Upow] = Gup (UWMP“/ - UVCY’YPU) — po(vap -y —vay-p)+ (2.86)
+uy(vap -0 —vao - p) —vp(pao -y — pory - ) + vo(pap -y — pory - p)—
—vy(pap - 0 — pao - p) + ap(pvo -y — pvy - o) — ac(pvp -y — pvy - p)+
+ay(pvp - o — pvo - p),

rae rnocJjeqHue cjaaraeMble 3alrdCaHbl CXeMaTU4YeCKH, HallpuMmep

wy(vap-o —vao - p) = guy(UvapPs — UvacPp).
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C nomomreio (2.1) 1 (2.8) MOXKHO IPOBEPUTD, UTO TOJBKO CKAJsSPHBIE ONEPATOPHI

1 1
V= *ZJ}“/'LU;LV = 7§5,ul/pa'a<],uu<]pdpaa (29)
1 2 1 2 1 2 72
W= 6U/u/a = §wpy = if)u‘]ua - PILPVJ/L”‘]V” (210)

KOMMYTHPYIOT CO BCeMH reHepatopaMu anre6pel P(1,4), T.e. sIBJASIOTCS ee MHBapHaH-
TaMd. MOXHO Takxe y6eIuTbCsl, YTO HHBAPUAHTOM SIBJISIeTCSl OIlepaTop 3HaKa Hepruu

Urak, anredpa P(1,4) umeer yeThipe uHBapuanta P2, V, W, €, 061uux 115 BCex ee
npencrasienuii. Kax sugno us (2.4), (2.10), (2.11), unpapuantsl P2, W u € noao6Hb 10
KOHCTPYKLHH COOTBETCTBYIOLIMM HHBapuaHTaM anredpel P(1,3), Torna kak HHBapHaHTa
tuna V anre6pa P(1,3) He nMeer.

Kak u B cayuae P(1,3) [7, 8], uesecooOpasHo pacCMOTPETb YeThipe KJacca Herpu-
BOAMMBIX TpeacTaBjaeHud anre6pul P(1,4), COOTBETCTBYIOIIME CAEAYIOMIUM 3HAUEHHUSIM
vHBapuanta P2

P2=32>0 — kiaacc [ P2=0, P#0 — xaacc II;
P?2=_n2<0 — kaacc III; P=0 — kJacce 1V;

TIe » W 1) — AeHCTBUTEJbHBIE YHCIA.

OcTaHOoBUMCS B 3TOM Naparpade U aHajsu3e NMpeACTaBaeHUs Kaacca 1. Yno6Ho pado-
TaTb B JOMYCTUMOH B 3TOM KJjacce “cucreMe nokos” Pr = 0. B aToii cucreme Py = e
U, KaK MOXHO yOemuThbesi, TeH30p (2.6) pemyuupyercss K 6-KOMIOHEHTHOMY TEH30pY:
KOMIIOHEHTHl wok, = 0, @ 0CTa/bHble KOMIIOHEHTHI Wy; COBMANAIT (C TOYHOCTHIO JIO £3¢)
C KOMIIOHEHTaMHU

Skt = Ju
Po=0

B YKa3aHOM HHKe MOpsiike, TaK UTO €ro MOXKHO 3amucath B (opMe 4 X 4-MaTpHLbL:

Wiz Wiz Wi4 Saz Sos Sz
(w;w) = W23  W24q = —&x S41 Si3 . (2.12)
W34 So1

WuBapuantel V u W B 3To# cuCTeMe MMEIOT BH:
1 ==
V= —ZSklwkl = E%LR, (213)

1 L
W= Jul, =5 <L2 +R2) : (2.14)

rae 3-BeKTOpBI
L = (Sa3, S31, 512), R = (S41, 542, Suz)- (2.15)

Hanomuum, kcratu, uyro B P(1,3) 4-Bektop w, B cucteMe P = ( coBmagaer c
3-BeKTOPOM CITHHA, KOMIIOHEHTAMH KOTOPOTO CYThb OmepaTopsl Jup, a,b = 1,2,3, B cu-
creme P = 0, T.e. MOMEHTHl Sy, COOCTBEHHBIX BpAllleHWH (TOUHEe TrOBOPSI, MOMEHTHI
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“BHYTpeHHMX  NBUXKeHHWH). fICHO mosToMy, UTO omepaTopsl Ji; = S B cucteme P, =0
TOXe CJIeflyeT MOHUMAaTh KaK MOMEHTBHl HEKOTOPBIX “BHYTPEHHUX  HBHKEHHH.

Onepatoper J; = Sk ABAsAIOTCS reHepaTopaMu anre6psl Oy TPYIIBl €BKJIHIOBBIX
BpallleHH# B 4-mpocTpaHcTBe. DTa TPyIa U sBJASETCS MaJjod rpymmoi rpymmsl P(1,4)
B kJsacce [. [Tosatomy 3anmaua o k/jaccHpUKaUWKA HENPHUBOAHWMBIX NPEACTABJEHHH aJre-
6pet P(1,4) B 3TOM KJiacce MO CYLUECTBY CBOAMTCS K XOPOLIO H3y4eHHOH (cM., Ha-
npumep, [6]) 3agade o KaaccHU(PUKALUH HENPUBOAUMBIX MNpencTaBieHH# anredpel Oy
Hanomuum, uTo Bce HempuBoauMble npeacTaBieust D(s,t) rpynmsl O(4) yHUTapHBI,
KOHEYHOMEpPHBI M HAEHTH(PHUUUPYeTCS IBYMsS UYHUCAaMH S WU t, BO3MOXKHbIE 3HAUEHHS
KOTOPBIX CyThb §,¢t = 0,1/2,1,.... DTH uKCIa ONPENESIOT COOCTBEHHbIE 3HAYEHHS HH-
apuantoB S 2 u T 2 anre6ps Oy:

S2=s(s+ 1)1, T?=tt+1)], (2.16)

rie 1 — (2s + 1)(2t + 1)-MepHas efMHHYHAs MaTPHLA, 8 KOMIOHEHTbl 3-BEKTOPOB Su
T cys

1 1
Sa = E(Sbc + S4a)a Ta = E(Sbc - S4a)7 (217)

rae (a,b,¢) = unka (1,2,3). Bekropsl, peasusyioline MaTpUuHble MPeACTABIEHHS
D(s,t) anre6psl Oy, (2s + 1)(2t + 1)-MepHbl, UX KOMIIOHEHTH HyMepyeTcst cOOCTBEH-
HBIMH 3HaYEeHUSIMH S3 U t3 orepaTopoB S3 U T3 (—s < s3 < s, —t < t3 <t).

OGpatim BHHMaHHe, YTO B Ka4eCTBE HE3aBHCHMbIX MHBapuHaHTOB anre6psl P(1,4) B

kaacce | MOXHO BEIGpaTh onmepatopsl P2, £, §2 i T 2, MOCKOMIBKY, Kak BHaHO 3 (2.17),
(2.13), (2.14),

= W 5 - W £
2 _ T2 — — V. 2.1
5 432 + Q%V’ 432 2%V (2.18)

[TosTomy cBoicTBa HempUBOAUMBIX mpeAacTaB/erue rpynmnsl P(1,4) B kaacce I, cBsizan-
Hble C MHBapHaHTaMH S2 4 T2 coBnagamwT co CBOACTBAMHU HeNpHUBOAUMBIX Mpe/CTaB-
JgeHn# rpynmsl Oy.

Takum 06pasom, Bce HenpHuBoauMble npeicTasienus D (s,t) rpynns P(1,4) B
kjacce | yHUTapHBI, KOHEYHOMEPHbl H MIEHTU(PULHUPYIOTCS YHUCIAMH s U t, a TaKxke
3HayeHueM s> uHBapuanta P2 u 3Hakom sHepruu € = +1. KommonenTts BekTOpoB W,
peasu3yoIMX npeacTasaenue DT (s, t), HyMepylOTCs UMCIaMH S3, ts.

s Hanucauust P(1,4)-MHBapHaHTHOrO BOJHOBOIO ypaBHeHHs B Kjacce | HeoGxo-
JUMO HaUTH KOHKPETHYI0 peaju3allvio NpeacTaBJ/eHNs Di(s,t), T.e. HAUTH SBHBIH BUJ
oneparopos P, u J,,, ONpeleNeHHbX B TOM WJHM MWHOM TMJIb0ePTOBOM IIPOCTPAHCTBE
BekTOpoB W, peausylolux npeacTasaenue DT (s t). 3ameTum, 4To 3amaua o Hammca-
Huu paxe P(1,3)-WHBAPUAHTHOrO YpaBHEHHUs [Jisl MPOU3BOJNBHOIO CIIHHA 3(P(PEKTHBHO
¥ H3SIHO peIIaeTcsi, TOJbKO eC/lH HalieH siBHbIA Bup reneparopoB P(1,3) B KaHo-
Hudeckod popme Ponnu-IlIupoxosa [9, 8]. EcTecTBeHHO MO3TOMY M B HallleM Cjyuae
HalTH npexje Bcero KaHoHuueckuil Bua tuna Posnpu-Ilupokosa ans renepatopos P,
uJy,,.
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Hcnonbays metonuky padot [8, 9], MOXKHO MOKa3aTb, YTO KAHOHUYECKHH BHJ TeHe-
patopoB P(1,4) ans npeacrasnenuit D¥ (s,t) BRIMAINT KakK

Py =cw = e\/p} + 2, Py = py,

Jkl = TEpr — TPk + Skl, (219)
eSum

w+x’

g
Jok = Topr — §($kw +wry) —

rae rpp; — ¥pr = My, — UH(PUHUTE3UMasbHble ONepaTOphl BpallleHWH B MJOCKOCTAX
(k,1), omepaTopsl Xy W pj YAOBJETBOPSIOT COOTHOLIEHHSIM

[xlmpl] = iakla [xk,l'l] = [pk'apl] = 07 kal = 1a2a374 (220)

(tak 4TO, HampuUMep, B X-MPENCTABIEHHU Py = —Of = —i0/0xk), a Sk — MOMeH-
Tl “BHYTPEHHHX  MNBHXKEHHH, peasusylolle MaTpPHYHOE HENPHBOLMMOE MpeiCTaBJIe-
Hue D(s,t) pasmepHoCcTH (25 + 1)(2t 4 1) anre6pel O4, 0 KOTOPOM [OBOPHJIOCH BBILLE.
[Ipu atom umeertcs B BuLy, uto omepatopbl (2.10) ompenesieHbl B rU/Ib0EpTOBOM MPO-
ctpaHcTBe BeKTop-QyHKUME U = U(Z, x4) (B z-npeacraBneHud unu ¥ = U(p,py)
p-TIPEACTABJEHHH U T.[1.) CO CKaJSIPHBIM [TPOM3BEIEHHEM

(0,0 = /d?’a: Ay U (T, 24) V' (Z,24) =
(2.21)
= /de dJC4 Z \I’*(f, $4,S3,t3)\11/(f, 1‘4,83,t3),

s3,t3

rae U (Z, x4, $3,t3) — KOMNOHeHTb BekTopa W(Z,x4). Pasymeercs, Bce npyrue BHIbI
renepatopos P(1,4) npencrasaenus DT (s,t) yuurapHo skBHBaseHTHH (2.19).

Temepb yxke serko mokasatb, uto P(1,4)-unBapuantHoe (B cmbiciae Poanu [9])
KBaHTOBO-MeXaHHUecKoe ypaBHeHHe 1Jisi BeKTopoB W Kak (DYHKLUHH BPeMeHH t = g,
peasu3yoIMX npeacTasaenue D¥ (s, t), uMeer BUI:

0V = HU, H =Py =¢e\/p?+pi+ 52, (2.22)

rae ¥ — (25+1)(2t+1)-KOMIOHEHTHBIH BEKTOP, KOMIIOHEHTB KOTOPOTO HYMepyIOTCsl Y-
c/aMu 83, t3, TAK 4TO, HAaPUMep, B z-npeacTaBaeHud Bektop U = U(x) = U(xg, T, 24),
a ero KommnoHeHtamu cytb V(xg, T, x4, S3,13).

O6patuM BHUMaHHe, YTO BpeMs ¢ = o U AMHAMHUECKHe NepeMeHHble & U x4 BXOAAT
B ypaBHeHHe (2.22) HecuMMeTpuuHO. [lo3TOMYy MOr/o Gbl MOKA3aThCsi, YTO YpaBHEHHE
(2.22) He WHBapUaHTHO OTHOCHUTENBHO HeomHopoxHoH rpynmnbl ne Currepa P(1,4). Ha
caMOM Ke JieJie 9TO ypaBHEHHe HHBapHaHTHO oTHocuTesbHO P(1,4) B Gosee obiiem,
4yeM 3TO OOBIUHO MPHUHATO, CMBICJE, 8 HMEHHO: M0J HHBAPUAHTHOCTBIO B cMblc/ie Ponnn
MIOHUMAETCS BBIMIOJIHEHHE YCJIOBUSA

[(ido — H), Q] ¥ =0, (2.23)

rie U — qi06oe peueHue ypaBHeHus (2.22), a Q — Jo6oi reneparop uz P(1,4),
WK J00as UX JMHeRHas KOMOUWHALMs, T.e. Jio6o# siemeHT anre6pel P(1,4). MoxHo
TNPOBEPUTDb, UYTO reHeparophl P, J,, B dopMe (2.19) mefcTBUTENBHO YLOBNETBOPSIOT
yeaosuio (2.23), Tak uto ypaBHenue (2.22) mefictButensHo P(1,4)-unsapuantao. Ero
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peternsi ¥ peasu3ylOT UMEHHO HENMPUBOLMMOE (EIMHCTBEHHOE C TOYHOCTBIO 10 YHH-
TapHO# 3KBUBa/NeHTHOCTH) npescTasienne DE (s, t), mockoabky W cyTh (25+1)(2t+1)-
KOMIOHEHTHble BeKTOphl U corsacHo (2.22) aas Hux P2 = 32U y e U = £,

3ameTHM, KCTaTH, YTO ecau K onepatopam P, u Jy,, anre6psl P(1,4) no6aButh
oreparopbl THMa OTpax<eHHi (UTO HEOOXOAMMO MPH paccMoTpeHHH TeopeMmbl THna CPT
B Hallle cxeMe, KOTOPOe 3/1eCh He NMPHBOAUTCS), TO ypaBHeHHe (2.22), BooOlie roBoOpS,
He OyzeT pea/jM30BaTb IIpeACTaB/eHHUs TaKOH pacLIMpeHHOH anre6pbl 75(1, 4). Henpuso-
IHMBIE TpeicTaBaeHns anre6psl P(1,4) cTPOATCS KAK MPSMbe CyMMbl HEIIPHBOLMMBIX
npeactasaenuit D*(s,t) anre6psi P(1,4). CooTBeTCTBYIOIIME YPABHEHHUS, peanusyio-
IHe MNpeACTaBJeHHs] anre6phl 75(1,4) HeTPYyAHO BBIMKCATh, UMesi siBHbIH Bup (2,19)
renepatopos P(1,4) B HEMPUBOAMMBIX MpeacTaBieHusax DT (s,t).

[IpuBenem 3mecb ABa MpUMepa TaKMX YypaBHEHHH, NMPEICTAaBJSIOIINX (DH3UUECKHH
untepec (cm. § 5 u 6). YpaBHenue, peanusymoiee npencrasaenus DT (s, t) ® D™ (s,t),
MMeeT BHA:

100 = HU = §y/5? + p2 + 520, 65((1) 01)7 (2.24)
a sBHBIE BuI reHepatopoB P(1,4) B 3ToM mpencraBieHuu coBmangaer ¢ (2.19), rme
3aMeHeHO

Skl 0
e — 0, Skl—>( 0 Sk-z>'

YpaBHeHHe, peasusyollee NpeaCTaB/IeHHe
Dt (s,t)® D" (t,s) ® D™ (s,t) ® D™ (t,5),

HMeeT BUM:

i0W = HU = B\/p? + p? + 2¥,  B= :%—.i e (2.25)

-1

rfle TOYKHU B MaTpuile 0603HAYal0T HyJH. B 5TOM MpeacTaB/eHHH SIBHBIH BUI TeHepaTo-
poB P(1,4) coBnapaer ¢ (2.19), roe 3ameneHo ¢ — B, a

Sab . . . S4a .
Sab N : Sab S4a N : 54(1

Sup - ) . Y

Sab . ' ' S4a
JleranbHoe 06CYyKIeHHe paclIpeHHOH ajredpbl ’/3(1,4) OyneT NpeaMeTOM ClleLHalb-
HOI'0 PaCCMOTPEHHUS.

§ 3 Pusnueckas uHTEpPIpETALU.
B npenpinymem naparpacge OblM MOJY4YeHbl BOJHOBBIE YpaBHeHHs KJjacca I, nHBa-
pUaHTHBIE OTHOCHUTEJBHO BPAILEHWH H TPAHC/ASIIHUH B H-MepHOM NpocTpaHcTBe MHUHKOB-
ckoro. IlprBenem 31ech BO3MOXKHYIO (PU3UUYECKYIO MHTEPNPETALUIO U3JI0KEHHOH BBILIE
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MaTeMaTHYeCKOH CXeMBl, MO3BOJIAIOUIYI0 pacCMaTPUBATh 9TH yPAaBHEHHS KaK ypPaBHEHHS
HlpenuHrepa AJsi BOMHOBBIX (DYHKLUH.

B p-npencraBsieHnH KOMIOHEHTHI BOTHOBOH (yHKUMSI U ypaBHeHus (2.22) siBasiores
(YHKLHSAMH LIECTH AMHAMHYeCKHX MepeMeHHBbIX COOTBeTCTBYIOLLEro MOJIHOro Habopa:
U(xg, P, P4, S3, t3). Kak 06bI9HO, OHM HHTEPIPETUPYIOTCS KaK aMIUIUTYIbl BEPOSTHOCTEH
NOJIy4eHHs], IPH U3MepPeHHH B JaHHBI MOMEHT BPeMeHH ¢ = T, YKa3aHHBIX 3Ha4YeHHH
nojiHOro Ha6opa. PU3HUECKHH CMBIC ONEpaTopoB Pu P NpUBEJIEH BO BBEIEHHH.
BrIsicHUM Ternepb BO3MOXHBIH (PU3UUECKHEH CMBIC/ OrepaTopoB Sz, 13.

Onepatops! (2.17) ynoB/eTBOPSIOT COOTHOLIEHUSIM

[Sa, Sy) = iSe,  [Tu, Ty = iTo, [Sa,gﬂ _ [Ta,fﬂ =[S, Ty = 0. (3.1)

Orciopa u u3 (2.19) scHo, 4TO 3-BEKTOPHI S u T moxuO TpPaKTOBaThb Kak OIepaTo-
pbl CIIMHA W M30CMHHA, MPUYeM, MOCKOABKY S # T BXOZAT B Halled cxeMe Ha paBs-
HBIX TpaBax, X MOXHO TPaKTOBaTb M KaK OMEpPaTOphl H30CNHHA W CIHHA COOTBET-
CTBeHHO. TakuM 00pas3oM, NpuHsiToe Hamu onpenesenre (1.1) omepatopa Macchl Kak
HE3aBUCUMOH NUHAMHUECKOH MepeMeHHOH a0 BO3MOXKHOCTb NHHAMHUECKH 00BeIu-
HuTh “BHewH00” (P(1,3)) u “BHyTpenH0K0” (M30cnnHOBY0 SU(2)7) cumMmmerpuu. Heii-
CTBUTEJIbHO, B OOBIYHOM IOAXOJlE B KauecTBe oObeAMHAOEH Ipynnbl 6epeTcs rpymnmna
P(1,3) ® SU(2)r, Tak 4yto reHeparopsl SU(2)r KOMMYTHpPYIOT ¢ reHeparopamu P(1,3)
(na>ke mpy HamM4KMK B3auMopedcTBHs). B Hamewm cayuae SU(2)r € Oy C P(1,4),
TOYHO Tak ke, kak u SU(2)s C Oy C P(1,4), t.e. 3mech rerepatopul SU(2)r, Kak
u SU(2)s, He KOMMyTHpYIOT ¢ reHepatopamu P(1,3) C P(1,4). Takum o6pa3om, u3o-
CIIMH, KaK W CIIMH, JeHCTBHUTEJbHO BXOIHUT B P(1,4)-MHBapHAHTHYIO TEOPHIO NHHAMH-
YeCKH.

Kak 6b1710 TOKa3aHo BhIle, YpaBHeHHe (2.22) peasu3yeT HEMPUBOAUMOE MpeNCcTaBIe-
nue D*(s,t) anre6psl P(1,4), T.e. onuchBaeT “saeMeHTapHy0” oTHOCUTEbHO P(1,4)
“gactuy” (npu € = +1 uau “antuvactuuy” mpu € = —1) ¢ DAHHBIMH 3HAYEHHSIMU
CIIMHA S, U30CNKHA t U napaMeTpa . [Ipocrefimne cocTossHUS 3TOH “yacTHLbl” 3anato-
TCS1 COOCTBEHHBIMU 3HAYEHHSIMU T10JIHOTO Habopa KOMMYTHPYIOLIMX MepeMeHHbIX. fIcHo,
YTO HempUBOmMMOe oTHocuTesibHO P(1,4) npencrasnenne D*(s,t) IPUBOIMMO OTHOCH-
teqabHO P(1,3), nosToMy onpeeseHHast 31ech “3JeMeHTapHas yacTHLa’ HeaJleMeHTap-
Ha B OOBIYHOM MOHUMaHHHU (T.e. oTHOcUTeNbHO P(1,3)). HeitctBuTenbHO, pelieHre ¥
ypaBHeHusi (2.22) ¢ DaHHBIMH § U ¢ COOEPXKUT KOMIIOHEHTBI, HyMepyeMble He TOJBKO
NpoeKIL el CIIMHA S3, HO U MPOEKLHeH H30CMUHA t3, TaK uTO (hakTHueckKH U omuchIBa-
eT LeJbli MyJbTHIIET — Habop COCTOSHHH C pas/MYHBIMH 3HAUEHUSIMH Kak t3, Tak
u s3. Hanpumep, npu ¢ = +1, s = 0, t = 1/2 Bektopnl ¥¥ onuchBalOT Me3oHHbBIE
u3ony06J/eThl THMA

e (G )= () (8
= = o | = ).
‘1’3,71/2 K K

[TapameTp »¢, sIBASIOLMHACA MOPOrOBBIM 3HaueHHeM CBOOOAHOH sHepruu E = w u
OJVHAKOBBIH J/1s1 BCEX UJIEHOB NaHHOTO MYJBTHIIJIETa, MOXXHO MOHMMAaTb KakK “3aTpaBo-
YHYI0” Maccy ToKosi MyJbTHIIeTa. KoHeuHo, BBeleHHe MOAXOASIIEr0 B3aUMOAEHCTBUS
B ypaBHeHHe (2.22) mpuBeneT K ONpele/eHHOMY pacLIelIeHHI0 MacC 4JIeHOB MYJIbTH-
nJera.
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HanomuuM, 4TO H30CIHH NPUHSATO OOBIYHO CBSI3bIBATH C 3apsimoM. [1ocKoJbKY OH
Bxomut B cxemy P(1,4) nuHamuuecku (Kak W CIMH), 3Ty CXeMy B IaHHOH HHTEepIpeTa-
LMK MOXKHO, MO-BUAMMOMY, PACCMATPUBATh KaK HEKOTOPYIO pean3aluio uieu 0O0benu-
HeHUs1 00Lel TeOPHH OTHOCHUTEJbHOCTH C TeopHell 3JeKTpoMexaHH3Ma, (PeHOMEHOJOTH-
YecKYI0 B TOM CMBICJIE, YTO 5-IIPOCTPAHCTBO B HALEM CJydae sBJASETCS MJIOCKUM.

[pensaraemblii MOAXOM MOXKET OKa3aThCsl MJIOAOTBOPHBIM [l MOCJEI0BATENBHOTO
OTHCAHUSI HeCTaOUJIBHBIX CHCTeM (PE30HAHCOB, YACTHLl ¢ He(PHKCHPOBAHHOH Maccoil)
yXe B paMKax KBaHTOBOH MexaHHMKu!. M3BecTHO, uTO MpH KBaHTOBOMEXAHHUECKOM
OMMCaHUU HeCTabHJbHBIX CHCTEM mpuxomuTcsi (cM. Hampumep, [10] 1. 5) HckaTh KoM-
TJIeKCHble COOCTBEHHbIE 3HAUEHHUs OrepaTopa SHEpPruu, 006si3aHHOTO OBITb SPMUTOBBIM B
THJIbOEPTOBOM MPOCTPAHCTBE BOJHOBHIX (DYHKLHUH, T.e. (paKTUYECKH BBIXOAHTDb 32 PAMKH
rUIb0epTOBa MPOCTPAHCTBA, YTO BJIEUET 3a COOOH HApYIIEHHe TAKHX OCHOBHBIX MPHH-
LIMIIOB, KaK YHUTAPHOCTb, 3PMUTOBOCTD # T.m. [11].

[TonoGHble TPYIHOCTH OTCYTCTBYIOT B MpelJjaraeMoM KBaHTOBOMEXaHMYECKOM IO[-
xoze. JleficTBUTENBHO, 3[eCh OMEpaTOp Macchl (PUTypUpPYeT KakK He3aBUCHMas OHHAMH-
yeckasi lepeMeHHast, OH 3PMHUTOB, ONpefesieH B THJIbOEPTOBOM MPOCTPAHCTBE, MOITOMY
MOXKHO HCKaTh ero coOCTBEeHHbIe 3HaueHusi m?, pacnpesesnenus p(m?) B TOM XKe THJb-
6epTOBOM MPOCTPAHCTBE TOYHO TaK XKe, KAK HILYyTCsS COOCTBEHHbIE 3HAYEHHUSI U pacIpe-
IeJIeHUsl AJisi ONepaTopoB HEPruH, UMIYJAbCa W APYTHX AHHAMUYECKHX MepeMeHHBIX.
Hanpumep, ecin n3BecTHa crauuoHapHas BosnHoBas QyHKuusg VU = {U(Z, x4, ss,t3)},
BoOOIIe TOBOPsi, HECTAOUJIBHOTO MYJbTHIETa (MMeeTCss B BHUAY: PelleHHe ypaBHEHHS
tuna (2.22) o He 3aBUCSILIMM OT BPEMEHH X B3aUMONEHCTBUEM), TO

2
2 3 —ivm?2—s?x =
p(m 753at3) = /d € /d1746 4\11(13,.1‘4,337t3) . (32)
Ecnu kpusast (3.2) ¢ maHHBIMH S3, t3 UMeeT OIMH MAaKCHUMYM, TO 3KCIIEPUMEHTAJbHO
HaGJT}O[LaeMaﬂ Macca 4JacTulbl C JaHHBIMH S3, t3 onpeneJisieTcs JU60 TOYKOH MaKCHUMYy-
Ma, Jubo U3

m2 = /d?’x day U (F, 24, 83,t3) (02 + 32)U(Z, 24, 53, t3), (3.3)
a ee cpejiHee BPeMsl JKM3HHU T — H3 COOTHOILEHHS
m2 72 =1. (3.4)

Ecau xe kpuBast (3.2) vMeeT HECKOJbKO MAaKCHMYMOB, TO TOUKH 3TUX MaKCHMyMOB
COOTBETCTBYIOT KCIIEPUMEHTAJNbHO HAOJMIONaEMbIM MaccaM HecTabUbHBIX YACTHL, 8 UX
BpeMeHa >KU3HH OIpelesIsIIoTCs [0 MOoJyLIHpUHe KpUBoH (3.2) B 06/1aCTH COOTBETCTBY-
oIMX MakcuMyMoB. Hakowmeu, ecau p(m?, s3,t3) conepxut §-06pasHyto 0COGEHHOCTb
B TOUKe m? = m3, TO My OTOXKNECTBJSETCSH C MACCOH CTAOUJIBHON YaCTHIIBL.

BaxXHO OTMeTHTb, UTO COIJIACHO MPHHATOH HHTEPIPETALHH peasibHO HabJIfaeMble
“cBOOOIHBIe” YaCTHULbl, KAK CTAOHJbHbIE, TaK U HeCcTaOUJIbHbIE, OMUCLIBAIOTCS He CBO-
6onHbiM ypaBHeHueM (2.22), a ypaBHeHHeM THma (2.22) ¢ MOAXOAAIIMM B3auMomeH-
CTBHEM, HapyUIaIUIUM 73(1,4)-HHBapI/IaHTHOCTb, HO, KOHeyHo, coxpaHswomuM P(1,3)-
MHBAapHAHTHOCTB". UTO KacaeTcs pelleHHil CBOGONHOTO ypaBHeHus (2.22), TO OHH ONH-
CBIBAIOT THIIOTETHYECKHE (“roJsible”) COCTOSIHHS, KOTOPHIE MOTYT M He COOTBETCTBOBATh

4Quesnano, cTPOroe paccMoTpeHUe MONOOHBIX 3ajad TPeGyeT KBAHTOBOMOMEBOTO MOAXO0NA, @ KBaHTOBOMe-
XaHUYeCKHMH MOAXOA MOXKHO PacCMaTpPHBaTh JIMIIb KaK MOJy()eHOMEHOJIOTHYeCKHH.

5B 3TOM cMbIc/le TIpUBeZIeHHOE 3/1ech paccMoTperHe P(1,4)-CHMMETpHH ABJAeTCS JHIb 6a30#l IS TOM-
XOJSILLLEr0 HAPYLIEHHs ee — aHAJOTMUHO pacCMOTpeHHIo U HapyueHuu SU (n)-cHMMeTpHEL.
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HUKaKHM peasbHbBIM 4YacThuaM. C TOUKHM 3peHHsl TaKOH HWHTEepIpeTanuy CyIIeCTBYIOT
JIBa THIa B3aUMOJEHCTBUI: B3aUMONeHCTBHe, oOycaaB/uBaiollee “o0naueHHe” 4acTHIL,
NpUCylllee AaxKe aCUMITOTHYECKHM COCTOSIHUAIM, W OOblYHOE B3aUMONEHCTBHE, OTBET-
CTBEHHOE 3a paccesiHUsl peasbHBIX (“o6sadeHHBbIX”) yacTHU. [losToMy, B 4acTHOCTH,
5-MepHbIH 3aKOH COXpaHEHHsi, BBITEKAOUMH W3 cBoGoaHOH P(1,4)-MHBapHaHTHOH Cxe-
MBI, MOXKET U He HMETb peasbHOr0 CMBICJA.

[MonuepkHeM, 4TO MpHBENeHHAs 31eCh MHTeprperaius cxembl P(1,4) U, B 4acTHO-
CTH, YIOMSIHYTOTO BBILI€e MOJHOr0 Habopa KOMMYTHPYIOIKX NTepeMeHHbIX 6a3upoBanach,
TJIaBHBIH 00pa3oM, Ha OMpefiesieHHH Oreparopa NepeMeHHOH Macchl Kak He3aBUCHMON
IVHAMHMYeCKOH MepeMeHHOH. DTa WHTeplpeTalls, OfHAKO, He MpeTeHAyeT Ha eIHH-
CTBEHHOCTb M 3aKOHUEHHOCTb. B 4acTHOCTH, BOMpPOC O MPUAAHUM “NSITOH KOOpAHWHATE”
x4 60JIee HermocpenCTBEHHOr0 (PU3UUECKOr0 CMBIC/IA, YEM TOT, KOTOPHIH 3aJI0XKEH B ee
ornpefesieHUH KaK IUHAMHUUECKOH MepeMeHHOH, KAHOHUYECKHU COMPSIXKEHHOW K MacCOBOU
nepeMeHHOH P, a Takxe oneparopaM Tuna Jos, Jaa, @ = 1,2,3 31ecp He obcyxaa-
etcs. bosee moppo6GHOe o6CyXaeHHe BONPOCOB HMHTEPHpPETalUH BO3MOXKHO TOJbKO B
CBSI3U C pellleHUeM ypaBHeHWH Tuma (2.22) ¢ moaXoAsilUMK B3aUMOINEHCTBUSMH, UYTO
He SIBJIsSleTCS NPeAMeTOM JaHHOH paboThl.

§ 4. BoaHoBble ypaBHeHUS B IPYTHX Kjaccax.
PaccmoTprM Terepb KpaTKO Ipyrue Kijacchl npeactaBieHud anrebpsl P(1,4). das
knacca Il (rme P?2 = 0, P # 0) B mONycTHMOl 31eCh CHCTeMe p; = Py = py = 0
TeH30p (2.6) BBINISAHT Kak

(01) (02) (03) (04)

Jao J14 0 Jo1
(12) (13) (14)

Joa +edus | €dog | Jog + €32

(wul/> =—D3 23) (24) ) (4.1a)
ey | Joa +eJi3
(34)
€J21

rie € = Py/P;, a undpsl B cKOOKax yKasbBalOT, UeMy PaBHBI COOTBETCTBYOIIHE KOM-
(01)
TIOHEHTbl TeH30pa w,, . Hanpumep, cuMBo J 42 O3HauaeT, 4To wor = —P3Jyn. Kak

BUAHO U3 (4.1a) TeH30p w,, HMMeeT TOJNbKO ILIECTb HEHY/EBBIX KOMIIOHEHTOB, KOTODBIE
N0JI€3HO 3aMucaTb B BUIE:

W40 Wo1 Wig J{Q J{S Pll
(wuv) = Wp2 W24 =—P3 Jés P2/ , (4.16)
w12 Py
rape
L' = (Jhg, Jiy, Ji5) = (Jia, Jos, Ji2), (4.2a)
Pll = Jog + €J39, PQI = Jo1 +¢eJis, Pé = Joa + a3, (4.20)

WuBapuantel V u W B 3To# cUCTeMe MMEIOT BHI:

V = —Jiawig — Jogwas — Jiowiz = PV, (4.3)
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W = wi, + w3, +wi, = PsW/, (4.4)
rue
vi=DpP, wp’ (4.5)

Hcnonbays (2.1), MOXXHO MOKa3aTb, UTO onepatopsl (4.2) yIOBJAETBOPSIOT COOTHOIIIE-
HUSAM

[P, P]] =0, i[Ph, Jp] = 0ab Pl — Sac Py, (4.6a)
7: [ (;b’ J(//d] - 5ad<]éc + 51)0‘]&6[ - 6ac']};d - 6bd<](;c. (466)

Orciofa BUIHO, 4To onepatopsl P, u J/, siBAsIOTCS reHepaTopaMu anredpsl P(3), nopo-
JKIEHHOU IPYNno# TPaHCASUMH U BpalleHHH B TPEXMEPHOM €BKJHAOBOM MPOCTPAHCTRE.
WuBapuantamu 3TOH asnreOpbl, Kak MOXKHO YOeNHTLCs, SIBJSIOTCS reHepatopsl (4.5).
Cornacho (4.3), (4.4), unBapuantel V u W anre6psl P(1,4) B 3TOM Ciydae COBIALAIOT
(c ToyHOCTBIO 1O MHOXHTessi P3) ¢ uHBapuaHTamu anre6pel P(3). Ilostomy Kaaccu-
(GrKalus HeNpUBOAMMBIX MpencraBjeHuit anare6pol P(1,4) B kaacce II mo cyuiectBy
CBOIMTCS K KJaCCU(UKAIWK HENPUBOAMMBIX TpeacTaBieHui anrebper P(3). He 6y-
J€eM 37leCb OCTaHAaBJIMBAThCsl GoJiee MOAPOOHO HA TOM CJydae, MOCKOJBKY, KaK BHIHO
u3 (4.6) u (4.4), unBapuantel W’ u W nMeIOT HenpepoiBHBIA CIEKTP, KOTOPOMY, Oue-
BUJHO, TPYAHO MpPUAATb NpPUeMJeMblH (DU3HUECKHH CMBIC/I. PaccMOTPUM HHXKe TOJIBKO
cayyaih W = 0.

B cnysae W = 0 (npu npoussosibHEIX P3 u J!,), cormacHo (4.4) u (4.5), P, =0,
nostomy u unsapuant V' = 0. Kak BuaHo u3 (4.16), tensop wy, = wy,/Ps nmeer
Tenepb TOJBKO TPU OTJIMUHEIE OT HYJIs KOMIIOHEHTbI, COBIAfAIOLIHe C OnepaTopamMu J.,.
[Tostomy anrebpa P(1,4) uMeeT B 3TOM cjyyae HOMOJHUTENbHBIH HHBAPUAHT

1
W = §J1/1b2' (4.7)
CornacHo (4.66) 3TOT MHBapUaHT SBJSIETCS MHBapUAHTOM aareopnl Os:
W = s(s+ 1)1,

rie 1 — (2s + 1)-MepHasi eqMHMYHAs MaTPHIa, a BO3MOXKHLIE 3HAUEHHS S CYTb § =
0,1/2,1,.... CnenoBaresibHO, KJ1acCH(pHUKALUS HENPUBOAUMBIX MPEACTABJIEHUE anreGpbl
P(1,4) mo cyuecTBY CBOOMUTCS 3/eCh K KAaCCU(PUKALMK HEMPUBOAUMBIX MPeaCTaBIeHHH
D(s) anre6pst Os.

Takum o6pasom, B ciaydae P2=0, W=V =0,P # (0 BCe HENpUBOAUMBIE
npencrasnenus D*(s) rpynmbl P(1,4) yHUTapHbI, KOHeYHOMEpHbI (MMeHHO: (25 + 1)-
MepHbI) ¥ HIEHTH(PULIHUPYIOTCS 3HAKOM SHEPTHH € = £1 U YHCJIOM .

fBHbIil BUI reHepaTopos anre6psl P(1,4) misi atoro cayuasi, Kak MOXKHO yOeanTbCs,
¢opmasibHO coBmanaet ¢ (2.19) mpu 3 = 0, HO npu 3TOM Sk PeasU3yIT MpeacTaBaeHHEe
D(s,0) mpu € = +1 u D(0,s = t) npu € = —1; qmbo D(0,s = t) npu € = +1
u D(s,0) npu ¢ = —1 anredpbl Oy, T.€. Sy = &Sy, e Sap — (25 + 1)-MepHbIE
MaTpHLbl, peasu3yiolllie COOTBETCTBYIOIHME HENPHBOAMMbIE MpelCTaBJeHHs] anre6pbl
Oj. Teneparopsl P, J,,, B 3TOM cilydae peaiusyior npeicrasiaenne D (s,0) = DT (s)
u D™(0,t =s) = D (s) npu Sy, = +eSp. unut DT(0,t = s) = DV (s) u D~ (s,0) npu
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Siq = —€Spe. OTCIOAA SICHO, YTO YUCJIO § MOKHO OTOXKJECTBUTb JMOO CO COUHOM, JHOO0
C M30CIIHHOM.

Takum obpasom, HenmpuBoAMMOMY MpencTaBjeHuto kaacca II nng W = 0 B oTinune
OT KJacca I, MOKHO comocTaBUTh JMG0 3JeMeHTapHYI0 4acTHLy (C NepeMeHHOH Mac-
col m = \/172), UMEIOLLYIO CIIHH §, HO He MMEIOLLYI0 M30CIHHA, JUOO0 3/1eMEeHTapHYI0
YacTULLY, UMEIOLLYI0 U30CHUH ¢ = S, HO He HMEIOLLYIO CIHHA.

P(1,4)-uHBapHaHTHOE ypaBHEHHe [IJis BOJHOBOH (DYHKIMH TaKOH 4YacTHULBl (WU
AHTUYACTHILIb) UMeeT BHI:

10V = HU, H =e\/pi =e\/p? +m?, (4.8)

rae ¥ = ¥(z) = U(xg, &, x4) — (25+1)-KOMIOHEHTHAs BEJIHUHHA, KOMIIOHEHTBI KOTOPOH
U(xg, T, x4, S3) HYMEPYIOTCS HHIEKCOM S3, —S < s3 < s.

PaccmoTpuM nasee mpencrasienus kaacca IlI, korna P?2 = —n? < 0. B nonyctumoi
agech cucteme Py = P =0 (B koTopoil Py = 4n) TeH3op (2.6) UMeeT TONBKO LIECThb
HeHYJIEBBIX KOMIIOHEHT Y BBITJISAUT Kak

(01) | (02) | (03)
Jog | Ja1 | Ji2
_ (12) | (13)
(w}ul> - $77 Jgo J()2 ? (49)
(23)
J1o

WNuBapuantel V u W uMeroT 31ech BUL:
V = —Jorwas — Jogwsy — Jogwiz = £nLN, (4.10)
W = —wiy — wiy — wig + wiy +wis +wis = (N2 —L?), (4.11)
rie
L= (Ja3, J51,012), N = (Jou, Joz, Jo3)-

Kak Bunno us (4.9) u (2.16), HeHy/eBble KOMIOHEHTbI TeH30pa w,, = Fntw,
ynosJetBopsitor anrebpe O(1,3) omHoponHo#t rpynmsl JlopeHua. MHBapuanTamu 3Toi
ajireOpbl, KaK M3BECTHO, SIBJISIOTCS ONEepaTophbl

—

LN wu N2?2-1L2 (4.12)

CorsiacHo (4.10), (4.11) aTH omepaTopbl COBMAAaoT (C TOYHOCTBIO 0 MOCTOSIHHBIX MHO-
KuTesnel) ¢ nHBapuantamu anrebpsl P(1,4). [losTomy KaaccHdUKaLKs HEMPUBOAUMBIX
npeacraBaeHuil anre6pel P(1,4) cBomutes K KaacCHM(UKAaLUKW HENPUBOAMMBIX MPEs-
craBienuit anrebper O(1,3). Bee mpencraienusi 3Tod aareGpsl MOJHOCTBI) H3Yy4eHbI
lenbdannom u Haltmapkom [12].

HamomuuMm, 4To B mPOCTpaHCTBeE, Ile peasu3ylTcst HENPUBOAUMbIE TPENCTaBJEHH s
anre6pul O(1,3), oneparoper (4.12) nmeror crektp

LN =ilghi, N?2-L?=-(@2+12-1)]i, (4.13)
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rie 1 — emuHWUHBIA omeparop, a lp = 0,1/2,1,..., Iy — mo6oe uucio. OTciona sicHO,
4TO B MPOCTPAHCTBE, II€ Pean3yiTCsl HEPUBOAUMBIE MpeacTaBieHus anre6po P(1,4),

V = +inlyl 1, W= -n?(I2+12-1)1. (4.14)

B atom kisacce rpynna P(1,4), kak u rpynna O(1,3), uMeeT yHUTapHble U HEYHH-
TapHble MPEeACTaBJeHH s, B 3aBUCUMOCTH OT 3HaueHHUH unces ly, [;. [Ipuuem Bce yHUTap-
Hble HENPUBOAUMBIE NPeACTaB/eHUs rpynnel P(1,4) GecKOHeEYHOMEPHbl M HAEHTHHLH-
pYIOTCSl 4ucaaMu 1, o U 1y, Toe n — Jawboe nedicTBUTe bHOE yucao, —1 <13 < 1 npu
lo =0 uly — uucro muumMoe mput lo = 1/2,1,.... [IpeacrasieHusi, COOTBETCTBYIOLIHE
BCEM APYTHUM 3HAYeHHSIM 4uces ly U [1, HEYHUTApHBI; CPEld HHUX HUMEIOTCS KaK KOHe-
YHOMEpHBIE, TaK U GeckoHeuHOMepHbe. B coorBeTcTBUU ¢ aTuM P(1,4)-uHBapUaHTHbIE
BOJIHOBbIE YPABHEHHS] C KOHEUHBIM UYHC/JIOM KOMIOHEHT (KOHEUHOKOMIIOHEHTHbIE ypaB-
HeHUs]) peasiu3yloT TOJbKO HeyHHTapHble TpeAcTaB/eHUs: anrebpsl P(1,4). YHUTapHble
JKe TIPeACTaBJeHHs B 3TOM KJacce MOTyT peasjH30BaThCsl JHUIb OeCKOHEYHOKOMIIOHEH-
THBIMHM yPaBHEHUSIMH.

OTMeTHM 31eCh TO JIOOONBITHOE 0OCTOSATENBCTBO, UYTO BCE MPEACTABJEHHUS OIHOPO-
nuo#t rpymnmnet Jlopenua O(1,3) cBsizaHbl He ¢ NpPeICTABAEHUSIMH OOIIENPUHSATON TPYIITIbL
peJISITUBUCTCKON cuMMeTpur — rpynmbl [lyankape P(1,3), a ¢ npeacTaBjieHUsIMH HMeH-
HO HeopHOponHOH rpynmbl fe Cutrepa P(1,4) B 5-mpoctpakcTBe MUHKOBCKOrO.

P(1,4)-nHBapraHTHbIE BOJHOBBIE YDABHEHHs B 9TOM KJacCe MMEIOT BHI:

<z'ao Fy\/p} — n2> o) (g, &, 24,1, 13) = 0, (4.15)

tne | —lp = 0,1,2,..., =1 < I3 < [. OHU KOHEUYHOKOMITIOHEHTHBbl HJH OeCKOHEUHO-
KOMIIOHEHTHBI B 3aBUCHUMOCTH OT 3HaueHWH uuces [y 4 1. JlokasaTesbCcTBa TOTO, 4TO
ypaBHenus (4.8), (4.15) P(1,4)-uHBapHAHTHB U PEANU3YIOT COOTBETCTBYIOLINE HEMpPH-
BOIMMbIE TIPEACTABJEHHUS, TPOBOASATCH aHANOTHYHO N0Ka3aTesNbCTBaM, NIPUBEIEHHBIM B
CBSI3U ¢ ypaBHeHUeM (2.22).

OG6paTuM BHHUMaHHWe, YTO eCJM Mbl HamepeHbl pelleHUsiM W ypaBHeHus (4.15) mpu-
JaBaTb (PU3MUYECKHUH CMBICJ BOJHOBOH (DYHKLUHH — aMIUIMTYABl COOTBETCTBYHOLIEH Be-
POSITHOCTH — TO 4Hucaa lg ¥ [y DOMKHBl OBITH TAaKUMH, 4ToObl W peasi3oBaju yHH-
TapHble TpelCcTaB/eHUs, KOTOpble, KAK OTMEUaJoch BHUIlEe, 6€CKOHEYHOMepHE, a U —
6eCKOHeYHOKOMIIOHEHTHBl. B mocjienHee BpeMsi 6€CKOHEUHOKOMIIOHEHTHbIE ypaBHEHUS
HUHTeHCHUBHO obcyxnatotcesi [13], xoTs W 6e3 HOCTaTOUHO OOOCHOBAHHBIX apPryMEHTOB
B N0JIb3y WX HamucaHus. B HalleMm ke ciydae GeCKOHEYHOKOMIAHEHTHBIE ypaBHEHHUS
SBJISIIOTCS HENPEMEHHBIM CJIEACTBUEM MPUHATOH Tpynnel cumMerpud. [IpaBna, ¢pusuye-
CKUH CMBICJ BeJUYUH 1), lg, l1, I, I3 He cTOMb siceH, KaK BeJWYMH, (QUTYPUPYIOLIUX B
BOJIHOBBIX (DyHKIMsX ypaBHeHuH kmacca | u II. Coenys aBropam [13], MOKHO ObLJIO
Obl MBITATHCS MPHUIATH KAKOHU-TO (PU3UUECKHWH CMbICA 3THUM BesnndynHaMm. OpHako cuiy-
yau | u Il umeror Gosnee HemocpenCTBEHHOE OTHOILIEHHE K MpobJeMaM CIeKTpa Macc U
HecTabUIBHBEIX cUCTeM, ueM caydai [II.

Hnst monHOTH oTMeTHM, 4TO B caydae [V, xorma Py = P = Py, =0, umeem V =
W = 0. Anre6pa P(1,4) B aToM caydae penyuupyercs K anreépe O(1,4) onHopoxHOH
rpynnsl ne CHUTTepa, BCe MpeNCTaBAeHHs KOTOPOH M3BeCTHBI (CM., Hampumep, [l4]), a
COOTBETCTBYIOIIME YpaBHEHHUsl BhIUCAHBI B [1].

[IpuBeneHHble 31ech KBaHTOBOMexaHHueckKue ypaBHeHusi LlpennHrepa—Ponnu ymno-
OHBl [/ TIepexoia K KBa3HUPEJSTUBUCTCKOMY MPUOJMKEHHIO MPH y4yeTe H30CIHHOBBIX
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¥ CNTHHOBBIX 3(P(heKTOB (IIpH BBeIEHHH, KOHEUHO, TTOAXOASIIEr0 B3auMonelcTeus). [1pn
TEOPETHUKOIIOJIEBBIX PACCMOTPEHHUSIX OOBIYHO HCXOAAT U3 YpPaBHEHHH MepBOro nopsiika
no 0,. Takue ypaBHeHMs, KaK IOKa3aHO B INOCJelyloOLIMX naparpadax, MOXKHO IO-
JYYUTh U3 BHINUCAHHBIX B § 2 U § 4 ypaBHeHUH YHUTapHBIM NpeoOpa3oBaHUEM THMA
@onnn-BoTtxoiisena. [TocTpoeHne e KBaHTOBOK TeOPHH N0Jsl Ha 6a3e JMHEHHEIX 110 J,,
yYpaBHeHHMH W BBelleHHe B3aUMOJEHCTBUH B paMKax JarpaHxesa (popMa/nn3Ma MpOBOIH-
TCs B MOJIHOM aHasmoruu ¢ obblyHo# P(1,4)-nHBapraHTHOH Teopuel. B 3akioueHue
3TOro maparpada 3aMeTHM, YTO BCe MpPHUBENEHHble 31eChb pesyibrathl ags P(1,4) Ges
IPUHLHKIHANBHBIX 3aTPyIHEHNH 06061anTces (MCKI04as, KOHEYHO, BOIPOCH HHTepIIpe-
Tauuu) U Ha rpynny P(1,n) TpaHcasuuMi U BpalleHUH B (1 -+ n)-MepHOM MPOCTPAHCTBE
MunkoBckoro.

§ 5. ¥paBHenus tuna Jlupaka
PaccmoTpuM mpocTeiilliee ypaBHeHHe, SIBHO HHBapHaHTHOE OTHOCHTEJBHO TPYMIIbl
P(1,4). HanomHuM, 4To MMeeTcs MATh Matpul Jlupaka 7, YAOBIETBOPSIOLIHUX COO-
THOLLEHHUSIM

Y Vv + VoV = 2g,uua w= 0,1,2,3,4, (51)

TIe Yo — IPMHUTOBA, a Yk, k = 1,2,3,4 — aHTUIPMHUTOBBI, NIPUUEM

Yo=B=mryr (AWM 1= —%717273)- (5.2)
YpaBuenune Jlupaka B 5-npocTpaHcTBe MUHKOBCKOTO UMEET BHI:

(ivuby — 2)¥ = (i7000 + ik 0k — 2)¥ =0 (5.3a)
UJTH

(19,0, + 2)¥ = 0. (5.36)

YpaHenue (5.3) Obio BeinucaHo emie Jupakom. Harua uesb — BBISICHHTB, Kakoe
npexnctasieHue anre6psl P(1,4) peannsyer coBOKYIHOCTb pelueHnit ¥ ypaBHeHus (5.3).
[Tpu aTom Mbl GyneM cieoBaTh He TPaIULHOHHOH MeTONHKe, KOTOPOH OOBIUHO MOJIb-
ayercs (cM., HanpuMep, [12]) u KoTopasi (haKTHYeCKH BBHISCHSIET BONPOC O peasnH3alyu
ypaBHeHuneM [lupaka B 4-mpocTpaHoTBe MMHKOBOKOrO INpeacTaBjeHus He rpynmnsl [ly-
ankape P(1,3), a auwb ogHoponHoit rpymnmet Jlopenua O(1,3). 3amMeTuM, KCTaTH, 4TO
MOCKOJIbKY HCXOAHOM TpyNnod HHBapHaHTHOCTU siBJsieTcsi MMeHnHo P(1,3) (B Haruem
caydae P(1,4)), a e O(1,3) (O(1,4)), Heo6X0OMMO C CaMOro Hauyasa CTaBHTb W pe-
IIaTh BOIPOC O pealu3allli pelLIeHHsMH TOTO WJIM HHOrO ypaBHEHHs INpeICcTaBJIeHHs
rpynnet P(1,3) (P(1,4)), a ve O(1,3) (O(1,4)).

3mech MBI MMOJIb3yeMCsl METONUKOMN, MPUTOAHON 1JIsl aHasu3a Kak ypaBHeHus [upa-
Ka, Tak ¥ JPYTMX BOJIHOBBIX ypaBHEHWH (JIHHEHHBIX HeJHHEHHBIX MO O,), TpHUeM B
npousBosibHOM (1 + m)-MepHOM mpocTpaHcTBe MuHkoBckoro. OHa OCHOBaHa Ha MaTe-
MaTHUECKH CTPOroMm ornpenejeHdu (2.23) MOHATHS HHBAPUAHTHOCTH BOJIHOBOTO ypaB-
HeHusi. U3 ompenesenusi (2.23) sicHo, YTO AJIsi pellieHHsi Bompoca 06 WHBAapHAHTHOCTH
BOJIHOBOTO YpaBHEHHs OTHOCHTeJbHO rpynnsl P(1,7m) HeoOXOAMMO HaHTH SIBHBIH BHA
resepartopos P,, J,, aare6pel P(1,n), cB3aHHBIA C NaHHBIM ypaBHEHHEM TeM, 4TO
ero ramujbronnan H u onepatop idy = 10/0t MOMKHBI KOMMYTHPOBAaTh C reHepaTopa-
MU Py, J,, Kak renepatop Fy. [lanee, 3Has BHbIH BHJ I'eHepaTOPOB, MOXHO HaHTH B
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SIBHOM BHJIe MHBapuaHThl anreGpel P(1,m) ¥ TeM caMbIM PELIUTh BOMPOC O TOM, KAKOe
MUMEHHO Mpe[CTaBJeHHe TOH ajarebpbl peaqudyeT pPelleHUsi JAHHOTO yPaBHEHHUSI.
[pouanocTpupyeM 3Ty METONMKY Ha mpumepe ypaBHeHus (5.3).
3anuiiem ypaBHeHue (5.3a) B raMHIbTOHOBOH (hopme

10gW = HY, H = apy, + B, ar = YoVk- (5.32")

HenocpencTtBeHHOH MpoBepKOH MOXHO YOeNUTbCS, YTO SIBHBIH BHI TreHepaTopoB P,

Jyuv, YIOBJIETBOPSIOIIMX COOTHOLIeHUAM (2.1), B 1aHHOM caydae BBITISIIUT Kak

Py = H = agpi + B, Py = pr, = —ipx,
Iyl = Tkpr — TPk + Skis (5.4)

1
Jok = Topr — 5(581@130 + Poxy),

rze
i
Sk = 1(%% = NVk)- (5.5)

3ameTuM, 4TO “OpOUTa/bHBIE” W CIHH-U30CIHUHOBbIE MOMEHTHl My U Sy B OTHeNb-
HOCTH He KOMMYTHUPYIOT ¢ H. DTo, 0ofHaKo, He O3HauaeT, YTO B CBOOOTHOH TEOpHH,
OCHOBAaHHOH Ha ypaBHeHWH (5.3), OHM He COXPaHSIOTCA. DTO JIUUIbL O3HAUaeT, 4TO B
npencrasieHun Jlupaka (5.4) nepeMeHHble T, T4, OT KOTOPBIX 3aBUCHUT BOJIHOBas (hyH-
Kuust ¥, Hesb3si TPAKTOBAaTh KaK COOTBETCTBYIOL[ME KOOPIMHATHI, aAdKBaTHAs HHTEp-
IpeTalusl BOJIHOBOH (DYHKIHMH BO3MOXKHA TOJbKO B mpencraBaeHun Posnnn-IlIupokosa
(cMm. § 2), roe, kak BuaHO U3 (2.19), “opOuTasibHbie” U CIHUH-U30CMTHMHOBbIE MOMEHTHI B
OTIeJIbHOCTH KOMMYTHPYIOT ¢ raMuJbToOHHaHOM. Kak u3BecTHO (cM., Hampumep, [19]),
aHaJIOTHYHAsi CUTyauusi ¢ ypaBHeHueM [upaka umeer mecto W B P(1,3): coxpaHsito-
muecss MPU OTCYTCTBUU B3aMMONEHCTBHUS KaXKAblH B OTHENbHOCTH OpOUTANBHBIN M)
U CIIHHOBBI S, MOMEHTBl KOMMYTHPYIOT C FaMHJIbTOHHAHOM TOJIbKO B MPeaCTaBJIeHHN
®onpu-Illupokosa, HO He B mpexacTaBjaeHud Jlupaka.

Wwmest siBubiii B (5.4) renepatopos P(1,4), MOXKHO NPOBEPUTb, UTO ycaosue (2,23)
BBIMIOJIHSIETCS, T.€, ypaBHeHue (5.3) nefictBuresvHo P(1,4)-uHBaprantHo. st KOHKpe-
THOCTH JaJbHEHLINX PaccyKIeHHH yI0OHO BHIOpATh 7y, B BHIE:

(0 o, (01 (10
’Ya_(o_a 0 )7 ’74_2(1 0)7 70:6_<0 1)) (56)
rae 1 — nByXMepHasi elMHHYHAS MaTpPHIA, 0, — MaTpUllbl Ilaysu, B3siThie B BUJE:
(01 (0 =i (1 0
=\ 1ro0) 27\i o) B7\o -1 )

Torma onepatopsl (2.17) cnuHa W W30COMHA JJIsI YaCTHIIbI, OMKCHIBAEMOH ypaBHEHH-
em (5.3), UMEOT BU],

1/ 0, 0 1/0 0
si=5(% o) m=3(0 ) 67

a MX KBajlpaThl, COBMajalIle ¢ HHBapHaHTaMHu (2.18), uMeroT BUI:

2 3(1 0 = 3(0 0
S=3lo o) T =30 1) (5.8)
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Ilanee, vupapuanT P? = s, a UHBapMaHT — 3HAK SHEPrHM £ coBmanaer (B CHCTeMe
pr. = 0) ¢ matpuueii G.

N3 dopmyn pnas 52, fz, S3, T5 1 € = (3 BUIHO, UTO COBOKYIHOCTb pelleHHH
ypaBHenus (5.3a) peanusyer yeTHpexMepHOe MPUBOLUMOE TipencTaBienue D1 (1/2,0)®
D~(0,1/2) anre6pst P(1,4). Takum 06pazom, B COOTBETCTBUH C MHTEPNpeTaLHed Yncel
s u t, ypaBHeHue [upaka (5.3a) onucbiBaeT MYJbTHILIET THUIIA

\I/+
1/2,0
U — Y , (5.9)
\1’0,1/2
roe W — CIHHOP-H30CKAMSAP, OMUCHIBAIOIIMHA (PEPMHOH CO CMHHOM § = 1/2 U u30-
1/2,0 ’

cnuHoM ¢t = 0 (yactuuy THma A — THIepoH), a o1/

folMe aHTHB030H ¢ s = 0 u t = 1/2 (auTnyactuuy tuna K — me3on)®.

AHaJOrHUHO MOXKHO MMOKa3aTb, 4TO ypaBHeHHe (5.36) peasiMsyeT TMpeacTaBjeHHe
D=(1/2,0) ® D*(0,1/2) anre6psl P(1,4), T.e. oNUCbIBaeT YacTHIy THNa K W aHTHYa-
ctuny tuma A. dBHbIE BHI reHepatopos P, J,, B 3TOM cay4ae mosy4aercs us (5.4)
3aMeHOH » — —s UIu § — —[3.

Urak, B otanuure oT ypaBHenust Jupaka B cxeme P(1,3), ypaBHenue Hupaka (5.3)
B cxeme P(1,4) He OMUCHIBAET CHMMETPHUUHBIM 0OPA30M YaCTHIBl M aHTHYACTHIBI, a
3HauyuT, He OyleT UHBApPUAHTHBIM OTHOCHUTeJ/bHO Npeobpasosanuil tuna C'PT. U3 ana-
nu3a ypasaenuit (5.3a) u (5.36) BunHo, uto B cxeme P(1,4) ypaBHeHHe, OMHUCHIBAIOLIEE
YaCTHULBl U aHTUYACTULB CUMMETPUYHO, TOJKHO Peasn3oBaTh MpelcTaBIeHHe

Dt <%,0> @ D" <0, %) ® D~ <%,0> ® D~ (0,%) ) (5.10)

OKaSbIBaeTCH, YTO TaKO€ ypaBHEHHE HMeeT BUI!:

— CKaJIsip-H30CIHHOp, ONHChIBA-

(il 0, — )W = (iTody + iTx 0% — )W = 0, (5.11)

rae 8 x 8—matpuusl I'), cyTh

(0 % (1 0
(00 ) me(0) 612

dBubiit Bua reneparopos P(1,4) aas (5.11) BbIrIaguT Kak

Py =H =Tol'kpr + o, Py, = py,
Ik = My + Swi, (5.13)
Jow = wopr — 3(x1Po + Poxs),

rae

1

SklE4

Sy 0
(rkrl—rlrk):< gl S ) (5.14)

63ameriM, ketaTH, 4TO Gosee coziepKaTesibHO OblJIo Obl Ha3BaTb 0030H THna K He u3onybJeToM, a
CIMUHOCHHIVIET-U30y0/1eTOM, a (hepMHUOH THNA A — CIHHOAYOGJIET-H30CHHIJIETOM.
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VI3 SIBHOrO BHAa COOTBETCTBYIOLIHX 8 X 8-Matpuiu S2, T2, S3, T3 u ¢ = I'y BU-
IHO, 4TO ypaBHeHHe (5.11) meficTBUTeNbHO peanusyet npencrasieHue (5.10), T.e., uto
BoJsiHOBast (hyHKIKS ¥ (BOCBMHKOMIIOHEHTHBIH CIIHHOP) MMeeT BHI:

+
V)0
\IJ+
0,1/2
v=| o2 (5.15)
V)0
V12

BocbmukomnonenTHoe ypasHenue (5.11) siBisiercst oGbeqMHEHHEM YeTHIPEXKOMITO-

HEHTHBIX ypaBHeHH# (5.3a) u (5.36). HdeilicTBUTebHO, Gepsi FL =Qr,.Q", rue

e=3(1 )
oJIy4YuM
\I’;r/z,o
r;g;(”f 0) r':(% 0) v | Y|l ey
0 v )’ 0 0 - /)’ Ly
\I/sil/2

3ameTnM, 4To Mofo6Hoe oObenrHeHue ypaBHeHuil Jupaka B cxeme P(1,3) TpuBHaJIbHO:
BOCBMHKOMIIOHEHTHOE ypaBHeHue ¢ MaTtpuuamu Iy, Tg (nau I, T}), Kak U ypaBHeHHe

C
T — Yo O "_ Y O
Lo ) Tl )

peasnusyet npenctasienue 2[DT(1/2) & D~ (1/2)] anredpst P(1,3).
Bosnosast dyukius ypasuenusi (5.11) (uaw maxe (5.3)) onmucbIBaeT HENPUBBHIYHBIE
MYJbTUIJIETB: OHA 0ObeIUHSET B OLUH MYJbTUINET (hepMUOHBI U 6030HHI. Hanpumep,

D10, KOHEUHO He 03Hayaet, uyTo ypaBHeHue (5.11) HeymIOBNETBOPUTEJBHO C TOUKH 3pe-
HUS, HallpuMep, 3aKOHA COXpaHeHUs GapHoHHOro yucsa. [locsenHuil Mulb HaKIaAbIBa-
€T OrpaHWYeHHs] HAa BO3MOXKHbIE BHJIbl B3aUMOJEHCTBUH.

Kak ormeuasnoch Bellle, A/ afleKBaTHOH (DHU3UUECKOH HHTepIpeTaluyd BOJHOBOH
¢yHkuun ¥ Kak (YHKIUH KOOPOMHAT Z, T4 HEOOXONHUMO INepeHTH OT MpeACTaBJe-
Hus [upaka K mpencraBieHuo Dosgu. DTOT Mepexol OCYLIECTBJSETCS B MOMOLLBIO
YHUTApHOT0 Mpeobpa3oBaHUs

Agpr D _
U = exp (—z o arctg; , p=1\/pi, (5.18)




O BOJIHOBBIX YpaBHEHHSIX B O-MPOCTpaHCTBe MUHKOBCKOTO 101

rae

(5.19)

4 — iV, mas ypaBHenus (5.3)
P il'x, nas ypaBHenus (5.11).

B npencraBnenun @onau ypasnenus (5.3), (5.11) umeroT Bun:

i00W = By/p? + 520, (5.20)

rae B = vy, —7v0, 0 0 ypaBHeHu# (5.3a), (5.36), (5.11) cooTBeTcTBeHHO. SIBHBIE BHU-
nbl (5.4), (5.13) reneparopos P,, J,, mnepexoidr np 3ToM npeo6pasosanuu B (2.19),
TJIe HYXKHO TMOJIOXKHTh € = 7o, —Yo, Lo MJIs1 caydaes (5.3a), (5.36), (5.11) cooTBeTcTBEH-
HO, a omepaTtophl Si; 3anatwrcs Gopmyaamu (5.5) u (5.14) mas ypasHenue (5.3) u (5.11)
COOTBETCTBEHHO.

§ 6. YpaBHenue Tuna Kemmepa-dacdpuna
PaccMoTprM Ternepb aHajor ypaBHeHHH, onucbiBarouux B cxeme P(1,4) 6030HbI CO
ciuHoM O ¥ 1, a UMeHHO, ypaBHeHHs B 5-IpocTpaHCTBe MUHKOBCKOrO BHAA

(Bu0u + ) = (BrOk + 0505 + 2) = 0, (6.1)
rae 05 = i0/0xs = —i0/0t = —i0;, a NATh PMUTOBBIX MaTpHIl (3, yNOB/JETBOPSIOT
anre6pe Kemmepa-Jladpdpuna—Ilerne (KIIT):

ﬁuﬁl/ﬁ)\ + ﬁ)\ﬁuﬁu = 6;1,1/5/\ + 6Al/6ua MV, A=1,2,3,4,5. (62)
Haunusiuee npencrasienue anrebpet (6.2) peannsyercs 6 X 6-MaTpuuamu BUaa

1 .
1
61 = s ﬂ? = ;
1 1
Ba=| . s B= ] (6.3)
1 1
ﬁf) = . )
-1
1

rae Toukd 0603HA4yalT Hy/AH. ¥Yno6Ho 3amucaTb (6.3) cxemaruyecku B Bume Tabia. l.
B aro#i Tabauile ykasaHo, Kakue 3JEeMEHThl MAaTPHULl PaBHbI efuHHIE (BCe OCTajbHbIE
paBHBl Hys0). Jsisi cpaBHEHMS HAMOMHHM, YTO HAWHHU3ILEe MPEACTaBJEHHE ajreGpbl
KAIT B P(1,3) (1.e. nnsi pu < 4) peanusyercsi 4eTbIpbMsl 5 X H-MaTpHLAMH.
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Ta6auua 1

Bi| B2 | Bz | Ba| Bs

1,6 | 2,6 | 3,6 | 46 | 5,6
6,1]62]|63)|64]|6,5

C TOMOIIbI0 H3JIOXKEHHOH B § 5 MeTOmMHKH MOXKHO MOKasaTh, 4To ypaBHeHue (6.1) ¢
maTpuuamu (6.3) peasusyer npeacTaBIeHHe

D*(0,0)® D~(0,0) ® D(1/2,1/2), (6.4)

TZle TI0 MEepBBIM ABYM CjlaraeMelM npeopasytorcst “cymiectBeHHble” (essential) xommo-
HEHTBI BEKTOpPa (, HA KOTOPBIX OMEpaTop SHEPTHH OTJIHUEH OT HYJIs, & [0 OCTaJbHBIM
neym — “mumnue” (redundant) KOMIOHEHTH BEKTOpa (p, HAa KOTOPHIX OIMEpaTop SHep-
ruu paBeH Hyuwo. [locnenHue He UMeIOT (PU3HUECKOrO CMBICHA, HO, KaK U B P(1,3), oHu
BO3HHMKAIOT BO BCeX JIMHEHHBEIX M0 J, yPaBHEHMSX, 32 MCKJIOUEHHEM yPaBHEHMH THMa
Hupaka. [Ipeo6pazosanue Posnny B TAKUX CAYYastX HE TONBKO pasfesisieT COCTOSHUS 110
3HaKy SHEPTHH, HO U JaeT BO3MOKHOCTb MHBAPUAHTHBIM CIOCOOOM OTOPOCHUTH JIMIIHHE
KOMIIOHEHTHI.

Takum o6pasom, ypaBHenue (5.1) ¢ marpuiamu (6.3), KOTOpoe SIBJISIETCS JIHHEAPH-
30BaHHBIM ypaBHeHHeM KneliHa-TopnoHa B 5-mpocTpaHcTBe MUHKOBCKOTO, OMHUCHIBAeT
yacTulpl ¢ s =t = 0.

OcranoBuMcst 6osiee feTaJbHO Ha BeCbMa MHTePeCHOM ciydyae — ypaBHeHHH (6.1) ¢
15 x 15-matpunamu 3, peaqusyomumMu anre6py (6.2). dTu MaTpHILLl MOXKHO BbIOPaTh,
HamprMep, B BHJE, CXeMaTHUECKH 3alHCAaHHOM B TabJl. 2, Tjie YKa3aHbl JHIIb OTJIHUHbIE
OT HyJfl 3JIeMeHThl MaTpul B, paBHble £1.

Tabauua 2
B B2 B3 Ba Bs
4,15 | 15,4 3,15 | 15,3 2,15 5,12 | 1,15 | 15,1 | 1,14 | 14,1
7,14 | 14,7 6,14 | 14,6 5,14 | 14,5 | —5,13 | —13,5 | —2,13 | —13,2
9,13 | 13,9 8,13 | 13,8 | —8,12 | —12,8 | —6,12 | —12,6 | —3,12 | —12,3
10,12 | 12,10 | —10,11 | —11,10 | —9,11 | —11,9 | —7,11 | —11,7 | —4,11 | —11,4

BrisicHUM Temepb, Kakoe NpeJCTaBleHHe Peasu3yeT COBOKYNHOCTb PelleHHH ¢ ypa-
BHeHus (6.1) ¢ matpuuamu (3 taba. 2.

Hcnonbayss MeTonuky, paspabotanHyio B [16] mis npuBeneHus ypaBHeHHs Kemme-
pa-Hapduna 8 P(1,3) Kk popme Ilpenunrepa, MoxkHO MoKasaTb, 4To ypaBHeHHe (6.1)
5KBHBAJIEHTHO ypaBHEHHIO

i0p = Hop, H = Ssipk + P52, (6.5)
e
Ssi. = 1(Bs8k — BrBs), k=1,2,34
Jlerko y6enuTbes, 4TO BeaeACTBHE (6.2) SpMHUTOBBl MaTpPHUILbI

S,uu = i(ﬂ/ugu - /BL//B/L) (66)
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YIOBJIETBOPSIIOT KOMMYTALIMOHHEIM COOTHOLIEHHUSIM NIl TeHepaTopoB anredpel Os, T.e.
peanusyoT 15-MepHOe TpenctaB/ieHHe 3ToH ajirebpel. Mcnosnb3ysi siBHBIA BUI MaTPHIL
B, Taba. 2, HaXOOMM, YTO BeJHYHHA, COOTBETCTBYIOLlass HHBAPHAHTY P2 P(1,4),
HMeeT BHI:

14

P?=H? —p} = »°32 = , (6.7)

14

0

rIe BepXHHE HMHAEKCH B MaTpule 0003HA4al0T Pa3MepHOCTH eIUHUYHBIX H HYJEBbIX
MaTpull, a MaTPULbl Sj; UMEIOT BULL, CXeMaTHUECKH 3alUCaHHbIH B TabJl. 3, rae yKasaHbl
JIULIb OTJWYHBIE OT HYJs 3JE€MEHTbl MaTpuL Sy, paBHble +1.

Ta6auua 3
1512 1S13 1514
3,4 | —4,3 2.4 | —4,2 1,4 | —4,1
6,7 | —7.6 57 | 7.5 | =59 9,5
89 | —9.8 | —810| 10,8 | —6,10| 10,6
1,12 | 12,11 | —11,13 | —13,11 | —11,14 | 14,11
1593 1594 1534
2.3 | —3,2 1,3 | —3,1 1,2 | —2.1
56 | —6,5 | —58 85 6,8 | —8.6
9,10 | —10,9 7.10 | —10,7 7.9 | —9.7
12,13 | 13,12 | —12,14 | 14,12 | —13,14 | 14,13

W3 tabn. 3 BUAHO, UTO Sk; UMEET CJAeNyOLIUNA KBa3WaUaroHa bHbIH BUJ:

4
Skl

Sk
Skt = ; (6.8)
Sii

0

rie Si, u SP, peannsyior, cOOTBETCTBEHHO, 4-MepHOe U 6-MepHOe MpeACTaB/IeHHUs ai-
re6pel Oy4. Jlanee, KBagpaThl BEKTOPOB CIMHA U M30CIHHA, KOMIIOHEHTbl KOTOPBIX CYyTh

1 1
Sa = i(Sbc + S4a)a Ta i(Sbc - S4a)a

HMEIOT BHU

- 16

: (6.9)

o
—
IS
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a KBaapaTbl KOMIOHEHT S3, T35 paBHBI

144
51

S2=T2= % 1 . (6.10)

0

M3 (6.9) u (6.10) BugHo, uto 15 x 15-marpuusl Sy; U3 (6.6), uMeromne Bun (6.8),
peaJsiu3yioT NpeacTaBJeHKe

D (; ;) ® D(1,0)® D(0,1) & D <2 ;) & D(0,0) (6.11)

anre6per Oy.

Il ycTaHOBJEHHsT TOro, KaKOe HMEHHO mpeacTaBieHue anreGpel P(1,4) peasnu-
3yeTcsi pelleHUsIMH ypaBHeHus (6.1) ¢ 15 x 15-matpuuamu B, HEOOXOMMMO JHaroHa-
JIM3UPOBaTh ONEPATOpP 3HaKa HEePruu, KOTOpPBIH (B CHCTeMe py) coBmajaer ¢ (5. JTO
OCYILECTBJISIETCS C TIOMOLIBIO Peo6pasoBaHUs

B, = AB AT, (6.12)

rae OTJMYHbE OT HYJS MaTpPUUHble 7eMeHTh Matpull A u A~! cuMBoJMYecKH 3amuca-
Hbl B TaOs. 4 U 5: HanpuMep, cuMBoOJa “2.5,9” B Tab/a. 5 03HauaeT, 4To (2A‘1)5’9 =2,

T.e. (A71)59 =1, a cumBoa “—11,4” osnauaer, uto (A7) 4 = —1/2.

Tabanna 4

L1 -1,14| 2,2 —2,13 | 3,3| =3,12| 4,4 | 411

Als1| 514 62| 613| 7.3 7,12| 84 | 811

9,5 10,6 | 11,7 | 12,8 | 13,9 | 14,10 | 15,15

Tabauna 5
1,1 1,5 2,2 | 2.6 3,3 3,7 4,4 4,8

2471 25,9 | 2.6,10 | 27,11 | 28,12 | 29,13 | 2.10,12 | 2.15,5
11,4 | 11,8 | —12,3 | 12,7 | 13,2 | —13,6 | —14,1| 14,5

B atom mpexncTaBiieHuH
14
e=0; = —14 . (6.13)
07

U3 dopmya (6.7), (6,9), (6.10) u (6.13) BumHo, uto ypaBHeHue (6.1) ¢ 15 x 15-
MatpuLaMu 3, peasusyeT NpeicTaBieHHe

DT (; ;) ® D~ (; ;) @ D(1,0) @ D(0,1) @ D(0,0), (6.14)
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TJle 110 NepBbIM JBYM cJjaraeMblM [Ipeo0pasyioTcs CyllecTBeHHble KOMIIOHEHTbl BEKTOpa
©, peanusyIollie yKa3aHHbIe mpelcraBjieHusi anare6pol P(1,4), a M0 oCTajbHBIM ABYM
npeobpasyoTcs JUILIHAE KOMIOHEHTH. Pasymeercs, (U3NUECKUH CMBICT HUMEIOT TOJBKO
BOCEMb KOMIOHEHT, peajusywliue mpenctasaedne DT (1/2,1/2) & D~(1/2,1/2), xo-
TOpble UHBAPHAHTHBEIM 06pa3oM OTHENSI0TCS OT CeMM JIMIIHUX KOMIIOHEHT C MOMOLILbIO
npeo6pasoBanus tuna Posaau:

U =exp (—zﬂ;pk

arctg 3) . p=/pd (6.15)
Vs

[Tpu atom mnpeoGpasoBanuu ypaBHeHue (6.1) ¢ 15 x 15-marpuuaMu paclienssercs Ha

[Ba HE3aBUCHMbIX ypaBHEHHS: ONHO — /sl CYLIECTBEHHBIX KOMIOHEHT W(xg, T, x4, S3,

t3), s3, t3 = £1/2, coBnanaoliee ¢ ypaBHeHueM (2,24); a npyroe — mJsi JHIIHUX KOM-

noHeHT (X, T, T4, S3,t3), S3, t3 = 0,+1, u po(xo, &, x4), HE UMEIOUUX (HU3UIECKOTO

CMBICJIA.

Takum o6pasom, ypaBHeHHe Kemmepa—IadduHa B 5-MepHOM mpocTpaHcTBe MuH-
KOBCKOT'O OITMCHIBAET CUMMETPHUHBIM 00pa3oM (DePMHUOHBI U aHTH(EPMHUOHBI CO CIUHOM
¥ H30CTHHOM § =t = 1/2 (MYy/bTHIIETH THNA CIHHOAYO/ET-H30AYO/IET), T.€., HATPU-
Mep, CHCTeMBbI THIa HYKJOH-aHTHHYKJOH (IV, ZV).

3mech Mbl orpaHHYHIHCh paccmoTpeHHeM P(1,4)-MHBapHaHTHBIX ypaBHEHHH TH-
na [Mupaka u Kemmepa-[s¢pdurHa. AHanornuHo MOryT OBITb PaCCMOTPEHBI U ApyrHe
JIMHeHHBle 10 0, ypaBHEHHS B O-MeDHOM IIPOCTDPAHCTBE, HANPUMep, yPaBHEHHs THIIA
Papura-Illsunrepa, [Naynu—-®upua u np. Ilpu stom dopmanusm Papura-IllBunrepa,
Pa3BUTBHIH AJS HAX0XKIEeHUS yPaBHEHUH IS YACTHUL C NPOU3BOJNBHBIM CIIMHOM B ’P(l, 3),
Jierko of6oouaercst U Ha caydail rpynnsl P(1,4). DTo cBsI3aHO C HaJMYHUEM IISITH Ma-
TpUL 7, ¢ = 0,1,2,3,4, ynosnerTsopsiromux anrebpe (5.1), mpuyem B opmasnusme
Papura-IlIBunrepa a5 P(1,4) paBHONPABHO HCNOMb3YIOTCS BCe NMATh MATpPHL 7. 3a-
MEeTHM, KCTaTH, uTo B caydae anrebpel KIT (6.2) cutyauusi uHas; He CyLIeCTByeT
nstoil 10 x 10-MaTpuIsl, yroBaeTBopsolLel anredpe (6.2).

B 3ak/oueHnH oTMeTHM, 4TO OOUIME BUA JHHeHHBIX 1o 0, P(1,4)-MHBapHAHTHBIX
yYpaBHEHHUH BBITJIIAUT Kak

(Bu0y, + )@ =0, (6.16)
rJle 5PMUTOBH MaTPHULE! 53, yIOBIETBOPSIOT anredpe

[B;u Jocp] = g;szp - gupBou

6.17
B, B,B\ — B,B\B, — B,B\B,, + B\B,B,, = 6,,Bx — 6>, B,.. (6.17)

B 3aBHCHMOCTH OT KOHKPETHOH peann3aluu 3TOH anredpsl ypaBHeHue (6,16) omuckiBa-
€T YaCTHULBl C TEMH WJHM HHBIMH 3HAaUeHHMAMH CIIHHA $§ M M30CNMHA t. DTU ypaBHeHHS,
OJIHAKO, COflepKaT MHOTO JIMIIHUX KOMIIOHEHT. BbIsicHeHHe TOro, Kakoe MMEHHO Mpej-
craBjenue anre6per P(1,4) peanusyer ypaBuenne (6.16) ¢ TeMH WM MHBIMH MaTpH-
unamu anre6psr (6.17), a TakKe BblieJeHHEM HHBAPHAHTHBIM 00Pa30M CYyILIECTBEHHBIX
KOMIIOHEHT TPOBOIMUTCS C MoMoIbio MeTonuKu (6.1) Kemmepa-ladduna.
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Equations of motion in odd-dimensional
spaces and T'-, C'-invariance

W.I. FUSHCHYCH

The properties of the equation of Dirac type in three-dimensional and five-dimensional
Minkowski space-time with respect to time reflection (in sense of Pauli and Wigner)
as well as to the operation of charge conjugation are investigated. P-, T-, C-invariance
of Dirac equation for the cases of four components (in three-dimentional space) and
eight components (in five-dimensional space) is established. Within the framework of
the Poincaré group a relativistic equation is suggested wich describes the movement of
a particle with non-fixed (indefinite) mass in external electromagnetic field.

Reported at the Seminar in Institute for Theoretical Physics, Kiev, Ukrainian SSR.

HccnenoBanbl cBoiicTBa ypaBHeHusi THna Jlupaka B TpeXMePHOM M MATHMEPHOM IPOCT-
paHcTBaXx MHHKOBCKOIO OTHOCHTEJIBHO OTpaKeHHs BpeMeHH (B cMblcsie [laynmu u Bu-
THepa) U ONepalyy 3apsoBOro compsikeHus. [lokasaHo, YTO yeTHIPEXKOMIIOHEHTHOE (B
TPEXMEPHOM MPOCTPAHCTBE) H BOCBMHUKOMIIOHEHTHOE (B MATHMEPHOM NIPOCTPAHCTBE) ypaB-
Henus [upaka P-, T-, C-unBapuantHbl. B pamkax rpynmel [Tyankape npensoxeHo pe-
JIATUBHUCTCKOE ypaBHEHHe, ONHChIBAIOLee NBHXKEHHE UACTHULBl ¢ He(PUKCHPOBAHHOH (Heo-
Tpeje/eHHOH) Maccoll BO BHEILIHeM 3/1eKTPOMarHUTHOM IOJIe.

PaGora Oblna fo/10xkeHa Ha cemuHape B MHctutyte Teoperudeckoit dusuku AH YC-
CP.

Introduction

F. Klein and latter de Broglie pointed out the usefulness of spaces with more than
four dimensions for the construction of the physical theories. This idea was intensively
developed in 1930-1940 years by many authors who tried to unify the gravitation and
electromagnetic theories. Nowadays it is widely developed in connection with the
extension of the Poincaré group (P(1,3)) as well as with idea of combining P(1,3)
with group of internal symmetries (a review of this works can be found in [1]).

In the works [2] the mass operator was proposed to be defined as one like mo-
mentum or angular momentum operator, i.e. we proposed to define the mass operator
to be not a Casimir operator but the generator of a group wich has the Poincaré
group as its subgroup. For such a group in papers [3, 4] the inhomogeneous de
Sitter, group is chosen — a group of rotations and translations in 5-dimensional flat
Minkowski space-time with the square-mass operator beings related to the generator
Py (of group P(1,4)) in such a way

M? = 2% + P?.

In the present work the P-, T-, C-invariance properties of the simplest equations
invariant under the group P(1,4) are investigated.

[Mpenpunr UTP-69-17, Kues, 1969, Ne 17, 13 c.
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§ 1. Dirac equation within P(1,4) scheme
and P-, T-, C-transformations
The simplest equations invariant under P(1,4) group are Dirac equations wich in
the Hamilton form can be writen down as following:

DU (L, T)
=l—

HTUT(t,& 1.1
(t,) =2, (1
o DU (t, &)
H VUV (t,2) =i—————= 1.2
( ,fl}') g at b ( )
H* = appr, + B ——ii k=1,2,34
= QkPk ) P = a.’Ek, — LH4ydyE (13)
Ak = Y0k, ﬁ =70, T = (.131,.1?2,1'3.374),

where ~,, are five four-dimensional Dirac matrices (u =0,1,2,3,4).

The invariance of equation (1.1) (or (1.2)) under space-inversion z — —xj is
obvious sinse in (1 + 4)-dimensional Minkowski space-time this inversion is reduced
to a rotation.

Let us clear up now the question of the invariance of the equation (1.1) (or (1.2))
under the time reflection (¢ — —t¢) and charge conjugation. To this aim we write
down the generators of the group P(1,4) defined of the solutions of the equations (1.1)
and (1.2) explicitely

Py=HT, Py = py,

1
Ju = wipr — TpK + 5%,

) (1.4)
Jok = zopr — 5(%130 + Poxy),
[Tk, i) = W0k, [z, @] = [pr, ] = 0.
According to Pauli the time-reflection operator T? satisfies the conditions
TPU(t, &) = 7PU(—t, &), (TP)* =1, (1.5)
[T?, Py]+ =0, [TP, Pyl =0, (TP, Ji]— = 0,[T?, Jox]+ = 0, (1.6)

where 7P is a (4 x 4)-matrix.
According to Wigner the time-reflection operator 7% must satisfy the following
conditions

TYV(t, ) = 70" (—t, T), (T")* =1, (1.7)
[Twa PO} = 07 [Tw7pk}+ = Oa [Twa Jkl]-‘r = 07 [va JOk] = 07 (18)

where 7% is a (4 x 4) matrix.
Finaly the charge-conjugation operator must satisfy the conditions!

CV(t, %) = 7°U*(t,Z), c? =1, (1.9)

In general the squares of operators TP, T% and C' are equal to unity to within a multiplicative factor
of unit modulus.
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[C, Py =[C. Py =0, [CJul]s =0, (1.10)

where 7¢ is a (4 x 4) matrix.
Matrices 7P, 7% and 7¢ can be representated in folowing form

™ =df o, + al, o, <, (1.11)
™ = ay oy + a0, w< v, (1.12)
T = aja, +ag,, 0,0, < v, (1.13)

where a,, a,, are the arbitrary numbers (1 =0,1,2,3,4).

Using (1.11) and (1.13) one can immediately verify that the relations (1.6) and
(1.10) are satisfied only for the zero-matrices 7P and 7¢. Relation (1.7) is satisfied if
TV = a1 - Q3.

Thus, the equation (1.1) or (1.2) is TP-, C-noninvariant but P, T"-invariant. This
means that the four-component Dirac equations in five-dimensional scheme are not
PTC-invariant as it was pointed out in [4, 5].

This result is a consequence of the fact that in contrary to the usual Dirac equati-
on (L1.1) (or (1.2)) do not describe a particle and antiparticle. In fact the generators of
the group P(1,4) given in the form (1.4) defined on the manifold of all solutions of
equations (1.1) and (1.2) realize the representations

D*(1/2,0)® D~ (0,1/2), (1.14)
DT(0,1/2) & D~ (1/2,0) (1.15)

respectively. As it is commonly known, the usual Dirac equation describes a particle
and antiparticle and on the manifold of all its solutions the representation D*(1/2) ®
D~(1/2) is realized of group P(1,3).

Starting from the equation (1.1) (or (1.2)) and using Bargman-Wigners method [6]
one can describe some class of equations invariant under the P(1,4) group and the
time reflection in sense of Wigner, however they are noninvariant under 7% and C
operations.

Hence we see that (1.1) (or (1.2)) as well as the class of the Bargman-Wigner type
equations (derived from (1.1) o (1.2)) are T%-invariant, but T?P-, C-noninvariant.

It may seen in this connection that any theory wich is built up in five-dimensional
Minkowski space-time is always PTC-noninvariant [5]. Though actualy it is not so.
In fact, let us consider equation

— + —
HU(t,7) :ia‘l’;’x), U(t) = U(t,7) = ( igg ) (1.16)
where
HE&/{:pk +B%7 k= 1727?”4’
~ [ ar O =~ (B 0 (1.17)
w= (%) i=(0 %)

On the manifold of solutions of this equations operators 7%, T% and C are defined as:

TPO(t) = 7PU(—t),  TU(t) = 790" (~t),  CU(t) =70 (),  (L18)
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- 0 g ~ a; ag 0 - 0 way oy
P _ w _ e _
T(ﬁ O)’ 'r<0 a a3>’ T<a2 ay O>' (1.19)

One can immediatly verify that the relations (1.16), (1.8) and (1.10) actually satisfy
for the equation (1.16). In means that the equation (1.16) is 7%-, T?-, C- and PTC-
invariant. That is also clear from the fact that equation (1.16) realizes representation

Dt (1/2,0)® D~ (1/2,0) @ D" (0,1/2) ® D~ (0,1/2). (1.20)

Starting from (1.16) and generalizing the Bargman-Wigner method on P(1,4)
group one can describe all the equations of Bargman—-Wigner type wich are PTC-
invariant [7].

Thus in case of five dimensions one has to choose for the basic equation on eight-
component equation (1.16) but not a four-component equation (1.1) or (1.2).

If cane puts in (1.1) ¢ = 0, then such four-component equation is T?-, C-invariant
and in this case:

P =, 7¢ = anay, T = aya3. (1.21)
Equation (1.1)

:|: —
appeUE (8, 7) = ia\PTit’fc) (1.1)

describes a particle whose spin is 1/2 but the mass is non-fixed since
M2U(t,7) = p2U(t,7) = m*U(t,F), —oo<ps<oo, 0<m?<oc. (1.22)

Here U(t, ) is the Fourier-image of function W(¢, &).

From what was performed above it reveales that in P(1,4) scheme it is possible
to describe a particle with non-fixed mass (i.e. the particles of resonance type) the
spin of wich fixed.

§ 2. Equation for a particle with non-fixed mass on P(1,3) group

In this section we show how one can write down the relativistic equation of mation
for a particle with the non-fixed mass within the framework of Poincaré group.
Usually elementary particle either stable or unstable whose spin is s, is associated
with a Hilbert space R*(m) in wich on irreducible representation of the Poincaré
group P(1,3) is realized. Such a correspondence is unjustified one since we cannot
attribute the definite mass to the unstable particle. Following [2, 8] let us attribute
to an unstable particle (resonance) a Hilbert space R® with is the direct integral of
spaces R*(m), i.e.

R = /@Rs(m)gs(mQ)de, (2.1)

where function g*(m?) is not equal to zero only within the interval [m?, m3] wich
characterizes the spread (indefinite) of mass of a particle.
According to (2.1) each vector from R® can be representated as

Ue(t, &) = /GB\I/s(t,a_c’7 m)g®(m?)dm?, 22)

\IJQ(t,f, m) € R*(m), Z = (z1,22,23),
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2\ys = _ 2\ys = —
PV (t,%,m) = m Vi (t, 7,m), w=0,1,2 3, (2.3)
2.1y S =\ __ 2.\1s8 = s 2 2
PV (t,7) = /@m Ui (t, &, m)g®(m*)dm=. (2.4)
The generators of the Poincaré group on vectors (2.2) are defined in such a way

P (1, 7) = / ©P, U (1, 7, m)g* (m?)dm?, 2.5)

T US (1, 7) = / ©J, 05 (1, 7, m)g* (m?)dm?. 2.6)

—

The Dirac equation for the function W=1/2(¢, ) is:

(Wopo + ivkpE — \/Pi) U2 7) = 0. 2.7)

One can easily see now that (2.7) can be reduced to the usual Dirac equation if one
formaly replaces the function g*='/2(m?) in (2.2) by 6(m? — m2). The generators of
P(1,3) group defined by (2.5) and (2.6) on the manifold of solutions of eq. (2.7) are
given by (1.4), where

Py = H = agpy + B4/ (2.8)

We can write down the equation of motion for a particle with indefinite mass, wich
interacts with the external electromagnetic field in form

(om0 + imm = \f72) w*=2(t,7) = 0, (2.9)

where 7, = p, —eA,. It is clear that equation (2.9) essentialy differs from the
usual Dirac equation wich discribes the motion of a particle with fixed mass in the
electromagnetic field. A detaled analysis if equation (2.9) will be performed in a
forthcoming work.

Lurcat [8] pointed out, that interpretation of function ¥*(¢, &) as a wave function
of particle is not correct.

More appropriate is to characterize the unstable system by the density matrix
(operator). In the Schrodinger picture the equation of motion for the density matrix
looks like

2 _

ot
where H is defined by (2.8).

Equation (2.7) as well as the usual Dirac equation, is P-, T-, C-invariant.

[H, pl,

§ 3. Equation for the flat particle and T'-, C-invariance
To clear up how can extend the obtained above (sec. 1) results upon any arbitrary
group P(1,2n+1) let us consider in this section equations of motion wich are invariant
under P(1,2) group (the group of rotations and translations in three-dimensional
Minkowski space).
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The simplest equations invariant under P(1,2) are:

Ut(t
H+\I/+(t,$1,x2) :ZMa (31)
ot
U (t
H U (11, 2) = i (1 02), (3.2)
ot
Hi:ak}pkiﬁ%7 k:1727
0 (3.3)
a1 =01, Qg = 02, B = 03, Pk = 7187
Tk
Here U(t,x1,x2) is a two-component spinor, and o1, o2, o3 are Pauli manrices.
Taking into account that in this case
P =aP -14+ad?q, ™=a" 14+a%o, T°=a°-1+3d (3.4)

and arguing in a way similar to that of sec. 1, we reveal that equation (3.1) or (3.2)
is TP-, T%- and PTC-noninvariant but P- and C-invariant.

Equation
HU(t,x1,22) = iwy
- Ut(t,7) . R 5
=YD= gy | HE Gk k=12,
~ (o O ~ (o 0
a/c_(() ak>’ ﬁ_(O 03) 36)

is TP-, T™- and C-invariant as well as equation (1.16) is, i.e. it is PT'C-invariant, and
for matrices and 77, 7% we have

~ 0 o3 ~ 0 o9 ~ g1 0
p _ w _ c _
T_(Gs O)’ T—(O_Q O)’ T—<O Ul). (3.7)

Thus equations of (1.1), (3.1) type and a whole class of equations of Bargman-
Wigner type wich are derived from the equations of (1.1) type are invariant under the
limited groups:

P(1,2) are TP-, Tw , T*C-noninvariant and C-invariant;

,4) are TP- -noninvariant an - -invariant;

1,4 TP-, T“’C’ i iant and T%-, TPC-i iant

P(1,6) are Tp- -, TPC-, T%(C-noninvariant and C-invariant;
(1,8) are T?-, T*-, T*C-noninvariant and T"-, T?C-invariant.

To prove the assertiona given above in the case of arbitrary P(1,2n+1) group one
has to carry out the very similar procedure to that we employed for P(1,4) group and
to use the fact that Dirac matrices v(2"*+1) of group P(1,2n) are related with those
7(2n=1) of group P(1,2n — 2) by

(7&2n+1)7 ,Yéin""l)’ ,753::11)) (fyl(fnil) ® o9, 1® ags, 1® 0'1) )
w=0,1...,2n—1.
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Puting in (3.1) and (3.2) » = 0 one sees that equation (3.1) concides with (3.2)
and such equation is C-, T-invariant, and 77 = o3, 7" = 09.

L
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On representations of the inhomogeneous
de Sitter group and equations in
five-dimensional Minkowski space

W.I. FUSHCHYCH, I.Yu. KRIVSKY

This paper is a continuation and elaboration of our brief notice [1] where some approach
to the variable-mass problem was proposed. Here we have found a definite realizati-
on of irreducible representations of the inhomogeneous group P(1,n), the group of
translations and rotations in (1+mn)-dimensional Minkowski space, in two classes (when
P — P? > 0 and P} — P2 < 0). All P(1,n)-invariant equations of the Schrédinger—
Foldy type are written down. Some equations of physical interpretation of the quantal
scheme based on the inhomogeneous de Sitter group P(1,4) are discussed.

The analysis of the Dirac and Kemmer-Duffin type equations in the P(1,4) scheme
is carried out. A concrete realization of representations of the algebra P(1,4) connected
with this equations, is obtained. The transformations of the Foldy-Wouthuysen type for
this equations are found. It is shown that in the P(1,4) scheme of the Kemmer-Duffin
type equation describes a fermion multiplet like the nucleon-antinucleon.

1. Introduction
We recall here the initial points of our approach of the variable-mass problem
proposed in ref. [1]:
(i) The square of the variable-mass operator is defined as an independent dynamical
variable:

M? =% + P2, (1)

where s is a fixed parameter and P, is an operator similar to the components of the
three-momentum P, which commutes with all the generators of the algebra P(1,3)
of the Poincaré group.

(ii) The relation between the energy Py, three-momentum P and variable-mass M
of a physical system remains conventional (here h =c = 1):

P} =P? 4+ M?= P% 4 5}, k=1,2,3,4. 2)

(iii) The spaces p = (po,p1,-.-,p4) and z = (xg,21,...,24) are assumed to be
plane and reciprocally conjugated. It follows then from (i), (ii) and (iii) that the
generalized relativistic group symmetry is an inhomogeneous de Sitter group! P(1,4),
i.e. the group of translations and rotations in five-dimensional Minkowski space. This
group is a minimal extention of the conventional group of relativistic symmetry: the
Poincaré group P(1,3).

In sect. 2 a definite realization of irreducible representations for the generators
P,, J,, of the algebra P(1,n) with arbitrary n is carried out, which made it possible
to give a proof of the P(1,n)-invariance of the Schrédinger-Foldy type equations

Nuclear Physics B, 1969, 14, P. 573-585.
Algebras and groups connected with them are designated here with the same symbols.
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given in ref. [1] for n = 4. Some questions of a physical interpretation of a quantal
scheme based on the group P(1,4), are considered in sect. 3. Sects. 4 and 5 answer
the question which representations of the group P(1,4) are realized by two types of
equations linear in 9, = 0/0x,, — the Dirac and Kemmer-Duifin type equations.

2. Realizations of the algebra P(1,n) representations
For the sake of generality all considerations are made here not for the de Sitter
group P(1,4) but for the group P(1,n) of translations and rotations in (1 + n)-
dimensional Minkowski space which leaves the form

2 — .2 2 2 — .2 2 — .2
e s T e e =

3
w=0,1,2,...,n, k=1,2,...,n, ®)

unchanged, where z,, are differences of point coordinates of this space.
Commutation relations for the generators P,, J,, of the algebra P(1,n) are
choosen in the form

[P, P,] =0, —i [Py, Joo] = 9upPo — guo Py, (4a)
—1 [JlLl/7 Jpa] = g,u,aJup + gupJua - g,upJVU - guaJupa (4b)

where goo = 1, —gi = 61, P, are operators of infinitesinal displacements and J,, are
operators of infinitesimal rotations.

In refs. [2-5] all irreducible representations of the Poincaré group P(1,3) are
studied and the concrete realization for the generators of its algebra is found. The
methods are generalized here for the case of the group P(1,n).

For representations of the class I (P2 = P§ — P? > 0) when the group O(n) of
rotations in n-dimensional Euclidean space is the little group of the group P(1,n),
the generators P,, J,, are of the form

POZPOEE\/pI%_%Qa Pk:pk>

Je = TPy + Skis TPy = TkPL — TPk, (5)
1 Skip
J = —_ = - v
ok = Topk — 5 (TkPo + Po) o+ o7

where the operators xj, and py are defined by the relations

[Tk, p1] = 0kt [Tk, 21] = [pr, 1] = 0, (6)

and Sy; are matrices realizing irreducible representations of the algebra O(n) which
have been studied in ref. [6].

For representations of the class Il (P? = P} — P? < 0) when the little group
of the group P(1,n) is already a non-compact group O(1l,n — 1) of rotations in
[1+ (n — 1)]-dimensional pseudo Euclidean space, the generators P,, J,, are of the
form

Py =Po Ei\/l’i*ﬂ% Py = Dk, Jab:x[apb] +Sab7

Sabpb - SaOpO

1
, Joa = ToPa — = (Tapo + PoTa) + Soa, 7
Dot ( ) 0

Jan: alPn] —
T(aPn) 5

SoaPa
Dn + 777

1
JOn = ToPn — §($np0 +p0xn) -
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where a,b = 1,...,n — 1, n is a real constant, the operators zj, py are defined by
relations (6) as before, and the operators (Sp,,Sq.») are generators of the algebra
O(1,n — 1) in corresponding irreducible representations, which have been studied by
Gelfand and Grayev [7].

Formulae (5) and (7) give the irreducible representations of the algebra P(1,n)
in the Schrodinger picture: a representation space for an irreducible representation is
constituted from the solutions ¥(x) of the Schrédinger—Foldy type equation

260\11(950) = PO\I/((E()) (8)

The solutions W(xzg) are vector functions ¥(zg) = ¥(zp,x1,...,2,) in z-representa-
tion for eq. (6) or W(zg) = \T!(xo,pl, ...,Pn) in p-representation for eq. (6) etc., and
their components are also functions of auxiliary variables ss,t3,... (“spin” variables)
— eigenvalues of generators of Cartan’s subalgebra of the algebra O(n) in the case (5)
or O(1,n — 1) in the case (7).

Eq. (8) is P(1,n)-invariant: the manifold of all the solutions of eq. (8) is invari-
ant under transformations from the group P(1,n). This is the consequence of the
condition

[(100 — Po), Q¥ =0 9

being valid for any generator @ of P(1,n) defined by egs. (5) or (7).

In the Heisenberg picture where vector functions ¥ of a representation space for
a representation of P(1,n) do not depend on the time z( (and are the solutions of the
equation PyU = EV), formulae for the generators P,, J,,, are obtained by dropping
the terms with z¢, and eq. (8) is replaced by

i00Q = [Q, Po]— (10)

for any operators @ as functions of x, pg, S.

Since in class I the little group of the group P(1,n) is the compact group O(n),
all the irreducible representations of the group P(1,n) are here unitary and finite-
dimensional (concerning a set of “spin” indexes ss,t3,...), and the solutions of the
corresponding equation (8) have here finite number of components. In accord with the
representations of the little group O(1,n — 1), in class III the group P(1,n) has both
finite- and infinite-dimensional representations. We emphasize that all the unitary
representations are here infinite-dimensional, and the solutions of the corresponding
eq. (8) have here infinite number of components.

Note at the end of this section that the problems of classification and realization of
representations of an arbitrary inhomogeneous group P(m,n) can similarly, without
principal difficulties, be reduced to problems of classification and realization of corre-
sponding representations of homogeneous group of the types O(m/,n’).

3. Physical interpretation
Here we deal only with the inhomogeneous de Sitter group P(1,4) which is a
minimal extention of the Poincaré group P(1,3). We discuss the main topics of the
physical interpretation of a quantal scheme based on the group P(1,4). This group is
the most attractive one because it will succeed to give a clear physical meaning to a
complete set of commuting variables.
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In the p-representation for eq. (6) a component of the wave function ¥ — a solution
of eq. (9) with n =4 — is a function of six dynamical variables of the corresponding
complete set: U(zg,p, p4, $3,t3) where p and p, are eigenvalues of the operators P
and P, and their physical meaning has been discussed in the introduction; s3 and
ts3 are eigenvalues of the third components of the operators S = (S1,52,53) and
T = (Tl,TQ,Tg) where

1 1
Sa = E(Sbc + S4a)7 T, = E(Sbc - S4a)7 (11)
(a,b,c) = cycl(1,2,3). These operators satisfy the relations
[Saa Sb] =S, [T(uTb] =1, [Sa7 82] = [TaaTQ] = [Sava} =0. (12)

The operators

SQZK_i_L TQZK_ v (13)

4p? - 2,/p?’ dp*  2./p?
are invariant both of P(1,4) and O(4) (in class I) or O(1,3) (in class III). Note that
in irreducible representations of class I we have

82 = s(s + 1)1, T? = t(t + 1)1, (14)

where s, =0,1,1,...,... and 1 is the (2s + 1)(2¢ + 1)-dimensional unit matrix.

The irreducible representations D¥(s,t, %) of the group P(1,4), identified by
fixed numbers s, ¢, »% and € = %1 (i.e., by values of the corresponding invariants of
P(1,4)), allow us to introduce the concept of “elementary particle” in the quantum
scheme based on the group P(1,4) possible states of an “elementary particle” (when
e = +1) or “antiparticle” (when ¢ = —1) with given values of s, t and »?, are
states which constitute the representation space for the irreducible representation
D*(s,t, %) of the group P(1,4). As it is seen from eq. (2), s is the boundary value
of the energy Pp; the physical meaning of s and ¢ is dictated by the relations (12): they
allow to interpret the operators S and T as the spin and isospin operators. Thus, the
components 1 (xo, p, p4, $3,t3) are interpreted as the probability amplitude of finding
(by measuring at a given instant x¢) the indicated values of three-momentum p, mass
m = /p? + 5?2 and third components of spin s3 and isospin 3.

It is clear that an irreducible representation D¥(s,t,?) of the group P(1,4) is
reducible with respect to P(1,3) C P(1,4); therefore the “elementary particle” defined
here, is not elementary in the conventional sense (i.e., with respect to the group
P(1,3)). The vector function of the representation space for D*(s,t, 5?) describes,
in fact, a multiplet of particles with different ¢35, —t < ¢3 <t (and, of course, with
different s3, —s < s3 < s); the parameter s is then a “bare” rest mass of the given
multiplet.

The P(1,4) quantum scheme in our interpretation may be found successful for
a consequent description of unstable systems (resonances, particles or systems with
non-fixed mass) already in the framework of the quantal approach? without breaking
down such fundamental principles as unitarity, hermiticity etc. Indeed, here the mass

2The consequent consideration of such problems demands, obviously, the quantum field approach, but a
quantal approach can be regarded as half-phenomenological.
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operator is an independent dynamical variable eq. (1), it is Hermitian, and the problem
of unstable systems is, in fact, reduced to the problem of calculation quantities like
distributions

2

p(m?, s3,t3) E/d?’x /dme‘“mt"%“\ll(:co,...7x4,33,t3) , (15)

where 1 are solutions of an equation of the type (8) with a suitable interaction.
The positions and forms of maxima of the distribution p(m?) define experimentally
observed masses and lifetimes of unstable particles, and singularities of p(m?) define
masses of stable particles.

It is important to emphasize that in accord with our interpretation, the particles
experimentally observed are described not by the free equation (8), but by an equation
of the type (8) with a suitable interaction which may break the P(1,4)-invariance, but,
of course, conserves the P(1,3)-invariance3. As for solutions of the free equation (8),
they are some hypothetical (“bare”) states which may not correspond to any real
particles. From the viewpoint of this interpretation there are two types of interactions:
interactions which cause a “dressing” of particles and are inherent even in asymptotical
states, and usual interactions which cause a scattering processes of real (“dressed”)
particles. Therefore, in particular, the five-dimensional conservation law following
from the free P(1,4)-invariant scheme, may have no real sense.

We emphasize that the interpretation of the P(1,4)-scheme proposed does not
pretend to be the only one and complete. The more detailed discussions of interpre-
tation problems are possible only in connection with solutions of suitable models of
interactions in this scheme, what is not the subject of this article.

4. The Dirac-type equations
A characteristic feature of eqs. (8) is that they do not contain any redundant
components. However, in this equation the differential operators 9y, = 9/Jz; enter
under the square root, therefore they are considered not to be appropriate for introdu-
cing interactions and for theoretical field considerations. Let us consider the simplest
equation of first order in 0, manifestly invariant under the group P(1,4).
Remind that there are five Dirac matrices v, satisfying the relations

YV + WV =29, pv=0,1,....4, (16)
where

Yo =B =mY2Y3va O Y4 = —YN273- (17)
The Dirac equation in the Minkowski five-space is of the form

(i7u0u — 2)tp = (7000 + ik Ok — 2)) =0 (18a)
or

(19,04 + ) = 0. (18b)

Egs. (18) were written down long ago by Dirac [8]. It is clear that they are
invariant under the inhomogeneous de Sitter group. Our aim is to find out which

3In this sense the consideration of P(1,4) symmetry here presented is only a base for its suitable
violation — analogously to considerations and violations of SU(n) symmetries.
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representation of the group P(1,4) is realized in the representation space of solutions
of eq. (18). Here we shall not follow the conventional method which is ordinary used
(see, e.g.. refs. [9, 10]) and which in fact answers only the question which representati-
on of the homogeneous Lorentz group O(1,3) is realized by the Dirac equation in the
Minkowski four-space but does not answer the question of representation of the Poi-
ncaré group P(1,3).

Here we deal with the method suitable for analysis both of the Dirac equation
and of other wave equations (linear and non-linear with respect to d,) and besides in
arbitrary (14 n)-dimensional Minkowski space. The method is based on definition (9)
of the invariance of the wave equation. It is clear from this definition that to answer
the question whether a wave equation is invariant under the group P(1,n), one has
to find an explicit form of generators P,, J,, of the algebra connected with the
equation in such a way that its Hamiltonian H and the operator id, = i9/0t must
commute with the generators Py, J,, exactly just as the generator Py does. Further,
if the explicit form of the generators are found, one can find the invariants of the
group P(1,n) in the explicit form; their eigenvalues will answer the question which
representation of the group is realized by solutions of this equation.

Let us illustrate the method for the case of eq. (18a). Rewrite eq. (18a) in the
Hamiltonian form

i0pyp = H1p, H = agpy + B, g = k- (182")

It can, be immediately verified that in this case the explicit form of generators P,
J satislying the relations of the algebra P(1,4), is given by

Py = H = agpi, + B, Py = pr = —i0,
1 (19)
Je = TPy + Skis Jok = Topk — 5(5516130 + Poxy),

where

Skt =~ (W — vk (20)

1
4

We choose v, in the form

%’:(—?ra %“) 742@'(? (1)) WoEﬁ=<(l) _01)- (21)

Then the spin and isospin operators for the particle described by egs. (18), are of the

form
0 0
(0 o)

), are of the form

| =

1 a O 1
Sa = (Sbc+S4a) =3 < 0(—) 0 > ) Ta = §(Sbc_54a) =

1
2 2

SO

and their squares coinciding with the invariants of the group P(1,

2 3(10 > 3,00
S‘Z(o o)’ T‘4(0 1)' (23)

Further, the invariant P2 = 52 and the invariant ¢ is the sign of energy coincides (in
the “rest frame” p, = 0) with the matrix .
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It is clearly seen from 8%, T2 S, Ty and e = 8 that the manyfold of solutions
of eq. (18a) constitutes the representation space for the four-dimensional reducible
representation D¥($,0) & D=(0, 3) of the group P(1,4). Thus, in accord with our
interpretation of the numbers s and ¢ the Dirac equation (18a) describes a multiplet

oo (e (24)
Vo1 )

where wjo is a spinor-isoscalar describing a fermion with the spin s = § and isospin
29

t = 0 (a particle like the A hyperon) and ¢, is a scalar-isospinor describing an

antiboson with s =0 and t = } (an antiparticle like the K meson)*.

It can analogously be shown that eq. (18b) realizes the representation D~ (3,0) &
D*(0,3) of the group P(1,4), i.e., describes a multiplet like (K, A). In this case the

explici‘[2 form of the operators P,, J,, is obtained from eq. (19) by the replacement
»x— —xor §— —(.

Thus, in contrast to the Dirac equations in the P(1, 3) scheme, the Dirac equations
(18) in the P(1,4) scheme do not describe particles and antiparticles symmetrically
and therefore they will not be invariant under transformations of type PTC.

[t can be perceived from the analysis of eqs. (18a) and (18b) that in the P(1,4)
scheme the equation describing particles and antiparticles symmetrically, must realize
the representation

Dt <%,0> @Dt <0, %) ®D~ <%,0> oD~ (0,%) ) (25)

We have found that such an equation is of the form
(iF,ﬁ“ — %)\If = (iroao + il O, — %)‘IJ =0, (26)

where the 8 x 8 matrices are

(0 ¥ (1 0
rk<% 0’“), r0<0 _1). (27)

In the case of eq. (26) the explicit form of the generators of P(1,4) is obtained
from eq. (19) by the replacement v, — I',. One can see from the explicit form the
the 8 x 8 matrices S2%, T?, Ss, T3 and ¢ = Ty that eq. (26) actually realizes the
representation (25), i.e., that the wave function ¥ (eight-component spinor) has the
form

+
¢%70
+1
o7, (28)

1
0,5

7/}%,0

4Note that it would be more appropriate to call the boson-like K a spinosinglet-isodoublet, and the
fermion-like A a spinodoublet-isosinglet.
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Note, that in the P(1,4) scheme just the eight-component equation (26) (but not
the four-component equations (18)) symmetrically describes particles and antiparticles
and is therefore PT'C invariant (more detailed see refs. [11, 16]).

It is easy to see that the eight-component equation (26) is the unification of the
four-component equations (18a) and (18b). Of course, in the P(1,3) scheme such
a unification of the Dirac equations is trivial. However, in the P(1,4) scheme the
unification is not trivial: the matrices I'g, I'y obey the relations (16), but they are not
matrices of a reducible representation of the Dirac algebra eq. (16) since, in particular,
Iy # I'1TosTy, i.e., the condition (17) is not satisfied. The 8 x 8 matrices T'g, 'k
together with the two other matrices

. 0 Yo _ 0 1
=i W) n=( 5 0) (29)

obey the commutation relations of Clifford algebra in six-dimensional space, the addi-
tional condition

I J ) Y N ) ) (17")

being valid, and realize its irreducible representation. It is of interest to note that the
eight-component equation of the Dirac type

(ifuau — J{)(I) = (ZT‘Q@() + 4101 + - +il¢0¢ — %)(b =0 (30)

realizes a representation of the group P(1,6).
The wave function of eq. (26) (or even egs. (18)) describes an unusual multiplet:
it unificates fermions and bosons into a multiplet. For example,

(31)

e
[
= == =

This circumstance is not unsatisfactory for eq. (26) from the viewpoint of, for

example, the barion number conservation law. The latter only causes some restri-

ctions on possible forms of interactions. In the P(1,4) scheme the barion number

operator can be defined as usually (as a number of fermions wfo minus a number of
3

antifermions 1 ). It is remarkable that the wave function (28) describes symmetri-
PRI
cally both fermions and isofermions. Therefore in the P(1,4) scheme we can naturally
define the operator of hypercharge as a number of isofermions warl minus a number
2
of anti-isofermions Vo1 This allows eq. (26) to be considered as a fundamental
2

equation for the dynamical approach to the classification scheme of d’Espagnat and
Prentki [12].

As in the case of the Dirac equation in the P(1,3) scheme [13], in order to give an
adequate physical interpretation of the wave function ¥ as a function of «, z4, one has
to transit from the Dirac representation to the Foldy representation. The transition is
performed by the unitary transformation

Agpr p
U =exp (—z o arctg ~ p =1/, (32)
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where Ay = iy for eqs. (18) and Ay = iy for eq. (26).
In the Foldy-Shirokov representation eqs. (18) and (26) are of the form

100V = By/p? + 52V, (33)

where B = 79, —0, ¢ for egs. (18a), (18b) and (26) correspondingly.
After the transformation (32), the formulae for the generators P,, J,, coincide
with eq. (5) for n =4, if the replacement ¢ — B is made there.

5. The Kemmer—Duifin type equations
Let us consider now an analogue of equations describing bosons with spin 0 and
1 in the P(1,3) scheme, namely, the equations in Minkowski five-space which are of
the form

(8.0, + )P =0, nw=1,234,5, (34)

where five Hermitian matrices 3,, obey the algebra of the Kemmer-Duffin-Petiau type
(KDP):

ﬁ;tﬂVﬂ)\ + ﬂ)\ﬁuﬁu = 5;“/5)\ + 6kuﬁu~ (35)

This algebra has three irreducible representations. The lowest representation is
realized by 6 x 6 matrices. The non-zero element of these matrices are schematically
written down in table 1 where, for example, “1,6” denotes (31)1,6 = 1. Remind for
comparison that the lowest representation of KDP algebra in the P(1,3) scheme (i.e.,
when p < 4) is realized by 5 x 5 matrices.

Table 1
The unit elements of 6 x 6 matrices

B B2 Bs Ba Bs

16 26 36 46 56
61 62 63 64 65

[t can be shown by means of the method used in sect. 4 that eq. (34) with the
6 x 6 matrices (395) realizes the representation

D+(0,0)@D(0,0)@D<;,;>, (36)
where the first two representations are realized by principal components of the vector
function ®, on which the energy operator has non-vanishing eigenvalues, and the last
representation is realised by redundant components of the vector function ®, on which
the eigenvalues of the energy operator are equal to zero. Thest last have no physical
sense but they are presented in all linear, with respect to 9,,, equations, except for the
Dirac-type equations. In such cases the Foldy—Wouthuysen transformation does not
only split the states with positive and negative energies, but also makes it possible to
omit the redundant components by an invariant way.

Thus, eq. (34) with the 6 x6 matrices (35), which can be obtained by a linearization
procedure of the Klein-Gordon equation in the Minkowski five-space for a scalar,
describes particles and antiparticles with s =t = 0.
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Consider now a very interesting case: eq. (34) with the 15 x 15 matrices 3,
realizing an irreducible representation of algebra (35). These matrices can be taken,
for example, in the form schematically given by table 2 where only the non-zero
elements of the matrices 3, equal to £1, are written down.

Now we shall find out what representation of the groups O(4) and P(1,4) is
realized by solutions ® of eq. (34) with matrices 3, of table 2.

Using the method proposed in ref. [14] for reducing the Kemmer-Duffin equati-
ons in the P(1,3) scheme to the Schriodinger form, one can verify that eq. (34) is
equivalent to the equation

180<I> = HCI), H = S5kpk + 55%7 (37)
where

SSk = 2(55516 - ﬁkﬁ5)7 k= ]-7 27374'

Using eq. (39) it is easy to verify that the Hermitian matrices

Sp,u = Z(ﬁ,uﬁu - /81//8/1)7 m V= 1,2,3,4,5, (38)

obey the commutation relations for the generators of algebra, i.e., they realize a
fifteen-dimensional representation of this algebra. The explicit form of the matrices
B, given by table 2 allows to find the quantity corresponding to the invariant P? of
P(1,4)

14

06
P g= 2 =

14 ) (39)

01

where the upper indexes denote the dimensionality of the matrices. Table 2 allows us
also to find the matrices Sy;.

Table 2
Non-zero elements of 15 x 15 matrices G, equal to %1.
B1 B2 B3 Ba Bs
4,15 15,4 3,15 15,3 2,15 5,12 1,15 15,1 —1,14 —14,1
7,14 14,7 6,14 14,6 15,14 14,55 —5,13 —13,5 —2,13 —13,2
9,13 13,9 8,13 13,8 —8,12 -12,8 —6,12 -12,6 —3,12 —12,3

10,12 12,10 —10,11 —11,10 -9,11 —11,9 —7,11 —11,7 —4,11 —11,4

One can clearly see from the explicit form of diagonal matrices S% T? S5, Ty,
€ = [ that eq. (34) with 15 x 15 matrices (,, realize the representation

Dt (é %) @ D- (% %) ® D(1,0) ® D(0,1) & D(0,0), (40)

where the first two representations of the group P(1,4) are realized by eight principal
components of the vector function ® and the last three representations of the group
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O(4) are realized by seven redundant components of the vector function ®. Of course,
only the eight components realizing the representation

11 (11
D+ (5,5)@9 (5,5) (41)

have a physical sense. From the seven redundant components the eight principal can
be separated by transformation of the Foldy—Wouthuysen type

U =exp (—i ;ﬁk arctg %) , p=\/pi. (42)

This transformation splits in an invariant way eq. (34) with 15 x 15 matrices into two
independent equations, the first being for the principle components ¥ (xq, x, x4, s3,t3),
s3,t3 = j:% and coincide with eq. (8) in ref. [1], and the second being for redundant
components ¢(xg, T, x4, S3,t3), S3,t3 = 0,%1, and ¢o(xo,x, x4) having no physical
sense.

Thus, the Kemmer—Duffin equation (34) in Minkowski five-space with 15 x 15
matrices describes symmetrically fermions and antifermions with spin and isospin
s =t = 3 (multiplets of the type spinodoublet-isodoublet), i.e., for example, the
systems of particles like a nucleon-antinucleon (N, N). This equation is, of course,
PTC invariant.

As it was mentioned above, in five-space the algebra KDP eq. (35) has three
irreducible representations. The third irreducible representation is realized by 20 x 20
matrices 3,. We do not present here the explicit form of the matrices and the analysis
of the equation connected with them. Not only that the principal components of the

wave function of this equation realize the representation

D*(1,0)® D~ (1,0) ® D*(0,1) @ D~ (0,1) (43)

of the group P(1,4), i.e., describe a meson multiplet like (7, w), and is PT'C invariant
as well.

In this paper we have made the analysis of P(1,4)-invariant equations of the
Dirac and Kemmer-Duffin type. The analysis of another linear on 0, equations in
five-dimensional space, for example, equations of the Rarita—Schwinger type, Pauli-
Fierz type and other, can be made analogously. It is interesting to note that the
Rarita—Schwinger formalism developed in the P(1,3) scheme for finding equations
for particles with arbitrary spin, can be generalized on the case of the P(1,4) scheme
without any difficulties. This is because of there are five matrices ~y,, u=0,1,2,3,4,
obeying the algebra (16), and in the Rarita-Schwinger formalism for the P(1,4)
scheme all the five matrices are equal in rights. Note that in the case of the KDP
algebra (35) the situation is another: there is no fifth 5 x 5 or 10 x 10 matrix S5
obeying the algebra (35).

[t should finally be noted that the general form of the P(1,n)-invariant equation
linear in 0, is

(B0, + »#)® =0, p=12...,nn+1, (44)
where the operators B,, are defined by the relations

By, Spol- = 6,pBs — 8,0 B,, w,po=1,....n+1. (45)
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For the representation of class I the operators B, are [inite-dimensional, for those of
class III the operators B,, can be both finite- and infinite-dimensional. Delinite forms
of operators B,, can be found by the method proposed in ref. [15].

For the case of the group P(1,4) eqs. (44) referred to either B, or S, describe
particles with either values of spin s or isospin ¢. These equations, however, contain
a lot of redundant components. The analysis of eqs. (44) with matrices B,, answering
the question which representation of the group P(1,4) is realized by the equation,
and the P(1,4)-invariant split of the equation in principal and redundant parts, can be
made with the help of the method illustrated here for the case of the Kemmer-Duffin
equations (34).

As was shown in ref. [16], eq. (44) or any equation on the group P(1,4) is invariant
under the discrete operators P, T', C if ® transforms by the following representation
of the group P(1,4)

Dt (s,t)® D™ (s,t) & Dt (t,s) ® D™ (t, ). (46)
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On representations of the inhomogeneous
de Sitter group and on equations
of the Schrodinger—Foldy type

W.I. FUSHCHYCH, I.Yu. KRIVSKY

This paper is a continuation and elaboration of our works [1] where some approach to
the variable-mass problem were proposed. Here we have found a concret realization
of irreducible representations of the inhomogeneous group P(1,n) — the group of
translations and rotations in (14 n)-dimensional Minkowski space in two classes (when
P3 — P? > 0and Py — P2 < 0). All the P(1,n)-invariant equations of the Schrodinger—
Foldy type are written down. Some questions of a physical interpretation of the quantum,
mechanical scheme based on the inhomogeneous de Sitter group P(1,n) are discussed.

Report presented at the Conference on Composite Models of Elementary Particles
(Institute for Theoretical Physics, Kiev, Ukrainian SSR, June 1968).

Hanuasi paborta siBJsieTCsl MPOAOJIKEHHEM W pa3BuUTHeM paboT [l], rme Obl1 mpensioxkeH
OTpele/IeHHBIH MOAXOA K mnpobseMe MepeMeHHOH Macchl. 3[1echb MOCTpPOeHa KOHKpeTHas
peanusanus HeMmpUBOAMUMBIX MPEACTABJEHHH HeomHOpomHOH rpymnmsl P(1,7n) BpalleHHn
1 tpaHcasiunit B (1 + m)-mepHoM mpoctpaHcTBe MHHKOBCKOrO B IBYX Kjaccax (koraa
P$ — P} > 0u P} — P? < 0). Bunucaubl P(1,n)-UHBapHaHTHbIe ypaBHeHHs TH-
na Ulpenunrepa—®onau. PaccMoTpeHBl HeKOTOpble BOMPOCHI (DM3MUECKOH HHTepIpeTa-
LMK KBaHTOBOMEXaHMYECKOH CXeMbl, OCHOBAaHHOH Ha HeoqHOponHOH rpynne ae Currepa
P(1,4).

Pabora 6blya noJsokeHa Ha PaGoueM coBelllaHWH MO COCTABHBIM MOJEJSM 3JeMeHTap-
HbIX yacTul, cocrosBieMcs B UTD AH YCCP B utone 1968 r.

1. Introduction
Recall here the initial points of our approach to the variable mass problem proposed
in ref. [1]:
A. The square of variable mass operator is defined as an independent dynamical
variables

M? =% + P2, 1)

where s is a fixed parameter and P, is an operator lice the components of three-
momentum P, which commutes with all the generators of the algebra P(1,3) of the
Poincaré group.

B. The relation between the energy Py, three-momentum P and variable-mass M
of a physical system is remained to be conventional (here everywhere A = c¢ = 1):

P2=P? 4+ M?>=P}+s*  k=1,234. 2)

C. The spaced p = (po, p1,- .-, p4) and x = (zg, 21, ..., x4) are assumed to be plane
and reciprocally conjugated. It follows then from A, B and C that the generalized

[Mpenpunr UTP-69-1, Kues, 1969, Ne 1, 22 c.
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relativistic group symmetry is the inhomogeneous de Sitter group' P(1,4) — the
group of translations and rotations in five-dimensional Minkowski space. This group
is a minimal extention of the conventional group of relativistic symmetry — the
Poincaré group P(1,3).

In this paper we shall present a further studying of the approach proposed in
ref. [1]. In particular, the main assertions which were briefly formulated in ref. [1], are
generalized here and their detail prools are given. In Section 2 a concrete realization
of irreducible representations for the generators P,, J,, of the algebra P(1,n) with
arbitrary n carried out, which made it possible to give a proof of the P(1,n)-invariance
of the Schrédinger—Foldy type equations written flown in ref. [1] for n = 4. Some
questions of a physical interpretation of quantum mechanical scheme based on the
group P(1,4) are considered in Section 3.

2. Realizations of the algebra representations
For the sake of generality all the considerations are made here not for the de Sitter
group P(1,4) but for the group P(1,n) of translations and rotations in dimensional
Minkowski space, which leaves unchanged, the form

2 — .2 2 2 — .2 2 — .2
X :;Eolef-“fxn:zofzk:xw (3)
pw=0,1,2....,n; k=1,2,...,n,

where x,, are differences of point coordinates of this space.
Commutation relations for the generators P,, J,, ol the algebra P(1,n) are
choosen in the form

[P/uPu} =0, —1 [Pua']ua] :guupa_guopm (43)
—1 [J;wv Jpa] = g,uchup + gupJ,ua - g,upJua - guaJ,upv (4b)

where goo = 1, —gi = 01, P, is Kroneker symbol, P, are operators of infinitesimal
displacements and J,,,, are operators infinitesimal rotations in planes (uv).

Authors of refs. [2-5] have studed all the irreducible representations of the Poi-
ncaré group P(1,3) and have found the concrete realization for the generators of its
algebra. Their methods we generalize here for the case of group P(1,n). But all the
treatments are carried out in more general and compact form then it was done even
for the case of P(1,3).

For representations of the class I (P? = P — P? > 0) when the group O(n) of
rotations in a n-dimensional Euclidean space is the little group of the group P(1,n),
the generators P,, J,, are of the form

P=p=(po,p1,---.0Pn) = (Po, Pk)-

Skipi ®)
Je = TPy + Skis Jok = Topr) — )
VD2 + D+ /p?
where
P2 Ep2 Ep%_pi >O7 ama =ZTuPv — TuPu,

IThe algebras and groups connected with them are designated here with the same symbols.
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operators x,, p, are defined by relations

[ﬂfﬂ,p#} = —igu, [:E#,xl,] = [plupu] =0, (6)

and Sy; are matrices realizing irreducible representations D(s,t,...) of the algebra
O(n) which have been completely studied in ref. [6] (here the numbers s,¢,... are
numbers which identify a correspondence irroducible representations of the algebra
O(n)). Using (6) and relations for the generators Si; (which are not written down
here), one can immediately verify that (5) actually satisfy the relations (4). Since
in this class the little group of the group P(1,n) coincides with the compact group
O(n), all the irreducible representations of the group P(1,n) are here unitary and
finite-dimensional (concerning a set of “spin” indexes s3,ts,...).

A concrete form of the operators P, J,, which are defined by Eqgs. (5), depends
on a choice of concrete form of matrices Sy; and operators x,, p, which are defined
by relations (6). The concrete form of the operators «,,, p, and Sj; depends on what of
operators, constituting a complete set of commuting dynamical variables are operators
of multiplicationd (“diagonal operators”). The sets (Py,Pi,..., P, S3,T3,...) or
(xo,21,.-.,%n,S3,T53,...) are examples of such a complete sets where S3,T3,... are
all the independent commuting generators of the algebra O(n). In the general case
a complete set of dynamical variables is constructed from the corresponding number
of commuting combinations of operators z,, p, and Sy;. Different concrete forms of
operators P,, J,,, which are defined by the choice of other complete set as diagonal,
are connected by unitary transformations. The form (5) for the generators is the most
general in the sense that it is not bound to the choice of concrete complete set as
diagonal.

A few words about a apace of vectors ¥, in which the operators (5) are defined. It
is an Hilbert space of vector-functions depending on the eigenvalues of operators of
a diagonal complete sel. For instance, in the x-representation where the operators z,,
are diagonal (i.e., are operators of multiplication) and, as it follows from relations (6),
Pu = 190y, 0, = 0/0x, the operators (5) are defined in the Hilbert apace of
the vector-function ¥ = ¥(z) = ¥(xg,21,...,2,) of (14 n) independent variables
x,. The components of a vector ¥ are functions not only of zg,1,...,z, but also
of auxiliary variables ss,ts,..., i.e., are functions ¥(xzg,x1,..., Ty, S3,t3,...), where
S3,t3,... are eigenvalues of “spin” operators Ss,T3,... and, as it is known, take
discrete values. In p-representation where p, are operators of multiplication and,
according to (6), z, = ig,,0/0p, vector-functions are ¥ = (Ivl(p) = \ff(po,pl, ey Dn)
and their components are \Tl(p(hpl7 ««.yDn,S3,ts,...). The scalar product of vectors ¥
is defined as

(U, 0') = /d“‘”x Ut (2)V (2) =

/d””x > U, s3,ts,.. )V (2, 83,1, ) = (7)

83,t3,...

/dan U (p) W (p) = /dHnP Z U (p, 53,85, - )W (p, 53,3, ),

$3,t3,..

where d'*"z = dzodx; . .. dx,, ¥ and T being connected by Fourier-transformations.
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For representations of the class Il (P? = P — P? < 0) when the little group of
the group P(1,n) is already uncompact group O(1,n — 1) of rotations in 14 (n — 1)-
dimensional pseudo-Euklidean space, the generators P,, J,,, are of the form

P =p = (po.pr) = (Po;Pa;Pn);
Sabpb - SaOpO

Jab = Z[aDp) + Sabs Jan = T(gPn) — >
- R R P ®)
S at’a
Joa = Z(0Pa] + Soa; Jon = T[oPn) — > 20 b 5
—p° —pg + 5+
where a,b=1,2,...,n —1 the operators z,,, p, are delined by relations (6) as before

and the operators (Soq, Sap) are generators of the algebra O(1,n—1) in corresponding
irreducible representations which have been well studied by Gelfand and Grayev [7].

Components of vector-functions, in the space of which the operators (8) are defi-
ned, are the functions of variables ss,t3,... (besides of variables x, or p,, of course)
which are the eigenvalues of the corresponding independent commute generators of the
algebra O(1,n —1). In contrast to the case I, in this case the variables s3,t3,... may
take both discrete and continual valuea. Remind (see ref. [7]) that the group O(1,n—1)
has both unitary and nonunitary representations, all the unitary representations bei-
ng infinite-dimensional (in the last case the “spin” variables ss,t3,... take continual
values). In accordance with this, among the representations of the group P(1,n) in
the class III there will be both unitary (only infinite-dimensional) and nonunitary
(finite- and infinite-dimensional) irreducible representations.

Now we shall give here a recipe of constructing the representations of the class III
from those of the class I.

Note first that if operators P, J realize representation of the algebra P(1,n), then
operators P, J being defined by means of

(POaPmPn) = (7i§n>ﬁaviﬁ0)a (93)
JOa JOn 7ijina <777,0

= ; (9b)
Jab ‘ Jan Jab iJaO

realize a representation of the algebra P(1,n) too. To proof this assertion, it is enough
to verify that from the commutation relations (4) for P, J and from definitions (9), it
follows that the operators P, Jsatisfy the commutation relations (4) too.

Define, further, the operators z, p and s by means of the following relations

(20, Ta, Tpn) = (—iTp, Tq,iT0), (10a)
from

(P0s Pas Pn) = (=iPn, Pa; iPo), (10b)

(Sabs San) = (Sabs i5a0)- (10c)

From (6) and (10a), (10b) it follows that operators Z, p satisfy the relations (6)
too, whereas the operators (SOQ,S,I;,) defined by Egs. (10c) satisfy the commutation
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relations for the generators of the algebra O(1,n — 1), as soon as the Sy; satisfy the
commutation relations for the generators of the algebra O(n).
Rewrite now the operators (3) in the form

P = (po, pa>Pn); Jab = 2[aPp) + Sab; Jon = Z[aPn] + San,
Sabpb + Sanpn Snapa (5/)
JOa = :C[Opa] — > 5 = JO’I’L = :C[Opn] — ﬁ
Do + /Py —Pa — Pr, VPy —Pqg — Pn

Using the definitions (9) and (10) corresponding to the schematic substitution “i0 <
n” when the operators with the symbol 2 “~” are getting from the operators without
the symbol “~”, we obtain from (5):

P= (5Oaﬁa7ﬁn) = (_ipnapcuipo)a

Jab = T(aDb) + Sab, iJa0 = T(aPo] + iSa0,

5 o~ SavDb — SaoPo
—tpa = —1T[pPe] — —= = — 4 —, (8")
—1Pn + _pn - pa + p()
~ SO iS0aP:
Jno = LnPo] — —

By virtue of Egs. (10a), we have P2 = —P2 < 0, so that (8') realizes a representations
of the class III as soon as () realizes a representation of the class I. Omitting in (8")
the symbol “~”, we obtain (8).

Since all the representations of the class I are finite-dimensional, such a recipe
allows to obtain only finite-dimensional representations of the class III (i.e., not all
the representations of this class). If, however, getting (8) from (8’), the operators
(§0a, §ab) will be substituted by operators (Spa, Sas) realizing an infinite-dimensional
representation of the algebra O(1,n — 1), we obtain the corresponding infinite-di-
mensional representation of the algebra P(1,n). Thus it is shown that the formula (8)
defines all the representations of the class III of the algebra P(1,n).

The representations of the class II (P? = 0, P # 0) requires a special treatment.
However, in the case when one of invariants of the algebra P(1,n), namely, the
invariant

1
W =S Pulla = PuPoduoduo,

vanishes, the representations of the class II are particular cases of representations
of the class I, and formulaes for the generators P,, J,, are obtained from (5) by
the limit procedure p? — 0. The detailed discussion of all the representations of the
class Il is not given here. As to the class IV (P = 0), in this case the group P(1,n)
reduces to the group O(1,n), therefore the problem of classification and realization
of representations of the algebra P(1,n) reduces to the problem of classification and
realization of representations of the algebra O(1,n) already studied in ref. [7].

Let us discuss now a role of the variable zo. If we mean possibility to Interpret
vectors W constituting the representation space for the group P(1,n), as state vectors
of the physical system (see below Section 3), we must interpret zy as the time, i.e.,
as a parameter which is not an operator and which therefore is not to be included in a



On representations of the inhomogeneous de Sitter group 131

complete set dynamical variables. It means that, for instance, in the z-representation
a vector-function W is a function of only n dynamical variables: ¥ = U(xq,...,z,).
If the condition C of the Section 1 is not to be violated, the number of independent
dynamical variables in p-representation coincides with those in z-representation, i.e.,
not all the dynamical variables pg,p1,...,pn are independent. For the representations
in which the invariant P? is a fixed constant, the latter are connected by the relation

PP =p;—pi=%">0,  pi—pi=-n"<0 (11)

for the class I and III respectively. One can, for example, chose

0
po=e\/pi+x* and  po=e\/pi—n? €=|z—| (12)
0

for I and III. Then in p-representation ¥ = El(pl, ...,Pn). Of course, one can accept
that ¥ = ¢(po,p1,---,pn), but under the condition (11), so that

U= (P(p()apla"'apn) =V QPOCI}(plaapn)é(pQ 7&2), a = %2777]2' (13)

In the space of vector-functions ¥ discussed the scalar product can be defined by
P(1,n)-invariant way:

(0, %) = /dl“‘p ¢ (o, D1, -3 Pu)¢ (Pos D1, -3 D) =
(14)
= /d”p U (p1, s pn) ¥ (P15 D)
The operators P,, J,, defined in this space of vector-functions ¥, have the form (5)
and (8) where the sudstitution
1

TioPk] — —g(xkpo + por), (15)
is made, pg is defined by (12), xy and py are defined by relations

[Tk, 1] = 6, [Tk, ©1] = [pr, p1] = 0, (6")

while Sk; and (Sopa, Sap) are the same as in the formulae (5) and (8).

Thus, the “quantum mechanical” representation (of the Foldy—-Shirokov [3, 5] type)
of the generators P,, J,, of the algebra P(1,n) is of the form:

For the class I

P:(p()apk)a poEEVpi—F%Q,
1

Skt (16)
Ty = S Jok = —= _ MR
Kt = TPy + Skl ok 5 (@kPo + Poz) po+ 50
For the class III
P=(po,pr),  po=er\/pi—1?
Sa - Sa
Jap = ZL[aPb) + Sab7 Jan = LaPn] — Mu (17)

Pn+7

S() Yy 1
22 JOa = ——(l‘apo +p0xa) + SOLL~

1
Ji n = —5Tn + PoTn) — )
0 5 (@nPo + pozn) P 5
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Since operators @ = x,py, S, Py, Ju of (16) and (17) are defined on the apace
of vectors W not depending on the time z(, the representations (16) and (17) are, in
fact, the representations of the algebra P(1,n) in the Heisenberg picture where for
the operators @ as functions of the time z(, the equation of motion

i00@Q = [Q, Py (18)

is postulated.

In the Schrodinger picture vectors W depends explicitly on the time zy as on a
parameter (but not as on a dynamical variable!) and for this dependence the equation
of the Schrédinger—Foldy type is postulated

100V (z0) = Po¥(z0), (19)

where Py is defined by (12) and in z-representation W(xzg) = ¥(xo,z1,...,2,), in
p-representation ¥(xo) = —¢(xo, po, p1,--.,Pn) under the condition (11) or ¥(zg) =
U(xo,p1,---,pPn) etc. These functions are vector-functions, the manifold of which con-
stitutes the representation space for irreducible representations of the group P(1,n)
in the Schrodinger picture. It is clear therefore that their components are functions
not only on zg, x1,...,z, (or xg,p1,...,ps etc.) but also on “spin” variables s3, t3, ...
discussed above in connectian with representations of homogeneous group O(n) and
O(1,n —1). In accordance with the domain of definition of “spin” variables ss,t3, ...
in different classes, the equation (19) is finite-component or infinite-component. In
the class I, where “spin” variables ss,ts,... take only discrete and finite values,
all the equations (19) are finite-component and their solutions W realises the uni-
tary representations (i.e., vectors W are normalizable). In the class III we have both
finite-component and infinite-component equations, but unitary representations can be
realized only on the solutions of the infinite-component equations.

One can suspect that owing to standing out of the time zq in the equation (19),
the last is not invariant under the group P(1,n) discussed. For the equation (19)
the conventional demand of invariance under the given group is equivalent to the
demand that the manifold of its solutions is invariant under this group (i.e., that
any of its solution under transformations from P(1,n) remains a solution of it but,
generally speaking, another one). The mathematical formulation of this requirement
is to satisfy the condition

[(280 - P0)7 Q]\II = 07 (20)

where ¥ is any of solutions of Eq. (19) and @ is any generator of P(1,n) or any
linear combination of them, i.e., any element of the algebra P(1,n). Therefore the
generators Q = P,,J,, must have such a form that both the relations (4) and the
condition (20) must be satisfied. One can immediately verify that such operators P,,
Ju are given by formulas (5) and (8) where, however, the substitution

1
T(0Pk] — ToPk — 5(%?0 + potk) (15")

is made and operators xy, p, are defined by (6’) and (12).
Thus, the “quantum mechanical” representation of the generators P,, J,, of the
algebra P(1,n) in the Schrédinger picture have the form:
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For the class? I

P =(po,pr),  po=e\/Di+ 2,

1 Skt (16)
Jri = 2y + Sk, Jor = wopr — 5 (Tkpo + PoTk) — ——;
2 po + x
For the class III
P =(po,pr),  po=e\/pP; — 1
SovPy — Sa
Jab = x[apb] + Saba Jan = x[apn} - Ma
) Pnt+n (17')
JOa = ZoPa — E(Cﬁal)o +p0xa) + SOa7
1 SOapa
Jon = - = - .
0 ToPn B (ilfnpo + pOIn) Pn 1

It should be emphasized that in the Schrédinger picture the operators do not
depend on the time g, except of the operators Joi. These last depend on the time z
only by due to the presence of the term zopy; it is just the presence of the term zgpy
to satisfy the invariance condition (20) of the equation (19).

Note in the end of this section that last years the problem of using in physics some
groups like P(m,n), O(m,n) etc. as groups of generasized symmetry, was repeatedly
arised (see, for instance, ref. [8] and refs. in ref. [9]). The consequent physical analysis
of a quantumscheme based on either unificated group, is in fact possible only after
a mathematical analysis of representations of this group and equations connected
with it, like the analysis made here for the group P(1,n). The method used here for
studying the representations of the group P(1,n), is extend on the groups P(m,n)
without special difficulties. Thus the problem of classification of representations and
realization of an inhomogeneous group P(m,n) is in fact reduced to the problem of
classification and realization of homogeneous groups of the type O(m',n’) already
studied in ref. [7].

3. Physical interpretation

Last years many attempts of using different groups like O(m,n), P(m,n) as
relativizing internal symmetry groups like SU(n), were undertaken. The problem of
a relativistic generalization of an internal symmetry group is in fact connected with
finding a total symmetry group G containing non-trivially the Poincaré group P(1,3)
(the group of “external” symmetry) and a group of “internal” symmetry like SU(n).
As it is shown in refs. [10], it is impossible non-trivially to unity the algebra P(1,n)
and the algebra of “internal” symmetries in the framework of a finite-dimensional
algebra Lie G, if the spectrum of the mass operator M? = P? — P2 is discrete. In
ref. [11] a non-trivial example of the algebra G D P(1,3) was constructed for the
case when the spectrum of the mass operator is already stripe; but the algebra G was
found to be infinite-dimensional in this case too. The consideration of the infinite-
dimensional algebras for the physical purposes is difficult both owing to the absence

20ur formulae (16’) for generators Py, Jop in the case P? > 0 coinside with the corresponding
formulae (B.25-28) in ref. [5] if the last are rewritten in the tensor form.
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of developed mathematical apparatus of such algebras and owing to the necessity
of solving a very difficult problem of physical interpretation of all the commuting
generators, the number of which is infinite. Do not speak about that the question
of writing down equations of motions, invariant under such an algebras, is quite
not clear. All this circumstances prompt that, to find a finite-dimensional algebra
G C P(1,3) of a total symmetry group, we have to refuse from the demand of the
discreticity or even stripiticity of the mass spectrum. In this case one can propose
many groups as total symmetry groups (the groups of the type P(m,n)). However,
in a G = P(m,n),0(m,n), as like as in cases of other groups which are groups
of coordinate transformations in spaces of great dimensions, it still arises a diffi-
cult problem of necessity to give a physical interpretation to the great number of
commuting operators.

Below we deal only with the inhomogeneous de Sitter group P(1,4) which is a
minimal extention of the Poincaré group P(1,3). Here we discuss a main topics of
physical interpretation of a quantum mechanical scheme based on this group. The
group P(1,4) is the most attractive because of in this case it is a success to give a
clear physical meaning to a complete set of commuting variables

In p-representation a component of the wave function ¥ — the a solution of the
equation (19) with n = 4 is a function of six dynamical variables of corresponding
complete set:

U (xo, P, pa, S3,t3).

As usually, this component is interpreted as the probability amplitude of finding (by
measuring at the given moment of the time t = x() the indicated values p, P4, S3,
t3 of the complete set P, Py, S3, Ts. The physical meaning of the operators P and
Py is given in Section 1. We discuss below the definition and physical meaning of the
operators Ss, T3 in the class I.

Remind that in the case of P(1,3) the operators Sy; k,I = 1,2,3 in (16") which
constitute the spin vector § = (Sa3, 531, S12), are generators of the group O(3) (the
little group of the group P(1,3) in the class I) and they are interpreted as an angular
momenta of proper rotations. More exactly they should be interpreted as an angular
momenta which are connected with intrinsic (internal) motion because when P =0,
the angular momenta Jy; do not vanish but reduce to the spin angular monenta Sy;.

In the case of P(1,4) there are six angular momentum operators, which describe
the internal motion of particle (i.e., the motion when p'= ps = 0): Jy/p—p, = Skl
k,l =1,...,4. The operators Sy; are generators of the group O(4) (the little group
of the group P(1,4)) in the class I). They can be combined into two 3-dimensional
vectors § and T defined by components

S = (Sbc - S4a)a (21)

1
(Sbc + S4a) a = 5

DN | =

where (a,b,c) = cycl(1,2,3). These components satisfy the relations

[Saa Sb] = iSca [TaaTb] = iTca

[90:82] = |1, T2] = (80, T3] = 0. (22)
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Remined that §2 and T'2 are the invariants of the algebra O(4) being for irreduci-

ble representations D(s,t) of this algebra

S2=s(s+1)i, T?2=t{t+1)1, (23)
where s,t =0,1,1,... and 1 is the (2s + 1)(2s + 1)-dimensional unit matrix. It was
just the relations (22) and (23) to allow us [1] to interpret 3-vectors S and T as the
spin and isospin operators.

It is clear from (16’) that in the representations of the class I the generators of
the algebra P(1,4) are constructed not only from the spin operators but also from the
isospin operators (and, of course, of z; and pg). In this sense in quantum mechanic
scheme based on the group P(1,4) the spin and isospin are presented on the same foot,
unlike from the case of conventional theory. Furthermore, unlike from to the latter, in
our case both the spin and isospin are entered dynamically. Indeed, in the conventional
approach the group P(1,3)®SU(2)r is taken as the total symmetry group, so that the
generators of SU(2)r commute with the generators of P(1,3) (even in the presence
of interactions). The group P(1,4) which we taken as a total symmetry group, is not
isomorphic to the group P(1,3)®SU(2)r furthermore, as in can be seen from (21) and
(16"), SU(2)r € O(4) C P(1,4) as like as SU(2)s € O(4) C P(1,4), and the isospin
operators (as like as the spin operators) do not commute with P(1,3) C P(1,4).

The manifold of solutions of the equation (19) realizes in the case discussed the
irreducible representation D¥(s,t) of the algebra P(1,4), where the sings “+” refer
to the values ¢ = £1 of the invariant — the sign of energy, the numbers as s and ¢
determine the eigenvalues of the invariants

G-,V oWV (24)

wham T T o
which are invariants both of P(1,4) and O(4).

In quantum scheme based on P(1,4), possible states of an “elementary particle”
(when & = +1) or “antiparticle” (when ¢ = —1) with given values of s, t and p? = 5?2
are states which constitute the representation space for an irreducible representation
D*(s,t) of the group P(1,4). This is just the definition of the elementary particle
in the P(1,4)-quantum scheme. The simplest states of this particle are identified by
eigenvalues of complete set of comuting variables. It is clear that the representation
D*(s,t), irreducible with respect to P(1,4), is reducible with respect to P(1,3) C
P(1,4) therefore the “elementary particle” defined here, is not elementary in the
conventional sense (i.e., with respect to the group P(1,3)). Indeed, a solution ¥ of
Eq. (19) with given s and ¢ contains componets identified not only by values of the
3-component sz of spin but also by values of the 3-components ¢z, of isospin, so that
the vector U describes in fact the whole multiplet — the set of states with different
values of t3, —t < t3 <t (and, of course, of s3, s < s3 < s). For example, the vector
U* with e+ 1, s =0and ¢t = 1 describes a meson isodublet like

+ ~
ot = q’(oé) [ KT T — KO
=\ ot -\ KO )° “\ Kk )
0,—3)

The parameter s (the threshold value of the iree state energy or the “bare” rest mass)
is the same for all the members of the given multiplet. Of course, the introduction
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of a sutable interaction into the equation (19) leads to the mass splitting within a
multiplet.

The approach proposed may be found successful for a consequent description of
unstable systems (resonances, particles or systems with non-fixed mass) already in
the framework of the quantum mechanics®. As it is known, the conventional quantum
mechanical approach deals a with finding complex eigenvalues of energy operators
which must be Hermitian in a Hilbert space of wave functions, i.e., in fact, one must
go put of the framework of Hilbert space; the latter is connected with breaking of
such a fundamental principles as unitarity, hermiticity ete. [12].

There are no similar difficulties in the quantum mechanical approach proposed.
Indeed, here the mass operator is an independent dynamical variable (1), it is Her-
mitian, defined in the Hilbert space; therefore one can find its eigenvalues m? and
distributions p(m?) in the same Hilbert space, as like as they find eigenvalues and
distributions for operators of energy, momentum and other dynamical variables. For
example, if we have a stationary wave function ¥ = {U(Z, x4, s3,t3)} of, generally
speaking, an unstable multiplet (we meant: a solution of an equation of the type (19)
with an interaction not depending on the time xy) then

2

p(m?, s3,t3) = /d3x /du e*“mL”Q“\Il(f,u,s;g,tg) . (25)

If the distribution (25) with the given ss, t3 has one maximum, the experimentally
observed mass of the particle with given ss, t3 is defined either by the position of the
maximum or form

m2 = /d?’x dry U*(Z, 14, 53,13)(p3 + 22)U(Z, 14, 53, 13) (26)

and its mean lifetime 7 is defined from
m272 = 1. (27)

If the distribution (25) has more than one maximum, the position of them defines
an experimentally observed masses of unstable particles and the semi-widths of the
distribution (25) in the regions of maximums define the lifetimes of corresponding
unstable particles. If, finally, p(m?, s3,t3) has a d-like singularity in a point m? = m2,
the my is identified with the mass of a stable particle.

It is important to emphasize that in accord with our interpretation, the parti-
cles experimentally observed are described not by the free equation (19), but by
an equation of the type (19) with a sutable interaction which may breakdown the
P(1,4)-invariance, but, of course conserves the P(1,3)-invariance®. As for solutions
of the free equation (19) they are some hypothetical (“bare”) states which may not
correspond, to any real particles. From view point of this interpretation there are
two types of interactions: interactions which cause a “dressing” of particles and are
inhierent even in asymptotical states, and usual interactions which cause a scatteri-
ng processes of real (“dressed”) particles. Therefore, in particular, the 5-dimensional

3The consequent consideration of such problems demands, obviously, the quantum field approach, but a
quantum mechanical approach can be regarded as a half-fenomenology.

“In this sense the consideration of P(1,4)-symmetry here presented is only a base for its sutable
violation — analogously to considerations and violations of SU(n)-symmetries.
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conservation law following from the free P(1,4)-invariant scheme; may have not a
real sense.

In the interpretation of the P(1,4)-scheme proposed we automatically have the
SU(2)r-systematic of particles. In contrast to the conventional systematics, our one
is a dynamical in the sense that for compaund model like those of Fermi-Yang,
Goldhaber-Gyorgyi-Kristy and others we can write down an equation in which spin
and isospin variables are mixed non-trivially.

Emphasize, that the interpretation of the P(1,4)-scheme proposed and, in particu-
lar, of the complete set of commuting variables mentioned above, was mainly based on
the definition (1) of the varlable-mass operator as an independent dynamical variable.
This interpretation does not pretend, of course, to be the only one and complete. In
particular, the problem of giving the “fifth coordinate” x4 the more immediate physical
sense than that one laying under its definition as a dynamical variable canonically
conjugated to the mass variable py, and the same problem refers to operators like
Joa, Jas, a = 1,2,3 we do not discusse here. The more detail discussion of these
problem is possible only in connection with considerations of solutions of equations
like Eq. (19) with sutable interactions what is not a subject of this article.

Here we have considered the P(1,n)-invariant equations of the Schrédinger—Foldy
type in an arbitrary dimensional Minkowski space, in which the differential operators
O = 0/0xy, of the “space” variables are presented under square root. This equations
describing the positive and negative states separatelly, are suitable for quasirelativistic
quantum mechanical considerations (e.g., for calculations of spin-isospin effects in
P(1,4)-invariant equations with interactions included). Theoretic-field considerations
are usually based on equations of first order on 9,. The general form of P(1,n)-
invariant linear on J, equation is

(Bu0, + »)®* =0, pw=1,2...,nn+1, (28)
where the operators B,, are defined by the relations
[Bu7JpU] :aupBU_(SMUBpa (/’Lapaaz 1,...,n—|—1). (29)

For the representation of the class I the operators B,, are finite-dimensional; for those
of the class III the operators B, can be both finite- and infinite-dimensional. Concrete
forms of operators B,, can be founed by the method proposed in ref. [13].

In this paper we have not considered the problem of invariance of the equation (28)
as to discrete transformations, that is relatively to

T = —Tp, xy = —To. (30)

This problem has been investigated by one of us [14]. As it is shown in [14] the equa-
tion (28) for n = 2m, m = 1,2,3,..., is neither invariant as to transformations (30)
nor

z) = —o, T = ap, k=1,2,...,2m. (31)

Thus, in the field theory constructed on the basis of the groups P(1,2), P(1,4),
P(1,6) and so on the theorem C'PT may be broken down. It should be emphasized,
however, that the direct of the manifold of solutions {®*} and {®~} T-, CPT-
invariant.
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YpaBHenns baprmana—Burnepa Ha
HeoxHopoxHou rpynne ae Currepa
B.H. @ylIHY, JLII. COKYP

In the paper the equations of the Bargman-Wigner type invariant under the
inhomogeneous de Sitter group P(1,4) (the rotation and translation group in the
five-dimensional plane Minkovski space) are constructed. A detaled group-theoretical
analysis of these equations is carried out. The explicit form of the generators of the group
P(1,4) is derived for the case when the basic invariants of this group P2 = W =V = 0.
The question of the invariance of the Bargman-Wigner equations under the P-, T-, C-
transformation is considered.

Report presented at the 3d Conference on Axiomatical Field Theory and Theory
of Elementary Particles (Institute for Theoretical Physics, Kiev, Ukrainian SSR, April
1969).

B pa6ore noctpoeHsl ypaBHeHUs THna baprmana-Burhepa, WHBapHaHTHbIE OTHOCHTEJIb-
HO HeOfHOpOAHOH rpynmsl ge Currepa (rpynmsl BpallleHUH M TPAHCJAALME B HSATHMeEp-
HOM MJIOCKOM mpocTpaHcTBe Munkosckoro) P(1,4). IlpoBeneH meTasbHbIH TeOpeTHKO-
TPYNINOBOH aHa/au3 3THX ypaBHeHui. HaiineH siBHbIH Bun renepatopos rpynmsl P(1,4) B
TOM cJlyyae, KOTla OCHOBHblE MHBAapUaHThl 3Toil rpynns P? = W = V = 0. Paccmo-
TPeH BoIpoc 00 MHBAPUAHTHOCTH ypaBHeHu# baprmana—Burnepa ornocutessHo T-, P-,
C-npeo6pa3oBaHui.

Pa6ora 6bl1a gosokeHa Ha 3-eM PaGoueMm coBelllaHHMM MO aKCHOMAaTHYeCKOH TeOPHUH
TOJIsi ¥ TEOPUH 3JIeMeHTapHbIX yacTuil, coctosiBiuemcsi B UT® AH YCCP B ampesie 1969 r.

Beenenue

Wpest vcnosib30BaHUST IPOCTPAHCTB Pa3MEPHOCTH BbIlIE, YeM UYeTblpe, UHTEHCHBHO
obcyxaanach B (pU3MKe NOBOJBbHO NABHO B CBfI3W ¢ 0ObeNUHEHUEM TEOPHUH TATOTEHHS
U 3JIEKTPUUECTBA, a TAKXKe B CBf3M C MOCTPOEHHEM BOJHOBOH ONTHKH B MSATHMEPHOM
npoctpatcTBe (0630p atux pabor cm. [1]). B Hacrosiiiee Bpemst 3Ta Hiesi BHOBb IIH-
pOKo 06cyKaaetcs B pesyibraTe o6benuHeHus rpymnnel [lyankape P(1,3) ¢ rpynnamu
“BHYTpeHHUX cuMMeTpuii” [2]. [TosararoT, UTO Ha 3TOM MYTH YAACTCS MOJYUYUTh CIEKTP
Macc U JIpyrHe XapaKTePUCTHKH 3JeMEHTapHBIX YacTUll. PacuivpeHHe ueTbpeXMepHO-
r0 MPOCTPAHCTBEHHO-BPEMEHHOIO KOHTHHYYMa MOXKET 0Ka3aThCsl TAKKe MJIOLOTBOPHBIM
IJIst ONIMCAaHUsT HECTaOUIbHBIX cucTeM (pesoHaHcoB) [3]. B cBsisu ¢ aTUM mpencrasJsieT
UHTepecC AeTajbHO PAaCCMOTPETb ONHO M3 TAKHUX PACLIMPEHHE.

B Hacrosime#i pabore o6cykIaeTcss MMHHMAJbHOE pacLIMpeHHe YeTbPpeXMepHOTOo
MPOCTPAHCTBA — O-MepHOe MPOCTPAHCTBO MHHKOBCKOTO, B KOTOPOM B KauyecTBe TpyT-
bl CHMMETPHH BBIOUpaeTCs TPyINa BpalleHUH U TpaHCasunid. Takum o6pasoM, rpynmnoi
CHUMMETpPHH B H-MEPHOM IIJIOCKOM MPOCTpaHCTBe MUHKOBCKOTO SIBJISIETCSI HEONHOPONHAS
rpynna ge Currepa, Kotopyw o6GoszHauum uepe3 P(1,4). fcuo, uro rpymma P(1,4)
COIEpPKHT B KauecTBe moArpynnsl rpynny Ilyankape P(1,3), mostoMy Teopusi, moCTpo-
eHHast Ha ocHoBe rpynnsl P(1,4), GyneT onpeneseHHbIM 0000LIEHHEM PeJISITHBHCTCKON
KBaHTOBOH MeXaHWKH. [[Jis1 MOCTPOEHUs] OCHOB KBAaHTOBOH MeXaHHKH, OCHOBBIBAIOLIEH-
cs Ha rpynme P(1,4), B KauecTBe MepBOro miara HeoOXOOMMO HAaMKMCaTb ypaBHEHHS

[Mpenpuntr UTP-69-33, Kues, 1969, Ne 33, 38 c.
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IBHKeHHs1 “yacTuupbl” (cucTeMbl oTHOCHTebHO P(1,3)), HHBapHaHTHbBIE OTHOCHTEJbHO
rpynnel P(1,4). Bee ypaBuenus tuna Ulpennurepa—®onan na rpynne P(1,4) onncaHsl
B pa6ore [4].

B § 1, 2 nanHoil paboTsl MOCTpPOEHBI ypaBHeHHs THna baprmana-Burhepa, uHBa-
pHaHTHble OTHOCHTeNbHO rpynnel P(1,4) B ToM cjydae, KOrja OIvH M3 HHBApHaHTOB
rpynnb P(1,4) P? = Pﬁ > (. PaccMoTpeHbl feTa/bHO [Ba NpUMepa TaKUX ypaBHEHHH,
OTHCHIBAIOIINX HYKJOH U cHcTeMy TtHma (K* X).

B § 3 Haiinenbl ypaBHeHus Tuna baprmana-Burnepa s cayuas P? = Pﬁ =0,
T.e. IOCTPOEHHl ypaBHEHHMsl, OMHUCHIBAIOLIMEe CBOOOJHOE JBHKeHHe YacTHILbl ¢ He(UKCH-
pPOBaHHOHM Maccol, HO ¢ (UKCHPOBaHHbIM cnUHOM. HafiieH sIBHBIH BHI reHepaTopoB
rpynnel P(1,4) B aTOM caydae.

B § 4 usyueHnl cBo#icTBa ypaBHeHMH Jlupaka OTHOCHUTEJbHO NMPOCTPAHCTBEHHOI'O U
BPEMEHHOI0 OTpPaXKeHHH, a TakxKe ONepalHu 3aps0BOI0 CONpPS2KEHHUS.

B § 5, momokuB B OCHOBY BOCBMHKOMIIOHEHTHOe ypaBHeHHe JlMpaka, MosydeHbl
ypaBHeHUs Tuna baprmana—-Buruepa, KoTopble MHBapHaHTHBI OTHOCUTes]bHO C-, P-,
T-npeobpasoBanuil. [leTasbHO PacCMOTPEHO OfHO M3 TAaKUX ypaBHEHHH.

§ 1. Ypaenenus tuna baprmana-Buruepa (cayuait P2 = »2 > 0)
1. lenepartopel rpynnsl P(1,4) ynoBaeTBOPSIOT KOMMYTALHOHHBIM COOTHOLIEHUSM

[P#,PV}:O, [P,uw]l/a'}:i(g#upa'*g,uapy)a

[Juua Jpo] =1 (gMO'JVp + gupJua - gMPJVO' - guaJup> 5 (11)
goo =1, gkl:_(skl; p=0,1,...,4 k,l=1,2,3,4.

Oneparopsl Kasumupa aJst 3TOH TPYMIBl CTPOSTCS M3 FeHepaTopoB P, Jy,, ¥ UMeloT
Bun [3]:

P?=Pp} - P*- P} =P2 (1.2)
1

V= 7prwuu7 (13)
4
1 1

W = 6”/2“’0' = §wl2w, (14)
Py

€= —, 1.5
7] (5

rae
Vpvo :PMJVO'J’_PVJO'H—’_PUJHV? (16)
1 1
Wy = §€uVﬂpnPUJpn = 5%1/0977”0/)77’ (1.7)

€pvopn — CAMHUUHBIH MOJHOCTBIO aHTHCHMMETPHUHBIF TICEBJOTEH30p NATOTO PaHTa.
Maunoii rpynmoit B kaacce I (P? > 0) rpynne P(1,4) sBasercsa rpynna O(4),
reHepaTopbl KOTOpPoH OyAyT 00603HauaTcs Kak Sk

Skt = Ju , (1.8)
Po=0
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[Ski, Sij] = (0k:iS1j + 61;Ski — Ok Sti — 015k ) - (1.9)

['pynna O(4) nokansHo usomopdHa rpynmne Og(3)®@Or(3), oTKyna caeayer, 4To rpynmna
P(1,4) siBnsieTcsl HETPUBHA/BHBEIM 00beIMHEHHEM TPYNIL [lyaHKkape W H30TOMHYECKOH
TPyMNIbl BHYTPEHHUX CHUMMETPHH, MOCKOJBKY, B CBOIO ouepenb, rpymnma O(3) jokaib-
Ho uzomopeua rpynme SU(2). Ormerum, uro rpynny Op(3) MoxkHO, Booblile TOBOPS,
cBs3biBath ¢ W-cnuHoM [5]. B pmasnbHelimem, omHako, ¢ rpymmoét Or(3) Mbl Gymem
CBf3bIBATh M30CMHH, a He W-cruH.

B cucreme orcuera P, = 0, uuBapuanthl V U W CBsi3aHbl C HHBApHAHTAMH TPYIIIbI
O(4) cnenyolyUMH COOTHOLLIEHHSIMH:

V= ex (52272, (1.10)
W/=2%(§2+i”), (1.11)
rie orepatopsl S = (S1,S2,53) u T = (T, Ty, Ts) onpeieneHbl COOTHOLIEHHSIMU

1/1
Sa = = <€abcsbc + S4a) ;

2\ 2
o (1.12)
Ta = 5 (Eeabcsbc - S4a> 5 (a7 bv cC= 17 273)

Bce nempuBoaumble mpeicTaB/ieHHs KJacca | yHUTapHbI, KOHEUHOMEPHBI M 3a4alo-
TCs yMcnaMu s, t W € (3Hak sHepruu). Oneparopsl S2, T'? U £ /s HENPUBOAUMBIX
npeacraBneHuil P(1,4) KpaTHbl eAHHUYHBIM ONlepaTopaM

S§2? =s(s+ 1)1, T2 =t(t+ 1)1, e=¢-1, e==+1. (1.13)

Yucna s U ¢ (MOTYT IPUHUMATD TOJIBKO LieJible U TOJyLeJble OJM0XKHUTEe/IbHbIe 3HAUeHHsT)
OTOXAECTBJSAIOTCS CO CIMHOM M H30CIIMHOM YaCTHLbl COOTBETCTBEHHO. HenpuBonnmoe
npescTaBieHue kaacca I 6ynem 0603HauaTh B masbHefinem yepes D) (s, t).

2. B naTuMepHOH cXeMe, KaK U B UeThIpEXMEPHOH, UMeeTcs Ba ypaBHeHus [lupaka:

p“vullﬁ'(t,x) = Ut (t,2), (1.14)
p“’yu\pf(t’x) = 7%\117(757:6)3 r= (Il,IQ,I3,$4), (115)
WJIH
HH Ut (1 2) = 12260 (1.14)
ot
o 0V (t, x) ,

L
H™ = vovepr £ o2 = agpr £ B,
re 7, — MSTb YeTbIPEXPSIAHBIX MAaTPHI], KOTOPBIE YIOBJETBOPSIOT COOTHOLIECHHSIM

Vs Yol+ = 2940, Yo = Y17273V4> (1.16)
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Yo — SPMHTOBA; Vi — AHTHUIPMHTOBA.

XapakTepHOH 0COOEHHOCTBI0 MATHMEPHOH CXeMbl (B OTJIHYME OT YeTBIPEXMEpPHOH)
SIBJISIETCSI HEOKBUBAJIEHTHOCTh Mexay co6od ypasHenudt (1.14) u (1.15), T.e. He cy-
[eCTBYeT MaTpHLbl A, KoTopas Obl yCTaHaB/JHBaja ONHO3HAYHOE COOTBETCTBHE Me-
x)ny ypaBHeHusimu (1.14) u (1.15). Dta ocoGeHHOCTb MPUBOAUT K TOMY, UTO ypaBHe-
nue (1.14) uau (1.15), xak Oymet mokasaHo, PT'C-HenHBapuaHTHO. TakuM oGpa3om, B
cxeme P(1,4) cyuecTByeT ABa pa3/iHuHbIX ypaBHeHus Jlupaka.

Ha pewenusix ypasuenuii (1.14) u (1.15) peanusyercs ciepymoliye npeacTaBJeHus
rpynnsl P(1,4):

POiEHi:'yo'ykpk:I:’yO%, P, = pi,
i

Jr1 = TRy — 1Pk + Sk, Sk = 1 (Ve vil - (1.17)

1
Jor = xopr — §[$k,Hi]+-

MoxxHo BBHIOpaTh Takoe NpefCTaBJeHHe Y,-MaTpPHIL, KOTa onepatophl S, u Ty npu-
HUMaIT BUJ!

1 (0o, 0 ~1/0 0
S"2<0 0)’ T“2<0 oa)’ (118)

roe o, — Marpuusl [laynu.
Hcxons us (1.18), HeTpyAHO HAWTHU SIBHBIH BHJ ONEpPaTOPOB S2 u T2 u nokasars,
yto ypaBHeHus (1.14) u (1.15) peanusyroT npeacraBieHus

D) <;o> @ D) (0, ;) (1.19)
D <0, %) & D) (%0> (1.20)

rpynnsl P(1,4) cooTBETCTBEHHO.

Hatinem, nanee, ypaBHeHMe, onuchbiBaiollee CBOGOAHOE ABHXKEHHE UYACTHLbI MPOHU-
3BOJIBHOTO CIIMHA M M30CMHHA § U t. Eciu HemocpenCcTBEHHO HCIO/Nb30BATH METOIMKY
bBaprmana-Burnepa [6], npumenurtesbHo K ypaBHenuio (1.14) wau (1.15), To, Kak 6y-
IeT sSCHO M3 [asbHeHIIero, Mbl He CMOXEM MOJYYHTb YPaBHEHHH [Jis MPOHU3BOJbHBIX
s u t. [ToaToOMy HEOGXOIMMO HECKOJbKO H3MeHUTb MeTon baprmana—Buruepa (B-B),
NpUMeHHTENbHO K cxeMe P(1,4).

PaccmoTpuM crieyomyo cucTeMy ypaBHEHHH:

p“(n;)‘l/ = xVU,

PP = e,

(1.21)

KOTOPYIO YHLOOHO MPHUBECTH K LIpeIUHTePOBCKOH (opme

(m) (m)(m) (m)
po¥ = HVY = (’Yo Yk Pk + ’Yo%> v,
(1.21)
(n) (n)(n) (n)
poV = HY = | YoVepr — Y0 | ¥,
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rnem=12,.... Min=M+1,M+2,....M+ N; M u N — 1Ba LeNbIX UHCJA.
(@) .
Marpuns v, (i =1,2,...,M + N) onpenensioTrcs Kak
(4)

YV=191® - @7, ® -1, (1.22)
rie KpoHekepoBcKoe npousBeneHue (1.22) comep:xkut M + N COMHOXHTeseH, NpudeM
7Y, BXOLAT B 3TO NPOM3BEJIeHHe B KayecTBe ¢-r0 COMHOXHTeJs. Bce ocTajbHEIE COMHO-
x)uteau (1.22) sBasiioTCs eAMHUYHBIME MaTpULAMK pa3MepHOCTH (4 X 4).

W3 unBapuantHocTH ypaBHeHHi (1.21) oTHOCHTeNbHO MpeoOpa3oBaHUH K3 TPYMIIbI
P(1,4) cnenyer, uro ecnu {¥} — mpoCTPaHCTBO, PELIEHHE TOH CHCTEMBI ypaBHEHHUH,
torna Ha {P} peanusyercs HekoTopoe mpeacraBgeHue rpynnsl P(1,4). [To oTHoweHHO
K MaJsioll rpynne O(4), snement W € {U} sBisieTcss HEKOTOPBIM MYJIbTHCITHHOPOM, KOM-
noHeHTbl KOToporo W(t, x;&1,. ., &my- - &0y EMt1, - - -, EM+N) OTPENENSIOTCS 3Haue-

" (4)
HuAMH M + N nuckpeTHbll mepemeHHBIX &; (& = 1,2,3,4). Xora omepatopel pHy,
Onpefie/leHbl Ha KaXJIOM 3JIeMeHTe U3 NPSMOro MPOH3BeeHH s

M M+N
I e - [ efv .={F} (1.23)
m=1 n=M+1

rane W u U~ — peuenusi ypasuennit (1.14) u (1.15) ¢ kommnonentamu U (¢, x;¢,) u

U (t,x;&,), COOTBETCTBEHHO, pellieHreM ypaBHeHu# (1,21) Gyner He Kaxabli /71eMeEHT
U3 npocTpaHcTBa (1.23).

[eiicTBuTesbHO, U3 Buaa ypasHenuit (1,21) nerko y6expaemcs, uto ecau W € {U},
Toraa Bce W NMpUHA/eXaT ONMHAKOBbIM COOCTBEHHBIM 3HaueHusM P2:

P20 = 520, (1.24)

Takum obpasom, {¥} C {F'}, no {¥} # {F}, nockosbKy H3BeCTHO, uTo F' passaraercs
B HHTErpajbHyl0 CyMMY HWHBApHaHTHBIX OTHOCHTenbHO P(1,4) mommpoctpaHctB. Kak
Oynet BHAHO W3 fAajbHefiiiero, Ha ajemeHThl {W} Hanaraworcs, nomumo (1.24), eure
JononHUTe bHbIe yegoBust (cm. (1.37)).

['eneparoper rpynnsl P(1,4), neficteyoiiero B npoctpaHctBe {¥}, MOXKHO ompene-
authb, yuuteias (1.17), (1.23) u ycaosue (1.24), cienyomum o6pasom:

1 . ~
Ph=H= 5[707’)%]7 - Pr + 20, Py = pr,

i X (1.25)
Ji = (xepr — v1pr) + Sk, Jok = zopr — §(H$k +a,H),
e
M MAN
V=D - Vi, (1.26)
m=1 n=M+1
- "Eo
Sk = Sk=7 Ve, Vil _ - (1.27)

i=1
B Beipaxenun (1.27) (u Besme B HasbHeiilleMm) BepxHHH HHAEKC (i) HMEET TOT Ke
caMblil cMbICa, 4TO U B Qopmyie (1.22), T.e.

(1)
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(7)
B Si; BXoguT Bcero M + N COMHOXHTeJeH, a e IMHCTBEHHbIH, OTJUUYHBIHA OT 1 cOMHO-
xutenb Sk (S = 7[Vk,Vi]-), CTOMT Ha i-OM MecTe.
YropsiioueHHOe MHOXKECTBO JUCKPETHBIX MepeMeHHbIX {&1,...,&,...,&m+N ]}, KO-
TOPBIMH HYMEpYIOTCSl KOMIOHEHTH BeKTopa W, pa3zobbeM Ha 1Ba MOIMHOXKECTBA

{517"%5’””"'75]\/[}5 {m}7 {§M+1a"'7§na---7£]V1+N} E{TL}

1 3aMeTHM, uTo cucteMa (1.21), a Takxe rerepartopsl (1.25) WHBapHaHTHBI OTHOCHTEJb-
HO MEepeCcTaHOBOK MepeMeHHBIX { BHYTPH Kax[IOro M3 YMOpsIOYEHHBIX MOAMHOXECTB
{m} u {n}. [loaToMy MOXKHO cuuTaTh, uTO pelieHHe ypaBHeHHH (1.21) obGnanaer Heko-
TOPOH CHMMETPHEl OTHOCHTEJbHO OMepaluil nepecTaHoBOK

Em < Emrs Ems&m € {m} (1.28")
WU OTHOCUTEJIbHO
&n = &, én,én € {n} (128”)

ByneMm HaxoouTh TOJNBKO Te pellleHHs1 ypaBHeHHH (1.21), KoTopble 06JafalOT TTOJHON
CUMMeTpHeH OTHOCHTesbHO omepaiuu (1.28') u onepanuu (1.28”). Jlokaxem, 4To B
3TOM CJydae, MPOCTPAaHCTBO pelieHnit {W} peanusyer npencraBieHuHe

M N N M
() (22 (=) (2L =
D <2,2>®D (2,2> (1.29)

rpynnel P(1,4).
Hasi 3108 uenu, ocyuiecTBuM Hapn ypaBHeHusimu (1.21) mpeo6pasoBanue Posgn—
Boiitxo#izena—Ilepcu [7, 8]

U d=U7, (1.30)
Moy, MEN ()
m=1 n=M-+1

(m)  (n)_
rie omnepatopel U *, U T HUMEIOT BUL:

(m

) _ m
0% = Pulw + ]2 (w N (wﬁpk) ,

(n) _ n
U~ = [2w(w+ )] <w+%—(%)pk)7 w=\/p} + .

()
Kak BuaHO M3 onpejeseHus Matpuubl ¥, (1.22), atv MaTpuubl yIOBJAETBOPSIOT COO-
THOLIEHHUSIM

(1.32)

{%, (’;l,)} =0, ecan i #4,

o o B (1.33)

l:’y,u,'yu:| = 26,
+
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OTKyHda CJenyeT, 4To

(m), (3
{UﬂH}O, ecau  m # i,

[(n) (i)] .
U ,H| =0, ecaid n =+t,

1 (1.34)

(m), (m) [ (m), (m)

UTH |\ U = Yo w,

(n) (n) (( )_) T my
=" Tw

[Tpeo6pasosanuem (1.30) cucrema (1.21') npuBomuTcs K BUALY
(m)
Po® = w0 P,
‘ 0 (1.35)

()
po® = —wy ®.
[Tockonbky onepatop U kommyTupyet ¢ onepauusiMu Buaa (1.28") u (1.28"), BosHoBast
¢yHkuMa ¢ Oyner obsanaTh TOH Ke caMOd CUMMeTpHel, YTo U BoJHOBasg (pyHkuus W.
Mbl BEIGUpaeM Te ke caMble 0603HaYeHUS [JIs1 AUCKPETHBIX II€PeMEHHBIX, ONpelesIsiio-
IIMX KOMIOHeHThl Bektopa ® € {®} ({®} — npocTpaHcTBO pelneHuit cuctemsl (1.35)),
TakK UTO KOMIIOHEHTa ¢ BekTopa $ o6o3HauaeTcs Kak

(bE(b(tax;glw"?gmw",€]V[7£M+17'"75TL7~~'7§M+N> E¢(§m S {m}afn S ‘{’I’L}),

MPUUYEM MPENOJATAETCs M0JIHAS CUMMETPHSI OTHOCHTEJIBHO MePeCTaHOBOK BHYTPH Ka-
XK0# U3 coBokymHocTedt {m} u {n}.
[eneparoper (1.25) npeoGpasoBanueM U NpUBOASATCS K BUAY:

Py = wo, Py, = py, Jiy = (zkpr — mipy) + Sk,
- - (1.36)

Yo Yopr
J = — Zw, S
Ok = ToPk — [w, Tg]4 + Ll

TAE Ty, Dus gkl — Te e caMble OrepaTophl, KoTopbie BxoasT B (1.25).

[Tokaxxem Temneps, uto BekTop & € {®} onpenessercs Toabko uepes 2(M+1)(N+1)
CBOMX KOMIOHeHT. [IpupaBHHUBast JieBble yacTH ypaBHeHHH (1.35), mosyuum cienyioniie
ycnoBus Ha @

e — T, (1.37a)
o= %)s, (1.376)
Toe = —Soa, (1.378)

KOTOpble CyKalT npoctpanctBo { F'|P?F = 52 F’'} k npocTpaHcTBy pewennii {®}, rue
F’ = UF. JlefictBuTenbHo, ecau pacnucath yeaosust (1.37a)—(1.378), Kak ycJjoBusi st
KOMIIOHEHT ¢ U BEIODATb NPEACTaBJIEHHE 7y, MaTPHL, [le 7y — AUAroHajbHa C 3JeMeH-
tamu (1,1, —1,—1), torma ycnosue (1.37a) GyneT o3HauaTh, YTO TOJLKO T€ KOMIIOHEHTHI
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¢ OTJMUHBI OT HYJs, Y KOTOPBIX BCe MepeMeHHble &, € {m} NpHHHUMAIOT J160 3HaUe-
uust &, = 1,2, aubo sHauenusi &, = 3,4. Ycaosue (1.376) Tpebyer TOro ke CaMoro
assi mepeMeHHbIX &, € {n}. Yciosue (1.37B) mokasbiBaeT, YTO €CJH MepeMeHHbIE &,
NPUHUMAIOT 3HauyeHus 1, 2, Torma mepeMeHHble &, NOJKHBI MPUHHMATh 3HaueHus 3, 4
U, HaobopoT, ecau &, = 3,4, toraa &, = 1,2, B IPOTUBHOM cJy4ae KoMHoHeHTa ¢ = 0.
Takum 06pazoM, OTJMYHBI OT HYJs JHIIb CAeAYIOlIe KOMIOHeHTh P (ecqu KoHeuHO P
— pelueHue ypaBHeHu# (1.35)):

+) _ {@(Jr)(gm =1,2;¢, = 374)} ;

o) = {q)(—)(gm =3,4;&, = 172)} . (1.38)

B (1.38) snakom (%) oGo3HayeHbl KOMIOHEHTH BeKTOPOB P, KOTOpbIEe MPUHA[IEXKAT
COOCTBEHHBIM 3HaueHHsiM +1 WHBapuaHTa €’ = 7y (¢/ — WHBapHaHT 3HAKAa SHEPrHH B
npexncrasaennn Ponnu—BoiiTxolizena-1upokosa).

Yno6Ho mepeo6Go3HaYMTh HEHYyJIeBble KOMIOHEHTH BekTOpoB (1.38) uepes ¢7(ni[,) (t,x)
u ¢§;) (t,z), tme umcaa r, g paBHBI YHUCJAY MEPEMEHHBIX &, MPUHHUMAIOIIKUX Y NAaHHOH
KOMIIOHEHTHl 3HadyeHHWe | u 3 cooTBeTcTBeHHO. fcHO, 4yTo KommnoHeHThl (1.38) cum-
METPHYHOTO MyJIbTHCIMHOPAa P B3aUMHO ONHO3HAYHO COOTBETCTBYIOT KOMIIOHEHTaM B
0603HAYEHUAX ¢, . Y KOMMOHeHT ¢(*) uHmeKchl 7, g MOTYT NPHUHUMATh CJELyollHe
11eJIOYHCIeHHble 3HaYeHHUsI:

o) 0<r<M, 0<g<N;

" (1.39)
g,r - OﬁgSM, OSTSN

Ternepb HETPYAHO MOACUMTATB, YTO pa3MepHOCTb mpoctpaHcTBa {P} (a 3Hauut u {P})
paHa 2(M +1)(N +1).

Oneparopsl Ss, Ts, T 7 5‘2 JMaroHaJbHbl Ha CI/IMMeTpI/ISOBaHHbIX BEKTOpax C KOM-
nonertamu (1.39) (uau (1.38)). Ecau uepes f(+) g ) 0603HaUNTb 3MeMeHTH GasHca
npoctpaHctBa {®@}, Torna Ha ITHUX JEMEHTax OMepaTOPbl S3, T3, T2 U 52 NPUHUMAIOT
cJlefyIole COOCTBEHHble 3HAUEHHS:

- M -
Ssfih) = (T - 7) i, T3flh) = ( ) 150,
M (M _N(N
e M (M (+) (+)
Sufra =5 <2+1>f’“’9’ LS <2+1>fr’g7 (1.40)
o NN o ) .
Sof() = (r=3 ) £, Tyfi) = (95 ) 7L
N(N M (M -
i = (5 +1) 65 7= (301

M3 (1.40) caenyet, 4yTo Ha MPOCTPAHCTBe pelleHHH ypaBHeHui (1.35), a 3HauuT U
Ha npocTtpaHcTBe pemennit (1.21), peannsyercss npeacTaBeHue

D) S:%,tzg @ D) S:E,t:% (1.41)
2 2 2 2

rpynnel P(1,4).
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YpaBHenue (1.35) 1/ HeHyJIEBBIX KOMIIOHEHT MOXKHO 3alHcaTh B BUJE:

0 [ oM (t,2) J(M+1)(N+1) 0 ¢+ (¢, 7)
za qg(f)(t’x) :W( 0 _i(M+1)(N+1)) ¢(,)(t7x) , (1.42)

rIe BBeneHO 0003HaueHHe

S5t x) §o ()

(+) (=)
sOay=| I o= | Y

Takum o6pasom, ypaBHenus tuna b—B (1.21) skeuBanenTtHbsl ypaBHenuio (1.42).

§ 2. YpaBHeHue mid HyKJIOHA U cuctembl Tuna (K*, )
B sToM naparpade paccMoTpUM JeTaslbHO JBa ypaBHeHHs B-B, KoTopble peanusyior
npencrasaennss DY) (L 1)y o D) (1 1) u DO (1,1) & DO (4,1).
1. Paccmorpum cucremy ypaBHenuil (1,21) mas cayuas M = N = 1. YpaBHe-
uust (1.21) B aTOM caydyae IPUHHUMAIOT BHI:

P @ YV = 5V,

2.1
P E )T = — T, =D

IJle KOMIIOHEHTH! BOJIHOBOH (ynkunu ¥ € {¥} onpenensiorest Kak ¢(t, x; &1, &), Npu-
4yeM MPOCTPAHCTBO pelleHUH

{U} C {F|P*F = »*F} C {F}, F=UTeu". (2.2)

CHMMeTpH30BaTh KOMIOHEHTHI (¢, x; €1, {2) OTHOCUTENBHO omepalu &1 < £ B caydae
M = N = 1 HeBO3MOXHO, MMOCKOJIbKY ypaBHeHHs (2.1) HEMHBapHAHTHBI OTHOCHTEJBHO
3TON omepauui.

YpaBHenus (2.1) MOXKHO TepenucaTh Kak CHCTEMY ypaBHEHHH AJiS KOMIIOHEHT:

PH (V) en(t, 23m, p) = 2(t, 256, p),
P (V) ¥ (t, 36, p) = —2e0p(t, 25, p).

[eneparoper rpynmer P(1,4) (1.25), cBsizanubie ¢ ypaBHenuem (2.1), B 3TOM yacTHOM
ciy4ae BBINVISIAAT Kak

©2.1)

1
Py = §[ﬁ07ﬂk]pk + 50, Py, = py,
- S
Jrr = (xpr — 21pr) + Sk, Sk = Z[ﬁkﬁz]—, (2.3)

1
Jok = Topr — E(Poxk + mkPO)a
raoe

Bu= =701 —-1®,. (2.4)



148 B.W. ®yuyy, JI.IT. Cokyp

]_UeCTHaJlU,aTI/IpH}leIe MaTpHUIL bl %ﬁﬂ’ KaK 3TO MOXKHO HEINOCPEACTBEHHO IMMPOBEPHUTD,
ynoBJeTBopsifoT anrebpe Kemmepa—Iadppuna—Ilerse

ﬁuﬂuﬁ)\ + ﬁ)\ﬁuﬁu = 4guuﬂ)\ + 491/)\6#- (25)

Marpuusl §a u Ta HMEIOT BU[:

1 1
o §Ua 0 §Ua 0
= (5 0 )ereie( 2 ).

(2.6)
fa=<8 %Oa >®1+1®<8 %ga )
[Ipeo6pasosanue Poanu-Boirxoiizena—Ilepcu nmeer Bun:
U=[2ww+:2)] Hw+x+p(ne @) Hw+x—p(ley)}. (2.7)
[Tpeo6pasoBanueM (2.7) ypaBHeHus (2.1) MpUBOAATCS K BHAY:
i%@ = u}gylo)Cb7
3 ) (2.8)
ZE(I): —wy®, ¢ =UV0.

YpaBHeHue (2.8), nepenucaHHOe Kak ypaBHeHHe IJis KOMIIOHEHT ¢, OyIeT UMETb BHI:

0
Zad)(ta €T 517 52) = w(’YO)élnd)(tv €, 52)7
2.8

0
Zad)(ta T 517 52) = _w(70)52W¢(t7 € §1; 7])

EMHCTBEHHOE [OTOJIHUTENBHOE YCJOBHE, KOTOPOE CyxaeT mpoctpaHcTtso {F/|P2F =
3?F'} (F' = UF) & npoctpaHcTBy peuiennit {®} umeer Bun:

Yoo = —5od (2.9
HITH

(70)ern®(n: §2) = —(V0) &2 ¢(&1,m)- (2.9
Ecau npencraButh npoctpanctso {F/|P2F’ = 5?F'} B Bume NpsiMoil CyMMBbl:

{F'|P*F' = *F'} = {®} @ {R}, (2.10)

rie {®} — npocrtpanctBo peiuenud (2.8), a {R} — mpocTpaHCTBO, KOTOPOE HCKJIHO-
yaeTcst yesoBueM (2.9), torna ypaBHeHHus (2.8) MOxKHO mpeo6GpasoBaTh K CJAEAYIOLIEMY
BULY

5 o) 14 0 0 o)
zE ) | =w| 0 —-1* 0 o)
R o o0 o° R (2.11)

R=0.
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B (2.11) ycnoBue (2,9) BblieseHO B IBHOM BHAe. BoJIHOBBIE (YHKIHH o), o)y R
OTpeNeNsioTCs CAeAYIONMHI KOMIIOHEHTAMU:

o) (t,2;1,3) (1—}_1)(157 )
+
oh _ | @PmLy | ol () 2.123)
P (¢, 2;2,3) (¢, 2)
(+) .
d) (t,I,2,4) (()—’%)(t,l')
¢ (t, 2;3,1) 571) (t,z)
oo | O3 | | ol (ta) 2.126)
(¢, 2;4,1) (¢, )
(=) . _
¢ (t,$,4,2) 8’0) (t, Z)
B(t, x;1,1) P1
B(t,x;1,2) P2
¢(t7 Z; 21 1) P3
| eta52,2) | | pa
= ot 7;3,3) | | s |7 @13)
¢(ta &€y 35 4) 145
d)(ta xZ; 4; 3) P
¢(t7 Z; 47 4) P38

[eneparoper rpynnel P(1,4) cea3aHHble ¢ ypaBHeHueM (2.8), uMe0T BUA

Py = wp, Py, = pk, i = TkPr — TPk + Skis

Bop §l
w4 x

(2.14)
Jor = opr — %[Wyxk] + —

Oneparopsi Sy, T, (2.6) NPHHAMAIT “SUHYHY0” (OPMy HA MPOCTPAHCTBAX {0,
{®()} u {R}. Onepatops S2 u T2 yixe [[I/Ial“OHaJ'II/I3OBaHI>I B HpOCTpaHCTBaX {@H)} u
{®(7)}. Uro6bl anaroHannszoBath “AIMKH” ONepaTopoB 52 u T, neiictBytouye B {R},
HY>XHO B { R} nepeliTH K HOBOMY 6a3ucy IyTeM CI/IMMeTpI/ISaLII/II/I Y aUTHCHMMETPHU3aLHH
6a3UCHBIX 3J1eMEeHTOB.

Hcnonbays (2.6), MoXKHO f0Ka3aTh, uTo Ha npoctpaHcTBax {®} u { R} peanusyiores
cJleflyIollye TPeaCTaBAeHHs:

11 11
. +) =z = .
{®}: D (2 2) ®D (2, 2) rpynnel P(1,4);
{R}: D(1,0)® D(0,1) ® 2D(0,0) noarpymnnsl O(4),

MIOCKOJIBKY BeKTOpa R yHOBJETBOPSIOT YpaBHEHHUSM

=0, R=0.
5l v
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DTo 03Hauaet, 4TO (PAKTHUECKH KOMIIOHEHTHI p, BekTopa R (o = 1,...,8) He 3aBHCAT
oT nepemeHHbIX ¢ U x. OTCiofa c/efyer, YTo SILUKK BcexX renepatopos (2.14), meficTBy-
owux B {R}, OyoyT cOCTOSITh U3 ONHHUX HYJIEH, 3a UCKJ/IOUEHHEM sILHKa [eHepaTopoB
J1, KoTOpble BYAYT COoepkKaTh ONepaTophl §]‘£IR}, ynoBJeTBopsitolpe anredpe O(4).

B 3akJjoueHue OTMETHM, UTO MepBoe ypaBHeHHe H3 (2.11) MOXHO YHUTapHBIMH
npeoGpa3oBaHUSIMU CBECTH K BHAY:

Bo B Bo
UV =<|= = — o U 2.15

Po {|: 279 Pk + 9 ” y ( )
KOTOpOe siBjsieTcsi ypaBHeHueM Tuna Jad¢una—Kemmepa. Bekropa ¥/, B otsiuune ot
BekTopoB ¥ € {U}, sBasiomuxcs peweHusmMu (2.1), comepxar JULIHHE KOMIIOHEHTHI
(mpoo6pasbl KOMIOHEHT Py ).

2. Paccmorpum cuctemy (1.21) ps M = 2, N = 1. B satom cayvae ypaBHenus (1.21)
TIPUHUMAIOT BH[:

O B
Py = pt (7, ® 1@ 1)T = x0T,

PP = (1@, @ 1)U = 300, (2.16)

G N _
PPy =pr(1®1®7,)V = —sxU.

Ha snementst ¥ € {U}, roe {¥} — npocrpancTso peiuenuit (2.16), HanaraoTces cie-
AyIOLHe OrpaHHYEHHUS:

a) {U} C {F|P?F = »*F} C {F}, (2.17)
rae

{Fl={v"}e{v e {r}
{U*T} u {¥~} — nmpocrpancTsa peiennii ypasHenus (1.14) u ypasuenus (1.15) coo-
TBETCTBEHHO.

DTO orpaHHueHHe HEMOCPEACTBEHHO cjelyeT U3 ypaBHeHuE (2.16) u WHBapHaHTHO-
ctu (2.16) otHocuTesbHo rpynnsl P(1,4).

1) (2

6) % ="%¢%,
Soo = —Soa, (2.18)
(2) (3)
Y0P ==Y,
rae ® — dosanu-odpas v:
=07,

_ 1 2 3 2.19
U = [2w(w + »)] 3/2 (w + %+(7;2pk> (w + 2+ (%)Pl) (w + 2 — EYJ?PJ‘) . ( )

HononuutesbHble yeaoBus (2.18) caenytoT u3 ypaBHeHu# (2.16) B npexncraBaennu Pos-
i’}
)
Po® = wy®,
po® = w%q), (2.20)

(3)
po® = —wy®.
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Orpannuenne (2.17) B mpencraBienny Ponnn npeacTaBiseTcs B BULE:
{®} C {F'|P?F' = »*F'} C {F'}, ©17)
{F'y={o"}e{oT}a{o}, '

rae
F' =UF.

DTHX OrpaHHuYeHHH JOCTATOYHO, YTOOB HAHTH NpelcTasieHre rpynnsl P(1,4), kotropoe
peanusyercs Ha {®} (uwau {T}).

Ycnosue (2.17) nosBosisier HalTH siBHBIH BUA reHepaTopoB P(1,4), neACTBYIOIKX B
npoctpaHcTBe {®}. OHU UMEIOT BUA:

P(S:w?(b PI::pka

~ ~ T
J = Trpi — TPk + Skis Sk = 1 (e, W] (2.21)

Yo
Jék = ToPk — ?

YoPi
) S )
[w xk}++w+% Ik

rue

- 1 2 3
W @ @

Y = Y TV — Y-
Onepatopsl Sy MPEICTABHMBI TAKXKe B BHIE:

~ 1) (2) (3) 1

Ski= Sr+ Sk + Sk, Skt = 1 e, v - (2.22)

Jononuutenshbie yeaosus (2.18) cyxawot mpoctpanctso {F'|P?F = 32F'} no
npoctpaHcTBa pewenu#t {®}. Ecau y9 — marpuua auaroHasibHa ¢ ajemeHTtamu (1,1,
—1,—1), Torna Bektopel ® € {®} ompemensitOTCs CAEAYIOUMMH HEHYJIEBHIMH KOMIIO-
HEHTaMH:

¢(+)(t7$;§17£27§3)7 51752 = 1727 63 = 3747
¢(_)(t7x;§1a§27€3)7 §1a§2 = 3547 53 = 152

B cuny uuBapuantHOocTH (2.16) 1 (2.20) OTHOCHTENBHO MeEpPeCcTaHOBKH & « &3, MPoO-
cTpaHcTBO {P} MOXKHO Pa3NOKUTh B IPSIMYI0 CyMMY

{0} = {Ps} D {Pa}

NPOCTPAHCTB, CUMMETPUYHBIX Pg U aHTUCHMMeTpPUYHBIX P4 (PYHKUUH OTHOCHTENBHO
onepanuu &1 < &a.
BosHoBele pyHKUHH Pg U P4 ompenensioTCs CAEAYIOUIMMHA KOMIOHEHTAMHU:

(2.23)

¢(s+) = oM (t, 7361, &)1, &), §1,82 =12, & =34 (2.24)
05 = 6 (t, @ [61, a1, &), §1,82=3,4, &=12
o)) = oWt a6 &) &), G.&=12 &=34 (2.25)
of) =0t wl6,6)-, &), G.&=34 &=12
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rae [€1,&2]+ 0003HAaUaeT CUMMETPU3aUUi0 (4) WM aHTHCHMMETPH3aLHI (—) KOMIO-
HEHT ¢) OTHOCHTENbHO NMepecTaHoBoK & « &o. Hampumep,

V(23 = 5 [690.2.9) 00,13

Onepatopsl Ss, T, 52 H TE onpenensiemble (2.22) u (1.10)-(1.12), nuaroHansbHbl Ha
{®Ps} u {Ps}. YuursiBas (1.18), MOxKHO HaHTH COOCTBEHHblE 3HAYEHHSI ITHX Olepa-
TOPOB Ha Ka)KOM 3jieMeHTe 6asuca mpocTpaHcTB {Pg}, {P4}. TakuMm myTeM MOXKHO
nokasatb, uTo Ha {Pg} u {P4} U peanusyTCs ClenyHOLIHe MPEACTABIEHUS TPYIIIbL
P(1,4):

{®s}: DI (1, %) @ D) (%1) , (2.26)

{®4}: DI (o, %) @ D) (%o) : (2.27)

Eciu orpaHuuuthest KaaccoM cuMMeTpru3oBaHHbX petueHudt {®Pg} (wmu {¥U4}), To-
ria ypasHenue (2.16) oanuBaeT YacTHLy CO CMHHOM S = 1 W U30CIHHOM t = a
TaKxke aHTHYaCTHLy s = %, t = 1, T.e. ypaBHenue (2.16) onucsiBaer cucremy (K*,X)
(pu 3TOM TpUMJIET ¥ CJIefyeT CUHTATb aHTHUACTHLEH).

1
2
’

§ 3. YpaBHeHue nBUIKEHHS AJIS YACTHULbI IEPEMEHHON MaCChI
1. Ha MHOXeCTBe pellleHUd ypaBHEHHH, pacCMOTPEHHBIX B MPEeJABAYIIHX Naparpa-
dax, peanusytoTcs mpeiacTaBaeHus rpynnsl P(1,4), npunaniexauue knaccy 1 (P? =
»%?> > 0). B sTom naparpade 6yayT HaiiieHbl ypaBHEHMS, OMUCHIBAIOLIHE IBHXKEHHe
YaCTHIBI C MIEPEMEHHON MacCoH, HO ¢ (PMKCHPOBAHHBIM CIIMHOM .
Ins kaacca 11 (P2 = W = V = 0) npeacrtasnenuii rpynnbl P(1,4), ypaBHeHHe
Jlupaka B MSITHMEPHOH CXeMe MMEeT BHI;

Py, ¥ =0, (n=0,1,...,4) (3.1)
W
HY = zglf[/ (3.2)
oot '
rze
H = Y0Ykpk = Y0YaPa + 10727 |p | “lpal,  k=1,2,3,4 a=123  (33)
YpaBHenue (3.1) MOXKHO MpPEACTaBUTh B BUIIE:
P = [pal W, fpal A0, (W =0,1,2,3), (3.4)
e
P4 p
Yo = T VaV4s W% = 0% (3.5)
P4l [P

Onepatopsl %’ YIOBJIETBOPSIIOT TeM K€ KOMMYTaLlHOHHBIM COOTHOLIEHHSIM, UTO U 0OBIY-
Ho Martpuusl [dupaka, T.e.
! ! — — — — /
I:’Y,u,’?,-YV/:I = 2g/L/u/7 900 = —YJaa = 1, Ju'v' = 0, (/L 7£ 4 )7

(Vo] - = [ 2] = 0. (3.6)
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B kaHoHMuYeckoll (1mpennHrepoBcKoi) (opMe ypaBHeHHe (3.4) BBINVISIAHT Kak

.0

I X = 00X w =P+ Pl (3.7)

x=UY, (3.8)
rie U — onepartop npeo6pasosanus tuna Ponnu-BoriTxolizeHa:

U = [2w(w+ [pa)] ™% (@ + pa] +7apa) (3.9

[enepatoper rpynnbl P(1,4), onpenesneHHble Ha pellieHHsx ypaBHeHus (3.7), HMeoT
BUJL:

P(S:w’)/(/)v Pk:pka

)
(/Lb = TaDb — TpPa + Sab; Sab = ~ [7;77{;]_ ;

1
P4 Db
+ 775& b
[pal @ + [pa] 7 (3.10)
!

!
Y0 YoPb
J = - e ) T 9
0a = Z0Pa D) [w, Za]+ + o + pa] ba
!

Jia = T4Pa — TaPs

Joa = xops — %[%M]%

[Saba Scd]f =1 (5achd + (;deac - 5adsbc - (Schad) . (311)

HenocpencteerHol mpoBepkoH MOXKHO y6enuTbes, uTo reHepatopsl (3.10) ymosie-
TBOPSIIOT KOMMYyTaluoHHbIM cooTHotuerustM (1.1). Jleranbubiit BoiBoa (3.10) Gymet mpo-
BelleH B Ipyrod padore.

OcobeHHOCTbIO 3TOrO KJacca MpeAcTaBleHHH OyleT TO, YTO HEBO3MOXKHO INepedTH
B TaKylo cucTeMy oTcyeTa, rie Bce pr = 0. Eciu reHepatopnl mpejicTaBJ/eHbl B BHU-
ne (3.10), torma BO3MOXKHA CHCTeMa, B KOTOpoi p, = 0, ps # 0. 1o mo3BOJsIET
TpeGoBaThb, uTobHl |py| # O B ypaBHenuu (3.4). [Ipu mepexome K Takoiél cucteMe oTcCue-
Ta anrebpa renepatopos (3.10) cyxkaercs K anre6pe renepatopos (3.11) rpynmer O(3).
Takum o6paszom, Masofi TpyHmod B 3TOM KJjacce mpeacTaBaeHHd Gyaer rpynma O(3),
M03TOMYy Bce mpeacrtaBjeHus rpymnmsl P(1,4), peannsyemble B MPOCTPAHCTBE PeLIEHHH
ypaBHenu# tuna (3.1) u (3.7), 6ynyT yHHUTapHBI, KOHEYHOMEPHBI U XapaKTE€PU30BATHCS
COOCTBEHHBIMU 3HAYEHUSIMU ONEpaTopa SHEPrHHM M UHCJIOM S, KOTOpPOe NPHHUMAeT lie-
Jible U ToJIyLesible 3HAUEHHUS.

Oneparop cruHa S = (51,52, 53) nns ypaBHeHHus (3.1) UMeeT TakoH ke BUA, KaK U
nJisi o6bruHoro ypasHeHust Jupaka (otrHocutesasHo P(1,3)):

1 1 /o0, O
Sa - ieabcsbc - 5 < 0 Oq ) ) (312)

0, — Matpuubl [laynu.
M3 (3.12) u (3.10) BbITeKaeT, YTO HAa MHOXKeCTBe pellleHHi ypaBHeHus (3.1) peasu-
3yeTcst TpefCTaBJeHue

D) <5 = ;) @ D) <s = ;) (3.13)

rpynnsl P(1,4).
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2. YpaBHeHHe [BMXKEHHS YaCTHIBl C TPOM3BOJIBHEIM CIIHHOM WU C TMPOW3BOJBHOH
He PaBHOM HYJ/II0 MacCoH, HETPYHHO BBIMHUCAThb, €CJH 3aMETHTh, YTO ypaBHeHue (3.4)
OTJIMUaeTcss OT OOBIUHOrO ypaBHeHUs [lupaka 3aMeHOH

m — |p4|7 Y — ’Y,Iu, (314)

¥ MOXXHO GyKBajIbHO MOBTOPUTBb BCe paccyxpuenusi Baprmana u BurHepa, mpoBeeHHbIe
B padore [6]. [TosToMy A5 HacTHL ¢ mepeMeHHOH Maccofl u crmHoM s = &L nmeer
MECTO CUCTEMA ypaBHEHUHU:

,(m)
Py = |pa| ¥ (m=1,2,...,M), (3.15)
[puueM MpeanoJaraercs, 4To KOMMOHEHTH ¢ (t, x;&1,...,&n ) BOMHOBOH (yHKuuu ¥

MOJTHOCTBIO CUMMETPHU30BaHbl OTHOCUTEJBHO JI000H MePeCcTaHOBKHU &y <= &y
[enepatopel, neficTByoiie B npoctpaHctse {P}, HMeOT BUA:

P(S:wa(/b P]é:pka

I i ~/ ~/]
-

Jab = TaPp — ToPa + gaba Sap = 1 [Yas Vo

y2 Do =
Jia = T4Pa — Taps + L2 23
4a 4Pa aP4 ‘p4‘ w1+ |p4| abs (316)
oL Yoro
Joa = ToPa — %[wyﬁah + m bas

=~

Joa = xops — %[W,M]%

roe

M ()
d=U0, v=1]J v,

m=1

(3.17)
(m) 1y (W}) » M (77)
U = [2w(w + [pa])] wlpal+ vopa | A= Y
m=1
Ypasuenue (3.15) npeobpasosanuem (3.17) mpUBOAUTCS K BUALY:
(m)

po® = wnh @, (3.18)
KOTOPO€ 3KBHUBAJIEHTHO CJIEAYIOLIEMY YPaBHEHHIO KAHOHHYECKOrO BHA

po® = wfiP, (3.19)
e

. 1(M+1) 0

Takum o6pasom, ypaBHeHusi Tuna baprmana—Buruepa (3.15) B msiTHMmepHO# cxeme
OMUCHIBAIOT YaCTHIY W aHTHYACTHLY ¢ (QUKCHPOBAHHBIM CIIMHOM $, HO C He(DHKCHPO-
BaHHOU Macco#t |py|. Ha pewenusix ypaBuenuit (3.15) peanusyercsi npeacTaBieHuHe

D) <%) @ D) <%> (3.21)
2 2
rpynnsl P(1,4).
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§ 4. P-, T-, C-cBoiictBa ypaBHeHus Jlupaka
B srtom maparpade usyuaiorcsi cBoiictBa ypaBHenust Hupaka (1.14) (uau (1.15))
OTHOCHTEJIbHO MPOCTPAHCTBEHHOTO W BPEMEHHOTO OTPaXKEHWi, a Takxe Orepaluy 3a-
PSLIOBOTO COTPSIKEHMUS.
[pu 3amene xy — —xy BoJHOBas (yHkuMs U (£, z) MoxkeT mpeo6pa3oBaThbcsi, BO-
o0l1e ToBopsi, NIBYMsl HE9KBUBAJEHTHBIMH CIOCOGAMU:

2
POGH (¢, 2) = rOwt (1, —x), [PU)] ~1 (4.1)
160
. 2
POUH (L, z) = rOyt(t, —z), {P@] ~1, (4.2)
rne 7™M, r) — (4 x 4)-marpuup;; P — spmutosbiit, a P?) — aHTHIpMUTOBbI

Ol'IepaTOpr, yILOB.HeTBopHIOLHI/Ie TAKHUM COOTHOUIIEHUAM:
(PO, p| = [PO ] =0, [POR] = [PDg] =0, @43)
+ + - -
[P@),Pk} - [P@), JOk} -0, [P@%PO} - [P@), JM} — 0. (4.4)
- - + +

[Ipu 3amene t — —t BoJHOBasi (PyHKLHs TaKyKe MOXKET MpeoOpa3oBaThCsl ABYMS
paszanuHbeiMM criocobamu. Corsacho [laynu

TOWH (1, 2) = 7O+ (—t, z), [T<1>]2 ~1, (4.5)
0B =100 =0 [1O.R] = [10.00] =0, 46

rne 7 — (4 x 4)-marpuna.
CorsacHo Buruepy

TOU*(t, 2) = 1O+ (—t,2), [T@r ~1, (4.7)
OB = 1] =0 [10.R] = (1% 0] =0, (4.8)

rie 72 — (4 x 4)-marpuua.
OnepaTop 3apsloBOrO COMPSIKEHHs! ONPeieIsieTcs Kak

CUt(t,z) =TT (t,x), 2~ 1, (4.9)
[C, PH}J'_ = 0, [C, J’“/]J’_ = 0, (410)
rie 7 — (4 x 4)-marpuua. M3 sToro onpemesnenus scHo, 4To onepatop C' MOXKHO

onpeneuth uepes onepatopbl T u T unu yepes P u P kak
oM — 72 = T(2)T(1)7 (4.11)

c®@ — p)p@ _ p@ p(), (4.11')
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1)

Marpuust 7D, #2) 7(1) | 7(2) 73) poxuo npencrasuth B BHIE:

r® = aPa, + aDa,a,, p<v, 1=12,

4.12
) = bff)au + bff,loz“al,, w<v, 1=1,2,3 ( )
roe a,(f), a,(f,z, bﬁ) % bﬂl), — npousBoJibHble uncaa (u=0,1,...,4).
3Hast sABHBIU BUI reHeparopoB P,, J,, (dbopmyna (1.17)), mefictBylomux B Ipo-
crpanctBe pewenudt {UT} (uau {U~}) ypasuenus (1.14) (uau (1.15)) u yunTeiBas
(4.12), moxkHO yOeUTbCs HEMOCPENCTBEHHON TPOBEPKO#, UTo cooTHoLIeHus (4.4), (4.6),
(4.10) ynosnetsopsitotcs Tosbko Aas Hynesbix Matpur (M, 7(2) u 7). Coornore-
Hus (4.3) v (4.8) ynoBJeTBOpSIOTCS, €CIH

r =g, @ = iaias, (4.13)

Urak, ypaeuenue (1.14) (uam (1.15)) PP- 7M. (C-neuusapuantho, Ho PM)-,
T®)-yupapuantio [9]. ATo 03HAuaeT, YTO UETHIPEXKOMIIOHEHTHOe ypaBHeHHe [lupa-
ka Ha rpynne P(1,4) POTMCM. pATE)C®) pupapuantho, vo PHOTECR)-,
PATE M. pOTO ) yennsapuantHo.

Il cpaBHeHHs] HAMOMHKM, 4TO OOblYHOe ypaBHeHue [lnpaka Ha rpynmne P(1,3),
KakK xopouo usBecTHo, P-, C-, T-nHBapuaHTtHo. Takoe oraunuue P-, C-, T-CBOHCTB
5-mepHoro ypaBaenusi Hupaka (1.14) ot o6biuHOro ypaBHeHusi Jlupaka siBJSIOTCS CJiel-
cTBueM Toro, uto ypasHenue (1.14) (usu (1.15)) He onMChIBAET YACTHILY H aHTHYACTHILY,
TOCKOJILKY Ha pelleHHsX 3TOr0 ypaBHeHWs peanusyercs mpeactasienue D(T) (3,0) ®
D) (0,4) rpynnbt P(1,4).

PaccMoTpuM Temepb ypaBHeHHe, siBAsiOlIedcs “npsiMod cymoi” ypaBHeHu#d (1.14)
u (1,15):

0
HV =i—U 4.14
Zat ) ( )
H =Tgl'xpr + Ty, (415)
. 0 (1 0

U — BOCBMHKOMIIOHEHTHBIH CIUHOD.
Ha pemennsx ypaBHenus (4.14) peasnusyercs npencTasiieHHe

1 1 1 1
D) (= D0,z )eDF) (0, )eD)(=,0). 4.17
(2,0>@ 0,5 )@ 0,5 )@ 50 (4.17)

[eneparoper rpynnbl P(1,4), melcTByioliMe B NPOCTPAHCTBE peLIeHHI ypaBHEHHS
(1.14), BRINISAAT Kak

Py=H =Tol'ypr + Loz, P, = px,

7
J = xppr — T pK + Sl(j), SS) = Z[Fkvrl]—a (1.17%)

1

Jok = xTopr — =

2[H7 xk}"l"
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OnepaTopamu CriMHa ¥ U30CTKHA OYAYyT MaTpULbI

oo 0 0 0 0 0 0 O
(8) _ 0 0 0 0 (8) _ 0 Oq 0 0 7
Sa 0 0 o, O | Ta 0 0 0 O (1.127)
0 0 0 O 0 0 0 o4

Onepatoper P, T', C' Ha BOCbMUKOMIIOHEHTHOH BOJIHOBOH (DYHKILIMH OMpefesisieTcsi Kak

POt z) = RYU(t, —z),  PPU(t,z) = RADU(t, —z), (4.18)
TOW(t z) = TOG(~t,z), TOU(Ez) = TOY(~t,2), (4.19)
CU(t,z) = TOU(L, z), (4.20)
raoe
o _ (B8 0 @) _ . 0 a3
R 0 B > R _z< wos 0 ) (4.21)
o _ (0 B @ _ . caas 0
roo (8 0), e om0 821
7@ —( 0 a2 (4.23)
[6HYe %) 0 ’ ’

MoxxHO TPOBEpPUTH, UTO MpH BeiGope Matpull R, 7, B Buae (4.21)-(4.23) cooTHoleHUs
(4.3), (4.4), (4.6), (4.8) u (4.10) BumONIHSIIOTCS. DTO 03HAYAET, UTO BOCHBMHKOMIIOHEH-
THOe ypaBHeHue (4.14) P-, T-, C-, PTC-1iHBapHaHTHO.

Takum obpaszom, B cxeme P(1,4) mpocreéiuum P-, T-, C-UHBapHaHTHBIM ypaB-
HEHHeM, OIMHUCHIBAIOIIMM YacTHIY (MYJbTHIJIET) CO CIIMHOM M H30CIHHOM, SIBJISETCS
BOCbMHUKOMIIOHEHTHOe ypaBHeHHe (4.14). Otciona sicHo, 4yTo AJs noctpoenuss P-, T-,
C-vHBapUHaHTHHIX ypaBHeHMH Tuna B-B, cremyer B kadecTBe MCXOMHOTO ypaBHEHHS
B3sTh ypaBHeHue (4.14). V3 npenpiayinero paccCMOTpPeHHst SICHO TaKXKe, YTO CBOHCTBOM
P-, T-, C-vHBapuaHTHOCTH OyAyT o0/ajgaTh JHIIb TakHe ypaBHeHHs B cxeme P(1,4),
Ha pelleHHUsIX KOTOPBIX Peasu3yloTCs MPeNCTaBJdeHHs], CHMMETPHUYHBIE OTHOCHTEJBHO
3aMeHBbl § < t:

DH)(s,t) @ D) (s,t) @ DD (t,5) ® DI (¢, ), (t # s),

DH(s,)@ DO(s,t),  (t=s). (4.24)

JLJisi OMHOTBI YKaXKeM, 4To ypaBHeHHs (3.15), Ha pellleHHsIX KOTOPBIX peasH3yloTcs
npencrasaenus kaacca Il (¢ W =V = 0) P-, T-, C-uHBapHaHTHO. DTOT (QaKT SBJASETCS
CJIeICTBUEM TOro, 4To ypaBHeHue (3.1) unu (3.4) WHBAPHAHTHO OTHOCHUTENBHO 3THX
onepauuii. JleficTBUTeNLHO, ecy BEOpaTh Matpuupl (1), () (1 72 +() g pype

F) r 73 =4, (4.25)

_,}/(/)7 VY, 7,(2)

— A~ A 1) _ A
= Y0725 M = Y1723 =M173>
TO JIerkKo yOemuThesi, 4To ypaBHeHue (3.4) P-, T-, C-vHBapuaHTHO.

Urak, ypaBHenue (3.15), onucbiBaBilee cBOOGOAHOE ABHXKEHHE YaCTHLBI CO CIIUHOM

$ ¥ He(pMKCUPOBaHHOH Maccoit |py|, P-, T-, C-MHBapHAHTHO.
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§ 5. P-, T-, C-unBapuaHTHble ypaBHeHUs Tuna baprmana—Burnepa
YpaBuenuss b-B, paccmotpenssie B § 1, T-, P-, C-UHBapUaHTHBI JHLIb B YAaCTHOM
ciydae M = N. Ins nonyuenusi T-, P-, C-uHBapuaHTHBIX ypaBHeHHH B-B Hy-
JKHO HCIIOJIb30BaTh, KaK y2Ke OTMeuasoch, B Ka4eCTBE UCXOIHOI0 BOCBMUKOMIOHEHTHOE
ypaBHeHue Buaa (4.14).
YpasHenue (4.14) 3KBUBAJEHTHO IBYM ypPaBHEHHSIM

HU = z'ﬁ\p, PTU =0, (5.1)
ot
u
.0 _
HU =i—0, P~U =0, (5.2)
ot
roe Pt — MPOEKILIHOHHbIE OllepaTopbl BHAA
1
Pt = 5(1 +T), Pt 4+ P =1, PTP™ =0,
- (5.3)
_ _ 0
=TI Ial'sly = ( 0 — > )

npudem ornepatopbl I' KOMMYTHPYIOT ¢ omepaTopamu ypasHeHus pI',, a Takxke ¢ re-
neparopamu (1.17"). IToatromy mpoctpanctBo peuiennit {W} ypasuenus (1.14) MoxHO
pasJIoXKUTh Ha [Ba MHBaPUAHTHBIX MOANPOCTPAHCTBA

{U} ={PTU} o {P U}

Ypasuenue (5.1) (uau (5.2)) vMeer B KauecTBe MPOCTPAHCTBA PELIEHHE MOANPOCTPAHC-
180 {P~W} (uau {PTV}) na xoropom peanusyercs npexncrasienne D) (0,1) @
D) (%,0) (umu D(H) (%,O) @ D) (O,%)), yTo moKasbiBaeT, uTo (5.1) 3KBUBaJeH-
tHO (1.15), a (5.2) skBuBajsentHo (1.14).

YpaBHenuss b-B, ecniu B KauecTBe HCXONHOrO ypaBHEHHs BHIOpPAaTb ypaBHEHHE
(4.14), 6ynyt umMeTh BUJ

(m)
'L, W =20, (m=1,2,...,M). (5.4)

[TpoctpanctBo petuenuit {¥} ypaBHeHuit (5.4) peanusyer npsMyr CyMMy MpelcTaBie-
nuit D) (s, 1), rne
M M M
=5 7,?71,772,...,
M M M

S+t: 7,7—1,7—2,
[Ipuuem, B 3TO# CyMMe HEKOTOpbHIE MPEACTABJEHUSI MOTYT TMOBTOPSITHCS HECKOJIBKO pas.
CylecTBYeT, TeM He MeHee, MPOEKLHOHHBIH ornepatop, npoekTupytownit {¥} Ha omnpe-
JeJieHHOe WHBapuaHTHOe noanpoctpadcTBo {¥'} C {U}, B KOTOpOM peasnusyercsi JHULIb
npsiMasi CyMMa HeNpUBOIMMBIX TMpeNcTaBieHUH Buna (4.24) ¢ uucaamu s u t, yIoBJe-
TBOpsiIOIUMH (5.5). O603HaYMM TaKoH NPOEKIMOHHBIH omeparop yepes P’, T.e.

s, 1
(5.5)

' = P/,



YpaBHenusi baprmana-Buruepa Ha HeonHoponHo# rpynmne ne Cutrtepa 159

torga T-, P-, C-nnBapuantHoe ypaBHeHne ¢ ¥ € {U’} Gyner umeTh BHA:

(m)
pHT, U = 50, (1—-PHY =0. (5.6)
Paccmotpum nertanbHo ypaBHenue (5.4) mast cayuas M = 2. YpaBuenue (5.4) npu-
HHUMaeT BH[
) )
T, = 0, 'L = V. (5.7)

Bosnosast ¢yukunss U € {U} ({¥} — npocrpanctBo peutenunit (5.7)) ompenessiercs
CBOMMH KOMIIOHEHTaMH BHa

¢:¢(t»$;§1af2)57/’(51752) (€1a£2:1727"'78)'
I[OHOJIHI/ITeJIbeIe yCJa0BUA B 3TOH CJlydyae UMEIT BU[

NG
ToU = [0 (5.8)

W NIpUBOASAT K TOMY, UTO v orpeneJsisgeTcd JUIb CJACAYIHNMHA KOMIIOHEHTAMU!

ZZJH) = w(Jr)(glag?)a 51752 = 1a2;3747
77[)(_) = w(_)(§17§2)? 51762 = 5a 6) 778

(#)

(5.9)

Bekropa ¥(*) onpenensiemble komnoHentamu ¢(+), npuHamexar cOGCTBEHHOMY 3Ha-
YeHHI0 +1 UHBapHaHTa €:

eU® = 110,
Paccmorpum onepatopsl

) @) e)
r=rel, r=1®l,  TT. (5.10)

o @
Herpynuno y6enutbesi, uro oneparopa (5.10) xommyTupyiot ¢ matpuuamu ')y u '), ¢
rerepatopamu rpynmnsl P(1,4), KOTOpble B 3TOM CJyd4ae UMEIOT BUA:

1~ ~ -
Py = E[Fo,Fk}—pk + »lo, Py = p,

Ju = xipr — TPk + Ska, Sk = ~[Tx, Tu]_, (5.11)

1
Jok = Topr — i[POaxk]-‘ra r,=T,+T,.

DTo o3HayaeT, 4To H3 omepaTopoB (5H.10) MOKHO 06pa3oBaThb LIECTb MPOEKLHOHHBIX
OTepaTopoB

(1) (2) (1)(2)
;(111“), ;<1ir>, ;<1i1“1“), (5.12)

KoTOpble pa3buBatoT MHOxecTBO { ¥} Ha WHBapuaHTHble oTHOCHTenbHO P(1,4) nogmHo-
JKeCTBa.
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CyliecTByeT yeThipe He3aBHCHMBIX MPOEKIIMOHHBIX OMEpaTopa, KOTopble 06pasyioT
MOJIHYIO CUCTEMY M KOTOpble MOTYT ObITh TOCTPOEHBl U3 onepaTopos (5.12):

1 (1) (2) 1 (1) (2)
Plzz(l—FF)(l—FF), P2:Z<1+F)<1—F)a

1 (1) (2) 1 (1) (2)
P (1-0) (1+7). = (1-1) (- 7). (5.1)

Pr+ P2+ Ps+Py=1, PiPi = Pi, PiP;=0 (i#)),
(1,7 =1,2,3,4).
BekTopa, mprHaj/Iexalne HHBAPHAHTHBIM TOANPOCTPAHCTBAM
M; = {P;¥ D} o {P,w)}, (5.14)

OTpeNeNsloTCs TOTAA JULIb CIeAYIOIUMUA KoMIIoHeHTaMu U3 (5.9):
W € M; onpenessitoTcsi KOMIOHEHTaMU

w(+)(€17£2)a §1a§2 = 1727

5.15

(Elan)? 51762 =178 ( )

v e M2 — 1/J(+ (£1a£2)7 51 = 1a27 52 = 3;47 (5 16)
¢( (€1a§2)7 61 = 77 8a 62 = 57 67 ‘

Ve M3 _ ¢(+ (61762)? 51 = 3547 52 = 1527 (5 17)
(51752)» 51 = 57 67 52 = 77 87 .

v e M4 —_ w(+ (51762)? 51 = 3747 62 = 3747 (5 18)
(§1a§2)7 51 =5, 6a 52 =5, 6. .

IIpoctpanctea M u My MOryT ObITb pa3J/oXKeHbl Ha MOANPOCTPAHCTBA CUMMETPUYHBIX

Vs (61,62) = Us(62, 1)

W aHTUCHUMMETPHUYHBIX

Va1, 82) = —Ta(&, &)

¢GyHKOMHA. DTO BHOHO XOTs1 Obl M3 TOTO, YTO OmepaTophl P; U Py KOMMYTHPYIOT C
omepalued MmepecTaHOBKH &1 <> &y MM U3 BeipaxkeHud (5.15) u (5.18). IlpocTpaHcTBa
My, M3 He NOMYCKalOT TAKOTO Pa3JIOKEHHS.

Uro0bl yKasaTh, Kakue npeacTasienns rpynnsl P(1,4) peanusyioTcs Ha IpoCTpaHe-
TBax M;, HeOOXOQUMO 3HATh, KaKhe COOCTBEHHbIE 3HAUEHHSI UMEIOT OrnepaTopbl 53, Tg,
S2 u T2 Ha GasHCHBEIX MEMeHTaX 5THX mpoctpancTs. Omepatopsl Sy, Ty, S2 u T2 B
3TOM cJIydae MPUHUMAIOT BHA!

2)(g) (1 )(8) (2) )

S(), == Sa + a Ta, + Ta )
~ [Wel” (@] W@
=15 + [ éﬂ +280 58, (5.19)

2 2
= W] [H0] e
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Oneparopsl S2 u T2 OHaroHa/bHbI TOJHKO HA MHBAPMAHTHBIX MOANPOCTPAHCTBAX My
U Ms. Uro6bl nuaroHaau3upoBaTh MX Takxke U B M; u M,, He0OXOAHMO B KauecTBe
6asuca M7 u M, BoIOpaTb CUMMETPUUYHBIE U aHTUCUMMETPUUYHBIE (DYHKLUUN

M Mo, M- M e M, (5.20)
rie
—(Pv e Py, MY = (peiTe (Pol)
U T.0.
Torma MOXKHO MMOKasaTh, YTO Ha Ml(s), M( ) , My, Ms, M(S) peaJ‘II/ISYIOTCH

clenytolide npeactaBaeHns rpynmsl P(1,4):

M. DW(1,0)@ DO(0,1), (5.21)
MY D(0,0) @ DE)(0,0), (5.22)

11 1

. pw (L1 (11
i 0 (4,2 o000 (L2). 52

11 11

. pw (L1 (- 1
i 0 (3 2) o000 (12). 529
M D(0,1)@ D)(1,0), (5.25)
MY DM (0,0) @ DE)(0,0). (5.26)

Teneps MoxxHO HamucaTh ypaBHeHUs BUAA (5.6) mjs noboro U3 npeactaBaeHui (5.21)-
(5.26), uam 11060H UX CYMMBL.

Mel BoinuIeM TOJBKO ciepyioiue P-, T-, C-UHBapraHTHbIE YPaBHEHHUS:

IJIS1 CIIHHOCHHT/IeTa-u3ocuurera (5.22) uiau (5.26)

(m)

Pl W g =20y : m=1,2 (5.27)
(1=P1)Ta=0

U1
(1 =PV 4 = 0;

1Js1 cniuHony6eta-usonyo6aera (5.23) unu (5.24)

(m)
PV = L m=1,2 (5.28)
(1—=Py)¥ =

HJIN

(1—P3)¥ =
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OJisT CIAUHOTPHUILJIETA-U30TPHUIIIETA

(m)
'L ¥s =»xVUg : m=1,2. (5.29)
(1 - P4 —734)\115 =0

Urak, ypaBuenue (5.4) na rpynne P(1,4), B oTiiduMe OT OGBIYHOTO YpaBHEHHs
Bparmana—Buruepa na rpymnne P(1,3), onucbiBaeT He OIKH, a HECKOJIBKO CIIHH-M30CIH-
HOBBIX MY/bTUILIETOB (cMech). C MOMOLIbIO MPOEKLHOHHBIX OMepaTopoB MOXKHO U3 (5.4)
BBLAE/SATh YPABHEHHUS], OUCHIBAOIIHE CIIHHOCHHIJIET-U30CHHIJIET, CIUHHOAYOJIeT-H301y6-
JIeT, CIIUHOAYONET-U30CUHIIET U T.[.

B 3aksiouenue 3Toro maparpada ykaxkem elle ONWH BHJ ypPaBHEHHH, pelleHHs KO-
TOPBIX, TAKXKe KaK U pellieHusi ypaBHeHni D-B He CONEPKHUT JHUIIHUX KOMIIOHEHT.

YpaBHEHUS UMEIOT BHUJ

PV = (Lup” + Lux)V, (5.30)
rae Matpuusl Ly, U L, NpeicTaB/sioTCs B BHIe
1 1
Ll“’ - asﬂy, L# - 55“5. (531)

Oneparopsl S, U S5 pPealusylOT HeNPUBOAMMOe NpeacTaBneHde D(A, Ai, A2) rpynmnsl
O(1,5), tme A\, A1, Ao — LeJble WK NOJYLEJble YUC/IA, YIOBJIETBOPSIOLINHE YCAOBUM

A> A+ >0, A >0, A2 >0,

rae 2\ To# Ke caMoOil 4yeTHOCTH, 4TO U 2(A; + Az). DTH uHc/Ia ONpefesiioTcs Kak
coOCTBeHHblE 3HayeHUs onepatopoB Sps, Sg U T3 Ha cTapliueM BeKTOpe.
Ha pewennsix ypaBHenuil (5.30) peasnusyercsi npeacTaBlieHHe

DF (s =Mt =X)® D (s= Ayt = \p)

rpynnel P(1,4).
CoOTBeTCTBEHHO, Ha PelIeHHsX ypaBHEHHH

PV = (Lup” — L)V, (5.32)
rae L, u L, onpexensiorca (5.31), peanusyercsa npeacTaBieHde
DM (s =Xg,t =X\1) @ D) (s = Aiyt = Ao)

rpynnsl P(1,4).

Otmerum, uto ypasHenue (5.30) B ToM caydae, korna P? = W = V = 0 eksu-
BAJIEHTHO PeJIITUBUCTCKOMY YPAaBHEHHIO MJIST YacTHULbl ¢ (PUKCHPOBAHHBIM CIIHHOM S,
KOTOpOe HenaBHO Oblio npennoxkerHo M. bakpu [10].
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Ilpo nuHamiuHy ajredpy ocuujasaTopa
B MPOCTOPi 3 iHAE(iHITHOIO METPUKOIO
I.I. KOCTHPKO, B.I. ®¥YL[HY

Dynamic algebra U(2n + 1) of an indefinite harmonic oscillator is found.

OcraHHIM yacoM MHPOKO OOrOBOPIOETHCS MUTAHHS MPO BKJAJeHHS aarebp cumerpil
P (anre6p mpuxoBaHOi cuMeTpii aToma BogHio O, N-BUMIPHOTO TapMOHIYHOTO OCLIHJISI-
topa U, anre6pu Ilyankape i T. 1.) y 6iabu mupoky anre6py G. Ilpu nbomy noTpiGHo
BKJIACTH, HampukJjaz, anrebpy [lyankape P B G Tak, 100 CHEeKTp omeparopa mMacH (B
HepeJIITUBICTCHKOMY BHIAJIKYy ONepaTop eHeprii), BU3HaYeHHH y NPOCTOpi, Ae 3ajmaHe
He3BigHEe mpencTaBieHHs anrebpu (G (nuHamiuHa ajire6pa), 36iraBcsi 3 eKCIIEpHMEH-
TalbHO CIIOCTEPEXKYBAHUM CIIEKTPOM Mac eJieMeHTapPHMX UYACTHHOK (B HepeJssiTHBICT-
ChbKOMY BHIMAaAKy 3 piBHSMH eHeprii). $lcHo, 110 3amaya Mpo 3HAXOMXKEHHS HHHAMIUHOT
aare6pu, HaNpHKJal, rapMOHIYHOrO OCLMJSATOPA eKBiBajeHTHA PO3B’A3KY CTallioHapHOT
KBaHTOBO-MeXaH{YHOI 3a1ayi Npo CHeKTpP €Hepril ocLUaaTOpa.

Jo6pe Bifomo, 110 AJ15 ONKCY NpoleciB po3nafy B paMKaX HepessiTUBICTCbKOI KBaH-
TOBOI MeXaHiKH TOBOAUTHCS MaTH CrpaBy abo 3 HEePMiTOBHUMHU TaMiJIbTOHiaHAMHU B TiJib-
6epToBOMYy mpocTopi, a0 3 epMiTOBUMH, ajie 3alaHUMHU YxKe B iHIe(iHiTHOMY MPOCTOPI.
B octaHHbOMYy BHNAAKy ramijibTOHiaH MOXKe MaTH K AilCHi, Tak i KOMIJIEKCHi BJacHi
3HayeHHA. ¥ 3B’SI3Ky 3 LUM NPUPOLHO AOCJIAMTH NHUTAHHS NPO BKJaAeHHS aare6pu CH-
MeTpil rapMoHiuHOro ocunasitopa P B GG, raMisbTOHIaH SKOTro 3alaHui B iHxediHiTHOMY
npoctopi. AHajoriyHa 3ajaya AJis rapMOHIYHOTO OCLHJATOPA, KOJM TaMiJbTOHIaH 3a-
IaHWH B rinbO6epTOBOMY MpoCTOpi, mocaigkena B [1-3].

Y wuiil samitui 3HafineHa AMHaMiyHa a/jre6pa n-BUMipHOrO rapMOH{UHOI'O OCLUJSATO-
pa, raMiJbTOHiaH SIKOTO 3afaHUM B JiHiHOMY BeKTOpHOMY mpocTopi 3 iHAediHiTHOWO
METPHKOIO.

[amisibTOHIaH TAaKOrO OCUMJSTOpPa Ma€ BULsL [4]

n
H:Z(aj_bi+b?_ai)a (1)
i=1
[le olepaTopu a;r, bf CTIpsKEeHHI 10 a; i b; BiIMOBiAHO i 3a10BOJIBHAIOTE KOMYTAIliliHi
CIiBBiJHOIIEHHS
[a;, b;“], = s, [bs, a;r]f = 045- (2)

HeBasxko nepesiputy, mo H KOMyTye 3 TakUMH oneparopaMy (6e3 BpaxyBaHHS [XHIX
JIHIHHUX KOMOiHAIiH):

o1 o1
Al = §{bi’a;_}+7 Bz] = 5{(11‘,[);_}_;,_,

] ] ©)
Ej = 5{017;,01;’_}4_, Fg = §{bi,b;r}+, Z,j = 1,2,...,7’7,.

YkpaiHcbkuil hisuunuil xxypaan, 1969, 14, Ne 7, C. 1113-1115.
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SIKmo 3HaWTH BCi MOXKJMBI KOMYTaTOPH MiXK OlepaTtopamu Ag, BZ, Eg, Fij, TO MOXKHa
MepeKOHATUCh, 110 CYKYMHicTh onepaTopiB (3) Ta ixHi JiHidHI KoM6iHaUil yTBOPIOWTDH
anre6py Jli U(2n) posmipHocTi 4n?, sika 3 TOYHICTIO 10 YMOBM YHIMOAY/IsIPHOCTI 36i-
raetbest 3 A; (I =2n — 1) y BinnosigHocTi 3 kaacudikauiero Kaprana. Takum ynHOM,
anre6poro cumetpii raminbroniana (1) € U(2n).

Hani nobynyemo nuHamiuHy anre6py G. Hss 4boro posrisiHeMo OIrepaTopu

A? = g(H)b, A} = d(H)a],
BY = g(H)a;,  Bj=d(H)b!, (4)
CO = C(H)

ne g(H), d(H), C(H) 3a00BOJIBHSAIOTE YMOBU

g(H)d(H +1) —d(H)g(H — 1) = -1,
g(H)d(H +1) +d(H)g(H — 1) = 2C(H), (5)
C(H)—C(H—-1)=C(H+1)—C(H) = —1.

O6uucaorun KoMyTaTop Mix onepatopamu (3) i (5) i Mixk coforo, MOKHa MOKAa3aTH,
10 CyKymnHicTb omeparopiB (3) i (4) Ta ixui JiinifiHi kombiHauii yTBopowTh [4n(n +
1) + 1]-Bumipny aareépy JIi U(2n + 1).

OckinbKM y MpOCTOpi CTaHiB OCUUIATOpPA He iCHY€ iHBapiaHTHUX MiANPOCTOPiB Bia-
HOCHO orepatopiB (4) i ockisbku B anre6py U(2n -+ 1) BXOAATb ONepaTOpH HApOHKEeHHs
i sHHIIEHHS, TO B I[boMy npocTopi (iHae(iHiTHOMY) peasisyeTbcsl He3BifHe MpeacTaB-
nenHs anre6pu U(2n+ 1), renepaTopamu iKoro € onepatopu (3) i (4), a mpocTip cTaHis
onepatopa H € olHUM He3BiHUM NpeJCTaBJeHHAM AuHaMiuHoi anrebpu G = U(2n+1).

Crnpo6yeMo noGyayBaTh Iie iHII AMHaMiyHi anrebpu ans ramiabrToniana (1), ski
BinnoBinawoTh iHIIKUM KJaacaMm anrebp kiacudixkauii Kaprana. [das mporo posrsisHeMo
onepaTopH

Elgl = f(H)axar, FI?Z = f(H)bibi,
(H)a;a?', Fé“l = h(H)b:b;’, (6)
Akl h(H)a;t b, By = f(H)agby,

ne f(H) i h(H) 3am0BONBHSIOTH YMOBY
FCH)R(H +2) = h(H) f(H —2) = 1. (7)

HeBaxxko mepekoHaTuch, 10 CyKynHicTb onepatopi (3) i (6) € rerepaTopom ajrebpu
Sp(4n).

Hespaxaiouu Ha Te, mo anreépa Sp(4n) MicTHTb anreGpy cumeTpii ramijbToHia-
Ha (1), BoHa He € OMHAMiuHOW a/re6polo, OCKIJIbKH CTPYKTypa reHepartopiB (6) Taka,
[0 Becb CreKTp oreparopa (1) MoKHa ofep:KaTH He 3 ONHOIO, a NMPUHAMMHI 3 IBOX
npejcTaBJeHb Liiel aare6pu.

Taxkum unHOM, 3agaua Mpo CIEKTP eHeprii rapMOH{UHOrO i AHTAPMOHIYHOTO OCLIHJISA-
TopiB MOxKe OYTH PO3B’si3aHa MeTOIOM BKJaleHHs CKiHueHHoBUMipHOI anrebpu JIi, 1o
BiAMoOBifae rpyni HagBHOI cuMeTpii B GiJbll LIMPOKY, ajle CKiHYEHHOBUMipHY anaredpy
JIi. Lle TBepIKeHHS He 3aJ1€XKHTh Bifl TOTO, 1€ 3aJaHUH raMinbToHiaH (B rinb6epToBOMY
9y BEKTOPHOMY IpocTopi 3 iHmediniTHOIO Merpukoo). Tol ¢axT, mo AUHAM{uHa ajre-
Opa mJs KBAHTOBOMEXaH{UHHX 3a1ay 3aBXKIH BHSIBJSETbCS CKiHUEHHOBHUMIpPHOK (a He
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HeCKiHUeHHOBHUMIpPHOIO) TIOB’si3aHUE, MalyTh, TiJbKH 3 THM, 110 Yy KBAaHTOBi# MexaHiui
Ma€eMO CIIPaBy i3 CKiHUEHHHM YHCJ/IOM CTYyINeHiB CBOOOIHU.

Barut A.O., Phys. Rev. B, 1965, 139, 1433.
Cannukos C.C., ¥Y®X, 1967, 12, 335.
. Mwa R.C., Nuyts J., Phys. Rev., 1967, 145, 1188.

Nagy K.L., State vector spaces with indefinite metric in quantum theory, Groningen, P. Nordhoff,
1966.
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YpaBuenusa tuna Kemmepa—acddpuna
B NATUMEPHOM MpocTpaHcTBe MUHKOBCKOro
H.I0. KPHUBCKHH, I' 1. POMAHEHKO, B.H. ®YII[HY

An exhaustive analysis of the Kemmer-Duffin equations in five-dimensional Minkowski
space has been made. The concrete realisation of generators of the non-uniform de-
Sitter group is found, which is related to 6-, 15- and 20-dimensional square matrices
B, of Kemmer-Duffin-Petiau algebra in five-dimensional space. An effective method is
proposed for the realisations of all representations of Kemmer—Duffin—Petiau algebra in
spaces of arbitrary dimension.

[TpoBeneH noJHEIH aHANU3 ypaBHeHHH THna Kemmepa—JladduHa B 5-MepHOM IpocTpaHC-
tBe MunkoBckoro. Haiiena KoHKpeTHas peajusanus AJjsl UHPHUHHTE3WMaJbHBIX Olepa-
TOPOB HeonHOponHo#H rpymnmnel ae Cuttepa P(1,4), cBAzaHHas ¢ 6-, 15- u 20-MepHbIMH Ma-
TpuuaMu 3, anre6psl Kemmepa-JIadduna-Iletse B 5-MepHOM mpocTpaHcTBe. [Ipensoxen
3¢ eKTUBHBIH Ccroco6 peanusaldd Bcex NpejcTaBleHHH anre6per Kemmepa-Jadhuna—
[Tetbe B mpocTpaHCcTBaX MPOM3BOJIBHON Pa3MEPHOCTH.

1. Beenenue

Wnes ucnosb3oBaHUS MPOCTPAHCTB Pa3MEPHOCTbIO, OoJbllel ueM ueTbipe, 15 OMU-
CaHMSl 3/1eMEHTapHBbIX YaCTHULl U UX NMHAMHUYeCKOH KJ/acCU(UKaLUU paccMaTpuBasach
BriepBble 1€ Dpoitnem [1]. OnHa U3 KOHKPETHBIX pean3aluit 9TOH Wiaen Oblaa MpeaJo-
xena [laficom [2] ¥ B manbHedieM paccMaTpuBajgach W 0600Iajach MHOTHMH aBTO-
paMy B caMBIX pasJMYHBIX acrnekrax (0630p 3Tux pa6or cM. B [3]). B sTux paborax
U3ydasocb o6benvHeHHe onHoponHo# rpynnsl Jlopenua O(1,3) ¢ rpynmamMu “BHYTpeH-
HUX” cUMMeTpui. DoJsiee mocsenoBatesnbHOe pellleHHe 3TOrO BOMpOCa, OAHAKO, Tpeby-
€T HEeTPUBHAJIBHOTO 00beNUHEHHsT HeoqHoponHoH rpymnmnel JlopeHua (rpynmel [lyankape
P(1,3)) ¢ rpynnamu BHyTpeHHUX cUMMeTpud. OXHUIaeTcsi, YTO UMEHHO Ha 3TOM MyTH
yAACTCsl MOJMYYUTh CEKTP MacC U APyrde XapaKTepUCTHKH 3JIeMeHTapHbIX dacTull [4].

B pa6orax [5, 6] npensio:keH ooMH U3 BO3MOXKHBIX CIIOCOGOB HETPHUBUATBHOIO 00be-
nvHenus rpynnsl [lyankape P(1,3) ¢ rpynnamu BHYTPEHHHX CUMMETPHH, OCHOBaHHbBIH
Ha MHHHMaJbHOM paciunpeHun rpymnel P(1,3). OcHOBHbIE NPEANOCHITKH MPENI0XKeH-
HOTO MOAXOf@ COCTOAT B CJleyIOLeM:

A. Onepartop (kBamgpaTa) MacChl ONMpeNeJsieTcsl Kak He3aBUCHMAasi AMHAMHUYECKast
nepeMeHHast:

M? =% + P2, (1)

TIe » — HeKOTOphIH (PMKCHUPOBAHHBIM NapameTp, a P, — onepatop THNa KOMIOHEHT
3-ummnysbca P, KOMMyTHPYIOIIM# CO BCeMH TreHepaTopamu anre6pb' P(1,3) rpynmbl
[Iyankape.

B. CootHoweHusi mMexxny aHeprueil Py, 3-umnynscom P u maccoit M ¢usuyeckont
CHCTEMBI OCTaBJSIETCS MPEXHUM: (31ech Beiony fh = ¢ = 1):

P} = P* 4+ M* = P? + 52, k=1,234. 2)

Teoperuueckast 1 MaTeMaTHuecKas (usuka, 1969, 1, Ne 2, C. 242-250.
LAnre6psl ¥ COOTBETCTBYIOMIME MM FPYTITbl 0603HAYAIOTCA 31eCh ONMHAKOBLIMH CHMBOJIAMH.
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B. IlpoctpanctBa p = (po,p1,...,pa) U & = (X0, 21,...,%s) TPUHUMAIOTCS IO~
CKUMH U B3aMMHO-CONPSKeHHBIMU. M3 myHKTOB A, B, B BHITeKkaer Torna, 4To rpynnoi
0600611eHHOH PeJSITUBHCTCKON CHMMETPHHU SIBJIsSeTCs HeoqHOponHas rpynmna e Currepa
P(1,4) — rpynna cMellleHHH U BpalleHHi B NITHMEPHOM NpoCTpaHCTBe MHUHKOBCKOTO.

B Hacrosiiie# pabote mpuBeneH aHanus ypaBHeHu# Thna Kemwmepa-Jladduua B 5-
MepHOM TnpocTpaHcTBe MUHKOBCKOTO M HalieHa KOHKpeTHas peajM3allusi MpeacTaB-
JIEHUH 1Jis1 reHepaTopoB aire6psl P(1,4), onpenesieHHbIX Ha pelleHUsIX 3THX ypaBHe-
Hu#l. Kpome Toro, mpuseneH crnoco® 3pQeKTHBHOH peanu3alud NpeicTaBleHHUH aJre-
6pbl Kemmepa—adduna-Tlerse (KJIT) B mpocTpaHcTBax NpOM3BOJIbHON Pa3MEPHOCTH.

2. Aureopel Kemmepa—adpdpuna—Ilerne
PaccmorprM KoHKpeTHYI0 peanusauuio matpul 3, aare6pel KJII B 5-mepHoM mpo-
CTPaHCTBE, ONpeJessieMoll COOTHOLIEHHUSIMH

ﬁuﬂuﬁ)\ + ﬁ)\ﬁuﬁu = 6}1,116/\ + 5/\115”7 MV, A=1,2,3,4,5. (3)

HenocpencTBeHHBIM MOACYETOM UHCJA THHEHHO HE3aBUCHMBIX 3JIEMEHTOB ajiredpel (3)
MOXKHO JI0Ka3aTb (0 aHasloruu co caydaem anre6pbl KT B 4-mMepHOM mpocTpaHCTBE),
4TO 3TO 4Me0 paBHO 12 + 62 + 152 + 202 = 662. OTciona sicHo, uto aare6pa KIIT B
5-MEepHOM MPOCTPAHCTBE UMeeT TPU HENPHUBOAUMBIX MPeNCTaBJIeHHs Pa3MepHOCTIMH 6,
15 u 20.

Kak usBectHo (cM., Hampumep, [7]), peasu3auuio HEMPHUBOAUMBIX IpPeNCTaBIEHUH
anre6pel KJIT B 4-MepHOM NPOCTPaHCTBE MOXKHO 3((EKTUBHO OCYIIECTBUTH C MOMO-
IIbI0 MIPOLEAYPHI THHeapu3aunu ypaBHeHnid Kneiitna-T'opnona ans ckansipa v BeKTopa B
4-MepHOM mpocTpaHcTBe. Huxke mokasaHo, 4TO peasu3alnuio HENPHBOAMMBIX TPeNCTaB-
qenuit anre6per KAIT (3) MokHO 3(h(heKTUBHO OCYIIECTBUTH C MOMOLIBID MPOLELYPHI
JuHeapusdauuu ypaBHeHud KsefiHa-Topnona

0
0F =A™ (2) =0,  y=—-—, x=(v1,72,...,25), m=0,12 (4)
Oz,
ans ckansipa A = A, sexropa A = A, u tensopa A =4, = —4,,.

YpaBHeHUs (4) 5KBHBAJEHTHBI CJeAYIOIIEeH CHCTEMe JHHEHHBIX ypaBHEHHUI:

Ao+ 0y F, =0, Fly 4 0, A0 =0, (5)
Au + 8aFocu =0, ELV + 8HAU - 81/A,u =0, (58)
Ay +00Fay =0, Fuya+ 0uFue — 0y Fo + 0aF,, = 0. (5.6)

KoneuHo, cuctembl (5.a) U (5.6) 5KBHBaJEeHTHBl COOTBETCTBYIOLIMM ypaBHeHHsM (4)
[IPU AOTMOJHHTENbHBIX YCA0BUSAX THMa JlopeHiia

0,A, =0, 0,4, =0, (6)

JList mosyueHust KOHKPETHOH peasid3alliu MpeAcTaBaeHUH anre6pel (3) mOCTAaTOUHO
3anucath ypaBHeHus (5) B dopme Babda

(ﬂuau + %)(I) = O; (7)
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rie ® — BeKTOp-(PYHKIMS, KOMIOHEHTE KOTOPOH CTPOSITCS U3 COOTBETCTBYIOIIMX KOM-
NOHeHT BesMuMH A u F. PasmepHoctu Mmartpuu (, nis cucreM (5), (5.a) u (5.6),
onpeze/isieMble YUCJIOM YPaBHEHUH B HHX, CYTb

N" = Cr 4 Crtt = 6,15, 20, (m=0,1,2). (8)

ToT nay MHOM ABHEIA BUA MaTPHUL, 3, 3aBUCHT OT CONOCTaBJIeHHs KOMIOHEHT BEKTOD-
¢yHKUHK © COOTBETCTBYIOLIUM KOMIOHeHTaM A U F. MoxHO, 01HaKo, HanucaTh HeKo-
TOPHIA OOLIME ABHBIA BUI MaTPHULL (3, HE CBSI3aHHBIH C ONpe/leJIeHHBIM COMOCTaBJIeHHEM
® = (A, F). lnst 3T0r0 HOCTATOUHO IIPOHYMEPOBATb CTPOKHM M CTOJNOLBI Matpul [,
KOMIIOHEHTaMU BesquuuH A u F, Bxomsmux B ypaBHeHue (D). Takoit oOmwmi sBHBIH
BUJ, NpUBeLeHHbIH B Tabs. 1-3 B JONMOJHEHUH, NOCTaTOUeH OJisl TNPOBeNEHHS JH0ObIX
onepauMi ¢ MaTpULaMHu 3.

Peanusanusa Bcex HeNPUBOAMMEIX MPeACTaBIeHUH Matpul B, 4= 1,2,...,n, anre-
6psl KIIT B cayuae npocTpaHCTB POU3BOJLHON Pa3MepPHOCTH 7, KOIJA YHUCJ/O JHHEHHO
He3aBUCHMBIX 3JIEMEHTOB a/re6pbl PaBHO

E(a) 1
; +1 2 _n
Lty (Cr+omt).  a=——,
m=0
rie E(a) — uenast yactb a, 3h(heKTUBHO OCylecTB/sieTcsi (CM. IOMOJHEHHE) ¢ Mo-

MOLLBIO TIPOLIEAYPbI JIMHEAPU3ALMH YpaBHEeHUH (4) M/ KOCOCHMMETPHUYECKHX TE€H30POB
pauros m < E(a).

3. IIpeacraBaenus rpynmet P(1,4)
OPMHUTOBBl MaTPHLIbI

S;U/ = _i(ﬁuﬁu - ﬁuﬁu) (9)
YAOBJIETBOPAIOT COOTHOIIEHUAM
i[S[l,Vﬂ Spa] = 6paSl/p + (;l/pS,ua - (;/J.pSl/O' - 6l/ch,upa (10)

T.e. peaqusyoT N = 6-, 15-, u 20-MepHble peACcTaBJeHHUs TPYNIbl — PYINIbl BpalleHHH
B H-MepHOM 3BKJHJ0BOM INpocTpaHcTBe. [lockosbKy manee

i[ﬁua Sua] = 6;“/6& - 6uaﬁu (11)

(kctaTH, 3TO yCJOBHe MHBAapHAHTHOCTH ypaBHeHus (7) otHocurtesbHO rpymmsl O(1,4)),
MaTpulbl (Suy, Sa6), THe Sea = B peanusyoT N-MepHble NpPeNCTABJEHHS T'PYIIbI
O(6). Tlon6upast cooTBeTCTBYIONIME MATPHIbI U3 (S)y, Sae) C MHOKHTENAMH i, Mb
nosyuuM peanusaurio N = 6-, 15-, 20-MepHBIX npencTabieHui rpynn tina> O(m,n +
1), m+n <5

OTMmeTHM, YTO OOBIUHO AaXKe B c/ydae PeJsITUBHCTCKUX ypaBHEHHH, HHBapUAHTHBIX
oTHOcHTe bHO rpymnnbl [Tyankape P(1,3), nccaenyioT BOIPOC O peand3allly Ha pelle-
HHSIX 3THX ypaBHEHHE mpefactaBaeHuil ogHopoaHoit rpymmsl Jlopenua O(1,3). OnHako,
Kak noxuepkuBanoch B [9, 10], 0 anekBaTHOH (pH3HUECKOH HHTepIpeTalyy HeoOXo-
IMMO CTaBHUTb W pellaTb BONPOC O peajn3alM 3THMH YPaBHEHHSIMH MpelCTaBJeHHH
uMeHHo rpynnbl P(1,3), a He O(1,3).

2Meton moctpoenus mpencTabienuii rpynn tuna O(m,n + 1) us mpeacrasaenuii rpynn O(m,n) u
ypaBHeHui tuna baGa, uHBapuaHTHEIX 0THOCHTeJbHO O(Mm,n) OblI NpenokeH B [8].
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Hike BhisicHsieTcst Bonpoc, Kakue npeactasienus rpynnsl P(1,4) kak Tpynms 0606-
LLIEHHOH peJIATUBUCTCKOH cHMMeTpuH (a He rpynnel O(1,4)) peasnsyoTcs Ha MHOXe-
CTBe pellleHUH ypaBHeHHH (7) ¢ 6 x 6-, 15 x 15- u 20 x 20-marpuuamu f,. s pemenus
3TOro Bompoca cienayer [6] HaiiTh sBHbIE BUL reHeparopos P,, J,, anrebpnl P(1,4),
CBsI3aHHBIH ¢ ypaBHeHHeM (7) TeM, uTo Py coBmajgaer ¢ raMHJbTOHHAHOM 3TOTO ypaB-
HEHWsl, U 3HAYeHUst HHBapHaHTOB anreGpel P(1,4), COOTBETCTBYIOIIHE JAHHOMY SIBHOMY
Buny P,, J,,, a Takxke BO3MOXHEIE 3HAYEHHs IOJHOTO Habopa KOMMYTHPYIOLIMX OIe-
paTopoB.

Hcnonbsys mertonuky [11], MoxHO mokasaTh, uTo ypaBHeHHe (7) 3KBHBAJEHTHO
ypaBHEHHIO

100® = HO, H = appy + Bs, ay = Sk,

12
80 = i85, PE = —iak, k= 1,273,4. ( )
[eneparoper P, J,,, anre6psl P(1,4) B 1aHHOM c/lydae UMEIOT BUL
Py =H = aypy + P55, Py = pr = —i0k,
(13)

1
Jer = TPr) + Skrs Jok = Topk — 5(3%130 + Pyxy).

[lpu sTom uMeercsi B BuIy, uTo omeparopsl (13) ymOBIETBOPSIOT KOMMYTAaLHOHHBIM
COOTHOIIEeHUsIM anre6psl P(1,4) auiib Ha cyllecTBeHHbIX (essential) [12] kommoneHTax

' = (329,
OnepaTop, COOTBETCTBYIOIWH UHBapHAHTY P2, ymeer 3zech BHIL
P? = P? — P? = (2542, (14)
rue
1l
ﬁg = < ON—l ) ) (15)

al = 2,4,12 — pa3MepHOCTb eIMHHYHOH MaTpulbl Ajs caydaeB N = 6,15,20, co-
otBeTcTBeHHO. M3 (14) BMOHO, UTO MHBapHaHT — 3HAK 3Hepruu € = (5. [lpyrue nBa
uHBapuaHTa anre6psl P(1,4) — omepartopbl KBaapaTos crniHa S u nzocnuHa T' (cm. (5),
(6) B (5) u (2.18) B [6]), a TakxKe BXOAsiLIKe B MOJHBIH HaGop omepaTopsl S3 u T3, Tae

1 1
Sa = 5(She +S1a)s  Ta = 5(Sbe = Saa), (16)

(a,b,c¢) = cycl(1,2,3) Bbiuucaensl B pomonHenuu. Kak Bupno us (14), mpexpcrasie-
nusi (11) oTHocATCs K mpeacTaBaeHusaM Kjaacca I (P2 > 0), rae mMaJoi rpynoi rpymnmbl
P(1,4) sBaserca rpynna O(4) (S? n T? — ee uHBapHaHTHI).

Vs sBHOro BMIa AMaroHaibHBLIX omepatopo P2, e, §% T2 S? u T3 (cM. mo-
MoJIHEHHE) BHMAHO, UTO MHOXECTBO peliueHHH ypaBHeHHs (7) peasusyer cienyoline
npencrasnenus D¥ (s t) rpynns P(1,4) (4, KoHeuHo, npenctasienus D(s,t) rpynmbl
0(4)):

D+(0,0)EBD(0,0)@D<%,%> , (17)

D (% %) oD G %) & D(1,0) & D(0,1) & D(0,0), (17.2)
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D+mJ)@1ﬁ(L0)@z>(a1)@z>(L0)@ZD(;,;> (17.6)
miass N = 6,15,20, cOOTBETCTBEHHO. YKa3aHHble MpeaCcTaBJeHHUS Di(s,t) anredpol
P(1,4) peanusyioTcsi Ha CYLIECTBEHHBIX KOMMOHeHTax ®’, ¥ TONBKO 3TH KOMIOHEH-
Thl UMEIOT (PU3UUYECKHUH CMBIC/I.

W3 (17) BupHoO, 4TO cyllecTBeHHble KOMMOHeHTH P’ ypaBHenusi Kemmepa—adhdu-
Ha (7) B 5-MepHOM mpocTpaHCTBe MHUHKOBCKOTO CHMMETPHUUYHBIM 00Pa3oM OTHCHIBAIOT
MYJIbTHILIETH: AJsi N = 6 — CHOHHOCHHIVIET-U30CHHIJIET (YACTHILY THIA 7)-ME30H), HJIsi
N = 15 — cnuHony6J/et-usony6ser (4acTully THMNA HYKJOH-aHTHHYKJOH (N, N)) u
18 N = 20 — COMHOTPUIIET-U30CHUHIVIET U CIIMHOCHHIJIET-U30TPUINET (4aCTHULBI TH-
na (m,w)-Me30Hbl). TakuM o6pazoM, ypaBHeHHUs (7) SBJSIOTCS MPUMepaMH ypaBHEHHH,
B KOTOPBIX CIIHH-W30CIHHOBbLIE TIepeMeHHble HETPUBHANBHO 00beIUHEHB, T.€. IPUMepa-
MU ypaBHEHHH, Ha OCHOBE KOTOPBIX OCYILIECTBJEHO NTHUHAMMYECKOe 00beIUHEHHe T'pyTl-
ool [lyankape P(1,3) u rpynnbl “BHyTpeHHe#” cummerpuu SU(2). 3ameTuM, KCTaTH,
4TO ypaBHeHHe [Jis1 HYKJOHA KaK CIHnony6Jer-u3onybiera Obl10 BhimUcaHo ele [laii-
coMm [2]. Dto ypaBHeHHe, OfHAKO, MIOCTPOEHO HAa OCHOBE OoJiee MIMPOKOH, uem P(1,4),
TPYIIbl, MO3TOMY TOJHBIA HAbOp, OT KOTOPOTO 3aBUCUT BOJIHOBAsI (PYHKIHSI STOTO ypaB-
HEHUsI, CONEPKHUT OOJbIIe LIECTH HE3aBUCUMBIX MepeMeHHbIX.

P(1,4)-uHBapraHTHOE BbIAEJNEHHE CYIIEeCTBeHHBIX KoMroHeHT ¥’ ypaBhenus (7)
MPOM3BOAUTCS C MOMOLbI0 npeobpasoBanus Tuna Pongu—Borxoiizena:

Brpr

U = exp (—i arctg %) , p=\/pi. (18)

IIJ'IH 9THUX KOMIIOHEHT ypaBHEHHWE NPUHHUMAET BUI

i00® = g\ [p? + 20", ¥ =UD. (19)

[eneparopet (13) npu aTOM Npeo6pPa3oBaHUH IPUHUMAKOT KBa3WIHaroHa bHbIH BHI, TPHU-
YyeM “SAIIUKH’, OTHOCsLIMECS K ypaBHeHHUIO (19), BBINISAAAT Tak:

l .
Pozﬁé) pi+%25 pk:—lak7

SkrDr (20)

1
Jkr = TPy + Sl(clr), Jok = Topr — §(xk.P0 + Poxy) — Pot

OTH TpeNCTaBJeHUs SBASIOTCS KOHKPETH3aLMeHd KaHOHHYECKHX IIPeJCTaBIeHHH THIA
@Donnu-lupokosa B cxeme P(1,4) (cm. (2.19) B [6]) B ToM cMBIC/e, YTO 3[€Chb CIHH-
M30CIIMHOBEIE MaTpHILbl Sy 3alaloTcsl ABHO yepe3 MaTpuubl G, anrebpsl KIII, Bxons-
e B (7).

YkaxkeM Ternepb, Kakue mpencrasienns P(1,3) C P(1,4) peanusyioTcsi Ha pelie-
Husix ypaBHeHusi (7). Dtu npencrasienuss P(1,3) MOXHO peasil30BaTh Ha peLLEHHsX
ypaBHenus (7), He 3aBUCSLIMX OT x4. Juisi Takux peieHudl ypaBHenue (7) siBasieTcs
“ob6benuHeHHeM” COOTBETCTBYIOLINX ypaBHeHu# Kemmepa—adduna B cxeme P(1,3),
KOTOpBIE MOJIydaroTcsl U3 ypaBHeHUs (7), eCsM MOJMOXKHUTE py = —ids = 0. [eHeparopsl
anre6psl P(1,3), cBsi3aHHbIe C ITUMH ypaBHEHHSIMH, CYTb reHepatopsl Py, Py, Jab, Joa;
a,b=1,2,3 us (13). Us siBHoro Buna unsapuantop P? = P§ — P2, ¢ = 35; S = 152,
u S7 = 5%, anre6pnl P(1,3) BUAHO, UTO 3TH yPaBHEHHsI PEANU3YIOT PeACTABJIEHHUS

Dt (0) @ D™ (0) @ D(1) & D(0), 1)
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Dt(0)® D~ (0)® D" (1) @ 2D(1) @ D(0), (21.a)
2[D*(1) @ D~ (1) & D(1) & D(0)] (21.6)

s N = 6, 15,20, coorBeTcTBeHHO. PaKTHUECKH 3TO 03HAUYaeT, YTO ypaBHeHHUs (7) mpH
ps = 0 pacmagawTcs Ha He3aBUCHMble D-MepHble H 10-MepHBIe ypaBHeHust Kemmepa-
[ahduHa ¢ cOOTBETCTBYIOIMMH HEMPUBOAUMBIMU 5 X 5- 1 10 X 10-mMatpuuamu fq, fo,
s, Bs.

opmyner (21), onHaKo, Hesb3sl BIOJHE MOCJENOBATENbHO HHTEPIPETHPOBaTh (Kak
5T0 npeasaranoch B [13]) kak ToT hakt, uto ypaBHeHus (7) B cxeme P(1,4) onuchiBaoT
¢usnueckre 06bEKTH, MoJaydaeMble “cansinueM” yacTtul co cnuHoM O u 1 (mast N = 15),
lul (mas N = 20). D10 CBA3aHO C TeM, YTO B KBAHTOBOH CXeMe, OCHOBaHHOH Ha IpyIi-
ne P(1,4), wectb BequuuH (a He 4eTblpe, Kak B caydae P(1,3)) o6pasyloT MoJHBIH
Habop, HapUMep P, pyg, S3, T3 (MK MOGOH Opyroi, HO, KOHEYHO, COMePKALIUH UMeH-
HO mecTh Besan4uH). [Toatomy ypaBHeHHs (7), HHBapHAHTHEIE OTHOCHTEJIBHO T'PYIIIIBI
P(1,4), onuceiBaloT He (pr3HYecKre 0OBEKTHI, N0JyYaeMble CAUSHUEM YacTHL, a GU3H-
yecKHe 0OBEKTH, XapaKTepH3yeMbie IIEeCThl0 KBAaHTOBBIMM uucjJaMu. B paborax [5, 6]
Obla MpeJIoKeHa HelIPOTHBOPeUrBast (PU3HUecKas UHTEPIpeTaLusl BCeX BeJHUHH 3TO-
ro Habopa: p — 3-UMINYJbC, py — MaccoBas nepeMeHHas, Ss, T3 — NpPoeKUUN CIIHHA U
M30CNHHA YaCTHIIbl, ONHCEIBaeMOl ypaBHeHHeM (7).

KBanroBornoJsieBoit Jarpanxes ¢opmanuam, ocHoBaHHbIH Ha P(1,4)-UHBapHAHTHBIX
ypaBHeHusiX (7), CTPOMTCS B MOJNHOH aHAJOTHH C OOBIUHBIM JarpaHKeBbIM (opMasiu-
amoM B cxeme P(1,3). B 3ak/oueHde 3aMeTHM, YTO NMpPUBELEHHBIE B NOMOJHEHUH SIB-
HBIA BUA MaTpul B, p < n [/ NPOHU3BOJLHOTO 71 MO3BOJAET aHANOTMYHBIM 06pa3oM
5¢(heKTHBHO MPOBECTH aHa/JHW3 COOTBETCTBYWOIIMX NpeAacTaBaeHuit rpynn P(l,n — 1),
peasnn3yeMBIX Ha pellleHUsIX ypaBHeHHH THna (7) B n-MepHHIX IpocTpaHcTBaX MHHKOB-
CKOTO.

JlomoJiHeHHe

B rtabn. 1-6 cxemaTHyecKM 3amMcaHbl MaTpPUYHBIE 3J€MEHTHl MaTpull [, f =
1,2,...,n, aamre6p KJHIT (3) B mpocTpaHCTBaX MPOM3BOJNbHBIX pPasMepHOCTEH, MOJy-
YyaeMbIX MPOLEAYpoil JHHeapu3auuu ypaBHeHuil Knelina-Topnona (4) nnisi kococHMMe-
Tpuyeckux Tensopos A = A (z), & = (x1,29,...,2,), Mm-TO paHra, T.e. MATPUIL
B,,, nosydaeMblX Mpy 3amucu ypasHeHu# (5) B popme Baba (7).

Ta6suna 1 Ta6nuua 2
NO | n Bu N} | n | Henynesble sieMeHTE MaTpHIL Bu, b <n
2 1] 1,0 — 1122 13,3 144 155 16,6
3 2120 3* | 2] 21,1 233 24,4 255 26,6
4 31 3,0 6 3 13,1 322 344 355 36,6
5 4 14,0 10 | 4 | 41,1 42,2 43,3 455 46,6
6 5 15,0 15 | 551,11 522 533 544 59,6
7 6 | 6,0 21 | 6 | 61,1 62,2 633 64,4 655
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Tabauna 3
N2 | n Henynesble asemeHTs MaTpul, By, p < n
— 1| 123,23 124,24 134,34 125,25 135,35 14545 126,26 136,36
— 2 | 213,13 214,14 234,34 215,15 235,35 245,45 216,16 236,36
4 3 | 312,12 314,14 324,24 315,15 325,25 345,45 316,16 326,26
10" | 4 | 412,12 413,13 423,23 415,15 425,25 435,35 416,16 426,26
20 | 5 | 512,12 513,13 523,23 514,14 524,24 534,34 516,16 526,26
35 | 6 | 612,12 613,13 623,23 614,14 624,24 634,34 615,15 625,25
Tabnuua 4
A 12 13 23 14 24 34 15 25 35 45
No 1 4 2 5 3 6 7’ 8 9’ 10
Fuoo | 123 | 124 | 134 | 234 | 125 | 135 | 235 | 145 | 245 | 345
No 10 9 8 7 6 3 5 2’ 4 1
Tabnuua 5
B B2 B3 Ba Bs
2,10 10,2 —4,10 —10,4 1,10 10,1 1,9 9,1 1,6 6,1
3,9 9,3 -5,9 -9,5 -5,8 -8,5 4,8 8,4 2,5 5,2
6,8 8,6 6,7 7,6 3,7 -7,3 2,7 7,2 3,4 4.3
2,10 10,2" | 4,100 10',4" | 17,10 10,1 | =1,9" 9,1 | 4,3 3.4
3,9 9,3 5,9 9,5 -5.,8 8,5 | —-4,8 8,4 |52 2.5
6,8 8,6 | -6,7 7,6 | =37 =738 |27 =72 161 1,6

Tabauua 6
1S12 S13 1553 1514 1594 1534

4,2 —2,4|-1,2 2,1| 1,4 —4,1|-1,3 3,1| 1,5 -51| 45 -5,4
53 —3,5| 5,6 —6,5| 3,6 —6,3|—4,6 6,4| —2,6 6,2| 2,3 -3,2
-7,8 87| 7,9 —9,7|-8,9 9,8/-7,10 10,7| 8,10 —10,8/—9,10 10,9

B nepBoit koJloHKe yKasaHbl pasmepHoctd N/ = C™ + C™+! marpuu (3, npu aaH-
HBIX 1 ¥ M. 3BE3[0UKOH OTMeUeHbl PA3MEPHOCTH MPeACTaBJEeHHH, TOBTOPSIOMIMX Mpel-
craBsieHus B tabauuax m < E[(n+1)/2]. Bo BTopo#i KoJIoHKe MpHBeIeHbl Pa3MePHOCTD
NpOCTPaHCTBA M M MHAEKCH f < m MaTpull (,,. KoHKpeTHble 3HayeHHs THX 3JeMeH-
TOB 3aBHCAT oT comnoctaBienuss & = (A, F'). [Ipu arom, Hanprmep, cuMBoa “325,25” B
TabJ. 3 03HAuyaerT, 4yTo

(B3)pq = (B3)qp = —1, ecin  Ags =@, Fips = O,
p,q € (1,2,...,N2 =20).

[IpaBu/o HamucaHHsl TaGJHIL 3J1eMEHTOB MaTpHIL [3,, MOJTydaeMbIX MPOLELypOH JHHe-
apusauuu ypaBHeHHH (4) A/ KOCOCHMMCTPHUUECKMX TE€H30POB paHra m > 3, SICHBI U3
Tabsu. 1-3.
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03 2.18
2.13 03
3.14 3 .14
52: 4 , T2: 4 ’
0° 2.13
2.13 03
3 4 3 4
3.1 -1
3
0 0,
1, 1
0 03
1 .94 1 .14
53 = : ( , TS = ! :
03 0
1
i 1
0 03
1 4 1 4
11 11
13
—13
04
ﬂ5: 13 ’
—13
04

Jns uaTIoCcTpauy HUXKe TIPUBOISTCS HEKOTOPElE HEOOXOAUMbIe BBIYHCIEHHS TOJBKO
¢ 20 x 20-matpuuamu 3, p < 5. B naHHOM cayuae Lesecoo6pasHoO NPOHYyMepOBaTh
KOMIIOHEHTHl BeJqHuuH A,, W F,,, Kak ykaszaHo B Ta6u. 4. Ilpu Takoli Hymepauuu
MaTpHLbl (3, UMEIOT BUA, CXeMaTHUeCKH MpPHUBeNeHHbIH B Tabs. 5, rie BHIIHMCAHBI BCe
HeHyJIeBble 3J1eMeHThl, paBHble £1.

Marpuust Sk (k,1=1,2,3,4), onpenesasiemsie 10 (9), UMeOT BUI
(6)

10 kl
) Sl(d =

4
St

(10) “ ”
B Tabs. 6 npuseseHbl 3/eMeHTHl S;; ' TOJbKO BEPXHEro “flMKa”, MOCKOJbKY HH-
JKHUH peasnusyeT Te 2Ke caMble npencraBiaenus rpymnsl O(4), uto u BepxHuil. Ksagpats
CMUH-U30CIHHOBBIX MAaTPHULl, ompeneseHHbX o (16), AuaroHasusywTCs MaTpULel

1 1,1 22 33 16 25 3,4 7.7 88
—4,4 -5,5 —6,6 —6,1 52 4,3 9,9 10,10 )’

TIle BBIHCAHBl TOJbKO HEHYJIEBble 3JieMeHTbl BEpXHEero SHMKa, MpUueM, HarpuMmep,
(V)aa = —1/\/5. Iuaronanbueie S2, T2, S%, T32 U (55 UMEIOT BHUJ, NMpPEeACTaBJEHHBIH
BBIIIE Ha CXeMe.
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IlpencraBienusi MoJHON HEOOTHOPOIHOU
rpynnsl 1e CuTTepa U ypaBHeHUs

B MATUMepPHOM mnoaxoge. I
B.H. ©YLIHY

The study has been made of the irreducible representations of the total inhomogeneous
de Sitter group P(1,4). The canonical and non-canonical equations of motion invariant
under the 15(1,4) group are found. The equation is proposed which makes it possible
to obtain the mass spectrum of the particles increasing with spin and isospin, and,
as a by-product, the equation of motion for zero-mass particle is obtained, which is
the covariant generalization of the Weyl-Hammer—Good equation. The eight-component
equation (6.7) is shown to be the simplest P-, C- and T-invariant equation in the
five-dimensional approach. Canonical transformations for the free equations of the Dirac
type are considered.

WayueHbl HempHUBOAMMBbIE IIPeACTABJIEHHS MOJHOH HeomHopomHo# rpynmel ne CHTTepa
]5(1,4). Hailinensl kaHOHHUeCKHe M HeKaHOHHUECKHe ypaBHEHHS ABHIKEHMsl, HHBapHaH-
THbI€ OTHOCHUTEJBHO TPyl ]3(1,4). [IpensioxeHo ypaBHeHHe, C OMOLLbIO KOTOPOIO MO-
JKHO MOJIYYHUTb BO3PACTAIOLIMH CIIEKTP MACC YACTHIL B 3aBUCHMMOCTH OT CIIHHA U H30CMHHA
U KaK M0O0YHBIH Pe3ysbTaT MOJyuyeHO YpaBHEHHe ABHKEHHs JIJIs HaCTHLB C HYJIEBOH Mac-
COH, siBJIsIOLleecs KOBapHaHTHBIM o6o011eHrneM ypaBHeHus Beinsg—Xammepa-Iyna. Iloka-
3aHo, 4yTo npocredmnM P-, T-, C-UHBapHAHTHBIM ypaBHEHHEM B NATHMEPHOM MOAXOJe
SIBJISIETCS BOCbMHKOMIIOHEHTHOe ypaBHeHHe (6.7). PaccMoTpeHbl KaHOHHUeCKHe npeobpa-
30BaHUA 1J1 ypaBHeHUH Tuna Jlupaka.

3a mocJenHee BpeMsl Bompoc o pacuivpeHuu rpynnsl IlyaHkape v oObennHeHHe ee
C IpynnaMyd BHYTPEHHHX CUMMETPHUH B pasjMYHbIX HANpaBJEHUAX U [/ PasUYHbIX
uesell Obl MPeAMETOM MHOTHX HccaenoBanuit (cm. o63op [1]). CiemyeT OTMETHUTb,
4yTO ujed pacluupeHus rpynnbl IlyaHkape TecHO cBfi3aHa ¢ [OBOJIbHO CTapod uieei
0 pacLIMpeHHH YeTBIPEXMEPHOr0 MPOCTPAHCTBEHHO-BPEMEHHOTO KOHTHHYYMa, KOoTopas
UHTEHCHBHO obcyxpanack B 30-x rogax B oOLied TEOPUM OTHOCHTENBHOCTH B CBfl-
31 ¢ 00beIMHEHHEeM TeOpUH TATOTEHHS W 3JeKTpHUUecTBa. Borpocy mocTpoeHHs OCHOB
D-MepHOH ONTHKH, UCXOHS M3 IMSTHMEPHOr0 NpOCTpaHcTBa MHUHKOBCKOTO, MOCBSIIEHA
moHorpadusi 0. Pymepa [2]. 3amaua o pacuwmpennu omHopomHo# rpymnmsl Jloperia
paccmarpuBasach MHOTHMH aBTopamu (HauGoJiee MOJHBIA 0030p MO 9TUM paboTaM CM.
B [3]).

B Hacrosiliee BpeMsi cTajio ICHO, YTO AJIS 3afad, CBA3AHHBIX C HAXOXJAEHHEM CIle-
KTPa Macc 4acTHIl Ha OCHOBE BJIOXKEHHs I'PYI, He0OXOAUMO paccMaTpuBaTb BOIPOC O
paciuupennu rpynnsl [Tyankape P(1,3), a He ogHoponHo# rpynmnsl Jloperua O(1, 3).

Hcxonss U3 mpenmnosioxkeHusi, UTO OINEPaTOpP MACChl JOJKEH BXOAWTb B TEOPHIO “Ha
paBHBIX MpaBax ¢ onepaTtopom ummyabca” [4], B pabortax [5, 6, 8] OblJI0 pacCMOTPEHO
MHUHHMMaJbHOE B HEKOTOPOM CMbIC/e paciuupenue rpymmsl [lyankape P(1,3). B xkaue-
CTBe TaKOro pacllupeHHus BeGpaHa HeopHoponHas rpynmna ae Currepa P(1,4) D P(1,3)
B NIATHMEPHOM NpocTpaHcTBe MUHKOBCKOTO.

Teoperuueckast 1 MaTeMaTHueckasi (pusuka, 1970, 4, Ne 3, C. 360-382.
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B paGorax [7, 8] 6buio mokasaHo, 4yto ypaBHeHusi Jlupaka B MATHMEPHOM MPO-
cTpaHcTBe MUHKOBCKOro, B OT/JIM4YMe OT ypaBHeHUH [lupaka B 4eTblpexMepHOM MpO-
CTPaHCTBe, He MHBapHaHTHbI OTHocuTe bHO PT'C-npeodpa3oBanuil. Takoe cyliecTBeH-
Hoe pasauuue P-, T-, C-cBOHCTB ypaBHeHUH [lupaka B 3aBUCHMOCTH OT Pa3MEpPHOCTH
IIPOCTPAHCTB M NOOYIUNO0 PaCCMOTPETh BONPOC O AMCKPETHBIX NpeoOpa3oBaHUAX B If-
THMEpHOM NOoAX0le B HauboJsee oblleld MOCTaHOBKeE.

Hacrosiast pa6ora siBAsieTcst TPOLOJIKEHUEM MPEAbIAYIIMX Hamux padot [5, 6, 8,
21] no HeomHoponHo# rpynme e Cutrepa P(1,4).

Ilpu nocTpoeHHH HeNPHUBOAMUMBIX IIpeACTaB/IeHUH I0JHOH HEOAHOPOAHOH IPyMNIIbl A&
Cuttepa ﬁ(1,4) TNIOBCIOJY HCIIOJb3YIOTCS MeTOAbl U Hieu paboT Burnepa, Ponnu u
lupokosa [9, 10, 11] no npexacrasienusm rpymnnsl [lyankape. Pacecmorpenust BenyTesi B
TaKoH (popMe, UTO MOUTH BCE OCHOBHBIE PE3YJIbTAThl PA0OTH ¢ HEKOTOPBIMHU OYE€BHUAHBIMU
oroBopkamu o6obuaTtes ¥ Ha rpynny P(1,n) — rpynny BpallleHHH U TpaHCASLUHUH B
(1 + n)-MepHOM TpocTpaHcTBe MHUHKOBCKOTO.

B pasnese 1 nprBeneHsl ocHOBHble cBefieHHsi 0 rpynne P(1,4) u onpeaeseHsl ore-
paTopel JUCKPETHBIX Npeobpa3oBaHuil. B nocnenyomux pasnenax 2—4 HaliieHbl sBHbIE
BHUIbl FeHepaTopoB rpymnsl P(1,4), peanusyolux ee HeNPUBOLUMbIE MpPeACTABJIEHHUS,
U C TIOMOLLBIO KOTOPBHIX TOCTPOEHBbl I'eHEpaToOpbl TPYIIIEl ]3(1,4). [TpuBeneHsl cxembl
3alen/eHnil HeMPUBOAUMEIX NpeAcTaBeHni rpynnsl P(1,4) onepaTopaMu AHCKPeTHBIX
npeo6pa3oBaHUi W BBINMCAHBl KAHOHUYECKHE ypaBHEHUS, UHBAPUAHTHblE OTHOCHTEJBHO
nosHoit rpynnsl P(1,4).

B paspesie 5 npensioxkeHbl HeKaHOHHUECKHe YPaBHEHHUs, HHBAPUAHTHbIE OTHOCHUTEJIb-
HO TPYIIIHI 15(1,4), KOTOpBIe TPUBOIAT K BO3PACTAIOLIEMY CIIEKTPY MacC 4acTHI[ B 3a-
BUCHMOCTH OT CIIMHA W U30cnuHa. Pa3nen 6 NoCBsllEeH TeOPeTHKO-TPYIINOBOMY aHAJHU3Y
BOCbMHUKOMIIOHEHTHOTO YPaBHEHHsl, HHBAPHAHTHOI'O OTHOCHTEJNBHO ]5(1,4). Hcexons us
3TOT0 ypaBHEHHMS, NPENJIOKEHO ypaBHEHHE ABHKEHHS, ONUCHIBAIOLLEE CUCTEMY C NPOHU-
3BOJIBHBIM CIIHHOM M M30CIHHOM. B pasnese 7 paccMOTPeHO HECKOJNbKO THUIIOB KaHO-
HUYECKHUX NpeoOpa3oBaHMil AJs ypaBHeHMH THma [lupaka (ss ciaydaes Pﬁ >0, u
P2 <0).

1. OcHoBHbIe onpeneseHns U MHBapuaHThI rpynnsl P(1,4)
[enepartopel HeomHoponHo# rpynmnel ae Cutrrepa P, J,, yIOBJETBOPSIIOT IepecTa-
HOBOYHBIM COOTHOIIEHUAM!

[P, P, =0, [Py, Juo|_ = i(guPr — guoPy), w1
[Jul/; Jpo’]_ = i(guat]up - gupJua + gup'];uf - guo"]up)a
TIe goo = 1, 9kl = _5kl; w, V= Oa 1527374; kal = 172a3a4-
MoxHo mokasarb, 4to rpynna P(1,4) uMeeT Tpu OCHOBHBIX HHBapuaHTa [5, 6]:

P?*=PpP2=P; - P> - P}, (1.2)
9 1 1 2 1 2 72
W= = évuua = iwlw = Qpltjua - PHPV‘]IMTJV‘T’ (13)
1 1
V= =3 dwtouw = = geuwpoadupo Po, (14)

lAﬂFeﬁpr U COOTBETCTBYIOLIHME UM T'pPYINbI o6o3HayawTCs OQHWHAKOBBIMH CHUMBOJIAMH.
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rle aHTHCUMMETPHYHBIA TEH30p TPeThero paHra Vi, U QyHAaMeHTa/JbHbIH aHTHCHM-
MeTPHYHBIM T€H30p BTOPOrO PaHra MMEIT BHIL

V;u/a EPNJVa+PuJau+PaJMUa (15)

1
Wy = 5#1,0457]/,157 = §6Hl,agfypajgfy. (16)

[

Mexny renepatopamu rpynnel P(1,4) u TeH30pOM w,,,, MOXKHO yCTaHOBHTb CJeJly-
IOL1e KOMMYTALHOHHBIE COOTHOLIEHHS:

[P;m wp(f}_ =0, [J;,LV7 wpo]_ = i(guowyp + GupWpo — GupWro — guawup)v(lj)
[Wyw, Wpo ] = i(Guo€upapy + GupEpoapy — JupEvoaby — GuoCupapsy)Pawpy. (1.8)

B (1 + n)-mepHom mpocTpaHcTBe MHHKOBCKOTO OMpefesNHM [Ba ONepaTtopa Mpo-
CTPAHCTBEHHOT'O OTpaXKeHUs P:

P(")\Il(xo,xl,xg, cey X)) = rM(zg, —x1, —29,. .., —2n), (1.9)

P("*l)\II(xO, T1,X9y ey Ty) = r(”*l)\Il(xo, —Z1, =Xy, —Tp—1,Tn), (1.10)
npuuem

[Po, P™M]_=0=[J, P™]_, [P, P™] =0= [Jox, P™]

LR 1))
P . pt) 1, pn=1) . pn=1) 1,

[PO,P(n—l)]7 - [pmp(n—l)L _ [J0n7p(n—1)]7

= [Jap, P"D]_ =0,
I:Pavp(nil)}_;'_ = I:an,P(nil)]_;’_ = [J0avp(n71)j|+ = 07

(1.12)

rie UHIEKCH @ U b IpUHUMAIT 3HaveHus a,b=1,2,... ,n—1.

Kak u B cayuae rpynnel [lyankape P(1,3), MOXHO AaTb [Ba HEIKBHBAJEHTHBHIX
onpenenenusi omnepatopa orpaxkenust Bpemenu T [10]. CorsnacHo [laynu npu samene
Ty — —To BOJHOBas (PYHKLHUS MpeobpasyeTcs Mo 3aKOHY

TPU(xg, X1, &n) = TPV (=20, T1, ..., Tp), 7. TP ~ 1, (1.13)
[Py, TP]_ = [Ju, TP]_ =0, [Po, T?] . = [Jok, T?] . = 0. (1.14)

CorsiacHo BurHepy BosiHOBasi (DyHKIMS PH OTPaKeHWH BPeMeHHU MpeobpasyeTcsi Mo
3aKOHY

TV (20, X153 &p) = TV (=20, 1,5+, T ), T - TY ~ 1, (1.15)

P T, = 0= [, T, [Po,T*)_ =0 = [Jon, T¥]_. (116)
OrnepaTop 3apsifloBOr0 COMPSIXKEHHUSI OMPENENETCS KaK

CU(xg,x1,...,2n) :Tc\i(l'm:l?l,...,l‘n), C? ~ 1, (1.17)

[Pua0]+:0:[¢]/w;0]+- (118)
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PasmepHocTb MaTpuIg r("), (=1 7P 7% 4 7¢ 3aBHCHT OT Pa3MepHOCTH 110 CIIUHOBBIM
HHeKcaM mpencraB/ienns rpymmnsl P(1,n).

B nanbHefimem GyneM paccMaTpHUBaTh TOJBKO omnepanuio P 1) mockosnbKy B mpo-
cTpaHcTBe MUHKOBCKOTO pasmepHocTH (1+2n) — oTpaxKeHHe BCeX MPOCTPAaHCTBEHHBIX
oceii P(?") — cpoauTCsA K MOBOPOTY, MO3TOMY BCAKOe ypaBHeHHe, HHBapHAHTHOE OTHO-
cutenbHo rpynnbl P(1,2n), 6yner P?™-unpapuantHo.

2. IlpencraBieHus MOJHOH TPyIIIbI 1;:’(1, 4) pas caydas P2 > 0
B Tom ciyuae, korna uuBapuant P? = P2 = »* > 0, KpoMe OCHOBHBIX HHBapHaH-
toB (1.3) u (1.4), uMeeTcst HOMONHUTEbHBIA WHBapuaHt rpymnnel P(1,4) — omeparop
3HaKa dHepruu

5 Py P
= = E, = 2 2 2 21
& B By 1= \/p* +pi+ 32, (2.1)

Tle » — TOCTOsIHHAs BeJHYMHA, P = —i%. Mauolt rpynmnoit B 3TOM caydae siBJsie-
TCsI KOMIIAKTHAs TPyTIa BpalleHUH B UeThipeXMePHOM eBKJIHI0BOM mpocTpaHcTBe O(4),
KOTOpast JoKaJabHO u3oMopdHa rpynne SU(2) ® SU(2). U3 sToro cienyet, uto rpynmna
P(1,4) siBasieTcss HeTPUBHUANBHBIM 00beHHEHHeM Tpymbl [IyaHKape ¥ H30TOHUYECKOH
TpyMNIbl BHYTPeHHUX cuMMeTpud. OTMmeTHM, uTo ogHy u3 rpynn SU(2) mMoxHO, BO0G-
e TOBOpSi, CBSI3BIBATh, Hampumep, ¢ W-cnuHoMm. B nanbHelineM, ogHako, Mbl Oymem
CBSI3bIBATh €€ C H30CITHHOM.

B cucreme “nokosi”, roe Bce py = 0, HHBaPUAHTHI W?2 u V cBsizaHbl ¢ UHBapHaHTaMH
rpynnel O(4) clenyouUMi COOTHOLLIEHUAMU:

2 2 2 2
W? =2P2(S* + T?), (2.2)

V =e1,/P2(S* - T?), (2.3)
rae oneparopsl S = (S1,S52,53), T = (11, T, T3) onpenessioTcsi COOTHOLIEHUSIMU

1

1
Sa == 5 <25abcsbc + S4a> )

(2.4)

1/1
T, = 5 (25achbc - 54(1) ) a, ba c= 17 27 3a
Ski — renepartopsel rpymmel O(4).

Bce HenpuBoauMbie mpescTaB/ienus kaacca I (P? > 0) yHHTapHBI, KOHEUHOMEPHbI H
3a7al0TCs yMcaaMu s, T, £1. Onepatopbl S2, T2 u £ 171 HENPUBOAMMBIX MPeCTaBJe-
Huit P(1,4) KpaTHBl eIUHHUYHBIM OllepaTopam

S?=s(s+1)-1, T=7(r+1)-1, E1=¢1-1, g1 = +1. (2.5)

Yucaa s v 7, MPUHUMAIOLLKE LieJble U MONYLEeJble M0J0KHUTENbHbBIE 3HAUEHHS, OTOXKe-
CTBJISIIOTCS CO CIIHHOM M M30CHHMHOM 4acThubl. HenpruBonnmele npeacras/eHus kiacca |
Oymem obo3HayaTh yepe3 Dl (s, T, »).
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Hcnonbsyss mertomuky pabot [9, 10, 11], MOXKHO HAMTH KaHOHHUYECKHH BHI THIA
@onpu-Illupoxosa ans reneparopos P, u J,,. Ias npencrasiaenust D (s, T, ») oHH
HUMEIOT BUJ

.0
Py =e1En, Pp=pr=—ig—, Jr = xepr — 1Pk + Sk,
T
g (2.6)
€1 klP1
Jow = Topk — 2 (z1E1 + Eray) —
Ok = ToPk — % (zrEr + Erzy) €1E1 s

TJle OmepaTopbl Sy, pealusylOT HempuBoguMoe mnpeicrtasieHue D(s,7) rpymmsl O(4).
[Tomumo nByx mpencrasienuii D7V (s,7,3) u D™ (s, T, ), 3anaBaeMbix (pOpMYJIOH
(2.6), MoxHO TOCTpOUTH (¢ Momotbio onepatopos TP u P()) nea mpyrux mpencras-
JIeHWs], He3KBUBAJIEHTHBIX NpencTasiaenusM Posnnu-1llupoxosa (2.6), reneparopsl P, u
Jyuu LJIS 3TUX NpelCTaBleHHH 3a1aoTcs GpopMynraMu

Py = En, P, = pa, Py = —py,
Jab = TaPp — ToPa + Sab, Jia = TaD4 — TaPa — Sav,

1 SavDb + Saapa
Joa = ToPa — = (taE1 + Eyzg) — 2000 T Dadbs 2.7
0 Zop 2(30 1+ Eiza) Byt (2.7)
1 Savpy
Jog = — — (x4 + F
04 Top4 + 2(954 1+ Erza) + B+

Py =—E,, Py = pa, Py = —py,
Jab = TaPy — TpDa + Sab, Jia = TaDs — TaPo — Sav,

1 SabDb + Saapa
Joa = —2Topa + = (x By + B1x,) + ———2 2.8
0 ZToP. +2($ 1+ Erzg) + Byt (2.8)
1 Savpy
Joa = — = E FE — .
04 = ToP4 2(5134 1+ Eizq) By +

[TpencraBnenus anrebpel P(1,4), 3anaBaemble (opmynamu (2.7) u (2.9), 6ynem o60-
3HayaTh yepes DV (7,s) u D™ (1, s).
Oneparopsl (2.6)—(2.8) 5pMHUTOBBl B CKaJsPHOM MPOU3BEAEHUH

S, T

(®,d') = Z /d4x %(xo,:c,x4753,73)@’(:607337:54,33,73) (2.9)

83=—8,T3=—T

Uu (B p-TpelCcTaBJeHHH)

s
(@7S0/) = Z /d3p X(P733973»5a517%)7
83=—S8

(2.10)
X = § : /dp4 <¢‘p7p473377—3;837—7517%><p7p47s377—3;837-3517%|s0/>‘
2F,
T3=—T

[eneparoper rpynnel P(1,4), KoTOpble 3aiaHbl B MPOCTPAHCTBE, e peasusyercs
npsMasi CyMMa 4eTblpex HelPUBOJUMBIX IpeACTaBJleHUN

DT (s,7,%)® D™ (s,7,%) ® D" (1,5,3) ® D™ (7,8, %), (2.11)
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HUMEKT BUL
Ey 0 0 0 Pa 0 0 0
~ [ 0o -E, 0 o0 ~ [ 0 p. 0 0
B=1 o o Ei 0 ' P 0 0 p. O |’
0 0 0 —-F 0 0 0 p,
pa 0 0 0
~ [ 0 ps 0 0
Pa=1 o o —ps O '
0 0 0 —ps
(2.12)
Jos 0 0 0 Jia 0 0 0
= [ 0 Js» 0 0 = | 0 Ju 0 0
Ja=1 0o Jw 0 |’ Jiu=| ¢ ~Jiww 0 ’
0 0 0 Ju 0 0 0 —Jia
Joa 0 0 0 Joa 0 0 0
F_| 0 —Ja 0 0 7o 0 —Jda 0 0
Oa = 0 0 Jou O ' 04 = 0 0 —Jyu O |’
0 0 0 —Joa 0 0 0 Joa

rie onepartopsl Jy,, 3agaioTcs Gopmynoi (2.6) npu sHadeHnu g = 1.

U3 onpenenenus (1.10) 1 KoMMyTaunoHHEIX cooTHomeHUH (1.12) cienyer, yTo ecau
BekTop Wl () mpunannexut npoctpancty {Wii(z)}, rae peanusyercs npenctasie-
nue D°1(s,T,), To Bektop P(G)WE! (x) mpunammexxut mpoctpanctBy {US(x)}, T.e.
IPOCTPAHCTBY, TAe peanusyercs mpencraBieHue D1(7,s, ). DTo 03Ha4aeT, yTo, Ha-
npumep, npoctpanctso {W} } HeMHBAaPMAHTHO OTHOCHTE/ILHO ONepaTopa PG,

W3 onpenenenns (1.13) u coornomenuii (1.14) cnemyer, uro eciu Bektop Wi (x) €
{wi. }, to Bexkrop TPW} (x) € {W, }. IlpoBens aHa/orHuHble PaCCyXIeHHs s
oneparopoB 7% u C, MOXXHO MPUHTH K CJeNyIOUIeHd cxeMe 3aleNJieHHH HempUBOAUMBIX
npeacraBaeHuit rpynnsl P(1,4):

p®
Dt (s,7,%) +— D%(r,s,)
™ C clrTr (2.13)
p®
D~ (s,7,%) +—— D (7,s,x).

Hrak, U3 3TOH cXeMbl BBITEKAET CJAeAyIOIINN pedynbrat: Henpusodumoe npedcmas-
AeHue NoAHol HeoO0HopodHoU epynnovt de Cummepa 13(1,4) (Ors s # 7) 0as kaacca 1
peaiusyemcs 8 npocmpancmse, 20e pearusyemcs npamas cymma (2.11) nenpusodu-
moix npedcmasaenuii oepanuuennoti epynnot P(1,4), npuuem eenepamopol ﬁu u jm,
epynnol 13(1,4) umerom 8ud (2.12).

B mom cayuae, ko2da s = T, Henpusodumoe npedcmasieHue epynhot ]3(1,4) pe-
aausyemcs 8 npocmpancmee, e0e peaiusyemcs Npamas Cymma 08Yx HenpusooumoLx
npedcmasrenuil oepanuuennoil epynnot P(1,4)

Df(s=7,7)®&D (s=1,7,). (2.14)
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3Hast ABHBIA BH reHepaTopos rpynmel P(1,4) (ABHbIH BHI IHCKPETHBIX OMEPATOPOB
MBI 3[€Cb He TNPHBOAMM), HETPYIAHO TEMepb BbIIHCATb KBAHTOBOMEXaHHUECKHE ypaB-
HEeHHsl, KOTOpble MOJHOCTBI0 MHBAaPUAHTHBI HJIM YaCTHYHO WHBAPHAHTHBI OTHOCHTEJBHO
IHCKPETHBIX MPeoOpa3oBaHHuil.

YpaBHeHHe, Ha peELIEHHUSAX KOTOPOrO peasiu3yeTcss HENPHBOAHMMOE TNpelcTaBleHHe
(2.11) rpynmsr P(1,4) umeet Buz

i@@(xo,m,m)

g =HO(z,x,x4), (2.15)

re BosHOBas (GyHKIHs B umeer 4(2s + 1)(27 + 1) kommoneHT. KoMmoHeHTE ee HyMe-
pytoTcst yncaamu sz U 73 (—s < s3 < s3 <, —7 < 713 < 1), a oneparop H = P, umeer
BUJ

0

ﬁ:ZjElv B: -1

S O O =
o O O
o O O

0
0 -1

1 — enunununas marpuua pasmeproctu (2s+1)(27+1). Kanonuueckoe ypasuenue (2.15)
He MMeeT SIBHO MHBapHaHTHOH (hDOPMBI, HO HECMOTPSI Ha 3TO OHO WHBAPHAHTHO OTHOCHU-
TesibHO Tpymnnbl P(1,4), MOCKOJIbKY BBINOJHSETCS YCJIOBHE

|:Zai$0 —ﬁ,@}%(l’(),a?,le) =0, (216)

rie & — moGoe petieHue ypaBHeHus (2.15), a @ — mo6oii onepaTop U3 ajre6psl
13(1,4). Buinosnenue ycaosus (2.16) o3Hauaer, 4TO MHOXKECTBO BCEX PElleHHH ypaBHe-
uust (2.15) {5} UHBApUAHTHO OTHOCUTENBHO ajreGphl ]5(1,4). YpaBuenune (2.15) omnu-
CblBaeT He OfHYy YaCTHILy, KAK COOTBETCTBYIOLlee ypaBHeHHe B cjiydae rpynmbl [lyan-
kape P(1,3), a COBOKYIHOCTb YacTHI — H30TONHYECKUE MYJbTHIJIET YaCTHIL.

[lpuBenem eie OfWH MpPUMEp ypaBHEHHs,, WHBAPHAHTHOTO OTHOCHTEJBHO TPYMIIbI
P(1,4), Ho KOTOpOe TOJIbKO YacTHuHO T-, P-HHBapHaHTHO. YpaBHeHHe, Kotopoe P(4)-,
TP-, C-uHBapUaHTHO, HO p®). p®) - T*-HeMHBapUAHTHO, UMeeT BUJ

P /
Z% = H(I')(an 2]37564) = ﬂ p2 +p121 + %2(I>(x05 w,$4), (217)
0

rae § = ( (1) _Oi >, D(xg, @, x4) — 2(25 + 1)(27 + 1)-KOMNOHEHTHBIH BEKTOp, Mpe-

obpasyolumiica no npeactasienuio DT (s, 7) @& D~ (s, 7). Tenepatopsl rpynner P(1,4)
IJIs1 yKa3aHHOTO MPeACTaB/eH s coBnanawTt ¢ (2.7), rae caeayer clenaTb 3aMeHy

S 0
Elﬂﬂ, Skl"( gl Skl>'

YpasHenue Ha rpynmne P(1,4), koropoe P™)-, T“-unpapuautho, no P®)-, TP- C-
HeWHBapHaHTHO, (hOpMasbHO COBManaeT ¢ ypaBHeHHeM (2.17), onHako BoJiHOBasi (hyH-
kuusi & mpeobpasyercss mpu 3ToM no mpenctasieduio DT (s, 7) & D7(7,s, ) (wau
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Dt (r,s,5) @ D~ (s,7,5)), a renepartopsl rpynmsl P(1,4) cTpOATCH M3 OIEpaToOpoB
(2.6) (mpu €1 = +1) u onepatopos (2.8). Kak Oyner mokasaHo B pa3jese 6, HMEHHO
M0 TAKUM MPSIMbIM CyMMaM Tpeo6pasyroTcs BOJHOBbE (DYHKUHU B ypaBHeHuH JHpaka
B caydae rpynmsl P(1,4).

3. Mlpencrasnenus rpynnsl P(1,4) aasa cayyas P2 =0
B ToM ciyuae, korma unBapuaut P? = P} — P2 — P? = 0 u ue Bce P, = 0,
JIOTIOTHUTEIbHBIM HHBAPHAHTOM TPYTITBL ABJSETCS TAKXKE OMEpPaTop 3HAKA SHEPTHU

: _ Do — /n2 2
82 - E_27 E2 - DPa +p47 (31)

MOCKOJIbKY CIIEKTp ornepaTopa Py uMeeT ABe BeTBU: —o0 < pg < 0 1 0 < py < o0.

Mauoil rpynno#i B 3TOM cJjydae sIBJAseTCS TpyNna TPaHCASAUUM U BpalleHUH B Tpe-
XMEpHOM eBKJIMI0BOM MpocTpaHcTBe P(3), a 3To 03Hauaet, uTo uHBapuant W?2 Gyner
MUMeTb HENpPEePLIBHBIN CIEKTP U eMy, MO-BUAMMOMY, TPYAHO TNPHAATh MPUEMJEMbIH (QU-
3u4ecKUi cMmblcs. OrpaHUYUMCS MOITOMY CJydaeM, KOraa W2 =0, a sHauut u V = 0.
Ilist aTOro ciydasi Majioff rpymmo# siisieTcs rpymnma, usomopgpHas rpynme O(3), mo-
5TOMY BCe HeNpPHBOAMMBIE mpenctaBiaenust D2 (s) rpynnsl P(1,4) [5] yHHTapHbI, KOHe-
YHOMEpHbI M 3a/lal0TCs UucaaMu eo = +1 u s (s =0,1/2,1,...).

fABHblit BUL reneparopo P(1,4), koTopblil Gyaer mo/jydeH HaMd B paspgese 7, Bbl-
TJSIIAT Kak

Py = exE», Py, = py, Jab = TaPb — ToPa + Sab,

Jag = Tapy — T4P +64M 64:p_4
ad a a By + |pa]’ Ipal’ (3.2)
o €9 SabPs
Jos = wops — (x4, B Joa = Topa = Frla, Bols — 2525 o
04 = ToPa — 5 (74, B2+, Oa = T0Pa = 7 [#a; B2l — & Es + |p4]

B 3ToM KJacce npu 3aiaHHOM $§ HMeEETCS] TOJBKO [Ba HE3KBUBAJNEHTHBIX MPEACTAaB-
JIEHUs], TaK Xe Kak u 1s rpynnsl P(1,3), nosmomy Henpusodumoe npedcmasierue

noaroil epynno. P(1,4) 6ydem peanusosvieamscs 8 npocmparcmee, 8 KOmopom pea-
augyemces npedcmasaenue D (s) @ D™ (s) epynnor P(1,4). SIBHBIH BUI reHepaTopoBs
P, u J,, B 3TOM NpoCTpaHCTBe coBmajaer ¢ (3.2), rae cieayer cienaTbh 3aMeHy

52_)6:<(:; _Oi)a

1 — enuHuyHasg matpuua pasmepHocTH (2s + 1). Cxema 3alenyieHUH HeNPUBOLUMbIX
npeacraBaeHuit rpynnsl P(1,4) B 3TOM KJjacce BHIMIAANT TakK:

Dt (s) 5D (s).

YpaBHeHUe, HHBAPHAHTHOE OTHOCHUTeNbHO Tpynnbl P(1,4), uMeer BUA

Zﬁ@(xo, Z, 1'4)

o = MO0, x4) = B/ P2 + pi (a0, ., 24), (3.3)

rae ®(xo, x,x4) — 2(2s + 1)-KOMIOHEHTHAs BeJIHYKMHA, KOMIIOHEHTBI KOTOpoH P(xg, x,
X4, S3) HyMepyrOTCsi HHIEKCOM S3 (—s < s3 < ).
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YpaBHenve (3.3) onucbiBaeT CHMMETPHYHBIM 00pa3oM HYaCTHIY H AHTHYACTHLY C
2

(hMKCHPOBAHHBIM CIIMHOM S, HO C He(pMKCHPOBAHHOH Maccoil m = /pj.
4. IIpencraBieHus TPyIbl 15(1, 4) pada cayqas Pj <0

PaccemoTpum B 3TOM pasnene npencrasieHus knaacca I1l, T.e. mpencraBieHue rpymnmst
P(1,4), xorna Pﬁ = —n?, n — neficTButenbHOe unca0. OCOBEHHOCTBIO 3TOTO KJacca
IBJISIeTC TO, 4YTO, BO-NepBbIX, ONepaTOp 3HakKa 3HEPrHH He SBJ/eTCS MHBapHaHTOM
rpynnel P(1,4), nockosbKy CHEKTp ornepartopa Py JiexKUT Ha BCel JeHCTBUTENbHOH OCH
—00 < py < 00, BO-BTOPbHIX, MaJsiod rpymroi siBnsiercst HekomnakTtHas rpynna O(1,3)
— onHoponHas rpynna JlopeHua, Bce KOHeYHOMepHble HelPUBOAKMbIe IpeJCcTaB/eHHs
KOTOPOH HeyHHUTapHHI.

JonosnHuTeIbHBIM HHBapuaHToM rpymnsl P(1,4) B 3TOM KJacce siBJSETCS orepaTop
“sHaka ummynbca”. JleHcTBHTENbHO, onepatop P7 sBJSETCs MOI0KUTENbHBIM OMepaTo-
POM H CIIEKTp €ro JIEXKHT Ha BELIECTBEHHOH 0CH [1?, 00), OITOMY KOpeHb KBaipaTHbII
U3 3TOro orneparopa \/]Tk2 Ha BelLeCTBEHHOH OCH UMeeT TOUKH PEry/aspHOCTH (—1n, 7).

Takum o6pasom, aast mpexacraBseHuit kaacca III rpynmer P(1,4) (uau: P(1,n))
JONOJHUTENbHBIM HHBAPUAHTOM SIBJISIETCS OIepaTop

& = sign \/ P? = sign \/P§ + n2. 4.1

Wupapuantsl W2 u V B fonycTHMO# B 3TOM KJacce cucTeMe oTcuera (pg = pg = 0)
HMEIOT BUI,

W? = —P}(N* - L?) =n*(N? - L?), (4.2)

V =,/-P2LN =&nLN, &= IIPj’—il’ (4.3)
rae

L = (Joz, J31,J12), N = (Jou, Joz, Jos)- (4.4)

Onepatopst N? — L? u LN sBSIOTCS, KaK H3BECTHO, HHBAPHAHTAMH T'PYIIIEL 0(1,3),
BCe Tpe/CTaBJIeH s KOTOPOH MOMHOCTbIO M3ydeHbl [enbdannom Kk Halimapkom [12]. s
HENpPUBOAUMBIX MPEACTABAEHUH I'PYIIIbI

LN =ilyl; -1, N> - L*=(1-1}-13-1, (4.5)

rae lp — uesoe uau noayiesnoe uucao (lp = 0,1/2,1,2,...), a l; — mo6oe, BooGIIe
roBopsi, KOMILJIEKCHOe uncyo (6oJsiee mogpo6Ho cM. [12]).

Takum 06pasom, B MPOCTPAHCTBE, e peasu3yercsi HElPUBOAUMOE MpelcTaBjeHHe
rpynnel P(1,4),

Piz—nQ-L 53253-17 63:i1,

; ) 46
W2=n?(1-10§-1) 1,  V=iesnloh - 1. o

HenpuBonumble npencrasnenus rpynnel P(1,4) 6ynem o6o3Hadath yepes D3 (I, l1).

2B KauecTBe JNOTIOJHHTEJBHOrO WHBapHauTa rpynmbl P(1,4) MOXHO BbIGpaTh TaKkxe ONepaTop & =

sign \/fPﬁ, KOTOpbI 3KBHUBasieHTeH (4.1) (cM. popmyny (4.3)).



[IpencraBsenus nmonHo# HeomHOpOAHOH rpymmel ge CUTTepa 185

W3 (4.6) BbiTeKkaet, 4TO HempuUBoAHMBbIe mpeactaBaeHus D3 (ly,l;) rpynnsl P(1,4),
kak u rpynnsl O(1,3), 6yayT yHHUTapHH, eC/u

1) I — uncto MHHMOe (OCHOBHAsI Cepus),

2) lo =0, Iy — pmeficTBuTesbHOE yucao U |l;| < 1 (zonosHUTeNbHAS CepHs).

3ameuanue. [ljisi CBsI3M C HENPUBOAMMBIMH TIPEACTABJIEHHUSMH Kjacca | ykaxkem, 4to
HermpuBoAUMble mpeactaBaenus rpynnsl O(1,3), kak u rpynnsl O(4), MOXKHO 3a1aBaThb
napoii uuces (s’,7’). JefcTBUTENBHO, €C/IH ONMPEAENUTb ONepaTopsl ThUma “cnuHa” u
“nsocnuna”
1 ) ;1 )
—(Lg +iNg), T, = = (L, —iNy,),
2 2

"2 "2 .
to onepartopsl (S')* u (T")* /s HEMPUBOAMMBIX TPEACTABJIEHUH KPATHH €IHHUYHBIM
orepaTopam

()2 =s(s+1)-1, ()= +1)-1.

Sl =

Uucna s’ u 7' cBAsaHbl ¢ uncaamu lenbdanna—Haiimapka [y u [} COOTHOLIEHUAMU
lo=5 -7, Lh=84+7+1. 4.7)

HAsupiii BUA remepatopos P, u J,, mn1a knacca III, kotopuiii Gyaer moayueH B
pasznesie 7, BBITISIAUT Kak

Py =e3E3, Es = \/p3 — p2 + 2, Py =po = i0/0t, Py = pa,

Jab = TaPb — ThPa + Sab; JOa = ZoPa — TaP0o — 'L’S4a;
€3 SabPy + 15a4D0 (4.8)
Jpa = Tapa — — (v B3 + E3xy) + ————,
4 4p B ( 3 3 ) Es+1
€3 1S44Pa
Jao = — —(xoE3 + E —
40 = T4Do 5 (xoE3 + E3xg) €3E3+77’

e oneparopsl Sup, 1S54, PEaNU3yIOT HENPUBOAUMOe TpencTaBieHue anredper O(1,3).

[TpencraBnenue (4.8) oTiinuaeTcsi OT COOTBETCTBYIOLIEro MpenctaBieHus tuna Ilu-
pokoBa agsi rpynnel P(1,4) [5] Tem, 4To Hamu BbieseH He onepatop Py, a omepatop
P,. Takoe Buimenenue omeparopa Py (uau P; B cayuae rpynmnsl P(1,3)) siBasercs
yROGHBIM, MocKo/IbKY B Kaacce III, mast Bcex rpynn tuma P(1,n) “sHeprusi yacTHLb!”
MOKET TIPUHUMATb JI0Oble 3HAUEHHUSI OT —O0 10 0O, B TO BPeMs Kak KBaapaT “HMIyJbca
yactuus” pi > 2.

3Hast SBHEIM BUJ reHepatopoB P, W J,, IJs IBYX HENPHBOAMMBIX NpelCTaBJeHHH
rpynnsi P(1,4) (4.8), HeTpyaHO MOCTPouTH ¢ moMoLLbio onepatopos PG) (niu T7), nsa
APYTUX HeIKBHUBAJIEHTHBIX NpeAcTaB/eHUsl. [eHepaTopel TPyNIbl A/1s1 3THX NpelCcTaBJle-
HUH UMEIOT BUJL

P4:P4:53E31 P6:P0:p07 Pé,:Pa:_ptm
J/b = Jab7 Jz’la = _J4aa J(/)a = _J0a7 JL’LO = ']407

a

(4.9)

rie onepartopsl Jy, 3agawotcs gopmynoi (4.8).

Ecnu npoBecTtu otHOCUTesnbHO oniepatopoB P, T', C' TOYHO Takue paccyXeHHsi, Kak
U B pasiesie 2, TO Mbl NPUIEM K CJeIYIOIIEMY BBIBOLY: 8 npocmpaxcmee, ede peaiu-
3yemcs NpaAmMas Cymma wemoipex HenpusoOumoix npedcmasienuii epynnor P(1,4)

Dt (lp,11) ® D™ (lo,11) ® DV (—lg,11) ® D~ (—lo, 1) (4.10)
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uru
D*(lo,1) ® D™ (lo, 1) ® D* (lo, —l1) @ D™ (lo, —1n), (4.10)

peaiusyemcs Henpugodumoe npedcmasienue noanoti epynnot P(1,4).
Cxema 3auenienutl nHenpugodumovlx npedcmasienuil epynnor P(1,4) onepamopa-
mu P, T, C ors karacca Il makas:

» p(3)

D*(lo, 1) <5 DF(—lo,ly)

™1 ¢/ 17 @.11)
TP,P(S)

D_(lo,ll) — D_(l(),ll).

Onepatopsl P,, J,, B MPOCTPaHCTBE, e Peau3yeTcs MPHBOIMMOE MpECTABJe-
uue (4.10) rpynner P(1,4) umeroT BUL

Esy 0 0 0 po 0 0 0
~ [ 0o =Bz 0 0 ~ | 0 p O 0
P=1 9 o Es 0 ' Po=1 9 7 —po 0 ’
0 0 0 -—EFE; 0 0 0 —po
pa 0 0 O
~ [ 0 p. 0 0
Fa=1 9 7 pa 0 |7
0 0 0 pa
(4.12)
Jab 0 0 0 J4a 0 0 0
7o 0 Jup 0 0 Fo_ 0 —Jy O 0
ab = 0 0 Jyp 0 |’ da = 0 0 Ju O '
0 0 0 Jy 0 0 0 —Jua
Joa O 0 0 Joa O 0 0
o 0 Jo. O 0 7o 0 —Jou O 0
Oa = 0 0 —Jo, O ' 04 = 0 0 —Ju O '
0 0 0 —Joa 0 0 0 Jo

rie onepatopsl .J,,,, 3ajaioTca cooTHoweHuaMHU (4.8) (mpu €3 = +1).

st Tex mpenctaBaeHuH, s KOTophiX lp = 0, I3 # 0 wiu I3 = 0, lp # 0 (MMeHHO
K TaKMM CJydasM OTHOCSTCS MadopaHoBckue mpexcrasienus D(0,1/2) u D(1/2,0)),
HEelpUBOAUMOe NPEeACTABJCHHE MOJHOU TpyMIbl ]5(1,4) peaJsiu3yercss B NPOCTPAHCTBE,
re peaju3yercs MpsiMasi CyMMa ABYX HEMPHUBOAMMBIX TPYIIII

D+<O7l1)@D_(O7l1) (413)
HJH

D*(ly,0) & D~ (—lo,0). (4.14)
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VpaBHEHHS! IBHIKeHHs, MHBAPHAHTHBIE OTHOCHTJbHO rpyrmbl P(1,4), Ha peleHusx
KOTOpOro peanusyercs npepcranjenre (4.10), cymecTBeHHO oTnyaercs (faxe no ¢op-
Me) oT cooTBercTByIOIMX ypaBHeHud B I u Il knmaccax. [edcTBuTenbho, B kiaacce I11
KaHOHHUECKOe ypaBHEHHe IBHUXKEHHs HMeeT HeOObIUHbIH BUL

ic’ﬁf)(mo, €T, .734)

- = P1® (w0, x, 24) = BE3® (w0, x, 24), (4.15)
81'4
rae
1 0 0 0
~ 0 -1 0 0
= o o 1 o |’
0o 0 0 -1

a BOJIHOBAs (DYHKLHS 5(3:0,33,3:4) npeo6pasyeTcss Npd NpeoOpasoBaHUAX W3 T'PYINIIbI
P(1,4) no npexacrasnenuo (4.10) uau (4.10"). Mmest siBHbifi BuA reHepatopos (4.12),
MOXKHO HEMOCPEACTBEHHO NPOBEPUTh, UTO ypaBHeHHe (4.15) UHBAPUAHTHO OTHOCHTEJb-

Ho rpynmnsl P(1,4), NOCKOMBKY BBIMIOJHSETCS YCIOBHE

|:ﬁ4 + ’ii, @:| %(.%‘0,17,1‘4) =0. (4.16)
O0xy _

Bosunosyio ¢yHki#io P(x0, T, T4) MOXKHO MPEICTABUTH KaK “deThipexGajouHyo” Be-
JIUYUHY
+
lo)la

P = ot 417
- + b ( . )

—lo,l1

—lo,l1

rae Gynkuus O (o, T, T4) NPUHALNEKHUT MOANPOCTPAHCTBY MPOCTPAHCTBA {®},
Ha KOTOPOM peasii3yeTcsi HEMPUBOAUMOe MpencraBienue D2 (+ly, ;). PyHkuus <I>Z;°’7l1
HMeeT KOHe4yHOoe WJIM OeCKOHeUHOe YHUCJO KOMIIOHEHT <I>l5§7ll(xo7w,x4,l,lg) B 3aBHUCH-
MOCTH OT TOTO, Kakue uucaa lg, Iy, NOCKOJMbKY uucaa [ U l3 MOTYT IIPUHHMATh 3Haye-
Hus [12]

l=lo,lo+1,l0+2,..., —1<l3<lL

Ecau notpe6oBaTh, YTOOB Ha MHOXKECTBe BCEX pelleHHH {(f} ypaBHeHus (4.15)
peasin3oBajoch yHUTapHOoe mpenctaBieHue rpynmsl P(1,4), To BosHOBas (QyHKUHS ®
OyneT uMeTb GeCKOHeUHOe YHUCJI0 KOoMIoHeHT. Ecnu ypaBHeHHe (4.15) nMeeT KoHeyHOe
YHUCJIO KOMIIOHEHT, TO Ha MHOXeCTBE {5} peasusyeTcss HEYHUTApHOe MpelcTaBJeHHe
rpynnsl P(1,4).

YpaBHeHUe NBHXKEHHs, KOTOpPOe HWHBAPHAHTHO OTHOCHTesbHO rpynmel P(1,4), Ho
TOJIBKO YacTu4yHo P-, T-, C-UHBapHaHTHO, UMeeT BHUJ

_Z,@(I)(aco,ac,m)

81’4

—smsnea), A=( o O ). (1.19)
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['eneparoper rpynnsl P(1,4) Ha pewenusix {®} ypaBuenus (4.18) nmeior Bun (4.8),
rie npousBeleHa 3aMeHa €3 — (. Ha muoxkectBe {®} peannsyercsi nmpencrasiieHHe
D% (lp,11) ® D~ (lg,11), a 310 o3nadaer (cm. cxemy (4.11)), uto ypasHenue (4.18)
T“-unBapuantHo, Ho P(®)-, TP- C-newnBapuanTHO. MMest cxeMy 3aller/eHHil Hempu-
BOIMMBIX TPEICTABJEHHH W SIBHBIH BHI reHepaTopoB rpymnbl P(1,4), MOXHO BbIIH-
cathb W Apyrde ypaBHEHHs [BHUXKEHHs, KOTOpble GYAyT TOJbKO yactuyHo P-, T-, C-
HHBapUAHTHBL.

5. HekaHoHMYeCKHE YpaBHEHUS ABUIKEHUS

B npenbioymiux pasmenax ypaBHeHHsl IBHKeHHs1 Ha rpynme P(1,4) 6blid mogy-
YeHbl C HCMOJb30BAHHEM WHBAapHaHTa TPYIIMbI Pﬁ. Tak kak Bce uHBapuautel P(1,4)
“paBHOMPABHBI", €CTECTBEHHO WCIIOJIb30BATh MJIsi HAXOXIEHUS yPaBHEHHs JBHXKEHWS,
Hanpumep, uHBapuaHT W?2. AHajorvuHas mjes Oblia HelaBHO WCIOJIb30BaHa (He3a-
BHCHMO) HECKOJbKHMHU aBTopamu [4, 13, 14] mis HaxoxKmeHWs YpaBHEHHUH MBHXKEHWH,
MHBapHaHTHBIX OTHOCHTe bHO rpymnmbl [Tyankape P(1,4).

Paccmotpum Takoe npencraBnenue rpynnsl P(1,4), korna “opbutanbHas” U “CHHH-
M30CMHHOBAs” 4acTH OIepaTopoB J,,, paslieseHsl, T.e. IpelcTaBleHHe THIa BaprmaHa—
Burnepa,

0 0
Py=po =i, P, =pr=—ig—,
ot Oxy’ (5.1)
Juw = TuPy — Tupu + Suv, wrv=0,1,2,3,4,
rJe OmepaTophl Sy, ABJAIOTCS reHepaTOpaMH ofHoponHo# rpymnmel e Currepa O(1,4),
YIOBJIETBOPSIIOI[ME KOMMYTALHOHHBIM COOTHOIIEHHUSIM

[Sp,u7 Sa,@’] = i(guﬁsua - g,uocSV,B + gl/OtS;LB - gVﬁS,u,a)- (52)

OcobeHHOCTBIO TIpeACTaB/eHH s (5.1) sIB/IsIeTCS TO, UTO B TAKOM IpelCTaBIeHUH (DYH-
JaMeHTalbHEIH TeH30p Wy, MMeeT O4eHb IIPOCTYIO CTPYKTYPY

1
Wy = QeﬂmmPo‘Sm. (5.3)

Wusapuant W?2 umeer Bua
1 ag vo vo o
w? = 3 {piSiﬁ — pupy (SH7SY7 + SY7SH) L (5.4)
W3 (5.4) sicHo, uTO ypaBHEHHe

{ Bpll« S/LO'SVG' SVUSHU) Pulv — f (pi, V)} \I/(t, x, 3’,‘4) =0, (55)

rae f (p%,V) — HekoTopasi GyHKUMsS OT MHBapHaHTOB P2, V HHBapMaHTHO OTHOCH-
TeqbHo rpynnsl P(1,4) (unu orHocutessHo rpynnel P(1,n), ecan S, — reHepaTopsl
rpynnet O(1,n)). Tlockoabky npencrasienus rpynnsl O(1,4) nsydenst [15], To siBHBIH
BHI MatpHl S, MO CYyIIeCTBY, M3BECTHbIH. B 3aBHCHMOCTH OT WX SIBHOrO BMAa Ha
pelleHHsIX ypaBHeHHUs (5.5) MOTYT peasM30BaTbCsl KaK MPEACTAaBJAEHHS, HJs KOTOPHIX
p2 >0, Tak u p2, < 0.
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Ha pemenusix ypasuenus (5,5), BooOlle roBopsi, peanusyeTcsl NPHUBOIUMOE IpeN-
craBsieHue rpynnbl P(1,4), MOCKOJIbKY Mbl He HaK/Ia[bIBAEM YCIOBHUS

»?W  pns kaacea I,
PV (t, @, x4) = 0¥ pns kaacca I, (5.6)
—n2¥  aas kaacca I1I.

YpasHenue (5.5) ¥MeeT HeTpPHUBHAJbHBIE PEIIEHHUS, ECJH
det {S2p2 — (S"7S¥7 + S"7S"7) pup, — f (p2.V)} =0. (5.7)

Hcxons us ypaBHeHHs (5.5) MOXHO MOJYUHTh CHEeKTp “Macc” (TOuHee CIEKTP IHep-
THE), KOTOPBIH GyIeT 3aBHCETh HE TOJIBKO OT CIIMHA, KaK 3TO MMEeT MECTO JJsi ypaBHe-
i tuna Ham6by [4, 14, 16], Ho u oT n3ocnuHa. JleHCcTBHTENBHO, B CHCTEME OTCUETa,
rae pr = 0, ypasuenue (5.5) nis f (p2, V) = 2dp], umeer Bux

P3{S*+T?—d-P;} ¥y =0, (5.8)

rue d — TIOCTOsIHHAsI BeJIMUMHA. DTO YpaBHEHHE MMeeT HETPUBHUAJIbHbIE PELIeHUs JIUIIb
TOrga, Koraa orneparop P02 HMeeT cJjiedylollne CcOOCTBEHHbIE 3HAYEHHUS:

E? =0, (5.9)
E2 =2d"Hs(s+1)+7(r+1)}. (5.9

fcHo, yto Bospacratuias BeTBb (5.9') (B 3aBUCHMOCTH OT $ U T) SIBASETCS MAKCHMAJIb-
HOit B pamKax ypasrenus (5.5). Ecu B ypasrennu (5.5) nonoxuts f (P2,V) = const,
TO TIOJTyYUM YOBIBAIOLIUH CIEKTP.

Takum obGpasom, Ha ocHOBaHuM ypaBHeHus (5.5) B pamkax rpynmnsl P(1,4) oTanuune
oT ypaBHeHUH Tuna lenbdanna—driomMma MoKHO MosydaTh CIEKTP Macc, BO3pacTaOMIUM
CO CIIMHOM W M30CIHMHOM.
3ameuanne. Vcnosnbsys ncesaosekTop Ilaynmu-Jlio6aHckoro w,, MOXKHO MNPHHTH K
ypaBHEHHIO, KOBAapHaHTHOMY OTHOCHTeJbHO rpymmsl [lyankape P(1,3). Paccmorpum
CJIeIYIOILYI0 KOBAPHAHTHYIO CHCTEMY ypaBHEHHI:

w#\pi(tﬂw) = Spﬂ\Ij:I:(t7m)7 (510)

rae Bektop Ilaynu—Jlio6anckoro w, UMeeT BHL

w, = %awaﬁpusaﬁ7 wv,a=0,1,2,3 s=1/2,1,3/2,.... (5.11)
B tpexmepHoit 3anucu ypasHenue (5.12) umeer Bun

(Sp)Vy(t,x) = £spoVy(t, @) = :l:isa\pia—(:’m), (5.12)

{poS —i(p x S)}Vo(t,x) = £sp¥(¢t,x), (5.13)

rie BonHoBast pyHKuus Wy (uan ¥_) umeer (2s+ 1) KomnoHeHT, a S = (Sa3, S31, S12).
Tak kak Ha perieHusx ypaBHenus (5.10)

willl(t, xz) =0, pi\Il(t, x) =0, (5.14)
To ypaBHeHue (5.10) onwuceiBaeT yactuny (ypaBHeHHe s W) WM aHTHYACTHLY
(ypaBuenue masi W_) ¢ maccod, paBHOH HYJ/I0, W C MPOH3BOJNBHBIM CIIHHOM §. ITO

ypaBHeHHe SIBJIsIeTCs] KOBAPUAHTHBIM 0000lIeHHeM IBHO HEKOBAPUAHTHOTO, HO pPeJisTH-
BUCTCKH MHBapHaHTHOTO ypaBHeHus Beinga—Xammepa-Iyna [17, 13].
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6. P-, T-, C-cBoiicTBa ypaBHeHuill Tuna J{upaxka.
1. [pocTelilinMK ypaBHEHHSIMH, KOTOpPblE SIBHO HHBapHAaHTHBl OTHOCHUTEJNBHO TPyIl-
nel P(1,4), siBasitoress ypasHenusi Hupaka. st Hawux uesed ymoGHO MPeACTaBUTD
ypaBHeHus Jlupaka, uMes B BULY HaJjbHellee nx o6obiieHre, B TakoH (opme

Z,B\I!Jr(t, T,Tq)

B =Hi Vi (t, x,24), (6.1)
iw — H_U_(t,x,z4), (6.1')

Hy = )\(SOkpk + SOE)%)a k= 1,2,3,4,
rie ¥, (1 W_) — yeThIPeXKOMIIOHEHTHBIE CIMHOP,
Z(’yp«'yy - %%)7 S}LS = 5V A= =2 (62)

Ecny deTbipexpsiiHble MaTPULBl 7y, BEIOPaTb aHTHIPMHUTOBBIMH, & MAaTPULY Yo — IPMH-
TOBOH, TO

Sy =

T i T i
Skt = Ski, Sok = —Soks Sos = —Sos, Sks = Sks, (6.3)

W3 npuBeneHHO# popMbl 3amucu ypaBHeHUH Jupaka cienyeT BaxkHOe IJis AaJbHeN-
1Iero NpeJioXKeHne: Ha MHOXKECTBe pellieHuit ypasHenuit (6.1) (uin (6.1')) peanusyercs
npexnctasgenue rpynnsl O(1,5).
3ameuanue 1. [IpuBeneHHOe MpeJioKeHHe SIBJSETCS YAaCTHBIM caydaeM GoJsiee o6l1ero
pesy/abTarta: ecau Matpuubl L, B ypaBHeHusax tvna ba6a-Teabdanna-Arioma, vnsa-
PHAHTHBIX OTHOCHTeJbHO rpynmel O(1,n), Takue, UTO

[Lua Ly], = iSuuv

10 ajreGpa, cocrosias U3 rexeparopos rpynmsl O(1,n) u marpun L,, usoMopdHa
anreépe O(1,n + 1) D O(1,n). dto 3ameuaHue OblJIO OTMeueHO aBTopoM B [18], a
TaKXKe B TOJIBKO 4TO BbIlIeAIIeM NpernprHTe MaTbio3a [18], B KoTopoM paccMarpuBaeTcs
Bonpoc o C'PT-UHBAapHaHTHOCTH ypaBHEHHUH IBHKEHHH.

3ameuanne 2. JlioGoe ypaBHeHHe, KOTOPOe HHBAapHAHTHO OTHOCHTEJBLHO aJjireGphl
P(1,n), MHBapHaHTHO TakXe OTHOCHTeJbHO anre6pbl O(1,n + 1) nas cayuas P? > 0
it — O(2,n) nas cayuas P? < 0. DTOT pe3yabTar sBJISAETCS CJEICTBHEM TOTO, 4TO
MHOXKECTBO pelleHHi ypaBHeHUH (2.15) unu (4.15), KaK 3TO HETPYIHO BUAETb H3 YCJO-
Bu# (2.16) nim (4.16), HHBApHAHTHO OTHOCHUTEJIBHO OGEPTHIBAKOIIEH aareOphl, a 3HAYUT
MHBapHaHTHO OTHOCHUTEJIbHO OllepaTopa THIa LeHTpa HHepLuuH [22]

1
VE = ey (P*Jya + JuaP) .
Onepatopel J,, # Yf, Kak u3BecTHO [22, 23], o6pasytor anreépy O(l,n + 1) mis
caydas P2 > 0 uan O(2,n) aas caydas P2 < 0. Eciu P? = 0, ypaBHeHUs 1BHKEeHHUs
TaKXKe MHBapUaHTHbI OTHOCHTebHO anre6pel O(1,n + 1) (naun O(2,n)). Hokasareis-
CTBO 3TOr0 (haKTa HECKOJIBKO CJIOXKHEe, YeM B MPEABIIYLIUX CAydasiX, 03TOMY Mbl €ro
37eCh HEe TPUBOIUM.
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B ornuune ot ypaBHenu#t [upaka Ha rpymnne [lyankape P(1,3) ypasHenus (6.1)
1 (6.1’) HesKBMBaA/MEHTHBI. DTOT (PAKT CTAHET OUEBHUAHDBIM, €CJIH 3aMETHTb, UTO Ha MHO-
x)ectBax {U .} u {U_} peanusyiorcs ciaeaymoline HeIKBUBAJEHTHbIE MPEACTABJIEHHUS
rpynnsl P(1,4):

Dt (s=1/2,7=0)® D (s=0,7=1/2) (6.4)

D (s=0,7r=1/2)®D (s =1/2,7 = 0). (6.5)

MOoXKHO HEmOCpPeACTBEHHO MPOBEpPUTh, 4To ypaBHenusi (6.1), (6.1') uHBapHaHTHBI
TOJIBKO OTHOCHTEJIbHO BUTHEPOBCKOT'O OTPaKEHHUsI BPeMeHH

Twlp(t,w’x4) = Tw\?[}(ftvmax4)a (66)

rie Matpuua 7¢¥ = ivy17y3. YpaBHenus (6.1), (6.1') WHBapHAHTHBI OTHOCHTEJBHO OIle-
pauuii P®) TP u C, NOCKO/JBbKY He CYLIECTBYeT YeThIpeXpsaHbiX MaTpul r(3), 77 u
7€, KoTopble Obl ynoBaeTBopsiiu cooTHotuenusm (1.12), (1.14) u (1.18) (Gosiee mogpo6HO
cM. [8]). fcHo, UTO 3TOT pe3ysabTaT CAelyeT TaKyKe M3 HAIIUX OOIIMX PAaCCMOTPEHMH.
[eiicTBUTe/IbHO, U3 cXeMbl (2.13) caenyeT, UTO €C/IM Ha pelleHUsX YpaBHEHHs IBHKe-
HUSI peasu3yeTcst MpeaCcTaBIeHHe

DT (s,7)® D (1,8)

rpynnst P(1,4), To Takoe ypasHeHue T“-unpapuantHo, Ho P(®)- TP- C-nennsapu-
aHTHO.
Paccmotpum temeps “mpsimyto cymmy” nByxX ypaBhenu# (6.1) u (6.17), T.e. ypaBHe-

HUe
6‘1’(t, T, JI4) YoVk O Yo O
o v 7
Z at { ( 0 Yok Pk + 0 —%0 z (t7 €T, 554)7 (6 )

rue BOCbMHKOMIIOHEHTHBIH CIIMHODP MMEeT BUL

U= \IIJF (ta T, .’E4)

U_(t,x,x4)
HenocpenctBeHHoll mpoBepkoil MOKHO yOemuThes [8], YTO BOCbMHUKOMIIOHEHTHOE ypaB-
Henve (6.7) MHBapHaHTHO oTHOcHTebHO P()- TP- u C-omepauuii. DT0 TakKe ClefyeT

13 cxembl (2.13), mocko/bKy Ha MHOXxecTBe {W} peasnsyercsi HEMPHUBOAKUMOE MPEACTAB-
JIEHHE TPYIIIbI

D*(1/2,0)® D=(0,1/2) & D*(0,1/2) & D~ (1/2,0). (6.8)

Takum obpasom, npocmeriium AUHELHbIM YPABHEHUEM, UHBAPUAHMHOIM OMHOCU-
MeabHO noAHOL HeodHopoOHoil epynnet Oe Cummepa P(1,4), seisemcs 80ComuKom-
nowenmmoe ypasrerue (6.7).

[Tosnb3ysicb MeTonOM Teopuu causinus ne Bpoiias [20] u ucxons us ypasHenus (6.7),
MOXXHO HAaUTH BCe ypaBHEHHMs JBHKEHHS, KOTOPbIE OMUCHIBAIOT CUCTEMY C NPOH3BOJIb-
HBIM CITHHOM M H3ocruHoM [21].
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3anuiiem ypaBHeHUe (6.7) B caenymwouleil popme:

ov(t ~ ~
% =HVU(t,z,24) = A (S()kpk + 505%) U(t,x,r4), (6.9)
rue
= (S O = ([ Sos O
SOk - ( 0 SOk ) ; SO’I’L+1 - ( 0 7505 ) . (610)
HemnocpencTBeHHOH MPOBEPKON MOXKHO yOETUTHCS, UTO ONEpPaTOphl
Ph=H=A\ (§0kpk + 505%> ; Py, = pg,
N 1 (6.11)
Jr = ppr — T1pr + Sk, Jok = Topr — 5(!1%P0 + Pyxy),
S Sk 0
Sk = ( 0 Sy >, (6.12)

3ajaHHble Ha MHOXecTBe perueHudt {¥} ypaBuenus (6.9), yooBjaeTBOPSIIOT KOMMYyTaLH-
OHHBIM COOTHoOLIeHUsIM anre6pel P(1,4) (1.1), ecau

[]307 JOk], U = ipk\I/. (613)

Eciu Bbluucnute Kommytarop [Py, Jog], TO moaydum, uto Ha MHoxectBe {U} HMeer
MECTO YCJIOBHE

PRV (L, @, q) = A (§k0P0 + Swp' + §k5%> U(t,z,24). (6.14)

YpaBuenus (6.9) u (6.14) MOXHO 3amucaTh B BHAE OJHOH $IBHO KOBapUAHTHOH CH-
CTeMbl ypaBHEHUH

pu¥(t, T, zs) = A (gm,p” + %§5H) U(t,x,z4). (6.15)

MHuoxectBo Bcex pemenuil {U} ypaBHeHus (6.15) WHBapHaHTHO OTHOCHTEJBHO aJ-
re6pel P(1,4), MOCKOMBbKY BBINOJIHSETCS ycjaoBHe THna (2.16), T.e.

{pu = A (Sud” + 285, } Q| w(t,@,20) = 0. (6.16)

Oco6GeHHOCTh MPUBEIEHHBIX PACcCyXIeHHE A5 ypaBHeHHs (6.9) COCTOUT B TOM, UTO
BCe OHM CIIpaBeJJIMBBl HE3aBHCHMO OT SIBHOrO BHMAa Matpuu S, U S,s (Hampumep,
Buga (6.2)), T.e. mas Toro 4tobbl omepaTtophl (6.11) peanuszoBasu Ha MHOXKeCTBe pe-
wenu# ypaBHenus (6.15) mpencrasienue anre6ps P(1,4), HEOOXOMUMO JIMIIb, YTOObI
3TH MaTpULbl peasu30Baju (HEMPUBOAUMOE HJH MPUBOLUMOE) IpPEACTaBJIEHHE aJre-
6pet O(1,5). DT0oT pakT MO3BOJSIET HAM CHEeJaTh CAeAYIOLINi BeIBOL: ypasHenue (6.15)
(e0e yame N\ — Hekomopas 8eAuMUHA, 3ABUCAUASL OM 8blOOPA HeNnPUBOOUMOZO npeod-
cmasaenus areebpol O(1,5)) a64semcs 18HO KOBAPUAHMHbLM ypasHenuem 08UHEHU
omHocumenvbHo HeoOHOpoOHoL epynnel de Cummepa, ecau mampuybl s, U S5u pe-
arusyrom npedcmasaenue arcebpor O(1,5), npuuem amu mampuuypl CMpoOSMCca U3
mampuy, Sy, u Syus, Komopbsle pearusyrom Henpusooumoe npedcmasienue aieedpoL
0(1,5), no gopmyram (6.10) u (6.12).
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Hpyroiil BbIBon ypaBHeHHs1 (6.15) U ero neTajbHBIH TEOPETHKO-TPYIINOBOH aHAJU3
OyneT mpuUBeieH BO BTOPOH 4aCTH HACTOSIIEH paboThl.
3ameuanue 3. B Tom ciyuae, korga B cucreMe ypaBHeHu# (6.15) monoxuts »x = 0, To
CHCTEeMa pacrnajfaeTcs Ha JiBe TOXKIECTBEHHble CHCTEMBI BUIA

puY(t, x,xa) = NS,p"VU(t, @, 24). (6.17)

Ypasrenwue (6.17) OblI0 MpemsoKeHO W HeTajbHO uccaenoBano bakpu [19] ucxoms
U3 COBepLIEHHO APYTHX mosoxeHud. Kak cienyeT M3 HallMX paccMOTpeHHH, ypaBHe-
Hue (6.17) siBasiercsi, mo cyuiecTBy, o6obiieHneM ypaBHeHusi Hupaka (6.1) ¢ 3 = 0;
MHBIMU CJIOBAMHM, 3TO APYTOH Croco6 “H3BJEUEHHS] KBAIPAaTHOTO KOPHS” M3 ypaBHEHHs

pp¥ = (p —p* — i) ¥,
KOTOpBIF /IS YAaCTHLBI CO CIIHHOM 1/2 NPUBOIMT TaKKe K ypaBHeHHIo [lupaka.

2. Jlo cux mop Mbl paccMaTpUBa/IM ypaBHeHHs Thna Jlupaka, Ha pelleHHsIX KOTOPHIX
peanusyiotcs npenctasaenus rpynnsl P(1,4), npunaanexamue kaaccam I u I (P2 =
%?> > 0 u P? = (). PaccmoTpum Tenepb KpaTko ypaBHeHust J[Mpaka B MATHMEPHOM
TMOAXO/Ie, HA PELIEHHsIX KOTOPBIX peanusyrTcs npeactasaenus kiacca 11 (P? = —n? <
0).

YpaBHeHus1 [l1paka B 3TOM KJjacce BBIMAAAT Tak:

iB\Ili(t, T,24) )
ot

T.€. ypaBHeHus (6.18) mosnyuatorest us ypasuenuit (6.1) u (6.1’) 3ameHo#t » — in.

HemnocpencTBeHHOH TpOBEPKOH MOXKHO yOeIuThes, 4To ypaBHeHus (6.18) C-unpapu-
auTHel, Ho P®)- TP- T“-peuHBapuanTHbl. DTOT Pe3yJbTaT TakxkKe CJe/yeT H3 CXeMbl
sauenseHuit (4.11), eciu yuectb, uto Ha MHoxecTBax {U4} u {¥U_} peanusylorcs
KOHEYHOMEpHble HeYHUTapPHEIE [PeNCTaBJeHuUs

(Sokpr £1S05n)V+(t, T, 24), (6.18)

1 3 1 3
+ = — = — - = —— = —
D (lo— 2,[1 2,77) ® D (lo 2,l1 2,77) (619)
Hu
1 3 1 3
+ = —— = — - = — = —
D (lo— 2,l1 Q,W)EBD (lo 2,11 2,77) (6.20)

rpynnsl P(1,4).
B Tperbem Kkjacce aHaJOrMYHO, KaK H B MEPBOM KJacce, mpocreiuwnm P-, T-, C-
MHBapHaHTHBIM ypaBHEHHEM SIBJISI€TCS TaK»Ke BOCBMHKOMIIOHEHTHOE ypaBHEHHe

Z,a\l/(t, €T, $4)

T =H(n)V(t, x,x4), (6.21)

rie
H(n) = A (§Okpk + i§0577) . (6.22)

Ecan nnst ypaBHenus (6.21) 6ykBasbHO OBTOPHUTb BCE Te PAcCyKAEHHUS, KOTOPble OBLIN
NpUBELEHBI 115 ypaBHeHHs (6.9), To MBI MpUIeM K ypaBHeHHIo Tuna (6.15)

puY(t, x,xa) = A (§Wp” + 7;7]§5u) U(t,x,xy). (6.23)
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Ha pemenusix ypaBrenus (6.23) {¥} peanusyercs yHUTapHOe MPeaCTaBIEHHE IPyTI-
nel P(1,4) tosmbko B TOM caydae, ecad Ha {W} peasusyercs yHUTapHOe, & 3HAUYMT
GeckoHeuHOMepHOe, npeactasienue rpymnel O(1,3) (cMm. pasgena 4). 1o 03HAUaeT, 4TO
ypaBHeHHe (6.23) Oyner UMeTb B 3TOM ciydyae GECKOHEUHOe YHMCJIO KOMIIOHEHT.

7. KaHoHnueckue npeodpa3oBaHus ypaBHeHus tuna [upaka

1. PaccmoTpuM B 3TOM pasaesie KaHOHHYeCKHe Npeobpa3oBaHMs TOJIbKO Haf HeThIpe-
XKOMIIOHEHTHBIM ypaBHeHueM Jlupaka.

YHuTapHBIE, a2 3HAUUT KaHOHHWYeCKHe, npeobpasoBanns Pongu—Boyrxoisena-Tann
(FW) u MenpnoBuya—Uunu-Tymeka (M) MOXHO eCTECTBEHHO W NMPOCTO 060OLIUTE H
Ha ypaBHeHusi [lupaka, KOTOpble WHBAapHaHTHHl OTHOCHTeJbHO Tpynnbl P(1,n), ecan
BOCIIO/Ib30BaTbCs 3amuchio ero B opme (6.1). JledcTBUTEIbHO, YHHTAPHBIE OMEPATOPHI
tuna FW u M uMeloT COOTBETCTBEHHO BMJ

UFW = exp St 1kPk arctg £ , (7.1)
g
P %

UM = exp {M arctg ﬁ} , (7.2)
p p

rae p = \@, Sp4+1k — MaTPHULBI, KOTOPEle BMecTe C MaTpUUaMM Sk, Sou, Snt10
peasiusyioT HempuBoguMoe npencrasienue anre6pol O(1,n + 1).

Ecnu cnenate npeoGpasosanue (7.1) Han ypaBHeHueM (6.1), To Mbl mpueM K ypaB-
Henuio tuna (2.17), T.e.

OVEDL) W1 0y) = o2+ 02+ 200, ), 73)

rue

1 0
o =U"y, 5(0 —i>’ (7.4)

1 — nByxXpamHas enmuuuHas Matpuua. [eneparopwl rpynmbl P(1,4) Ha {®} nmeror
Bun (2.6), tme € — (.

C nomouibio npeoGpasosanus UM moxHo HaiiTh npencrtasaende rpynnel P(1,4),
KOTOpOe IIPUrOJHO [J/1g Nepexoia K mpefeday, korga » — 0. Jljs Halux uesed, ogHa-
KO, 3TO npeo6pas3oBaHHe HEYyNOOHO C TOUYKH 3peHHst 000OLIeHHS ero Ha ypaBHEHHS,
OMMCHIBAIOIIME YaCTHULBl C NPOU3BOJbHBIM CIIHHOM H M3ocnuHOM. [loaTomy, nanee, Mbl
pPacCMOTPHUM CJIeAyIOlHe YHUTApHbIE Ipeodpa3oBaHHUs:

Ko
U' =exp {z—554e4} , €4 = p_47 Ipa] # 0, (7.5)
2 \p4
S5a a 2
U = exp i 72 barctg Y22 q,b=1,2,3, (7.6)
Pb |p4|

B Ttom uacTHOM CJayydae, Korga

) )
S = —— Sa:—— )
54 2’Y4, 5 2’Y4
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npeoGpa3oBanus (7.5) u (7.6) umeroT BUI

U' = —=(1+ve4), (7.7)

1
E

1
U’ = (B2 + |pal +7vapa),  Fa=1/p2+pi. (7.8)
\/2E2(E2+‘p4‘) 4

Ecau ocyliecTBUTh NMOC/AeN0BaTeNbHO peoOpasoBanue (7.7) u (7.8) Han ypaBHEHHEM
Iupaka (6.1), To Mbl pHIEM K ypaBHEHHIO

0" (t,m,x4)
02,2, T4)

S = Y (t ), (7.9)

rae
H' = /\(E2505 + %64540), ' = Uv, u=U0"U'. (7.10)
[eneparoper rpynnet P(1,4) na mHoxectse {®”} nmeror Buz

Pl =UPU ' =H",

7
ab — Jab = TaPb — TovPa + Sabs

Joy = TaPs — TaPa + 64%,
Jou = ToPa — 1(avaH” +H z,) — VOM_ (7.11)
2 Es + |p4|
e { Na_ . Pepa SabPb } |
2By  2E2(Ea+ |ps])  2E2(Ea + |pal)

1 1
Joy = wopa — = (waH" + H"24) + —=Y0V1VoP0-
2 2F5

[TonoxkuB B popmynax (7.11) 3¢ = 0, npuxonuM K npencraBieHuio (3.2) njs reHepa-
topos rpymnel P(1,4) B kaacce II.
[pu npeobpasosanusx (7.5), (7.6) mpocTpaHCTBEHHbBIE KOOPAMHATHI MEPEXOIAT B

Ssq S, a Se
l‘g — Ul'aU_l =2, + i _ . 5bPbD. bPb ,

Ey  Ej(Ex+|ps|)  E2(Ez+ |paf) (712)

g :
v =UsqsUt =24 — 6475172]%.
1%
Matpuub dupaka v, = U~,U™! nmeror Bug
= s+ CPa YD
¢ ¢ Es Ey(E2 + |pal)’
(7.13)

ot — g (2l 2eR = e
4 4 E2 E2 ) 0 0°74¢4.
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Marpuust S, Syus mocne npeobpasosanuit (7.5) u (7.6) umeioT BuJI

1 1
wb = Sab — E_Q(SE')bpa — Ssapp) — m(sadpdpb — SbdPdPa),
1 €4DaPbSb5
1 — Sa S . —aral o~ bo ,
“t = {P4 5 + €49paPb + Fo + [pa]

0954 DaDbSba
"o e {S + p _ :
S E, Es(E> + |pal)

S50 SobPvPa

1

1
547 {|p4|Ss4 — ppSpa}, Son = Soa —

y2; €4
Sox = Efzsos - Esoz;pb, Sis = —€4So4.

E—zpa  Eo(Ba + |pa])’

(7.13")

HenocpencTBeHHON TpOBepKOH MOXHO YyOenuTbesl, 4TO mnpeobGpasoBaHus (7.12),

(7.13) u (7.13') sBAsIIOTCSE KAHOHHUECKUMH, T.€.

[CUZ,CUE/]_ = [xku‘rl]7 = 07 [xgap;l]_ = [:Eknpl]f = Z'(Skh
V], = 29, [S,’IV,S(Z;;} = [Suv, Sap]_

W3 npuBeseHHoro sicHo, 4yto npeotpasoBanue U = U”U’ ynoGHO asisi ocyliecTBIIe-

HUS NpeJe/bHOro nepexoga » — 0.

2. Jlanee pacCMOTPHUM KaHOHHUeCKHe MpeoOpa3oBaHUsi Hajl ypaBHeHHeM Jlupaka

(7.1) B kaacce III

,8\11(15, €T, x4)
o

3anuiieM 3TO ypaBHEHHE B BUJE

= (Yovkpr + ivon) Y (t, T, T4).

paVU(t, @, xq) = PyU(t, @, x4),
rae

Py = —y4v0po + Y4YaPa + 147

YpasHenue (7.15) nocse npeo6pasoBaHus

V= %(1 +i7074)
HepeXOJlHT B
¥ = P,
rae
Py = —yy0p0 — i0YaPa + Y01, ¥ =V

Crenaem Tenepb Haj ypaBHeHueM (7.17) npeoGpasoBaHue

//_ﬁ—ivapa+74po+\p4\ /5 9 2
[ {2E3(Es +m)}/2 7 [pal = \/P5 — P2 + .

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)
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O6parnbiii onepatop K V" umeer BUI

_ + 1YaPa — YaPo + |p4|
V// 1 — n . 7.20
V) {2B5(E3 +n)}1/2 (720

YpaBuenue (7.17) nocse npeobpasoBanus (7.19) umeer BuA

p4(I)(t7 €T, CE4) = Pi/q)(ta Z, $4), (721)

P{=9E;,  Ezy=\lp-p2+n*=|psl, 2=VV¥, V=V"V.(722)

[enepatoper rpynmnbl P(1,4) Ha MHOXKecTBe pelueHud ypaBHeHus (7.21) {®} Beirsis-
IST Kak

rue

0
P(;/:p():i&a P(;/:pth Pi,:’YoE:g,
oy = TaPb — ToPa + Sab, Jbq = ToPa — TaPo — 1S4a;
SavPy + 1Saapo (7.23)
T = 24pa — L2 (2a By + Bsrg) + o2l T 12adbo,
ta = TaPa — (x,E3 3%q) + Y0 Bt
Z'S4apa

70
Jio = Tapo — 7($0E3 + E320) — Y0 Bt
Oneparopst (7.23), HeCMOTpsl Ha TO, YTO MX SIBHBIH BHJ TOJNYYeH UCXOAS U3 ypaBHe-
uusi dupaka (7.14) u npencraBieHust

1 3 1 3
Dt <lo 5711 = 2,77> oD~ (502,11 = 27”)7

VIOBJETBOPSIIOT KOMMYTAlIMOHHBIM COOTHOIIeHHsIM (1.1) He3aBHCHMO OT SIBHOTO BHJA
MaTpuil S U 1S4, (Hanpumep, Buma (6.2)). dto o3Hauaer, yto onepartopsl (7.23), rue
clleslaHa 3aMeHa Y9 — €3, PEANU3YIOT HeMpHBOAMMOE mpencTtaBienue D3 (e3lp,l1,7)
anre6pol P(1,4), ecnu MaTpuLbl Sgp U 15,4 peanu3yoT HENPUBOAUMOe MpeaCTaBJIeHHe
anre6pet O(1,3).

[IpuBesem B 3aK/OueHHe BbIpaXKEHHS /ISl T, = Va, V1

S SwppEs + S i Su5p%
xg=x0+ﬁ+¢ 4bPy L3 + O56PbP0 + 1945D0

By E3(E3 +n) ’
= 3o + ;Sas _ SabpvBis + iSaaEispo — iS5bpbPa + PoPaSis 7 (7.24)
Es E3(Es +n)
Ty = x4,

rae Matpuusl Sy, U S5, uMeloT BuI (6.2).

ABTop BbIpaxkaeT cBoi mpusHaTesbHOCTh mpod. KO.M. IllupokoBy 3a leHHBIE CO-
BeThl, a A.JI. ['puienko, JI.II. Cokypy 3a mIoq0TBOpHbIE AWCKYCCHH M MOMOIILb MpPH
BBITIOJIHEHUH HacTosileld paboThl.
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On the P- and T-non-invariant
two-component equation for the neutrino

W.I. FUSHCHYCH

The relativistic two-component equation describing the free motion of particles with

zero mass and spin %, which is P- and T-non-invariant but C-invariant, is found. The
representation of the Poincaré group for zero mass and discrete spin is constructed. The

position operator for such a particle is defined.

1. Introduction
As is known, the Dirac equation for a particle with zero mass:

0VU(t, x)
ot

is invariant with respect to the space-time reflections. If one chooses for the Dirac
matrices the Weyl representation eq. (1.1) decomposes into a system of two equations

.8\I/i(t, :c)
ot

where oy, are the Pauli matrices and W4 is a two-component spinor. The Weyl equati-
on (1.2) for ¥ (or W_) is not invariant under space reflection P and charge conjugati-
on C but is invariant under the C'P- and T-operations.

Due to the fact that the space parity in the weak interactions is not conserved it
is usually assumed that neutrino is described, not by the four-component eq. (1.1),
but by a two-component one (1.2). Therefore, in papers [1] an hypothesis was put
forward that the weak interactions are invariant with respect to the C'P operation and
consequently to the 7" operation, if the C'PT theorem is valid.

In this paper the two-component equation for a particle with zero mass and spin 2,
which is non-invariant under the time reflection of 7" and the C'P operation, is found.

:Vofykpk\ll(taw)a k= 172737 (11)

= toppr¥+(t, @), (1.2)

2. Equation for a neutrino with “variable mass”
On the solutions of eq. (1.1) the generators of the Poincaré group P(1,3) have the
form

Py =HY = vk, P} = py,
1 (2.1

Ty = zkpr — Tpk + S o = Topk — 3 [2, HY]

1. 1.
Suv = 7100 = W)y Sua = JH 0074 = 747,

(2.1

1. 1.
Sus = 51’7,“ Sis = 5274, nw=0,1,23,

where «,, and v, are the Dirac matrices.

Nuclear Physics B, 1970, 21, P. 321-330.
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If one performs a unitary transformation [2] over eq. (1.1)

1 .
Up = exp {—iWSSSGS} , e3 = p_‘s’ p3 # 0, (2.2)
2 Ip3
or
Uy = —— (14 ses) 2.2')
= — es), )
1 \/Q 3€3
eq. (1.1) has the form
Ox(t,x
D) et ol @), a=12 2.3

where x4 is a two-component spinor.
The Poincaré group generators P(1,3) on {x} being the solution of eq. (2.3) have
the form

Py =MH* =v0%aPa +Y0lpsl, P =px,
Iy = TaPb — ToPa + Sab, Jo3 = TaP3 — T3Pa — €354373, (2.5)

1
I3 = zopr — B [z, HX]

Choosing for the Dirac matrices somewhat unusual representation

(o3 O | o, 0
’YO_ 0 —03 ) 'Va— O _io_a )

(2.6)
(0 i (0
73 - 7/ 0 I '74 - _Z O bl
eq. (2.3) decomposes into a system of two equations
Ox+(t,x )
2T i, £ o) Xt ),
(2.7)

1 . 1
X+ = QxX, Q+ = 5 +iSy3 = 5(1 + 374).

Eq. (2.7) for the functions x4 (t,x) (or x—(¢,«)) has quite the other properties
relative to the discrete transformations than the Weyl equation (1.2).

We note the following:

(i) It is possible to arrive at eq. (2.3) (or (2.7)) in another way. If we “extract the
square root” from the operator equation

(p§ — p2) X = P3X;

we obtain egs. (2.3) (or egs. (2.7)).

(ii) The fact that the Dirac equations for zero and non-zero mass are invariant
under the P-, T- and C-transformations is the consequence of the fact that they,
besides being invariant with respect to the group P(1,3), are invariant under the
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group SU(2)® SU(2) ~ O(4) (this question will be considered in detail in a following
paper).

Eq. (2.3) coincides in form with a usual Dirac equation for zero mass if |ps]| is
considered as the mass of a particle. Therefore it is possible to say that eq. (2.3)
describes a “flat neutrino” with variable mass |ps|. Really the operator |ps| is the
Casimir operator of the group P(1,2) but not of the group P(1,3).

Before passing to an investigation of the P-, T- and C-properties of egs. (2.7) we
shall construct the operator of the position in the space.

For eq. (2.3) the operator of the Foldy—Wouthuysen type has the form

/2
Us = exp { 5\5/“32“ arctg \ppr } . (2.8)
pa, 3

If the matrix S5, have the form of (2.1’) then

_ E + |p3| + YaPa _ 2 2 2
U= BEE+ e DT yP TRt (2.9)

Eq. (2.3) after the transformation (2.9) transfers into

0(t, x)
ot
The generators of the group P(1,3) on {®} have the form

=H*(t,x) = 1 Ed(t, ), O(t,x) = Uax(t, ). (2.10)

1

PO‘:D:H'@:’-YOEa P]?:plﬁ

S

o _ _ d _ _ abPb

Jab = TaPb TbhPa + Saby Ja?, = TaP3 T3Pa 63E + |p3|’ (211)
1 S bPb 1

Jo = mopa — 3 [$a7Hq>]+ _'YOE_T_ pal Joy = mops — 3 [ﬂfs,Hq)L-

It must be noted that the operators (2.11), as it can be immediately verified,
satisfy the algebra P(1,3) commutation relations not depending on the matrices Sy
explicit form, i.e. the operators (2.11), if 7y is substituted for 1 (or —1) and realize
irreducibly the algebra P(1,3) representation which is characterized by zero mass and
discrete spin. The representation (2.11) differs from the corresponding Shirokov [3],
Lomont—Maoses [4] ones but is certainly equivalent to them.

The position operator on a set {x} looks as

— SSa SScpcpa Sacpc
XX =Ustw,Up =24 — 22 +
“ E  E*E+ E(E + ’
(E+lpal) " B(E + lpa]) 012
S 1
X 7=l _ 5cPc ot
X5 =U; 23Uy = x3+ e3 52 Sse 5 e
The position operator on a set of solution {¥} of eq. (1.1) looks as follows
— - SSa 73S5cpcpa Sacpc
XY = UTIXXU, = 24 + 3 225 ¢ :
Lo YE CE(E+Ipl)  E(E+Ips)
(2.13)
_ 73S5cpc

X?:Il = Uf1X§(U1 = I3 E2
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(iii) If one performs a transformation on eq. (1.1)

~ 1
Uy=—(1+ 2.14
1 \/5( '73) ( )
and then a transformation
0, E + p3 + YaPa (2.15)

~ {2B(E +|ps|)}V?
it will transform into the equation
0D(t, x)
o\

ot

The generators of the group P(1,3) on {®} coincide with (2.11) where the substi-
tution was made e3 — 1, |ps| — ps.

=®(t,z), & = U,U, 0. (2.16)

3. P-, T- and C-properties of two-component equation
Here we shall study the properties of one of the two-component egs. (2.7)}
Ix(t,z)

’LT = (i030apa + U3|p3|)X(ta .’,E), (31)

under the discrete transformations.
We shall denote through P®) (k = 1,2,3) the space inversion operator of one axis
which is determined as

P(l)X(t,$17JU27Z‘3) = T(l)X(t7 —x1,T2, .773). (32)

Analogously P®) and P®) are determined.
As is well known, two non-equivalent definitions of the time-reflection operator
exist. According to Wigner the time-inversion operator is

TOx(t, ) = TWx*(~t, ). (3.3)
According to Pauli it is:
T@x(t, z) = 7P y(~t, z). (3.4)
The operator of the charge conjugation can be defined as the product of the
operators T, T?) or as
Ox(t, @) = 7T¥x*(t,2), (3.5)
where r(%)| 7(¥) are the 2 x 2 matrices.
The operators P, T, C with the group P(1,3) generators satisfy the usual com-
mutation relations.

The generators of the group P(1,3) on the solutions {x} of eq. (3.1) have the form
of eq. (2.5) where

HX — i0304pa + 03|p3| = —o2p1 + o2p2 + 03|p3],

(3.6)

1. 1
Sab — Zl(abaa — 040), Sazys — —5%a

and the matrix 7o is substituted for the matrix o3.

In what follows, under x we shall understand the two-component spinor x.
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Using the definitions (3.2)-(3.5) it is not difficult to verify that eq. (3.1) is P®)-,
C-invariant but PW-, p@. 7M. 7@ _non-invariant.

Thus, eq. (3.1) is P®)C-, PO PR pBIC- and P CT@-invariant but PG)CT(@)-
and P(®(C-non-invariant.

We note the following:

(i) The result obtained is a consequence of the fact that the projection operators
Q@+, with the operators of the discrete transformations, satisfy the following relations

P@QL = Q P,  T@Q, = QT
POQL =Q.P®), CQ+ = Q+C.

(ii) The two-component equations for the functions x, and y_ are equivalent to
the four-component one (2.3) with the subsidiary relativistic-invariant conditions

(3.7)

1 . 1
Q-x= (5 - 2543) X =51 =37)x =0, (3.8)
1 . 1
Qix = (5 + 1543> X = 5(1 +7374)x = 0, (3.9)
respectively. For eq. (1.1) these conditions look like
1 1
<§ + i€3S45> U= 5(1 —e3v4)¥ =0, (3.8)
1 . 1
<2 - 263545> U= 5(1 + 63’)/4)\11 =0. (39/)

Eq. (1.1) with the subsidiary conditions (3.8") and (3.9’) can be joined and can
be written in the form of two P(®)- and T(®-non-invariant but P®)- and C-invariant
equations

{fVMpH + %(1 + 63'74)} \I/1<t7 SE) =0, {fyﬂpu + %(1 - 63'74)} \D2(t’ :B) =0,

where s is some constant value. The four-component equations for the neutrino,
which are the union of eq. (1.1) and the usual subsidiary condition, were recently
considered in ref. [6]. These equations, as well as the Weyl equations (1.2), are P-
and C-non-invariant but 7" -invariant.

The unitary operator of type Us for the two-component eq. (3.1) has the form

\/ D2 1
Vi =exp {z’sapa arctg Pa } , Sk = =€kinSin, (3.10)

N |ps| 2

or
E + |p3| 4+ 104Pa
Vi = . 311
"= RE(E + s} (310

The position operator on the set of solutions {x} of egs. (3.1) looks as follows

_ Oa OcPcPa . Z'<Ja0c - Ucaa)pc
2E  2E*(E + |ps|) AE(E +|ps|) (3.12)
ObPb

2F2°

1
XF =V "z, V1 =2,

—1
X§(+ =V1 1‘3‘/1:3334—83
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To complete our treatment, we find the position operator for the neutrino which is
described by the Weyl equation (1.2), for example for the function W, . This equation
under a transformation

E + |ps| +iokék

2v/&kpk

where the vector £ has the following components

V= (3.13)

&k = {p1 — paes, p2 + esp1,e3(E + |p3|)},
takes a canonical form
Z,f)(IDjL(t, x)
ot

The position operator for a neutrino which is described by the Weyl equation (1.2)
(for W, ) looks like

=0y EP, (t,x), ol = oses, O (t,x) =V, (t,z). (3.14)

_ . a . €3030¢PcPa ~(0a0c - Ucaa)pc
XZV:leaV::L’aJrze 739 —1 —1
2B 2E2(E+ps)  4B(E +|ps))
0'30'bpb
XV =vVlgV =a3 - .
1‘3 T3 2E2

The other definitions of the operators Xj and V for the neutrino are given in
ref. [5].

(iii) From Dirac eq. (1.1) one can, generally speaking, obtain three types of non-
equivalent two-component equations. On the set of solutions of eq. (1.1) a direct sum
of four irreducible representations D*(s) of the group P(1,3)

e=1 _ l e=—1 _ _l e=1 _ _1 e=—1 _ l
D (8—2>69D (s— 2)EBD (s— 2>@D (S_Q)(B'IB)

is realized, where ¢ is an energy sign, s is a helicity. Hence it follows that there exist
three types of two-component equations on the set of which the following representa-
tion of the group P(1,3)

b (s= 2 et (s=-1),
oo (ont). o7 (oo (o-
O R I
(ool

are realized. If on the solutions of two-component equation there realizes the represen-
tation (3.16) then this equation will be T invariant but C-, P-, T®-non-invariant,
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if the representation (3.17) does then it will be T(M- T().  C-invariant but P-
non-invariant, and if the representation (3.18) it will be 7(-, P-invariant but C-,
T®)-non-invariant. This problem will be considered in more detail in another paper.

4. Equation for a flat neutrino
The motion group in the Minkovski three-space is the P(1,2) group of rotations
and translations conserving the form

2 _ 2 2 2
7 =xH— 2] — T3

In this case the simplest spinor equation is

iaXi(tJ?l,iEQ)

6t = (iagaapa + U3m)Xﬂ: (t7 X1, 1’2)7 (41)

X+ is the two-component spinor and m is the eigenvalue of the operator ,/P2.

Eq. (4.1) for x4 (or x_) like eq. (3.1) is invariant under the P PP and C-
operations but non-invariant under the P(® and T)-operations.

Thus, eq. (4.1) for the wave function x, (or x_) is PO PRC- 1@ p®). and
P@CT®) invariant but P(®C- and CT(*-non-invariant.

It should be noted that the equation being the “direct sum” of the equation for
X+ (t, 1, 22) and x_(t, 1, z2) is invariant under the P-, T- and C-transformations [7].

Finally, we quote one more example of the P- and C-non-invariant equation which
is invariant with respect to the inhomogeneous De Sitter group. Such is the Dirac
equation:

Z'W = (YoVkPr + Yox)¥U(t, T, z4), k=1,2,34. (4.2)

This equation as is shown in refs. [2, 7] is T(W-, T C-invariant but P*)-, T(?)- and
C-non-invariant.

All the results obtained in this paper can be generalized for the arbitrary spin s
case, if one uses for this the purpose the equation (ref. [2]):

(¢
Zw = ASOlpl\I/(ta CC), l= 1,2,3, (43)
where )\ is some fixed parameter (for the Dirac equation A = —2i), and S,., Spua, Sus

are the matrices (not 4 x 4 ones) realizing the algebra O(1,5) representation.

(i) If we transform the usual Dirac equation describing the motion of the non-zero

mass particle m with a spin % as

_ Mp3tagtm — ]2 2
= Gl B= VR (4.4
it has the form
\I//
iw — H'U' (1, %), (4.5)

H/ = Y0%YaPa + Y043, \I/, = ‘/QLPa a = 17 2. (46)
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Choosing the representation (2.6) for the Dirac matrices eq. (4.5) is decomposed into
the set of two independent equations

oV (t,x
Z% = (—o9p1 + 01p2 + 03q3) V', (L, ), (4.7)
ov’_(t,x
Z% = (—0oap1 + o1p2 — 03¢3)¥"_(¢, x), (4.8)

where ¥/, and U’ are two-component wave functions.

Eq. (4.7) or (4.8) describes a free motion of spinless particle and antiparticle
with the mass m. Thus besides of the Klein—-Gordon equation there exist the other
equations of the type (4.7) and (4.8) which are also relativistically invariant and
describe the spinless particle motion with non-zero mass. The two-component eq. (4.7)
is equivalent to the four-component Dirac equation

0V (t, x)

zT = (P)/O’Ykpk + ’)’om)‘l’(t»m)» k=1,2,3 (49)
with such subsidiary condition
(1 B (e ) 0, (4.10)
a3

The author expresses his gratitude to Professor O.S. Parasjuk for the benefits of
many discussions.
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On the C' P-noninvariant equations for
1

the particle with zero mass and spin s = 2

W.I. FUSHCHYCH, A.L. GRISHCHENKO

One of us [1] has shown that for the particle with zero mass and spin s = % there
are three types of two-component equations (or one four-component equation with
three different subsidiary conditions) which differ from one another by P, T and C

properties. One of these equations is the two-component Weyl equation which, as is
well known, is equivalent to the four-component Dirac equation

Yup'¥(t, x) =0, uw=0,1,2, 3, (1)
with the subsidiary relativistic invariant condition

(1+75)¥(t, ) = 0. (2)
Equations (1), (2) may be written in the form of a single equation [2]

{yup" + 20 (1 +75)} ¥(t, x) =0, @)

where 27, is an arbitrary constant (not connected with mass of the particle. Equation
(3) (or egs. (1) and (2)) is P and C noninvariant, but C'P-invariant.

In this note we give two other relativistic invariant equations which differ from (3)
(or from (1) with the subsidiary condition (2)).

These equations have the form

{vupu + 23 (1 + 75%) } V(t,z) =0, (4)

Lo+ (14 2) wte) =0 6

H = 5oYkpr, k=1,2,3, E =\/p? +p3 +p3, (6)

29, 23 are arbitrary constants.
Equation (4) is equivalent to eq. (1) with the subsidiary condition

(1 + %%) U(t,z) = 0. (7)

Equation (5) is equivalent to eq. (1) with the subsidiary condition

H
<1 N E) W(t,x) = 0. (8)

Lettere al Nuovo Cimento, 1970, 4, Ne 20, P. 927-928.
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The relativistic invariance of eqgs. (4) and (5) (or the invariance of the subsidiary
conditions (7) and (8)) follows from the fact that the operators 5 and H/E are
invariants of the Poincaré group (for the case of zero mass).

It easy to verify that eq. (4) (or eq. (1) with condition (7)) is CP and CPT
noninvariant.

Equation (5) (or eq. (1) with condition (8)) is P and T invariant (in the sense of
Wigner time reflection), but C-noninvariant.

Equation (4) coincides with the equation obtained earlier [1] (where the substitu-
tion es = ps/|ps| — H/E should be made).

Thus, as distinguished from eq. (3) (egs. (1) and (2)) there are two more eqs. (4)
and (5) which are also relativistic invariant, but C'P-noninvariant.

A more detailed analysis of egs. (4) and (5) will be given in another paper.

1. Fushchych W.I., Nucl. Phys. B, 1970, 21, 321; Preprint, Kiev, ITF-70-29, 1970.

2. Tokuoka Z., Progr. Theor. Phys., 1967, 37, 603;
Sen Gupta N.D., Nucl. Phys. B, 1968, 4, 147.
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On two-component equations

for zero mass particles
W.I. FUSHCHYCH, A.L. GRISHCHENKO

The paper presents a detailed theoretical-group analysis of three types of two-component
equations of motion which describe the particle with zero mass and spin % There are
studied P-, T- and C-propertias of the equations obtained.

B pa6oTe naH netasbHbI TEOPETHKO-TPYNIIOBOH aHAMU3 TPEX THUIOB IBYXKOMIOHEHTHBIX
yPaBHeHHIA [BHMKEHHSI, ONACHIBAIOLIMX YaCTHIL C HY/JEBOH Maccoii U CIMHOM 3. M3yueHsl
P-, T-, C-cBolicTBa HaWIeHHBIX ypaBHEHHH.

1. Introduction

In the previous paper [1] it was shown by one of the authors that starting from
the four-component Dirac equation with zero mass one can obtain three types of
two-component equations. One of them coincides with the Weyl equation which, as is
known, is P®C- and TM-invariant but P~ C-noninvariant. Two other equations
are noninvariant with respect to P(*)C-transformations. For one of these two equa-
tions the PT'C theorem is not valid, i.e. such an equation is noninvariant with respect
to PMTMC- and P® T2 C-transformations!.

This present paper is dedicated to the detailed study of all possible (with an
accuracy of the unitary equivalence) two-component and four-component (with sub-
sidiary conditions) equations describing free notion of a particle with zero mass and
spin s = 1.

From the point of view of ideology the previous and the present papers are closely
connected with the papers by Shirokov [2] and Foldy [3] in which for the first
time equations of motion for a particle without antiparticle with non-zero mass and
arbitrary spin were suggested. The Shirokov—Foldy equations are P®*)- and T(-
invariant, but 7®- and C-noninvariant.

2. Three types of two-component equations
1. The helicity and energy sign [2] operators [2]

P. P P, P
L R R T B e M 21)

are the Casimir operators of the group P(1,3) for the representations with zero mass
and discrete spin.
Between the operators P, T, C and A, ¢ it is easy to establish such relations?:

PHFIA = —AP®F), PFlg = gpk) k=1,2,3, (2.2)
TWA=AT®, a=1,2 ~ TWe=¢1W  T@s= _¢7®) (2.3)
CA=AC, Cé=-¢éC. (2.4)

Ipenpunt UTP-70-88E, Kues, 1970, Ne 88, 22 c.
INotations and definitions which are gives without explations are the same as in the paper [1].
2The results of this subsection are valid for the arbitrary spin.
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Hence it follows such coupling scheme of irreducible representations of the proper
Poincaré group by the operators P, T, C:

2) p(k

D*(s) T(2) p(k) D*(s)
C, T3

P(k)l >< |P<k)
C, T®

DF(—s) D™ (s)

T@ pk) cpk)

It is seen from the scheme (2.5) that there exist three essentially different (with
respect to P-, T and C-transformations) types of two-component equations of motion
on the solutions of which the following representations of the P(1,3) group are
realized:

Dt (s)® D™ (—s) or D™ (s)® Dt (—s), (2.6)
DT (s)® D™ (s) or D™ (—s) ® Dt (—s), 2.7)
Dt (s)® Dt (—s) or  D7(s)® D (—s). (2.8)

Hence it follows such result:

1) the space Ry where the representation (2.6) is realized is invariant with respect
to T™- and C'P*)-transformations but noninvariant with respect to 7)-, P®*)-
and C-transformations;

2) the space R, where the representation (2.7) is realized is invariant with respect
to TMW-, T(®)- and C-transformations but noninvariant with respect to P(*)- and
C P -transformations;

3) the space R3 where the representation (2.8) is realized, is invariant with respect
to P(®)- and T(M-transformations but noninvariant with respect to 7?)- and
C-transformations.

The two-component equations the wave functions of which are transformed accor-
ding to the representations (2.6)-(2.8), have the same P-, T- and C-properties as the
spaces Ry, Rs, R3 have.

2. The Dirac equation

Yup"¥(t,7) =0, p=0,1,2,3 (2.9)

is transformed to the form

iaq’gt’ ) od(t, 7). (2.10)
B(t, ) = UU(t, 7) @.11)

with the help of unitary transformation [4]

U:L(H—%). (2.12)
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In the representation (1.2.6) for the Dirac matrices® where

. g3 0
Yo = ( 0 —o )

eq. (2.10) decomposes into two two-component system

Z.a(I):I:(tv f)

S = 03 B0 (), (2.13)

&, (t, ) are two-component wave functions.
If tor the Dirac matrices we choose the representation, where

(1 0
70—071

then (2.10) decomposes into the system

ia&)ﬂ:(tv :Z:)

S = £ED. (1), (2.14)

®. (t,7) are two-component wave functions.

Egs. (2.13), (2.14) in themselves (without algebra P(1,3)) do not unambiguously
determine what particle and antiparticle they describe. Depending on the represen-
tation of the group P(1,3) with respect to which its wave function is transformed
under transformations from the group P(1,3), the same (by the form) two-component
equation of motion describes, as is seen below, different particles. In other words, it
means that the equations of motion only together with the algebra P(1,3) unambi-
guously determine what particle is described by it.

According to the results of the previous subsection for the particle with spin

1

s = 5 there are three essentially various two-dimension representations for the algebra

P(1,3). They have the following form

0
P‘I)lz <I>1: E P<I>1: :_‘—7
0 H o3, k Dk Zaxk
R V. LA .} #0
12 — 12 28 ) 3 = |p3 ’ b3 ’
paH® > piH™
J¢1:M13_47 J1:M23+—’
13 2E(E + |ps)) 28 2E(E + |ps|) (2.15)
1 Dp2€s3
Py Dy
= top; — — -
Jor' = o =3 [ HU L = gy
1 pies
Jq)l :t _ <I>1 -
o = tor2 =5 b ML Sy

1
Jog = tops — 3 [$37H®1]+;

3See (2.6) in [1]
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A A e . TR

T =M M
Jg,?:topl_%[xlﬂ%h_%, (2.16)
355 =t e 0]+ O

T8 = tops — 5 s, M)

PR =B=HY  Pl=p. S =M+ O

I =M= gy R =Mt g
J(%S:topl_%[xh?_(cbgh_%’ (2.17)
T = top = 5 [ 1],

where Mkl = TP — TPk

By direct verification one can be convinced that the operators (2.15)-(2.17) satisfy
the commutation relations of algebra P(1,3). These three representations are not
equivalent. Really the operators of energy sign and helicity have the form

¢ 1
= % =03, A= §é for the representation (2.19),
1
£ = o3, A= 3 for the representation (2.16),
1
E=1, A= 503 for the representation (2.17).

Hence it is clear that the representations (2.12), (2.16), (2.17) are not equivalent and
are given in the spaces Ry, Ra, R3 respectively.

Besides two-dimensional representations given for the algebra P(1,3) one can,
evidently, obtain the other ones as well which however, will be unitary-equivalent to
(2.15)-(2.17). If, for example, in (2.15)-(2.17) one performs the substitution

€3 — 1a |p3| — P3, (218)

then the operators obtained also realize the representations of the algebra P(1,3). The
explicit form for the generators of the group P(1,3) obtained from (2.15)-(2.17) with
the help of substitution (2.18) will be denoted in the sequal by (2.15")-(2.17").

If in (2.15)-(2.17) the matrix o3 is substituted by 1 (or —1), then such operators
will realize one-dimensional irreducible representations of the algebra P(1,3) which
are, of course, unitarily equivalent to the corresponding one-dimensional Shirokov
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representations [5]. The representations [5] are obtained without connection with the
equations of motion and are realized on the functions ¥(p;,p2,p3) not depending on
the time.

Summing up all the above presented we come to the conclusion:

1) Eq. (2.13) together with algebra (2.15) (or (2.15")) describes the particle with

helicity +% and the antiparticle with helicity —3*;

2) Eq. (2.13) together with algebra (2.16) (or (2.16')) describes the particle with

helicity +3% and the antiparticle with helicity +3;

3) Eq. (2.14) together with algebra (2.17) (or (2.17’)) describes two particles with

helicity +3 and —2°.

If Eq. (2.13) is connected with the algebra (2.13) (or (2.15")) the wave function of
such equation is denoted by ®; (or ®}). The wave function in Eq. (2.13) connected
with the algebra (2.16) (or (2.16")) is denoted by ®5 (or ®5). Similarly ®3 (or ®5)
denotes the wave function in Eq. (2.14) connected with the algebra (2.17) (or (2.17)).

3. The transition from the canonical equation (2.13) to the non-canonical one of
the type (1.3.1) is realized with the help of unitary transformation [1]

1 _ E+ps| +i(o1p2 — oap1)

YT T REE )] 219
Under this transformation Eq. (2.13) takes the form

1@ = (o1p1 + o2p2 + o3|p3|)x (¢, T), (2.20)
where

X=x1=v; '@ (2.21)
or

X =x2=1v; ®o. (2.22)

The type of Eq. (2.14) under transformation (2.19) is not changed. The operators
(2.15), (2.16) in x-representation have the form

Py =M = a1p1 + 0ap2 + 03|ps), P = pr, e=1,2, (2.23)
I =T (zx — X, HP — H), (2.24)
I =T (v — X, H® = H), (2.25)
where
_ o2 T3p2 p1(01pa — 02p1)
Xl =71 — -5 - 2 )
E  2B(E+|ps]) 2E*(E+|ps|)
g1 03P1 p2(01p2 - 0’2p1)
Xy =gt 2L _ , (2.26)
PTT2E T E(E A Ipsl) | 2B%(E + Ips])

01P2 — 02P1 e
2Bz %
4The representation DT (s) corresponds to the particle and the representation D~ (s) to the antiparticle.

5Eq. (2.14) can be interpreted as the equation of motion for one particle which can be in two states
differing one from another by the helicity sign.

Xgil‘gf
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If one connects with Egs. (2.13) and (2.14) the representations (2.15')—(2.17"), but
not the representations (2.15)-(2.17) in this case the transition from the canonical
equation to the noncanonical one can he conveniently realized with the help of the
unitary transformation [6]

R U i(o1p2 — o2p1)

(2E(E + |pal)] 2 220
Under this transformation Eq. (2.13) takes the form of the Weyl equation
iiaxwa(tt’@ = (01p1 + 02p2 + 03p3) X" (¢, T), (2.28)
where
X = = o, (2.29)
or
XY =Xy =v 1. (2.30)

Eq. (2.14) is unchanged by the transformation (2.27). The generators J;2 = J,’fg
coincide with (2.25) where the operator H has the form (2.31) and in the operators
(2.26) the substitution (2.18) is performed. This algebra is denoted by (2.25"). Under
transformation (2.27) the algebra (2.15’) goes into the algebra

w

P —H o P =,
JU = My + %" k,i,n is the eycle (1,2,3), ©2.31)

1
Jor = topk — §[$k,H]+~

The algebra (2.17') is transformed into the algebra
P =H=E,  P”=p,

. On i
J = My + - k,l,n is the cycle (1,2,3), (2.32)
1 n - n
T = top, — =[x, M)y + InPlL — 91Pn

2 E

The operators P;’*, Jik are defined on the corresponding sets {x}'}, k = 1,2,3.

From the above given analysis it follows such a result:

1) Eq. (2.20) together with the algebra (2.24) (or Eq. (2.28) together with the
algebra (2.31)) describes the particle with helicity +% and the antiparticle with
helicity —2;

2) Eq. (2.20) together with the algebra (2.25) (or eq. (2.28)) together with the
algebra (2.25")) describes the particle with helicity +% and the antiparticle with
helicity +%.

Thus, the same (by the form) Eq.(2.20) (or the Weyl equation (2.28)) describes
different types of particles and antiparticles depending on the representation of group
P(1,3) with respect to which the wave functions x (or x") are transformed under
transformations from the group P(1,3).
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Not only the equations invariant with respect to the group P(1,3) have such
a dual nature but also the equations invariant with respect to the inhomogeneous
de Sitter group P(1,4). Within the frameworks of the P(1,4) group the same (by
the form) equation of the Dirac type describes the various types of particles and
antiparticles [7].

§ 3. P-, T- and C-properties of two-component equations
In studying P-, T- and C-properties of the equations of motion one does not
indicate as a rule, with what algebra P(1,3) the given equation is connected. Such an
approach, as it follows from the results of the previous section, is not quite correct
for the studying P-, T', C-properties of Eqgs. (2.13), (2.20), (2.28), since the same
equation connected with various algebras P(1,3) can have various properties with
respect to the space-time reflections.
In order the equation, invariant with respect to the proper group P(1,3), be P-,
T- and C-invariant it is necessary and sufficient to satisfy such relations:

[P H] =0, k=1,2,3,

(PR P =0  for k#l,

(PR, R], =0 for k=1,

[Pk, Jir] = for k=1, k=r, (3.1)
(P& J,] = for k#1, k#r,

[P®) Jo] = for k#1,

(PR, Jn], =0  for k=1

TOH] = [10| =0, TO.R] = [170,5] =0 (3.2)
7O H] = [1®0] =0, |T®.R] = |T® 0] =0, (3.3)

+ + - -

[Cv H]+ = [C, Pk]+ = [C, J;WLF =0. (3.4)

Hence it follows that the equation of motion is invariant with respect to P-trans-
formation if all the conditions (3.1) are satisfied. Usually when studying P-properties
of the equations one verifies only the first relation from (3.1) that, evidently, is not
sufficient for the correct conclusion.

How we give the explicit expressions for the operators ), 7() (see formulas
(1.3.2)-(1.3.5)) determining the operators of discrete transformations.

On the sets {®;} and {®"} the operators P®¥), T(®) and C' cannot be determined
since the range of values of these operators does not belong to the sets {®;} and
{®)}. The operator T™) on {®;}, {®)} can be defined and it is determined by such
operators

7'(1) =1 or o3 on {¢1}7 (35)

PO = BREITL o e, (3.6)
Py +p3
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TW, T?) and C on the sets {®,}, {®,} are given by the operators 7F), k =1,2,3
@ =g or oy on {3}, (3.7)
T(S) =01 or o9 on {(I)g} (38)

The operator 7() on the sets {®;} and {®,} has the form (3.5)

o pebip o) gy (3.9)
\/ D1 + D3 P+ Dp3
@ =g, or g, on {®}, (3.10)
7-(3) — 01% on {(I)/Q} (311)
P1 T D3

The operators P(*) are not determined on {®,} and {®,}. P*) and T() on the sets
{®3}, {PL} are given by:

W=1  or o3 on {®s3}, (3.12)
rf) = oy or oo on {®3}, (3.13)
IR R (A (3.14)
pi + D3
r) =gy r@ =gy on {®4},
RCJ. TS Y (3.15)
Vpi + D3
The operators 7(*) and 7(¥) on the sets {x} and {x“} have the form
) p? p1p20s _Goapr
E(E +|ps])  E(E+|ps|) E (3.16)
) . .
1) — 1— P > B p1p2 n 02D2
T o on , ,
(1~ ) " EE e bak bel
=0, on {x}, (3.17)
2
(2) _ . P1 ) __O2pip2 03D
TV =1-—=——"—F]0O or
( E(E+pl)) " BE(E+Ips) B (318)
) .
(2) _ _ P2 ) ___o1pip2 03P2
TV =1-—=F"F—F]0C on ,
(- eem) =~ s~ %8 b
=gy or 0= Pl Iy, (3.19)
1) 1 . 2 . . .
TV = E(m —ip1)(py — i02p1 E — io1pap3 + io1p1p2) or
1 (3.20)
T = —(—ip1ps + o2p2E — o1pips + 03pi) (p2 —ip1)  on {x§'};
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O: OaqPa
O N sEpl _ E(P]; +?|’p3|) on {x¥}, or o
N oy Ear B
73 = Z% {o1(p} + p3) — ip2ps + o3p1ps} on  {x3'}; (3.22)
= %(m —ioips tiospr)  on {x3g'h (3.23)
r®) = oy, E=1,2,3 on {x¥}. (3.24)

The operators (3.16)-(3.24) are obtained from (3.5)—(3.11), (3.14),(3.17) with the
help of transformations (2.19), (2.27). The transformation law of these operators is
given in (D.10)-(D.16).

Summing up all the above said we come to the final conclusion:

1) Eq. (2.13) for the function ®; (or ®) is TM- and P*)C-invariant, but P®*)-,
T®)- and C-noninvariant;

2) Eq. (2.13) for the function ® (or ®%) is T™M-, T(?)- and C-invariant, but P*)-
and C'P® -noninvariant;

3) Eq. (2.14) is P*®)- and TM-invariant, but 7®)-, C- and C'P*)-noninvariant.

Evidently Egs. (2.20), (2.28) have these properties as well.

Note 1. In [1] we established P-, T- and C-properties of Eq. (2.20) starting from the
assumption that r(®) 7(¥) on the set {x} are the 2 x 2 matrices. As is seen from the
previous such an assumption is limited. On the set {x} =(®, 7(*) are the operator
functions depending on the momentum components of the particle.

Note 2. Under the four-dimensional rotations in Minkovski space the wave functions
D1, x1, P2, XY, D3, x3, X2 are transformed nonlocally.

In conclussion of this section we give some corrollaries immediately following from
the previous, which can be useful for the construction of weak interaction models on
the basis of the equations obtained.

Corrollary 1. Any (one-component or two-component) equation of motion for the
particles with zero mass is Invariant with respect to the Wigner reflection of time
T,

Corrollary 2. Eq. (2.20) for the function xs (or (2.28) for the function xy) is T C-
and T® C-invariant, but PC-, PTD-, pT@) . pTMWC- and PT® C-noninvariant.
It means that for such equation neither hypothesis of combined parity conservation,
nor hypothesis of PTC-invariance conservation is valid.

Corrollary 3. Eq. (2.14) is PTMV-, T C- and PT®C-invariant, but PT®-, PC-
and PT® C-noninvariant.

§ 4. CP-noninvariant subsidiary conditions
The results of previous sections can be rather simply and briefly formulated if one
describes the zero mass particle with the help of four-component wave function. In
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this case the wave function has the redundant (nonphysical) components which ran
be invariantly separated with the help of relativistic-invariant subsidiary conditions.
From § 2, 3 it follows that there are three types of subsidiary conditions. One of them
is well known and has the form

PrU=0 o P U=0, (4.1)
:t 1
Pr = 5(1 +74). (4.2)

(2.9) together with the condition (4.1) is equivalent to Eq. (2.28) for the
funct1on XY (or (2.20) for the function x1).
Now we find two other relativistic-invariant subsidiary conditions. Besides the
matrix -y, the energy sign operator commutes with the algebra (1.2.1). Hence it is
clear that the operators

1 H
+_1(LH
= (127 (4.4)

commute with the algebra (1.2.1). The operators P, P are the projection operators.
We show then that the conditions

PyU =0 or P,U=0, (4.5)
PfU =0 or P;U=0, (4.6)

can be considered as subsidiary conditions.
Between the operators Pzi, 773?: and P, T, C it is easy to establish the following
relations:

P®PE = pFpk) TWPE = pFr), wn
TAPF = PFT@), CPF =PFC, '
PRIPE = pEpK) TPy =PFTM), “s)
TAPE = PFT®), CPE =PFcC. '

From (4.7), (4.8) it follows that the condition (4.5) is T()-, T®)- and C-invariant,
but P*)- and C'P*)-noninvariant, and the condition (4.6) is P*)- and TM-invariant,
but T7(®)- and C-noninvariant. It means that the representation (2.7) is realized on the
set PF{W}, and the representation (2.8) is realized on the set Py .

Thus we came to the following result:

1) Eq. (2.9) with subsidiary condition (4 5) is TM-, TR and C-invariant, but
Pk cpk). pRTOC- and PETEC- nonmvarlant
2) Eq. (2.9) with subsidiary condition (4.6) is P*)- 7~ and P*) T C-invariant,

but 7®-, C-, PMTM(C- and P* C-noninvariant.
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Eq. (2.9) with subsidiary conditions (4.1), (4.5), (4.6) can be written in the form
of three equations

(vup" + 5P P U(t,2) = 0, k=123, (4.9)

where s, k = 1,2,3 are the arbitrary constant numbers. For egs. (4.9) the conditions
(4.1), (4.5), (4.6) are satisfied automatically.

Appendix
In this appendix we present the main formulas according to which the operators
r, 78 7(8) in representations {®} and {x} were calculated (see (3.5)-(3.25)).
To make it complete we give a definition to the combined parity

CP®(t, %) = 09*(t,—&), CPP®(t, &) = 0P d*(t, —xy), (D.1)
P&(t, &) = rd(t,—&), P=prHpApO), (D.2)

From (3.1)-(3.4) and from the definitions (D.1), (D.2), (1.3.2)-(1.3.5) we obtain
such relations

[rypr]+ =0, rH(—p) — H(p)r =0,

D.3
TJkl(—if") — Jkl(f)T = O, ’)"Jok(—f) =+ Jok(.’f)r = O, ( )
7"(]7)7“(—15) =1, [T(k)7pn]i =0, T(k)H(_pk) - H(—pk)’/‘(k) =0, (D 4)
0 T (=) £ Ju(zx)r®) =0, 75 Jon (=) + Jon (21)r® =0, '

where “+” is taken if k =n or k =1;

r® (p)r® (—pp) =1,  7OH —HrD =0,  Wp; +pr® =0, (D.5)
T I+ Tt =0, W J5 (—to) — Jor(to)T™) =0, '
@py —pr® =0,  TOH+HrO = (D.6)
T(Q)Jkl — Jle(Q) =0, T(Q)Jok(*to) + Jok(to)’r(z) =0, '
7Opt 4 ppr® =0, TOH +Hr®) =0, D7)
T+ Tur® =0,  tOJ5 + Jpr® =0, '
0,p,]— =0, OH*(—p) + H(p)d = 0,
[0, 0] (=p) + H(P) (D.8)

0J%(—=T) + Jn(Z)0 = 0, 0J5,(—T) — Jon(Z)0 = 0, 00*(—p) =1,

O T (—2n) £ T (a)0™ =0, 0I5 (—2,) + Jom(2,)0™ =0, (D.9)
e(n) (pn) (G(n)(_pn))* =1,

“w »

where is taken if k=m or k =1.
With the help of definition (1.3.2)-(1.3.5), (D.1), (D.2) we find tee connection
between the operators r(*), 7(¥) ¢ defined on the sets {x} and {®}

A I A ]

o (D.10)
{reV =U" 1 kY UL —pa);
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7<1>}¢’ v {0} o, Lo} o {r“)}q) U

{

{7(2)}¢’ =U {T(Z)}X Ut {7(2)}X =y! {7'(2)}(1) U;
{7(3)}@ =U {T(B)}X Ut {7(3)}X =U"! {T(B)}q) Us;
(0} =U{oy U (-p), {0} =U {0} U (—D);

{00} =0 {0} U (),
{g(n)}x =yt {0<”>}¢’ U (..., —pn)s

(N =U{rYU-p), AP =U" {1 UCD),

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

where, for example, {r(M}® ({r(M}x) denotes the operator r(*), defined on the set

{®} ({x})

From these relations it is seen that in a general case 7, »*), 7(®) 9, () are the
operator functions dependent on p; and o,,.
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O DonoJHUTEJbHOM MHBAPUAHTHOCTH
PEeJATUBUCTCKUX YPaBHEHUU ABUIKEHUS

B.H. ©YLIHY

The additional (implicit) symmetry of equations invariant under the full Poincaré group
is studied. It is shown that relativistic equations are invariant under the homogeneous
de Sitter group O(1,4) (or O(2,3)) and the matrix group O(4).

WsyueHa pononHuTesbHas (HesiBHAs) CHMMETPHST YpaBHEHHH, HHBAPUAHTHBIX OTHOCHTEb-
Ho mousHO# rpynmsl [lyankape. [TokazaHo, 4TO PeNSITHBHCTCKHE ypaBHEHWsS] HHBAPHAHTHEI
OTHOCHTEJIbHO 0fHOponHOk rpymmnsl ge Currepa O(1,4) (uu O(2,3)) u MaTpuuHO# rpym-
nel O(4).

Xopo1110 H3BECTHO, UTO HEKOTOPHIE YPABHEHHsI IBHKEHHS KaK B HEPEJATHBUCTCKOM, TaK
¥ B PEJSITUBHUCTCKOA MeXaHHKe 00/1a1ai0T HOMOJHUTENbHON CHMMeTpUel (MHBapuaHTHO-
ctoio). Tak, Hanpumep, ypaBHeHue [llpenuHrepa /st aToMa BOLOpOa HESIBHO HHBapH-
AHTHO OTHOCHTEJIbHO YeThblpexMepHOi rpymnmbl BpauleHuil [1]; ypaBHenuss Makcsesa,
Jupaka (mjsi Hy/JeBo# MacChl) HHBapHAHTHBI OTHOCUTENBHO KOH(OPMHON rpynmsl [2].

B nacrosiieli paGore MokasaHo, YTO PENSITHBUCTCKHE yDABHEHHS, OMHKCHIBAIOLIHE
CBOOONHOE ABHXKEHWME YAaCTHLl W (aHTUYACTHI]) C HEHYJEBOH M HYJIEBOH MaccaMu H C
[POU3BOJILHBIM CITHHOM S, HHBapPHAHTHBI OTHOCHTEJNbHO OOHOPOAHOH rpymmel ne Curre-
pa O(1,4) u marpuunoit rpynnsl O(4). Hafinen siBHBIE BUA ONepaTopoB, SIBJASIOLINXCS
6a3nCHBIMU 3j1eMeHTaMHu anre6psl Jlu rpynnsl O(4) U KOMMYTHPYIOIKX C FaMHJbTOHH-
aHom Jlupaxa.

1. MonoJaHuTeIbHAs UHBAPUAHTHOCTDh ypaBHEHUI
JJiSl YACTUIBI C HEHYJIEBOU Maccou
1. Jlast ycTaHOBJIEHHS JOMOJNHUTENbHON CUMMETPUH ypaBHEHHUH, HHBAPHAHTHBIX OT-
HocuTesbHO rpynmsl P(1,3), y1o6HO HCXOAUTh M3 YpaBHEHHH B KaHOHHYECKOH (opMme.
PensituBHCTCKOE ypaBHeHHe, ONHUCHIBaIOLlee CBOOOAHOE ABHKEHHE YACTHULBl U aHTHYa-
CTHLBI CO CIIHHOM $ M Macco#l m, B KAHOHHUYECKOM [PEeACTaBIEHHH HMeeT BUL [3, 4]

o0(t,
Z%w) :HQ(I)(L:B)’ H(I) :’YOElv
1 0 (1.1)
”YOZ(O _1>, Elz\/p%—p%—&—p%—km?,
rie & — BosHOBast (PYHKUMs 4acTHLB, UMetomias 2(2s + 1) KoMIoHeHT; 1 — enmu-

HHUHas MaTpuua pasmepHocTH (2s + 1) X (2s + 1). Ha muoxectBe pewennit {®}
ypaBtenusi (1.1) peanusyercst HeNmpUBOAKMMOE TpeACTaBIeH e MOJHOH rpymmbl [lyaHkape
P(1, 3) (Bkatoyarliell mpocTpaHCTBeHHO-BpeMeHHbIe oTpaxenus ). Omnepatoper Kazumu-
pa rpynnsl P(1,3) Ha MHOoxXecTBe {®} KpaTHbI eIHHUUHOMY OIEpPaTOpPy

1
W2 =W, W* =m?s(s+1), P>=P,P*=m? W,= §gawpﬁﬂ, (1.2)

Teoperuueckast 1 MaTeMaTHuecKkas (usuka, 1971, 7, Ne 1, C. 3-12.
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rae P,, Jog — reneparopsl rpynnsl P(1,3). Ha mHoxecTBe {®} 3TH reHepaTophl UMEIOT
Bun [3, 4]

0
Py =H® = yE, P, =py = —i—, a=1,2,3
0z,
) 3 (1.3)
o o abPb
Jab:l'apb_xbpa+sab; JOa:xOpa_§ [l’a,H ]Jr_ Om;
o Sab 0
Sa= (% 4. (14)

rae Sqp — (25 + 1) x (25 + 1)-mMaTpulbl, peannsyoLHe HEMPUBOIUMOE MPeICTaBIIEH e
anre6psr O(3)!.

WuBapuantHocTh ypaBHeHHs (1.1) oTHOCHTe/bHO MpPeoOpPa3OBaHUE M3 TPYIIIbL
P(1,3) 6bna nokasana B [3, 4]. DToT dakT sBAsETCS CJAEACTBUEM TOTO, UTO HJIsl IPOH-
3BosibHOr0 @ € {®} BHINOJHAETCS YCA0BHE

[z'% —Hé,g] o =0, (1.5)

rae £ — 060k anemMeHT U3 obGepThiBatoiel anre6pet £(1,3) rpynnsi [lyankape P(1,3)
(otHOCHTENBHO OGepThiBaiolielt anredpst £(1,3) cm. [5]).
Tenepb nokakeM ciiefyioliee YTBEPKIEHHE.

Teopema 1. Ypasnenue (1.1) unsapuanmno omuocumesbHo 00HOPOOHOL epynnbl Oe
Cummepa O(1,4).

Jloka3aTenbcTBO. PaccmoTpuM omepaTop
1
R, = §(P0‘JW + Jua PY), (1.6)

npHHaAMeXamui obepreiBatouleil anreépe £(1,3). Onepatop R, ynoB/aeTBOPSeT TaKUM
KOMMYTalHOHHBIM COOTHOIIeHUsIM (cM., Hanpumep, [5, 6, 7, 8]):

(R, Ry) - = iP%J,., (1.7)

[Rus Japl- = i(gua s — gupRa), (1.8)

[Ra, Pu) - = i(gauP? — PoPp), (1.9)

[P, R?]_ = 2iP’R,, R? = R,R?, (1.10)

[, R?]- =0, R, R?]- = —iP*(R*J,0 + JuaRY). (1.11)
Oneparop

Jus = R, /VP? (1.12)

BMeCTe C orepaTtopamy .J,,,, ylOB/JETBOPSieT KOMMYTAalMOHHEIM COOTHOIIEHHSM areGphl
0O(1,4), nockoibKy

[J“4, J,,4]7 = iJ#V, o, V= 0, 1, 2,3, (1.13)

ITpynnbl 1 Mx anre6pbl 0603HAYAIOTCA OMHAKOBLIMU CHMBOJIAMH.
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[Jul/; Jaﬁ]— = i(guﬁjua - gMaJVﬁ +guaJuB - gVﬁJ;wz)- (114)

Tak xak omeparop J,s4 npuHagiexur anrebpe £(1,3) (VP? Ha pelleHUsX ypaBHe-
uust (1.1) kpaTeH efMHUYHOMY OMEPaToOPy), TO TEM CaMbIM TeOpeMa A0Ka3aHa.
3ameuanne 1. Onepatop R, Bnepsble paccmarpusan IO.M. Ilupokos [6]. B HacTo-
silllee BPeMsl TAKOH OMEpaTop 4acTO HCIOJb3YeTcs IJisl MOJYUEHHs! CIEKTpa Macc 3Je-
MEHTapHbIX YaCTHI[ B TEOPETHKO-TPYMNOBOM moaxome [7].

3ameuaHue 2. YpaBHeHHUs BHUIA
W2U(t, ) = m?s(s + 1)U(t, x), (1.15)
P*VU(t,x) = m*¥(t, ) (1.16)

MHBapHaHTHI, KaK 3TO cjefayeT u3 TeopeMmsl [8], oTHocutesnsHo rpynms O(1,4).

2. B cayuae, korma P? = —n? (n — neiicTBuTenbHbIH nmapametp), rpynna P(1,3)
MMeeT KaK YHHTapHble, TaK ¥ HeYHUTapHble TpeIcTaB/IeH s [3], IpHUeM Bce YHHTapHble
npeacTaBieHus (0 COMHOBBIM HHIEKCAM) GeCKOHEYHOMEpHHI, a 3HAYUT, U YpaBHEHHS
IBUXKEHHsI, HA MHO2KECTBE pelleHHi KOTOPhIX peasusyercs npencrasiaenue P(1,3), 6y-
IyT OeCKOHEUHOKOMMOHeHTHbl. Kak mokasano B [9], s mpencraBieHud kJjaacca 11
(P? < 0) KaHOHMYeCKOe ypaBHEHHe “IBUXKeHHs  HMeeT BH

OD(t, )  ~ ~
—i——" = POt
1 81'3 3 (7.’B),
Py =7Es,  Es= \/pg —pi =3+ (1.17)

- 1 o0 0
Yo = 0 _1 ) Po = _l&7
snech (¢, x) — QyHKLKS, TPeOOPA3YIOLLAsCs 0 HEIPUBOLMMOMY PEACTABIEHHIO MOJI-

HOU TPyTIbl ]3(1,3), 1 — exMHWUHBIH omepaTop.
Ha mHoxectBe {®} reneparopsl rpynnel P(1,3) umetor Bun [9]

Pozpo’ Pa:pm PSZ-ﬁB::‘YiOES a=1,2,
Jab = TaPb — TpPa +§(’lb’ b=1,2,

1 ~ §/ '§/,
J3q = T3P — =[Ta, Ps]+ + OapPb + 1943P0

)

2 E3+n

Joa = ToPa — TaPo — igéa, xo =1, (118)
1 ~ iSLp

Js0 = x3pg — =20, P3]y — Yol

30 3Po 2[ 0 3]+ 70E3+77

Qr S(/Lb 0 gl _ Sil’ya 0
ab — 0 Stlzb ’ 3a — 0 Si/’)a )

rze oneparopsl S’,, iS5, peasusylOT HeNPUBOAMMOe NpeacTaBaeHre anre6pe O(1,2).
Yenosue tuna (1.5) B 3ToM ciydae HMeeT BHIL

{133 +¢i,g} d=0. (1.19)
8;103
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Ecnu Tenepp MOBTOPHUTH Te K€ pacCyKIeHHs, UTO M MPH N0Ka3aTeqbCTBE TEOpeMsl I,
TO NMPHUJEM K TAKOMY yTBEPXKACHHUIO.

Teopema 2. ¥Ypasnenue (1.17) unsapuarnmuo omrocumenvro epynnot O(2,3)
3ameuanue 3. Teopembl | U 2 odeBuaHbIM 06paszoM obobliaroTcs M Ha ypaBHEHHS,

MHBapHaHTHbIE OTHOCHTeNbHO rpynnbl P(n,l) — BpalieHu# u tpaHcasuuit B (n + [)-
MepHOM MpocTpaHcTBe MHHKOBCKOTO.

3. B 3tom myHKTe mokaxkem, 4To ypaBHeHHe (1.1), TOMUMO HHBapHAaHTHOCTH OTHO-
curenpHo rpynn P(1,3) u O(1,4), vHBapUaHTHO OTHOCHTEJbHO Mpeobpa3oBaHu# (1o
CNIHHOBBIM MHJEKCAM, KOTOpblE He CBsi3aHbl C MPOCTPAHCTBEHHO-BPEMEHHBIME peobpa-
30BaHUSIMH)

AD =9, (1.20)

rie A — mpousBoJibHasi MaTpHLa pasMepHOCTH 2(2s + 1) x 2(2s + 1), npuHapjexanias
MaTpuuHOi anre6pe O(4).

[Ipexpe Bcero oTMeTHM, 4TO, Kak cjenyer u3 npeacrasienus Pospu—Ilupokosa
(1.3), na pewenusx ypaBHeHus (1.1) peanusyercs mpsiMmasi cyMMa ABYX HENPUBOIUMBIX
npexcrasgeHuit anredpel O(3)

D(s) @ D(s). (1.21)

DTo o3Hayaet, yTo Ha MHOKeCTBe {P} MOXKHO peanus3oBaTh MPSMYI0 CYMMYy JABYX He-
MPUBOAMMBIX MpeacTaB/eHu anredpsl O(4)

D(s,0) ® D(0, s). (1.22)

Ha mHoxectBe {®} 6asucHble aneMeHTbl anredpsl O(4) UMeOT BUA

o Sab 0 o 5achbc 0
Sab N ( 0 Sab ) ’ S4a N ( 0 *5achbc ) (123)

(a,b,c =1,2,3), npuuem
[gk'la §rn]— = Z‘(gk'nglr - grkgln + glrgkn - glnngv ka T, ’fl,l = 15 27 37 4(124)

[TocKo/IbKy MaTpHibl Sap, Si, KOMMYTHPYIOT € ramuabToHMaHoM H®, ypaBHeHue
(1.1) uuBapuanTHO oTHOcuTenbHO rpynnbl O(4). Takum 06pa3oM, MPUXOAUM K CJeNyIO-
LIEMY YTBEPXKAEHHUIO.

Teopema 3. Ypasrenue (1.1) unsapuarnmno omuocumenrvro epynnot O(4).

CaenyeT nmoguepkHyTb, YTO M3 HMHBapHaHTHOCTH ypaBHeHus (1.1) oTHocuTesbHO
rpynnel O(4) BbITEKaeT, 4TO, MOMHMO OpOGHTaNbHOrO MoMeHTa M = x X p CIHHO-
BOrO0 MOMeHTa S, J0/JKeH COXPaHAThbCA elle oNUH MoMeHT S’. KoMMoHeHTH BeKTOpoB
S u S’ onpenensiorcs yepes Sy COOTHOLIGHHSMH

1 ~ ~ 1 ~ ~
Sa - E(Sbc + S4a)a S(/I = E(Sbc - S4a)> (125)

a,b,c — muka (1,2,3).

BosHMKHOBeHMe ellle 0AHOro MoMeHTa S’ HOCHT, MO-BUAMMOMY, YHCTO MaTeMaTude-
CKHH XapakTep, cBsizaHHHIH ¢ P-, T-, C-uHBapuantHocTeio ypaBHeHus (1.1). Kak 6yner
BUIHO HUXKe, JJIsl ypaBHeHUs Beilsiss fononHuTenbHBIH MOMEHT S’ He BO3HHKAET, B TO
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BpeMsi Kak IJis ypaBHeHUs [upaka ¢ HyJeBoH Maccod (6e3 MOMOJHUTENBLHOTO YCIOBHS)
OH mosiBasieTcsi. He BO3HMKaeT NOMOJNHUTENbHBIH MOMEHT (MO OTHOLUIEHHIO K CIHHY H
M30CMHHY) U [Ji51 YeThIPeXKOMIIOHEHTHOrO ypaBHeHUs: [upaka B MATUMEPHOM MOAXOE,
KOTOpOe, Kak Hu3BecTHO [9], C'-HeHHBapHaHTHO.

2. lonosHUTEIbHAA UHBAPUAHTHOCTh YPaBHEHUH
ANl YaCTHUIIBI C HyJeBoi Maccoit (P2 = 0, W2 # 0)
PaccmoTpuM nBa THNA ypaBHEHHH, ONMHCBHIBAIOIIMX CBOOOLHOE IBHXKEHHe YaCTHIbl
C HYJIeBOH MaccCOH, ¢ “HemnpepeIBHBIM” W NUCKPETHBIM CNHUHOM. B aToMm ciydyae yno6HO
UCXOIHUTh U3 CJENYIOLIUX YpaBHEHHUH:

W WeU(t, x) = p*U(t, ), P, PYV(t,x) =0, 2.1

rae p? — mapameTp, XapaKTepUsyIOIIMiA HENPUBOAXMOe TIpeAcTaBenue rpynnbl P(1,3),
KOTOphIi (nmomobHO Macce nJisi npexactaBieHuil kjaaccos I, III, korma P? #0) MOXeT
NPUHMMATh KaK MOJIOXKHUTe/IbHble, TaK M OTPHIaTe/bHble 3HadeHusi. Eciu p? = 0, To
ypaBHeHHs (2.1) onucbiBaloT cBOGOAHOE ABHMKEHHEe YACTHIBI C HYJEBOH Maccod W Amuc-
KPETHBIM CIHUHOM (HEHTpUHO, (POTOH U T.A.). MOXKHO, KOHEUHO, UCXOAUTb U U3 APY-
TMX ypaBHEHWH JBHMKEHHS, HO TOCKOJbKY JIIOOBIE NPyTHe ypaBHEHHS, HA pelIeHHsX
KOTOPHIX peasiu3yeTcsl HellpUBOAMMOe Mpe/CcTaBJeHuHe ﬁ(1,3), YHHUTapHO 3KBHBAJIeH-
THH cucTeme (2.1), TO [OCTATOUHO YCTAHOBUTH HOMOJHHUTEJbHYI0 WHBAPHAHTHOCTD MJIsI
ypaBHenu# (2.1).
[lnsi ypaBHeHu# (2.1) uMeeT MecTo TeopeMma.

Teopema 4. Ypasrenus (2.1) drs p? > 0 uneapuanmuo. OMHOCUMENLHO 0OHOPOOHOL
epynnot 0e Cummepa O(1,4).

JlokasateabcTBo. B toM ciayuae, korna P2 = 0, oneparop R, yAOBJETBOpPsieT TaKUM
KOMMYTaLIHOHHBIM COOTHOIIeHHsIM (cM. cooTHomenus (1.7)-(1.11)):

[Ru, Ry]- =0, (2.2)
[Rus Japl- = i(gualls — gupRa), (2.3)
(R, Ps]- = iP,P,, (2.4)
[R?, Pu)- = [R?, Jag]- = [R*, R,]- = 0. (2.5)

M3 cooTHowenu# (2.2) u (2.3) BUuaHO, 4To oneparopsl R, u J,3 — 6a3HCHbIE 371eMeHThI
anre6pnl Tuna Ilyankape R(1,3). Onepatop W?2 B 3ToM caydae COBMamaer ¢ Omneparo-
pom RZ%, koTopwlii, nono6Ho onepatopy P? B anre6pe P(1,3), sBaseTcs onepatopom
Kasumupa anre6psr R(1,3). Bekrop tuna [laynu—Jlo6anckoro anre6psl R(1,3) umeer
BUJ

1
V, = 55(1[;753%% : (2.6)

Oneparop V? = V,V® — Bropoii onepatop Kasumupa anreéper R(1,3). Paccmatpu-
Basi ONepaTopbl

J = F,/VR?, (2.7)
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rae
1
Fy = S(R*Jya + Jua %), (2.8)

U OyKBaJbHO TOBTOPSi PACCYKJAEHHsl, NpUBeleHHble TIPU J0KAa3aTeJbCTBe TeopeMsbl 1,
MBI 3aBepllaeM J0Ka3aTeJbCTBO TeOopeMbl 4.

[IpoBonst aHaJIOTHUHBIE pacCyXKAEHUS IS CJaydast p? <0, NPUXOIUM K yTBepxK[e-
HHIO.

Teopema 5. Ypasnenus (2.1) dia p?> < 0 UHBAPUAHMHbL OMHOCUMEALHO 2DYNMbL
0(2,3).

Cucrema ypasHenuii (2.1) B caydae p? = ( MHBapUaHTHA OTHOCHTEJBHO TPyl
0(2,4) D O(1,4). dtot pesynbTaT cjaelyeT H3 TeOpeMbl O KOH()OPMHOH HHBapHaH-
THOCTH ypaBHEHHH, OMMCHIBAIOLIMX CBOOOAHOE [IBHXKEHHWE YaCTHL C HYJNEBOH Maccoi H
TUCKPETHBIM CIMHOM [2].

2. Tor ¢akr, yto npu P2 =0 u W2 = 0 oneparopsl R,,, Jo3 YAOBJIETBOPSIIOT ares-
pe tuna I[lyankape R(1,3) (cm. (2.3), (2.4)), mo3BosisieT paccMaTpHBaTbh WX Kak Orle-
paToOphl “d4eThipeXMepHOro uMmysbca” B mpoctpaHcTBe GyHKuMH {®F(yo,y1,y2,y3)},
rae

RH(I)R(yanlay27y3) = T;A(I)R(yanlnyvyS)a (29)
0 0

=j— 0= —i—, =1,2,3. 2.10

70 Zayo’ r Zaya a ( )

Kanonuueckoe ypasHenue nsuxkenus (masi p> > (), HHBapHAHTHOE OTHOCHTEJbHO
anrebpul R(1,3), umeer Bug

0D (yo,y)
;92" W, y)
Yo

:’VOERCI)R(yO,y)a Ef = \/7‘%+T%+7”§+p2, (2.11)

rne ®7(yo,y) — 2(2s + 1)-KoMNOHEHTHast BOJMHOBAst (DYHKIHS.
Ha muoxecTBe pemenuii ypasnenus (2.11) {®%} onepatops Kasumupa anre6pbi
R(1,3) KpaTHbl eAHHHYHBIM OMlepaTopam, T.e.

R2®% = ROR,®F = p? 0, V2R = yey off = p2s(s + 1)@, (2.12)

Basuchble snementsl anre6psl R(1,3) nva {®7} umeror sun (1.3), rae caeayer co-
BEpIUIUTb 3aMeHy

29,0 9 9
ot dyo’ 0re  Oys’

Ypasuenue (2.11), kak u (1.1), uHBapuaHTHO oTHOCHTeNbHO Tpymmnbl Ae Currepa O(1,4)
¥ MaTpuuHo# rpymnmel O(4).

Takum o6pasom, napameTpsl p U s, XapaKTepU3ylolllie HellPUBOAHUMbIE MpeCcTaBJle-
nus anre6psl R(1,3), B ®f-npencrapnennu cienyer MHTepNpeTHpoBaTh Kak “Maccy H
CUH” Y4acTULBl. DTO 03HAUaAeT, YTO MpeJcTaBleHUsIM rpynmsl [lyaHkape, js KOTOPbIX
P?=0uW?2 # 0, MOXHO IPHIATH BIOJHE SICHBIH CMBICJI, €C/IH B KAYeCTBe MOJHOrO Ha-
60pa KOMMYTHPYIOLIMX ONEpPaTopoB BbOpaTh omepaTopsl [, ¥ OAHY M3 KOMIIOHEHT V,,
Hanpumep V5. BaxHO OTMeTHTb, YTO B MPOCTPAHCTBE MpenctasieHud rpymmnsl P(1,3),
e omepaTopel [}, AHMaroHasbHbI, ONepaTophl I, HeAHArOHA/bHHI.

P, — R, E, — E&.
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3. 06 unBapuaHTHOCTH ypaBHeHHus upaka
1. B sToM nyHKTe HaiifieM SIBHBIH BHJ ONepaTOpOB, SIBJASIOLIMXCHA Oa3UCHBIMU 3Jle-
meHtamu anre6pet Jlu rpymner O(4), KOMMYTHPYIOLUX ¢ raMUJIbTOHHaHOM [lupaka.
YpaBHenue [lupaxa

ov' (t,x
Z% - (VO’YQpa + ’Yom)\I’/(ty 33), a = 17 27 3a (31)
nocJie npeodpas3oBaHuUs
1
Uy = —(1— ), 3.2
1 \/i( 74) ( )
NpUHHUMaeT BUI
ov(t
T ( ’w) :H\I/<t,33), H:’YO’Ykplw k= 17253747

ot (3.3)
U = Ul \I//, Pa =m.
Jlnst Hamux neseit 6ymeT ynoOHO MCXOAWTh W3 ypaBHeHusi Jlupaka B dopme (3.3),

YTO MO3BOJIMT NPOBECTH ONHOBPEMEHHO BCe paccMOTpeHHs miasi m > 0 u m < 0.
YpaBuenue (3.3) mocse npeobpa3oBaHus

LY D TR _ L _ =
U<p,s—2>—exp{4 E} 2(1+ E)’ E=\/pi=E (3.4)

npuMeTr KaHOHHUYECKHH BHU

od(t
! (81; w) - Hq)(b(t’ :E)a Hq) = ’YOEv (35)
rie o — udethipexpsaHas matpuna dupaka (cm. (1.1)).
Tenepatopsl rpynnbl P(1,3) Ha MHOXecTBe {®} BHIAAT Tak’:

POEH¢:70E7 Pa:pa7 Jab:xapb_xbpa+§ab7

1 o) §abpb + §a4p4 (36)
Joazwopa—a[xa,')‘( ]+_’YOT7
~ ) ~ )
Skt = 7wy =), Sox = 7 (V0K — W%70),
4 4
. . (3.7)
Sop = —= Sos = =
5k 2%7 05 270-
Matpuisl Sy, — reHepatopbl rpymnsl O(4) U, KpoMe TOr0, KOMMYTHPYIOT C ra-

muibToHHaHoM H® B npencrasaenun ®. ATo U 03HayaeT, 4To ypaBHeHHe (3.5) momoJ-
HHTEJbHO MHBapHAaHTHO OTHOCHTENbHO MaTpuUuHOU anredpsl O(4). C raMubTOHHAHOM
H®, OueBMIHO, KOMMYTHDYET ¥ MaTpura Sos.

YroOBl HEMOCPEACTBEHHO 110KA3aTh, UTO ypaBHeHHe (3.3) MHBApHAHTHO OTHOCHUTEJIb-
HO anre6psl O(4), J0CTATOYHO HAKTH ONIEPATOPBI THIA Sk, KOTOPIE KOMMYTHPOBAJH bl
¢ orepaTopoM H. DTH onepaTopbl HETPYLHO HAKUTH, €CJH BOCIOJb30BATbCS YHUTAPHBIM
onepatopoM U !, cBAsbiBaomuM npeacTapienuss ® u W,

2HpeLLCTamel-me (3.6) crpaBenJiBO He TOJLKO IJIsi CIMHA § = 1/2, HO W A/l MPOH3BOJILHOTO CIIHHA S.
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MoxHo HEMNOCPeACTBEHHO MMPOBEPUTL, YTO OIEPATOPBI

~ 2iS5,Dr
Sy =U"'SuU = Sp + — (S5kpl S5i1Pk) (1 - %) ,
. (3.8)
v 19 gy Bt

KOMMYTHUPYIOT ¢ orepaTopoMm H.

Takum o6pasom, ypasHenue (3.3), a 3HauuT, U ypaBHeHHe (3.1), KaK O/ HeHy-
JIEBOH, TaK W JJIsi HYJeBOH Macchl HHBAPHAHTHO OTHOCHTEJbHO ajiredpol O(4). dToT
pe3yJIbTaT SIBJISIETCSl YaCTHBIM CJydaeM GoJiee OOIINEro yTBEpXKAEHHS, NOKa3aHHOTO B
n. 3, pasnmena 1.

CrienyeT OTMETHTb, YTO MOCKOJIBKY C Yo KOMMYTHPYIOT TOJbKO MaTpHLIbI Sw 1 Sos
(MaTpuLbl fyoSm, STZS,m — JIMHeHHble KOMOWHALMH Skl u 5’05) To anrebpa Jlu, mno-
pOXKJIeHHAsi UMH, SIBJISIETCSI MaKCHMaJsbHOH ajireGpoi, OTHOCHTENbHO KOTOPOH ypaBHe-
nue (3.5) UHBapHAHTHO.

JlononHuTeIbHAS CHMMETPHsE YpaBHeHHs1 JIlupaka MeTogaMH, OTJIHUHBIMU OT HAlKX,
uccaenoBanacs B padorax [10].

Panu mosHOTH M3J10XKEHHsT TPUBEIEeM SIBHBIE BHI Oreparopa KOOPIMHATHL B Ipe.-
cTaBjeHun U

§5kpk- gabpb + §a4p4 (3.9)

1 ~
v _ grr—1 _

E

2. JIByXKOMIIOHEHTHOe ypaBHeHUe Beiiss
(b, @)
ot

KaK HW3BEeCTHO, 9KBUBaAJIEHTHO YpPaBHEHHUIO III/IpaKa I HyJIeBOfI Macchbl C OOIIOJMHHUTEJIb-
HBIM YCJIOBHEM, T.€. 9KBUBAJEHTHO CHUCTEME ypaBHeHI/IIL/'I

= oppux(t, ), (3.10)

z% = Y0YaPa Y (¢, ), a=1,2,3, (3.11)
(1 —ivg)¥(t,x) = 0. (3.12)

HernocpenctseHHOH MPOBEPKOH MOXKHO yOEIUTHCS, UTO JAOMOJHHUTENbHOE YCJIOBHE
(3.12) HEMHBAPHAHTHO OTHOCHTENIbHO OmepaTopos Sy, T.e.

(4, Sl # 0.

Wrak, cucrema ypasHenuid (3.11), (3.12) He obsanaer NOMOJHHUTENBHOH CHMMeTpHEH
oTHOcHTebHO Tpymmnbl O(4).

Ecnu Han ypaBHeHueM (3.10) coBepuwiuTh npeobpasoBanue tuna Posagu—BoyTxod-
seHa [11], To OHO TpUMET KaHOHUYECKHH BHIL

oD (t
% =03E®(t,x), E=\/pi+p3+p3 (3.13)

YpaBuenue (3.13) yxe siBHO HHBapUaHTHO OTHOCHUTEJIBHO MpeoOpa3oBaHHUs

P — o3, (3.14)
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cJeoBaTeNbHO, ypaBHeHHe Beitns (3.10) momosHUTEIbHO WHBAPHAHTHO OTHOCHTEJNBHO
rpynnet O(2).

3. M3 npenpiayinero myHKTa siCHO, 4TO JIOTOJHUTE/bHAS MHBADHAHTHOCTb ypaBHe-
HUH IBHXXEHHH 3aBUCHT OT KOMIOHEHTHOCTH BOJIHOBOH (yHKuMH. Huxe Gyner ycra-
HOBJIEHa 3aBHCHMOCTb MOMOJHUTEJbHOH CUMMETPHUH ypaBHEHHH OT pasMepHOCTH MPO-
cTpaHcTBa MUHKOBCKOTO, B KOTOPOM OHH 3aJaHBl.

PaccMoTpuUM B TISATHMEpPHOM INPOCTPaHCTBe MUHKOBCKOTO [Ba He3KBHBaJEHTHBIX
ypaBHeH#ust Thna Jlupaka, MHBaPHAHTHBIX OTHOCHUTEJBHO HEOTHOPOXHOMH rpymmnel ne CHT-
tepa P(1,4):

Z_allli(t,:c,m)
ot
pk:—ii, k=1,2,3,4,
8xk

rie Uy — YeTHIPEXKOMIIOHEHTHBIH CIIHHOP, > — MOCTOsIHHAs BesquuuHa. [IpoBops mist
ypaBHeHu# (3.15) Takoil ke aHanu3, Kak U s (3.3) (C HEKOTOPHIMH OYEBHAHBIMH
U3MEHEHHUsIMH), MOXHO MOKa3aTb, UTo ypaBHeHHe (3.15) mas dyHxkuun Vo (uau ¥_)
JOTIONIHUTENBHO HHBAPHAHTHO OTHOCHUTENbHO rpynmsl O(4).

Hrak, yeTblpeXKOMIOHEHTHOe ypaBHeHUe [lMpaka B MSATHMEPHOM MOAXOME, OMHUMO
MHBapUAHTHOCTH OTHOCHTe bHO rpynn P(1,4) u O(1,5), HHBAPHAHTHO OTHOCHTEJBHO
maTpuuHoit rpynnsl O(4). 3 aToro pesysbrara, B 4aCTHOCTH, CJAEIYET, YTO CIIMHOBBIH U
M30CMHUHOBBIE MOMEHTH B MATHUMEPHOH CXeMe KBAHTOBOH MEXaHWKU COXPAaHSAITCH. DTO
U CJIe0BA/NO OXKUAATh, MOCKOJbKY Majod rpymmnod rpynmsl P(1,4) siBasiercs rpymnmna
O(4), xoTopasi JoKaJabHO u3oMopdHa rpymae SU(2) x SU(2).

OcoGenHoctbio ypaBHenust (3.15) aas dyuxkuuu ¥, (uau W_) sBjsercs TO, UTO
OHO B OT/IHUHe OT OOBIUHOTO ypaBHeHHs1 [lMpaka HeUHBApPUAHTHO OTHOCHTesabHO C-
npeoGpasoBanuii (Gosee neranbHo cM. [9]). B maTHMepHOM mopxose MPOCTEHIINM CIIH-
HopHbIM P-, T-, C'-HHBapHAHTHLIM YpaBHEHHEM SIBJISIETCSI BOCBMHKOMIIOHEHTHOE ypaB-
Henue [9]

_8\I/(t, SU,$4) YoVk 0 Yo 0
_—_—m W
1 5 0 o P + 0 — 2y U(t, @, zy4),

v=(3).

siBJsioleecs: 00beHEHHeM IBYyX ypaBHeHu# (3.15).

Ilns 3TOr0 ypaBHEHHsI CIPABENJIHBO CJeIylollee yTBepxKiaeHue: ypaBHeHue (3.16)
MHBapUAHTHO OTHOCHTEJIbHO MaTpuuHod asrebpbl O(6). Utobbl 10Ka3aTh 3TO yTBEp-
XKJIeHHe, ClelyeT NMpeACTaBUTh ypaBHeHHe (3.16) B dopme

Z,O\I/(t,:m:m)
ot

rae BocbMupsiaHele MaTpuubl g, Iy u I's, I's — GasucHble 37eMeHTBl BOCBMUMEPHOU
anrebpsl Knuddopna, a moToM NOBTOPUTH pacCyKIeHUs, PHBedeHHble B MyHKTe 1.

W3 npuBenenHoro aHanusa ypaHenud (3.3), (3.10), (3.15), (3.16) BbITeKaeT, uToO
JOTIOJIHATE/IbHAST UHBAPHUAHTHOCTh yPaBHEHWH NBHUKEHWH, HHBAPUAHTHBIX OTHOCHUTEJb-
HO HEOTHOPOAHBIX rpynm Tuna P(1,m), 3aBUCHT KaK OT Pa3MEpPHOCTH MPOCTPAHCTBA
MWUHKOBCKOTO, TaK U OT KOMIIOHEHTHOCTH BOJIHOBBIX (DYHKIHH.

= (YovkPk + Y02) V1 (L, x, 24),
(3.15)

(3.16)

= (Lolkpr +Lox)V(t, @, 24), (3.17)
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3ameuanue 4. Ecau B ypaBHeHuu (3.15) mosoxutb > = 0, OHO OyIeT ONHUCHIBATH
YaCcTULy M aHTHYACTHULY C MEepPeMeHHOH MaccoH \/}Ti U (PUKCHUPOBAHHBIM CIIMHOM S =
1/2 [9]. YpaBuenue (3.5) (mast » = 0) uHBapHaHTHO OTHOCHTeabHO rpynmsl O(2,5),
colepxalllell B KauecTBe MOATPYMbl KoH(opMmHY rpynmy. CjefyeT OTMETHUTb, YTO
o6bluHOe ypaBHeHHe [lupaka ¢ (PMKCHPOBAaHHOH MacCON HEMHBApUAHTHO JaxKe OTHOCH-
TeJbHO KOH(POPMHOH TPYTIIHL.
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O PTC-HeuHBapuaHTHBIX JlarpaHkKHaHaxX

B.H. ©YyIIHY

With the aid of the energy sign and helicity operators the Poincaré-noninvariant
Lagrangians and the equations of motion are constructed, which are not invariant under
the PTC-transformation.

C momolIbl0 OMepaToOpPoB 3HAKa SHEPTHH W CIIUPaJbHOCTH MOCTPOEHbI JlarpaHXKHUaHbl, HH-
BapUaHTHble OTHOCHUTe/bHO rpynmnel [lyaHkape, ¥ ypaBHeHHsl ABHIKeHHsl, KOTOpble HEMH-
BapHaHTHBEI 0THOCUTenbHO PT'C-ipeo6pa3oBaHus.

B Hacrosilell 3aMeTke NpHUBeJEHbl HECKOJbKO MPUMEPOB [yaHKape-UHBAPUAHTHBIX Jla-
rpaH>KHaHOB, KOTOPbElE HEMHBApUAHTHEI OTHOCHTeIbHO PT'C' = O-npeobpaszosanus. [lo-
CTpO€HHE MPUMEPOB O-HeMHBAaPHAHTHBIX JIaTPaHKHAHOB OCHOBAHO Ha MIPOCTOM 3aMeua-
HUH, 4To npu PTC-npeo6pa3oBaHUM YacTHLbl NIEPEXOAAT B aHTHUACTHULL ¢ 0OpaTHOH
crnupajbHocThi0. [To3TOMY, ecau ypaBHeHMs! ABHKEeHHS (UKCHPYIOT 3HAaK CIHPaJbHO-
CTH, TO OHHU OynyT PT'C-uHBapHaHTHB. DTa UHBAPUAHTHOCTb He MPOTHBOPEUUT Teope-
me [Maynan-Jliopepca [1], Tak Kak MocTpoeHHbIE JarpaHKHaHbl HEJIOKaJbHbI.

B pensitTuBHCTCKOH KBAaHTOBOH MeXaHMKe MOXKHO BBECTH [Ba HEIKBUBAJIEHTHBIX Olle-
paTtopa IpPOCTPaHCTBEHHO-BPEMEHHOTO OTPAXKEHHS

019 (z) = 0,V (—x), x = (t,x),

* 4]
@gkll(x) = 92\11(—£C),

rie 01, 02 — HeKoTopble MaTPUILEl, Pa3MEPHOCTb KOTOPHIX 3aBUCHUT OT YMCJ/1a KOMIIOHEHT
BOJHOBOH (pyHKUMH W; * — onepauusi KOMIJIEKCHOTrO compsxkeHHs. Tak Kak B Teo-
pUH TI0JIS1 Ha BEKTOpa COCTOSIHMH HaJjlaraeTcst TpeGOBaHHE MOJOXKHTEJNbHOCTH 3HEPIHH,
nostomy faJee OyleM paccMaTpHUBaTh TOJbKO oneparop Os.

['eneparoper rpymnnel [lyankape P(1,3) mpu mpocTpaHCTBEHHO-BPEMEHHOM OTpaXxe-

HUU TIpeobpasyeTcs CAeAyMUM 06pa3oM:
021705 " = Py, 025,05 = Py, @
©2J105 " = —Ju, ©2J0x 05" = —Jok,

Xopoluo u3BecTHO [2], 4TO, KpOMe ABYX OCHOBHBIX HHBapuaHtoB P? = P, P* u W2,
cobcrBeHHas rpynna P(1,3) uMeer 1Ba AOMOJHUTENbHBIX HHBapHaHTA

. B 2

E= —— s P2 >0), 3
Bl ) 3)

~  J1oPs+ Joz Py + J31 P

j = 212 3+ Jog 1 + J311 (mas P2 =0, Py 0). (4)

| Pol
Yuutbias (2), JETKO YCTAaHOBUTb TaKHe COOTHOIUEHHUS:

0,605 =24, ©,h0;' = —h. (5)

Teoperuueckast 1 MaTeMaTHuecKkas (usuka, 1971, 9, Ne 1, C. 91-93.
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Paccmorpum Tenepp npocreiillive KBajpaTHUHble (OPMBI, B KOTOpble BXOAST Olepa-

topst (3) u (4),

U(l—é)w WJH U(14é)w, (6)

X(1-hX HJTH X(1+h)X, (7)

rie ¥ u X — BosHOBble (DYHKLHH, ONMHCBHIBAIOL[ME YACTHLBl C HEHYJEBOH W HY/NeBOH
maccoit. OueBuaHO, 4To (opmbl (6) 1 (7) MyaHKape-HHBAapHAHTHBI, TaK Kak & U h —
uHBapuanThl rpynnsl P(1,3). ®opma (6) HHBapHaHTHA OTHOCHTEJbHO ©Og-0TpakeHHs,
a ¢opma (7) HEMHBapHAHTHA OTHOCHUTENBHO Og-0TpaXkKeHHSI.

B kBanTOBO# Teopuu mossi GpyHKuud ¥(x) u X (x) sBasioTcs QpepMHU-ONepaTopamu,
KOTOpBIE TIPH OTpakeHHH TpeoOpasyroTes Mo MpaBu/aM (CM., Hanpumep, [3])

U(z) B 0,0(2)0;" = —iF550¥ (—2),
@(I) (2% @2@@2_1 = 72‘@’}/0’)/5.

W3 ckazaHHOro $ICHO, UTO JlarpaH>KHaHbl, TOUHEe HEKOTOpPble MHBApUAHTHBIE (POPMBI U3
ornepaTopoB MOJsT BUIA

LF=gU(1+8)UX(1+h)X +gpU1+8UX1+h)X +s.c., (8)
LE = 307, (1 £ 8)UX~,(1+h)X +a.c., 9)

rae U, ¥ — depMuoHHble Toas (cnuH 1/2) ¢ HeHy/nesoH Maccod, X, X — depmu-
OHHBIE TIOJISI C HYJIEBOM MaccoH, g1, g2, g3 — MOCTOSIHHBIE BEeJIHUHHBI, HEMHBAaPHAHTHbI
OTHOCHUTEJIbHO ©O2-1peobpa3oBaHus.

Takum 06pa3oM, UCMoNb3ysi HHTErpadbHble onepaTopsbl (3) U (4), MOXKHO TIOCTPOUTH
nyaHKape-uHBapHaHTHbIE (HOPMBI, KOTOpPhle HEMHBapHAaHTHBI OTHOCHTeNbHO PTC-mpe-
00pa3oBaHus.

Orepatopsl € H h MOTYT GBITh HMCIOJIB30BAHbI IS HAXOMIEHHS PeNSTHBHCTCKHX
ypaBHeHHH, HEHHBAPHAHTHBIX OTHOCUTebHO PT'C-npeobpasoBanus [4, 5]. Tak, Hanpu-
Mep, ypaBHeHue Jlupaka AJsi YACTHIbl C HYJE€BOH MacCcOH COBMECTHO C PesIiTHBHCTCKH
WHBAPHAHTHBIM JTOTOJHUTEJbHBIM YCJIOBHEM

(1+h)X = <1+75M>X=0 (10)

Vi

HJIN

(1-h)X = (1—75M>X:0 (11)

Vi

HEeHHBApUAHTHO HY OTHOCHTENBHO O1-peoO6pa3oBaHusi, HU OTHOCHUTEJbHO O2-Tpeobpa-
30BaHHUSA.

OueBHIHO, UTO B KauecTBe JABYX IPYTHX [IOMOJHHUTEJbHBIX YCJIOBHH MOTYT OBITh
UCIOJIb30BaHbl TaKHe /Ba yPaBHEHMS:

(14+hé)X =(1+7)X =0 (12)
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HJIN

(1-hé)X =(1—~5)X =0,

(1+8)X = (1+ %) x —¢
p;
UJan
(1-8)X = 1—M’;§“ X =0. (13)
l

VB npuBeneHHOTO BEITEKAET TAKOH pe3ysbTat: 041 uacmuysl (U aHmuuacmuyst) Hy-
2e80Ui MACCL U NPOU3BOALHOSO CMUHA CYU,CMBYIOM MPU CYULCMBEHHO PASAULHBLY
(omuocumenvro P-, T-, C-npeobpaszosaruii) 08YXKOMNOHEHMHbIX YPABHEHUSL.

I'pasepr I'., Jlionepc I'., Posbuuk I'., Y®H, 1960, 71, Ne 2, 289.
Mupokos F0.M., KIT®, 1957, 33, 1196.

Roman P., Theory of Elementary Particles, Amsterdam, 1961.
Fushchych W.I., Nucl. Phys. B, 1970, 21, 321.

Fushchych W.1., Grishchenko A.L., Lettere Nuovo Cim., 1970, 4, 927.

oL W =
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O pensTUBUCTCKUX YPaBHEHUAX IBUIKEHUS
0e3 “JUIHUX" KOMIIOHEHT

B.H. OYILIHY, A.JI. TPHI]EHKO, A.I" HUKHTHH

On the basis of a definite representation (2.1) for the generators of the proper Poincaré
group all the operator functions H (up to unitary equivalence) which the equation (1.1)
is invariant under the total Poincaré group (including space-time reflections) are descri-
bed. For the case of arbitrary spin, the unitary operator connecting the representation
(2.1) with the canonical Foldy—Shirokov representation is found. The explicit forms of
the coordinate, velocity and spin operators are obtained in the representation (2.1) for
arbitrary spin s.

HMcxonst U3 ompefiesleHHOTO TpPeJCTaBJIeHUs /s FeHepaTopoB cOOCTBEHHOH rpynmsl I1y-
ankape (2.1) onucanbl Bce (C TOYHOCTBIO 10 YHUTAPHOE SKBHBAJEHTHOCTH) OMEPaTOPHBIE
GyHKUMKM H, npyu KOTOPHIX ypaBHeHHe (1.1) MHBapHaHTHO OTHOCHTEJNbHO MOJHOH TPYIIIbL
[TyaHnkape (BKJoUamolleil MpoCcTpaHCTBEHHO-BpeMeHHbIe OTpakeHHus1). HafineH yHuTapHbIit
omeparop sl MPOU3BOJNBHOTO CIHHA, CBSI3bIBAOLIMH mpenctaBieHde (2.1) ¢ KaHOHHYe-
ckuM npencrasieHneM Posnu-Illuporosa. IlosyyeHbl siBHBIE BHABI ONEPaTOPOB KOOPAH-
HaThl, CKOPOCTH H CIIMHA B NpeicTaBieHuy (2.1) 1/ NPOU3BOJNBHOIO CIHHA S.

1. BeeneHnue

3a nocsenHee BpeMs NOSABUJCS Psill paboT, MOCBSALIEHHBIX 3afaue HAXOXKAEHUS peJis-
THUBUCTCKH-MHBAPUAHTHBIX yPaBHEHMH, OMHUCHIBAIOIIMX CBOOOJHOE ABHMXKEHHE YacTHLbI
(¥ aHTHYACTHLBI) C TPOU3BOJBHBIM CIIHHOM S, BOJIHOBble (DYHKIHH KOTOPHIX HMEIOT
ToJIbKO 2(25+1) KommoHenT. Takasi 3amaya MoxkeT ObITh CBeleHa K 3ajade 00 OMHUCAHUU
BCEX TeX ONepaTOpHBIX PYHKUHMHA H (raMH/JIbTOHHAHOB YaCTHIL C TIPOU3BOJIbHBIM CITHHOM
$), 3aBUCSLIMX OT OMEPaTOPOB HUMIYy/IbCa U CIHMHA YaCTHL, OJis KOTOPHIX ypaBHeHHe
tuna IllpennHrepa

i—T — HU(t, x) (1.1)

WHBAapHaHTHO OTHOCHTEJbHO MOJHOH rpynmnsl [lyaHkape ]3(1,3) (BkJIIOUAIOLIEH TIPO-
CTPaHCTBEHHO-BpeMeHHbIe OTpaxKeHHst). JpyruMu cloBaMH, 3TO O3Ha4yaeT, YTO Omepa-
top H B (1.1) monxeH GbITh TaKuM, 4TOOB Ha MHOXKecTBe peiennit {U(¢, x)} ypaBHe-
Hus (1.1) peannsoBasoch HEMPHUBOAUMOE MPeNCTaBAEHHe TPYIIIbl ]3(1,3).

Brimenpusenentas 3anada pemena B [1] u [2, 3] ucxonst U3 crennpuyeckoro npem-
CTaBJIeHHs1 JJIs TeHepaTopoB cobcTBeHHOH rpymnmbl [lyankape P(1,3). OcoGeHHOCTbIO
3TOT0 MpeaCTaBJeHHs SIBJSETCS TO, UTO OHO CBSI3aHO C KAHOHHYECKHUM ITpeACTaB/IeHHeM
@onnu-IlnpokoBa He yHHTapHBIM (3a HCKJIOUeHHeM ciydas s = 1/2), a n3oMmeTpu-
YeCKHUM 0repaTopoM. DTO 06CTOSITENbCTBO MOXKET MPHUBECTH K TPYAHOCTSIM, CBSI3aHHBIM
¢ (pU3HUeCKOH MHTeprpeTanred NHHAMHYECKHX TEpeMeHHbIX, HalneHHbX B [1-5], mpu
BBelleHHH B3aUMOJEeHCTBHUs B ypaBHeHHe nBrkeHus Bupa (1.1).

Teoperuueckast 1 MaTeMaTHueckasi (usuka, 1971, 8, Ne 2, C. 192-205.
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B Hacrosimie#i paGoTe HCXOMsi U3 OMpeNesEHHOr0 MPEICTABJIEHHUS IS TeHepaTopoB
rpynnst [yankape P(1, 3) (OTJIMYHOTO OT MpeACTaBAeHH s, Henoab3yemoro B [1-3]), Ko-
TOpPOE CBfI3aHO C KaHOHHYeCKUM mpenctabienreM Posau-I1lupokoBa yHHUTapHBIM Ome-
paTopoM MJisi BCeX CIMHOB S, peleHa 3agaua (1.1), T.e. onucanbl Bce onepartopsl H (c
TOUHOCTBIO 0 YHUTAPHON 5KBUBaJIEHTHOCTH), AJisi KOTOPHIX ypaBHeHue (1.1) uHBapuaH-
THO OTHOCHUTEJIbHO NosiHOH rpynnsl [lyankape ]3(1,3).

2. ITocraHoBKa 3amauyn

ByneM HCXOMUTDL U3 CJEAYIOLIEro NPeACTaBIeHUs A5 reHepaTopos P, J,,, Tpynmsl
P(1,3):

0
P()EH, Pk- Epk:—i—, k:1,2,3,
axk
Je = Tkpr — 1Pk + Skis (2.1)
1
Jok:tpk—§[$k7H]+, [Zl'k,H]+E[L'kH+H$k,
rme H — HeWsBeCTHasi ormeparopHas (QYHKUHs, Sk — MATPHIBl pasMepHOCTH 2(2s +

1) x2(2s+1), peannsylolire NpsMy0 CyMMy IByX HENPUBOAUMBIX NpeacTtasieHnil D(s)
anre6per SO(3). Oneparopsl P, J,,, 5PMHTOBBl OTHOCHTEJ/IBHO CKAJISIPHOTO NIPOH3BeJle-
HHUS

(Uy,Uy) = /d% Ul(t, ) Ws(t, x),

1 — omepalusi 5pMUTOBA CONPSIKEHHS.

[IpencraBnenue (2.1) oTaiMyaeTcsi OT COOTBETCTBYMOUIero npencrasienus B [1]. To-
JIbKO B cjydae, Koraa s = 1/2, npencrasinenue (2.1) coBnagaer ¢ npencrasiernem [1].
Takoe pasnuunie B HCXOMHBIX MOJOXKEHHUSIX IPUBOAUT K pe3ysbTaTaM, COBEPIIEHHO OTJIH-
YHBIM OT pe3ynbTatoB pador [1-3].

Onepatopsl MpocTpaHcTBeHHoro P 1 Bpemennbix T, T
OOBIYHBIM 06pa3oM

PY(t,x) =r¥(t,—x), P2 ~1,
TOU(E z) = 7O (—t,z),  (TW)* ~1,
TV x) = 7OV (~t,z),  (T®)° ~1,

TIle MaTpUlLy 7, He yMaJsis OOLIHOCTH, MOXKHO BbIOPATh TakK:

(10 (1 0
r=I={, 17807 r=os=\{ ¢ _1 )

1 — (254 1) x (25 + 1)-enunnunas marpuna. Marpuus 71, 7(2) MoxHO BHIGpaTh, Ha-
npumep, B Buae 2(2s+ 1) x 2(2s + 1)-marpuu [laynu o1 u 2. Jas Hac B nanbHelem
aeubiil g Matpur 71 u 7(2) HecyiecTBeH, Mo3TOMy MBI ero He GyleM AeTalH3MPO-
BaTbh. Oneparop 3apsiloBOro COMpSKEHUsT SKBUBAJIEHTEH (~) POH3BEIEHHIO ONEPATOPOB
TM 1 T(3) | nostoMy Mbl ero He paccMaTpPHBaeM.

Oneparoper P, T, T() u renepatopsr P,, Jyu, yoOBJIETBOPSAIOT COOTHOLIEHHUAM

[PaH]7:O7 [PaPk]+:07 [Pkal]+:0a [PaJOk]7:O7
[T(l)v H] _ = [T(1)7 JOk] _ = 07 [T(l)a Pk] + = [T(l)a Jkl]+ = 07 (22)
[T®, H], =[T®,Jo], =0, [T®,P]_=[T®,Ju]_=0.

2) oTpakeHHii omnpeaesnM
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Ha mHoxectBe pemenuit {U(¢,x)} ypaBHenus (l.1) no/KHO peanusoBaThCsl He-

npUBOAKMOe mpeacTaBieHue rpynnsl P(1,3), KOTOpoe, KaK H3BECTHO, XapaKTepusyercs
Maccod m ¥ CIIHHOM S. DTO 03HAUaeT, 4To

H? = p> + m?% (2.3)

YenoBre KPaTHOCTH eMHHYHOMY Omepatopy KBaapara Bekrtopa [laymu-JlroGaHckoro Ha
{U(t,z} mocturaercsi BHIGOPOM MaTpHL Sy; B BHIE

Skl - < s(;l 80 ) = Sn» kvlvn — LbIKJI (1’2?3)7

rae s, — (2s+ 1) x (2s + 1)-MepHble MaTpHLBI, peasu3yioliie HENPUBOAUMOE MpPes-
craBjierue anaredpel SO(3), yoOBIETBOPSIOLIHE COOTHOILIEHHSIM
[Sk» 81]— = i€kinSn.

[Tockosibky ypaBHeHue (1.1) Mo MpeanoJioKeHUI0 HHBAPHAHTHO OTHOCHTEJBHO TPYyII-
nel P(1,3), To onepatop H 10JKeH ObITb TAKHM, YTOOBI YIOBJIETBOPSIKCH CJeNYIOLIHe
cooTHoienus [4, 5]:

H,P;)- =[H,Jy]- =0, (H, Jok]- = ipx, [P, Jok]— = i0niH,

[

[Jkts Jon]— = 10knJor — 10n1Jok, (2.4)
[']Okv JOn}— = _iJkna (25)
(P,H|_=[T" H_ =0, [T® H] =0 (2.6)

Takum o6pasom, 3amaua 0 HaXOXKAEHHH OMepaTopHOH (yHKUUM H, mpu KOTOpoH
ypasuenue (1.1) Gymer uHBapuaHTHO OTHOCHTe bHO rpymmsl P(1,3), cBoguTes K pele-
HUIO CHCTEMBI OTE€PATOPHBIX cooTHOLIeHUH (2.4)—(2.6) mpu ycaosuu (2.3).

3. Pemenne cucremsl (2.4)—(2.6)

Jnsi perienust cooTHomeHud (2.4)—(2.6) wucrnosb3yeM pasjoxKeHHe OMNEPATOPOB,
BXoAAKX B (2.4)—(2.6), M0 MOJHOH CHCTEMe OMEepaToOpoOB OPTOrOHANBHOTO MPOEKTHUPO-
BaHHsl, YTO M03BOJISIET CBECTH Hally 3ajauy K pelleHHI0 (YHKIHUOHAJBHBIX YPABHEHHH.

1. PaccMoTpuM C/IeIyIolIyo CHCTEMY OMEPaTOPOB MPOEKTUPOBAHUS:

Sp — b
A33 = H sﬁ’ —s5 < s3 < s, (3-1)
/ 37— 53
S5 # —s
53 7# 53

rae S, = Skpr/p, p = |p|. HetpynHo yGenutbest (Goslee moppoGHO 06 omeparopax
NPOEKTUPOBaHHUs CM. [2]), 4TO COBOKYMHOCTb ONEPaTOPOB As,, HEHCTBHUTENBHO SIBJSI-
eTCsl COBOKYITHOCTbIO ONEpaTopOB OPTOrOHAJbHOrO MPOEKTHPOBAHMS Ha MOANPOCTPAHC-
TBa, SIBJSAIOLIMECS] COOCTBEHHBIMU MOANPOCTPAHCTBAMHU ONepaTopa S, ¢ COGCTBEHHBIMH
3HAYEHHSAMH S3 (CIIUPAJBHOCTD YaCTHIIbI), T.€.

Ashsy = O Nsys Y Ay =1,

8353
83=—S8

Sp= > (s3)"As,, n=01,...2s
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Wuorna yno6HO Mosib30BaThCs He CHCTEMOH OMepaTopoB A, , a CHCTEMOH 0IepaTopoB
By, Cs,, onpefie/leHHbIX HUXKe:

By, = Ay, +A_ C

S3

By = Ao, > By, =1

83 ZO

:A53_A7837 1/2§33§5a

$39

2. Yenosust (2.6) 6yayT ymoBJeTBOPSATLCS, ecid H HMeeT BHI

S

H, = Z (01953(p) + 03f53 (p))A53a (3.2)

S§3=—S8

rZle Heu3BeCTHble MYHKLUHH Gs,, fs, (32BHCALLME TONBKO OT p) NOJKHBI HMEThb CJlElyIO-
[[1ie CBOMCTBA:
ecau r =1, to

9—s3 = s3> J—ss = [sss 0<s3<s; (3.3)

€CJIn r = 03, TO UMEIOTCA [ABa CJayydas:
9—s3 = —0ss, f*SBZfssﬂ 90:0, fOZiEa 1/2§83§Sa (34)
9—s3 = —Jsz, f—ss = _f837 gdo = fO = 07 1/2 S S3 S S. (35)

CJ/lefyeT OTMETHTD, UTO COOTHOLIeHUs (2.6) OynyT YAOBJETBOPSTHCS TaKXKe, eCIU B
(3.2) cuenath 3aMeHbl

o3 — 09 WU o1 — 09 WU o1 S og.

Bce oneparopsl H,, moJyuaroliiecs: Ipy TaKOH 3aMeHe, YHUTAPHO SKBUBaJseHTHBI (3.2),
M03TOMY MBI HX He OyIeM paccMaTpHBaTh B AaJbHeHIlIeM.
YenoBue (2.3) Hak/1anbiBaeT Ha GYHKUHH (g,, fs, AOMOJHHUTENbHOE OrpaHHUEHHE

S Ag, =EP=p"+m’,  —s<s3<s. (3.6)

HenocpencteeHHol mpoBepKOH MOXKHO yOemUTbCs, UTO cooTHOleHus (2.4) ¢ onepa-
tTopoM Hy B dhopme (3.2) ynosserBopsitoTesi, ecid uMeeT Mecto (3.6). Takum obpasom,
0CTaNoCh PacCMOTPeTb COoOTHolueHHe (2.5), KoTopoe coBMecTHO ¢ (3.3)-(3.5) u ompe-
Jle/1ieT OKOHYATeJbHYIO CTPYKTypy onepatopa Hg, T.e. IBHBIH BHUA KO3((PHULHUEHTHBIX
(GYHKUHH gqq, fs5 B (3.2).

CooTHouenus (2.5) ¢ yuetoM mpenctaBieHus (2.1) MOXKHO 3amucaTh B BHIE

e - o H

1 = —iS,, k,l,n — ubika (1,2,3). (3.7)

Ymuoxasi (3.7) Ha p,, cymmupysi mo n (n = 1,2,3) U UCHONb3ysl CTPYKTYpPY omeparopa
Jri, k£ 1 (em. (2.1)), monyyaem

Sz, H,)- H, = 3ipS, =3ip »_ ssA,,. (3.8)

S§3=—S
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[ToncraBasis (3.2) B (3.8), ucnosbays npu 3ToM (3.6) U KOMMYTaLHOHHbIE COOTHOLIEHHS
(M.1), mosmyuaeM ypaBHEHHUS [/ KOI(DPUIHEHTHBIX (PYHKLUHH

S

Z (gs;;gsé + fsafsé) [75:9,04333‘53 + ds:;sé (5(5 + 1) - (53)2)] = 2p25/37 (3 9)

—s+1<s5<s—1,

S

D (9395 + fosfo)days = 207, (3.10)
83=—S8

Z (gsggfs + f33ffs)d83fs = —2])2- (311)
83=—S8

YuuThiBast YMcaeHHbIE 3HAUEHUS KO3 (DULIUEHTOB d53sé, NIpUBEJEHHBIX B JOMOJHEHUH, a
rakxe (3.6), (3.10), (3.11), nonyuyaem dopmyay

fasfis—1) + grsgua(s—1) =m*> — p°. (3.12)
3anucbiBasi ypaBHeHue (3.9) misi s5 = s—1, s —2, s —3 M T.A. U UCMONb3Ys TIPH
5ToM Qopmysbl tina (3.12) mast s3 = s, s — 1, s — 2 U T.0. 00 UHIYKUHMH [OJyYaeM
CJIENYIOLLYI0 PEKYPPEHTHYIO OPMYJIy:

FssFos—1+ Gsy0ss—1 =m* =p*,  —s+1<s3<s. (3.13)
U3 (3.13) coBmectHo ¢ (3.6) cenyert, 4To AJIsl KaXKAOTO KOHKPETHOTO S3 MMEIOT MECTO
hopMy.JIbl

m2 — p? 2mp m? — p? 2mp
f53 = Tf5371 + ng371, Gs3 = TQngl - B2 f53717 (314)
—s+1<s3<s;
m2 — p? 2mp m? — p? 2mp
foo = TFr Tut T T et 9= T Set Tl g

—s+1<s3<s;

Wrak, pekyppenthble dopmyisl (3.14), (3.15) comectHo ¢ ycaoBusMu (3.3)—(3.5)
Jal0T BO3MOXKHOCTb HAaHTH Bce KOd(PQUUHUEeHTHble (QYHKUUH fs,, gs, onepatopa Hy
B (3.2), ecan usBecTHa XOTs1 OBl ofHA (yHKUHS U3 Habopa fe,, —s < s3 < s (Wau
gs5). CileioBaTeNIbHO, CHCTeMa COOTHOLIEHUH (2.4)—(2.6) GyneT yIOBIETBOPSTHCS, €CIH
H, umeer Bun (3.2), a fq,, gs, yROBAETBOPSIOT yejoBusiM (3.14), (3.15), (3.3)-(3.5).

DTHUM caMbIM OMNKCaHBl BCE BO3MOXKHBIE olepaTopHble (PYHKUUU H, IpH KOTOPBIX
ypaBHenue (1.1) Gymer HHBapHAHTHO OTHOCHUTEJBHO MOJHOH rpynmsl [TyaHkape ]3(1,3).

3ameuanue 1. Dopmyssl (3.13)-(3.15) cnpaBenuBel 1 B TOM caydae, korga m = 0.

3ameuanune 2. Knacc omepatopoB Hs ¢ GYHKUMAMH fs,, Gs,, YAOBJIETBOPSIOLINMHU
ycaoBUsM (3.5), OmMCBIBaeT YACTHLBLI C HysneBoH Maccod (m = 0) MoJyuesbM CIH-
HOM S, TIOCKOJbKY ycsioBus (3.6) u (3.13) ymoBieTBOpPSIIOTCA TOJIBKO B 3TOM CJydae.
[Tpu atom dopmyssl (3.14) u (3.15) coBmagamT U oNpeneasiioT fg,, gs; C TOYHOCTBHIO O
MPOU3BOJNBHON (DYHKLHH.
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3ameuanue 3. Knacc omepatopoB H, ¢ (YHKUHAMH fs,, Gs,, YAOBJETBOPSIOLIMMHU
(3.3), ommchIBaET YACTHIIBI C [ENBIM CITHHOM, Tak Kak ycuaoBus (3.6) u (3.13) coBmecTHbI
TOJIBKO IJIs1 11esbiX s. [lpu atom dopmyasl (3.14), (3.15) onpenenstior Hs ¢ TOYHOCTHIO
[0 TPOU3BOJILHOH (DYHKIIMH.

3ameuanue 4. Knacc onepatopoB Hg ¢ GOYHKUMSAMH fsg, sy, YAOBJIETBOPSIOLINMHU
ycaoBusiM (3.4), OMHCBIBaeT YACTHULBI KaK LEJNOro, TaK W MOJYLEJOro CluHa. B aTom
cnydae Ko3(pQUIVEHTHble (QYHKUHH fo,, gs, ONpenessiorTcss 1o dopmyiam (3.14) u
(3.15) onHO3HAYHO KaK AJIST LEJBIX, TAK K MOJMYLENbIX CIIHHOB, MOCKOJIBbKY

go =0, fo=*F IJIS1 UEeJIBIX S, (3.16)
gi/2 = £p, Jij2=%m JJIST TIONYLIENBIX  S. (3.17)

[TocnenHee cooTHolleHHe BhITeKaeT U3 ycaoBui (3.6) u (3.13).

Bce ckazanHoe B 3ameuanusx 2, 3, 4 MoJy4yeHO Ha OCHOBE HUCCJENOBAaHUS COBMe-
ctHocTH yesoBui (3.3)-(3.6) u (3.13) nast s3 = 0,1/2.
Onepatop (3.2) mosieaHo 3amucaTh B BUAE TAKOTO PEKYPPEHTHOTO COOTHOIIEHHSI:

Hs = Hs—l = D(5)7 (318)
rape
D(S) =01 (gSAs + gfsAfs) + U3(fsAs + f,SA,S).

DTO COOTHOLIEHHE NaeT BO3MOXKHOCTb IO TaMHUJIbTOHHAHY IJs COMHA s — 1 HalTH
raMUJbTOHHAH JJIst crMHA s (M HaoGopoT). KoneuHo, omepatop H,_1 HOMKeH ObITh
onpejesieH B TOM K€ CaMOM MpocTpaHCcTBe (pasmepHocTH 2(2s+ 1) Mo CUHOBBIM HHIE-
KcaM), uTo ¥ onepatop H,, XOTsl Ha caMoOM fieJle OH 3a/laH B IIPOCTPAHCTBE Pa3MEPHOCTH
2(2s —1). Onepatop Hs_1 B mpocTpaHCTBe pa3MepHOCTH 2(2s + 1) UMeeT TOT ke BHI,
4TO U B NPOCTPAHCTBE pa3MepHOCTH 2(2s — 1), 3a UCKJIIOYEHHEM TOTO, YTO MATPULBL Sk
HMeIOT yKe pasMepHocTb 2(2s + 1) x 2(2s + 1). M3 (3.18) BuaHO, 4TO raMHJIbTOHHAH
IJIS CKOJIb YTOAHO BBICOKOTO CIHMHA IIOJHOCTBIO ONpeNeNsieTcsl FaMHJIbTOHHAHOM MJIsl
HUXKAHUIIKUX CIHHOB s = 1/2, s = 1.

Dopmyna (3.18) MoxKeT 0Ka3aThCs MOJE3HOM MPH BBEAEHUH B3aUMOIEHCTBHS B ypaB-
Henue (1.1) mas s > 1/2.

4. IIpumeps! onepatopos H

B sTOM pasiesie 1o BBINIEU3JOKEHHOH MeToiHKe OyayT HaijeHbl HauGoJee MPo-
cteie oneparopsl Hy (m # 0), ko3pdHLHeHTHble (QYHKUHH KOTOPHIX YHOBJETBOPSIIOT
yenoBusiM (3.4). Kpome Toro, njst m = 0 OynyT HaioeHbl Bce BO3MOXHBIE (B paMKax
npencrasienus (2.1)) onepatopsl Hg, ymoJjeTBopsiioiine cooTHoueHusm (2.4)—(2.6).

1. Pekyppenthble ¢opmyabl (3.14), (3.15) paBHOMpaBHBI, MO3TOMY HX MOXHO YIIO-
TpeBJIsiTh B JIIOGOM TOpsIKE, MPUYEM DPA3JHUYHBIE MOPSANOK YEPENOBAHUS STUX (OPMYI
JlaeT pasJuyHble BUABI 0mepaTopoB Hy. DTO 06CTOSITENBCTBO MPUBOLUT K TOMY, YTO
YHCJIO0 BO3MOXKHBIX OMepaTopoB H C yBeJIUYEHHEM CIMHA S BO3PACTaeT.

[Tpexkne yeM MepexOmHTb K KOHKPETHBIM BBEIUHCJEHHSIM ONepaTopoB Hg, OTMeTHM,
yto dopmyanl (3.14) u (3.15) cnpaBenauBbl Kak nas s3 > 0, Tak ¥ s sz < 0.
OnHako 11 KOHKPETHBIX BBIYHUCJEHHH yIOOHO HCIOJIb30BATh WX TOJNBKO IJist sz > 0.
Koa¢durureHTtHble QYHKUMH fq,, g5y, A5 S35 < 0 HaxonsiTcst Toraa no (3.4).
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Cor/iacHo ckasaHHOMY B pasfejie 3 [J1s olpefesieHust QyHKUUH f,,, ¢gs, 10 op-
myaam (3.14), (3.15) mocrarouHo 3HATH Kakylo-au60 OfHY (YHKIHIO M3 Habopa f,,
—5 <53 <5 (WK gs,).

PaccMoTpum caydail mosyuesoro cnuHa, koraa (em. (3.17))

Ji2 =m, 912 =1p

st HaxoXpeHust QYHKUMH f1/, g1/ MOXKHO, BOOOLIE TOBOPS, BOCMOJIb30BATHCS KaK
dopmysoit (3.14), tak u (3.15). Bocrmosb3oBaBIINChE pafd KOHKPETHOCTH (DOpMYJIOH
(3.14), nonyyaem f3/5 = m, g3o = —p. Cornacro ycnosuio (3.4) umeeM f_s/5 = m,
g-3/2=">

st HaxomIeHUs f5/2, g5/2 MOMKHO TakKe BOCIOJ/Ib30BaThCs KakK (opmysoi (3.14),
TaK U (3.15). Mcnonbsys popmyny (3.15), naxomum f5/2 = m, gs/o = p. Cornacho
ycioBuwo (3.4) umeeM f_5/5 =m, g_5/2 = —p.

[Tponoskasi TOT mpolecc BeIUUCIeHUS GYHKUHH fo,, gs, AN S3 = 7/2, s3 = 9/2,
s3 = 11/2 u T1.40., T.e. moodepenHo Hcnoab3ys dopmynsl (3.14) nas ss = 7/2, (3.15)
st s3 = 9/2, (3.14) nast s3 = 11/2 u 1.14., monydaem

H,=osm+oip Y (-1)72C,,. (4.1)
s3>1/2
Ecnu ucxomnble QyHKUMH HMeIOT BUA fi/2 = m, g2 = —p (em. (3.17)), To nns

BBIYMC/IEHHUS f3/2, g3/2 NpuMeHuM (3.15), a i f5/2, gs/2 npumenum (3.14), nas fr /s,
g7/2 cHoBa mpuMenuM (3.15) u T.4. (uepenys dopmynbl (3.14) u (3.15) nas s3 = 9/2,
$3 =11/2 1 T.8.). DTH BBIUKMCIEHHS TIPUBOAAT K

H, =o3m —o1p Z (—1)537%623. (4.2)
s3>1/2
Ecnu ucxomnble QyHKUMH MMEIOT BUL fi/5 = —m, g12 = *p (cm. (3.17)), 10

dHaJIOTUYHbI€ BbIYHCJ/IEHUS MPUBOAAT K TaKHUM OllepaTopam:

Hy=-osm*zop Y (-1)%72C,,. (4.3)
8321/2

[TonoOHBIM 2Ke €I0cO60M BBIYMC/IAITCS KO3(P(UUUEHTHble (YHKUHU fg,, g, AJS
uesbix cnuHoB. Ecau fo = E, go = 0 (cMm. (3.16)), To ramusbTonuan H, UMeeT BHJ

H, = <E - — Z an+1> + 01— Z Cont1, (4.4)

rne Boyy1, Copyp1 — ONEpaTopbl, ONpeleseHHble B pasaesne 3,

s—1
, €CJH S He4YeTHOe,
N=¢ 2 (4.5)
5~ 1, ecau s 4yeTHoe.

Ecnn B3ats fo = —F, go = 0, TO TOYHO TaKMM ke CIIOCOOOM IMOJydUM ornepatop H
oTnuyanuics ot (4.4) TOJBKO 3HAKOM.
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3ameuanne 1. Omnepatop H, B (4.1) mas s = 1/2 coBnagaeT ¢ raMuJIbTOHHAHOM
Hupaka. Onepatop Hy B (4.4) nna s = 1 coBmagaer ¢ raMmusnpToHHaHoM Moppana-—
MyxkyHabl [7], HOJy4eHHBIM COBEpILIEHHO APYTHM METOIOM.

3ameuanue 2. Onepatopsl H, umeiouine Bua (4.1)-(4.4), mojydeHsl npu onpeneseH-
HOM MpaBHJie UCMoNb30BaHus (depenoBanusi) ¢popmyan (3.14), (3.15). Ecau atu dpopmyibl
KCII0JIb30BaTh B MHOM TMOPSIAKE, TO MBI OyfeM MOJydaTbh Go0Jiee CJOXKHBbIE BBIPAXKEHHUS
17151 onepaTopoB H, KOTOpbIE TPYIHO 3aMKCATh B KOMIIAKTHOM BHE AJisi IPOU3BOJILHOTO
cnivHa s. Hampumep, ecaut mosbaoBatbesi hopmysoit (3.15) masi BelunceHUH (yHKUNH
fs5» gsy» HO HE MCMO/BL30BaTh NpU 3ToM (3.14), To ms s = 3/2 npu Tex xe fi/2, g1/2
(em. (3.17)) mosyyaem

4p? 3m? — p?
H3/2:|:{0'3m <1%B3/2) :‘:01}) <C1/2+Tp03/2>}. (46)

Ecnu s =2 u fy = E, To Bbiuncass fo, go no dhopmyaam (3.15), moayyaem

2p? 8m?2p? 2mp m? — p?
HQ = 03 <E — fBl — TBQ +0'17 Ol +QTCQ . (47)
Eciu fy = —F, 1o mMbl noayuum Hy, otauvatouiuiics ot (4.7) ToJbKO 0OIIUM

3HAKOM.

Wrak, oneparopsl Hg, 3amaBaemble ¢opmynamu (4.1)—(4.7), ymoBJeTBOPSIIOT COO-
THoweHusiMu (2.4)—(2.6), a ypaBuenusi (1.1) ¢ Takumu H,; OMUCHIBAIOT YacTHLy (U
AHTHYACTHILY) C LEJBIM ¥ MOJYIEJNbIM CIIHHOM.

3ameuanue 3. V13 npuBeneHHOro CJenyeT, YTO SIBHBIA BUJ OnepaTopoB H IJis JaHHOTO
CMMHA § 3aBUCHMT He TOJIbKO OT 3a/laHHbIX Hauya/JbHBIX QYHKUMH (THNa fi/2, g1/2, fo,
go), HO H OT MopsiiKa HucroJb3oBauusi hopmyi (3.14), (3.15). Hucsao Bo3aMOKHBIX (H0My-
cKaeMbIX cooTHoleHusiMU (2.4)—(2.6)) onepaTopoB H yBeMUHBaeTCs C BO3pACTaHHEM
CMHHA YaCTHIBl, YTO CBSI3aHO C YBEJHUYEHHEM BO3MOXKHOCTEH HCIOJb30BaHUs (OPMYI
(3.14), (3.15) B pasyjHUUHOM TOPSIIKE.

3ameuanue 4. HecMoTpst Ha TO, UTO SIBHble BUIBI FaMUJbTOHUAHOB JJIs1 OOHOTO U TOT'O
JKe CIHMHA § UMEIOT PasjIMuHyl0 CTPYKTYPY, BCe OHH YHHTApHO SKBHBAJIEHTHHl B C/Iydae
cBo6onHO! Teopuu. IIpu 3TOM cieyeT MONUEPKHYTb, YTO ¢ (PU3NUECKOH TOYKH 3peHUS
OHU HE3KBHBAJIEeHTHBl B TOM CMbICJIe, YTO BBeJeHHEe B3aWMONEHCTBHUS, HalpHMep, MO
NpaBUNy pr — Pr — €Ay TPUBENET K pa3/MUHbIM pe3yabTaTaM. Bompoc o BBeneHHH
B3anmozeicTBusl B ypaBHenue (1.1) ¢ Halinenubimu onepatopamu Hg Oyner paccMOTpeH
B cjenyolleld padore.

2. B ToM ciyuae, Korja macca 4yacTHIbl paBHa Hymo (m = 0), dopmyan (3.14),
(3.15) coBmamarmT U MPUHUMAIOT BUJ

f83 = 7f83—17 9s3 = —0sz—1; —s5+1<s3<s. (48)

Ecau Bocnosib3oBatbes dhopmynamu (3.16), (4.8) mast m = 0, To AJs LeNBIX CIIHHOB
noJyyaem

H, = xo3p Z (_1)831\53 = +o3p Z (_1)83383‘ (49)

s3=—s8 s3>0
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st mostyuenslx cniuHoB ycoBus (3.17) nnsg m = 0 u (4.8) npuBomAT K caenyoile-
My pe3yJIbTary:

Hy=%o1p > (-1)%72A, =%op Y (~1)%72C,,. (4.10)

S3=—s s3>%

Omneparop (4.10) mast m = 1/2 coBnapgaet ¢ raMmusnpToHHaHoM Uunu—-Tyleka B yibTpa-
PeJIITUBUCTCKOM IIpefede.

Dopmyibl (4.8) crnpaBednuBbLL U B TOM Cjydae, Korga KO3 QuUreHTHble (QyHKLHH
fss» gss yHOBJETBOPsIIOT yeaoBusM (3.3), (3.5) (mast m = 0).

Ecnu Bocmosb3oBatbest yenoBuem (3.3) v 3ameuanueM 2 pasgesna 3, To u3 (4.8)
nosyyaem

S

Hy =Y (=1)*(osfo+0190)Bs,, 90 + f3 =p*. (4.11)

8320
Ecnu Bocmosb3oBaTbesi ycnoBueM (3.5) U 3ameuyeHHoM 3 pasgena 3, To U3 (4.8)
noJiyyaem

S

Hs = Z (—1)33_%(03f1/2 +0191/2)Cs,, f12/2 ‘5‘9%/2 =p°. (4.12)

1
$32 5

OtmMetumM, yTo omepatopsl Hs B (4.11), (4.12) ompexnesieHbl ¢ TOYHOCTBIO A0 TMPOU-
3BOJIbHOK (PyHKUMH fo (MM go) IJISE LEJIOTO CNUHA S U f1/o (MM g1 /o NJIS TIOJTYLIEJIO-
r0 8, MMOCKOJIbKY TPEOYEeTCsl JIKIIb BHITOJHEHHUE YCIOBHS

523 +g§3 :p27 33:031/2'

BosnoBast ¢yukiust B ypaBHenuu (1.1) umeer 2(2s + 1) kommnonent. M3BecTHo, 4To
BOJIHOBasl (DYHKLIMSI YaCTHULBl (aHTUYACTHLBI) C HYJEBOH MacCOH NOJKHA UMETb TOJBKO
IBE KOMIIOHEHTbI, COOTBETCTBYIOIIMX 3HAUEHHIO MPOEKLUHH CIHMHA S3 = S U S3 = —S§.
DTo 03HaYaeT, YTO Ha BOJHOBYIO (DYHKIHIO, YAOBJIeTBOpsioLLyI0 ypaBHeHuwo (1.1) ¢ ome-
patopamu H Buna (4.9)-(4.12), cienyer HalOXHUTh AOMOJHUTENbHbBIE PEJISITUBUCTCKHU-
WHBAapHUAHTHBIE YCJIOBHUS, BBHIIEJSIOUINE TOJbKO 1B (DU3UUECKH peasih3yeMble KOMIIO-
HEHTBL. DTH YCJOBUS UMEIOT BHI:

{1 - % (Bs + Hc) } U(t,x) =0, Bg,¥(t,x)=0, 0<s3<s—1, (4.13)
p
HJIN
{1 — % (B, & cs)} U(t,x) =0, B, ¥(t,x)=0, 0<s3<s—1, (4.14)
HJH
1 H,
{I -3 (Ij: —) BS} U(t,x) =0, Bg¥(t,x)=0, 0<s3<s—1 (4.15)
p

YuutbiBas (3.1), a TakxKe KOMMYTalMOHHBIE COOTHOLIEHUS (2.2), MPUXOAUM K CJle-
IOYIOIEMY Pe3y/bTaTy:
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1) yenosus (4.13) T~ ¢ P%) -pupapuanthbl (k = 1,2,3), Ho C-, T?)-Heunpapu-
AHTHBI,

2) ycaosus (4.14) C-, 7O T(2)-I/IHBapI/IaHTHbI, HO P(k)-HeI/IHBapI/IaHTHbI;

3) yenosus (4.15) TM-, P*)_pupapuanthsl, Ho C-, T?)-HenHBapHAHTHBI.

Takum o6pasom, ypaBHeHue (1.1) ¢ omepatopom H, Bunma (4.9)-(4.12) u omHuM
U3 [OTOJNHHUTEIbHBIX yCa0BHE (4.13)-(4.15) HHBapHaHTHO OTHOCHTENBHO COOCTBEHHOH
rpynnb Ilyankape P(1,3), HO TOMBKO YaCTMYHO WHBapMAaHTHO OTHOocHTenbHO P(F)-,
T-, C-npeobpasopanuii. B hopmynax (4.13)—(4,15) Hy>KHO 6paTh OAMH 3HAK -+ UM —.

Ias cnuna s = 1/2 ypasuenue (1.1) ¢ nonosHuTenbHbIM yenoBreM (4.13) skBHBa-
JIEHTHO XOPOIIIO H3BECTHOMY [BYXKOMIIOHEHTHOMY ypaBHeHWIO Belsist 1y HEATPHHO.

Hast ciuna s = 1 ypasuenue (1.1) ¢ monosHuTebHBIM yeaoBrem (4.15) sKBHBaJseH-
THO ypaBHeHHsiIM MakcBesia B BaKyyMme.

5. Ilepexon K KAHOHNYECKOMY IpPeICTaBJICHUIO
[eneparoper P, J,, rpynnel P(1,3) B KaHOHMYecKoM mpeacTaBaeHud Pongn-
[IupokoBa UMEOT BULL

P§=H¢=o03E, PP = py, k=123,

Sk'rpr (51)

1
Jg = — Ski, IS, = tpr, — =z, H]+ — o .
Kl = TkDl — TPk + Skl 0k Pk [z 1+ UsE m

2

B stom mpexncraBnennu ypaBHenue Tuna (1.1), HHBapuaHTHOE OTHOCHTEJbHO MOJHOH
rpynnsl [Tyankape P(1,3), umeer BUL

0D(t, x)
)

ot
rie ®(t,z) — 2(2s + 1)-koMnoHeHTHass BosiHOBasi (hyHKUHs. [I0CKOJbKY Ha MHOXKe-

crBe petuenuid {® (¢, )} ypaBHenus (5.2) peanusyercs HENPUBOAHMOE MpPEICTABJIEHHE

rpynnsl P(1,3), To O4eBMAHO, UYTO MeXAY BOJMHOBBHIMH (DYHKUMAMH ¥ u & nosmxHa
CYILeCTBOBaTb CBSI3b

O(t,x) =UV(t, x),

= H°D(t,2), (5.2)

rae U — HeKOTOpBIH YHHTapHBEIN omepaTop, KOTOPbIH OyleT onpeneseH HUXKe.

M3 ckazaHHOro ficCHO, YTO 3ajaya, KoTopasi Obljla HAMU pellleHa B pasfelie 3, 3KBU-
BaJleHTHa 3alade HaXoXKIeHus (OMHCAHHUs) BCeX TeX YHUTApHBIX omepaTopoB U, misi
KOTOphIX anredpa (5.1) mepexomut B anredpy (2.1). Hns cnuna s = 1/2, 1 Takue ome-
paTopel OblK HalgeHbl B [6, 7].

B stom pasnesie onucaH kjaacc onepatopoB U 151 TPOU3BOJILHOTO CIIMHA U HaHEHBI
BBIpaXKEeHHUs1 1151 OTepaTopoB KOOpAHMHATH Xy, k = 1,2,3, ckopocTn Xk, k=1,2,3,
CIIUHA Yj; U 3HAKa dHePruu é.

1. Oneparop U 6yneM HUCKaTb B BHIE

S

Us= > (as, +ioabs,)As,, (5.3)
§3=—S
rie as,(p), bs,(p) — melicTBUTeNbHBIEe (GYHKUIMH OT p. M3 ycioBusi yHHUTapHOCTH

U,Ul = I cnenyer, uto

a b2 =1, —s5<s3<s. (5.4)
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[eneparoper (5.1) cBsi3aHbl ¢ reHepaTopaMi (2.1) COOTHOIIEHHSIMH
Ju=UlIU, = J,  Po=PFf  H,=UHU, (5.5)
Jow =ULJSU,  wmm  J§, = U Jop UL (5.6)

W3 (5.5), ucnosib3ys siBHble Boipaxkenus aas H¢ u H, (em. (3.2), (5.1)), monyuaem
foo =E (a2, —V2,), (5.7)

9ss = 2Fas,b —s5 < 83 < s. (5.8)

EER)

Hcnonbsys siBHBIM BUA omepaTopoB Jok, J§, (cm. (2.1), (5.1)) u coornowenue (5.6),
noJydaem

Skrpr
E+m’

([Us, 1] UL, H¢], =203 (5.9)

C npyroi#i cropousl, yuuthiBast (5.3), (5.4), Haxonum

[Us, 2k - UL H], =203E > (au0s, 4 baybsy ) [Asy, 2] Mgy (5.10)

53,55 =—5

U3 (5.9) u (5.10) ¢ yuetom dopmya ([.1), ([1.2) caenyioT Takue COOTHOLIEHHUS:

S

E —
Z (as;;as + b53bs)d53s = —ma (511)
E
S§3=—S8
- - E
Z (as;;a—s + b53b—s)d53—s = L; (512)
E
S3=—S8
s m—E
Z (as5as; + bsybey )dsysy, = — —s+1<s5<s. (5.13)
S3=—S8

Hcnosbays uncnennble sHadennst KO3ppuunenToB dg, s, (cM. ([.3)), npuBoaum cootHo-
mwenus (5.11), (5.12) x Buny

AtsQp(s—1) + brsbis_1) = m/E. (5.14)

3anucsiast (5.13) mst s5 =s—1, s —2, s — 3, U T.A. U HCNIOJb3Ys [IPH ITOM (HOPMYJIbI
tuna (5.14) nnst s3 = s, s—1, s — 2, ¥ T.1., Mbl 110 HHAYKIHH JA0Ka3bIBAEM CJIEIYIOIIHE
COOTHOLIIEHUS (CM. T0oKa3aTeabcTBO opmyanl (3.13)):

(53551 + bsybss—1 = m/E, —s+1<s3<s. (5.15)

W3 coBmecTHOCTH cooTHoleHH#H (5.4) U (5.15) cenyroT Takue peKyppeHTHbIe (OPMYIBL:

m P m p

Asy = Eass—l + Ebss—la b83 = Ebsg—l - Ea53—17 —s+1<s3<s; (516)
m m

Asg = Eass—l - %bss—la b83 = Ebsg—l + %GSS—M —s+1<s3<s. (517)



O peJIITHBUCTCKUX ypaBHEHHsIX ABHMKeHHUs 6e3 “JUIIHUX” KOMIOHEHT 245

Dopmyaer (5.4), (5.16), (5.17) onpenesstoT Bce BO3SMOXKHBIE (PYHKIHHU Ay, sy, €CIH
M3BeCcTHa XOTs OBl OfHa (yHKUHS K3 Habopa as,, —s < s3 < s (unu b,,). Bribupars
3Ty (QYHKUMIO ags, (MM by,), Hanpumep, ajs sg = 0, 1/2, Heo6XOAMUMO TaK, 4TOObI
BBINOJIHSIIMCL cooTHoteHus (3.3)—(3.6), (5.7), (5.8), (5.16), (5.17).

Takum o6pasom, dhopmynsl (5.4), (5.7), (5.8), (5.16), (5.17) coBMECTHO ¢ YCIOBUSIMHU
(3.3)-(3.5), B3siTHIMH [1JIsi KAaKOTO-MG0 ONHOrO |S3|, AAIOT pellieHHe Halued 3anau,
T.e. C TIOMOLIbIO 3THX (OPMYJ ONHCaHBl Bce YHHUTapHble omneparopbl Us (cm. (5.3)),
nepesonsiue anre6py (5.1) B (2.1).

Brl6upas, HanpuMmep, HCXOAHble DYHKLHH ag,, bs, B BUIE

g o EAm P
1/2 —1/2 2E(E+m)’ 1/2 —1/2 SE(E L)

IJIs1 TIONYLEJBbIX 8, H ag = 1, bg = 0 mis uensix s, no dpopmynam (5.16), (5.17) Haxonum

Takue onepatopsl Us:

E H,
.= _btosHs LIS TIONYLEeJBIX S, (5.18)

V2E(E+m)

m—F

Us:1+ B

N N
Z Byl + ’l:O'gB Z Coni1 JJIsl LeJbIX S, (5.19)
n=0 = n=0

rie uucao N onpeneneHo B (4.9).

Oneparop (5.18) nmepeBomut H® B onepatop (4.1). Onepatop (5.19) nepeBonut H¢
B onepatop (4.4). Has s = 1/2 oneparop (5.18) comapmaer ¢ omnepatopom Posau—
Boyrxoiizena.

Panu moJiHOTH M3JI0XKEHHST OTMETHM, UTO eCJH 3aiaH omepatop Hg B mpeacTaBJe-
Huu (2.1) (a 3HauWT, 3amaHbl BCe foy, gsy), TO KOI(DQUINEHTHblE (YHKUUH sy, Dsy
oTpenesisioTes uepes fs., gs; ¢ MoMomeio popmya (5.8) u (5.20), T.e.

= = —s < <s. .
as, = 14/ 5 , bsy =1/ 5E s<s3<s (5.20)

Dopmynet (5.20) sBastiorest pemtenusivu cucteMsl (5.4) u (5.7).

ILnst Toro utoGsl yHUTapHBIH omepatop Us (cM. (5.3) ) ¢ KospduumreHTHBIME (DYH-
kuusimu (5.20), ynosaersopstiiomumu (5.7), (5.8), mepesomua anarebpy (2.1) B (5.1),
HeoOXOIMMO ellle, U4TOOH ag,, bs, yHOBJeTBOpsinH (5.15) (a ciemoBatenbHo, u (5.16),
(5.17)).

2. OnepaTopsl KOOpAMHATE X, CKOPOCTH X, criuHa Y, 3HaKa SHEPTuu € B Ipel-
craBeHnu (2.1) UMEIOT CJIENYIOMHE BHA:

s—1 s
Skrpr . Skrpr X
X =xp + m + o094 —1 i Sé_z_;+ll\s/3s;s(a53bsé — asgbsg) Uggst,t+
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+ Z <Snl — ij’;s/) (a53b ’ aséb33) d53s’3As’3

> obs,  Oas
2 () iy

Ekn _ Skn + pplS Sknp Sl’l”pT Z A Z d,g;g a53b , nga’S )_

E(E+m) . =
l S
—109 Z A53 (p ! Skn) Z As;3sh (asgbsé - asgbse,) )
sh=—s+1 §3=—38
y pkHs N Hs
M= T

THE gy, Ay, AAHBL B (I1.3), @ asy, bsy OMPENENISIOTCS BHILIEONHUCAHHBIM METOLOM.
st onepatopoB Us B (5.18), (5.19) oneparopel Xy, ¥k, UMEOT BUA

Skrpr N SkTpT’E - Zmpk(

X =
ST BE 1 m) P2E2

O'3HS — m),

_m PPLSp i _bn _
Ekn = ESkn+ 7E(E—|—m) + E (Skn pSp) (O'SHS m),

k,n,l — uuka (1,2,3), s — noJayuesoe;

s—1

S/crpr . Skrpr Snl
Xy = )50, — 0922 By—
b=t gy T g 2;0( )**Csy — 02— Bo
53
mpk SSkrpr
_0'2 ZC2n+1 +ZO’2( ].) Ep BS,
m plpSp Slrpr Slrpr
Sen = 2 Spn -~ B B,—
k Ek-l-E(Eer) 2 0+()E
s—1
—igy— (s,m — —5,,) > (-1)®C,,
p s3>0

k,n,l — uuka (1,2,3), s — ueJoe.
Omneparopet X, Xk, Zkn, € AJs1 CIHHA s = 1/2 COBMAjaiOT C onepaTtopamu, MoJy-
YeHHBIMH B [6].

JlonmoJiHeHMe
B nomosHeHHH MBI MPUBOANM 0e3 J0Ka3aTesNbCTBa BCe Te (DOPMYJb, KOTOpbe ObLIN
UCIOJIb30BaHbl HAMU JJISl TIOJYYeHHs] pe3y/IbTaToOB, MPUBEIEHHBIX B OCHOBHOM TEKCTe.

S TET s_l n
(o0, M) = 22PN g g Ay Z( L_Br g)dSSSgA/ (I.1)

p sh=—s5+1
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. s s—1
[SknaAs_o,]f = ZSI—TpT Z d53sgAsg - Z <Skn - %Sé) a53s’ Asg7 (IL2)

p L=—s sh=—s+1

e ag s, 7 0, eciu sh =83, 83— 1, s3+1,

a8383 = _17 a/83—183 = a‘83+183 = 1/27 —S + 1 S 53 S s — 1?
dssy 70, ec/Iu sh=s3—1, s3+1, —s5+1<s3<s—1, (11.3)
d53+153 = *ds;;—ls;; = 1/27 *ds—ls = *d—s—s = d—s+1—s = dss =1

(S’“”pr bt oy @33) Ay, =0,  kynl— wka(1,2,3), s3=+s, (I.4)
p p p

[Snl7A53]f = _[xkpl - xlpk,A53]—, [SkrpraAs‘g]f = —Pg[xk,/\s$]—7

SkrDrSk = =SkSkepr = ipSy =ip > sz,

§3=—S

Skrprskr’pr’ = p2 Z [ s+ 1) - 33} Asg, Sk;Sk, =85°= S(S + 1)

83=—S8
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O06 ypaBHeHUSAX ABUIKeHUS, UHBAPUAHTHBIX
oTHocuTeabHO rpynnbl P(1,n). 11

JI.II. COKYP, B.H. ®YL[HY

Equations are deduced which generalize Dirac equation and are invariant relative to
the rotations and translations in the (n + 1)-dimensional Minkowski space. The group-
theoretical analysis of the equations obtained is carried out. P-, T- and C-properties of
the equations are studied.

BriBefieHbl ypaBHeHHs, siBasIOlIMecs 000011eHHeM ypaBHeHUs JMpaka, KOTopble MHBapH-
AHTHBl OTHOCHTEJIBHO BpAIUeHHH M TpaHCasiuuid B (n + 1)-mepHoM mpoctpaHcTBe MuH-
KoBckoro. IIpoBesieH TeopeTHKO-TpyNNoBOH aHa/lM3 BbIBeAEHHBIX ypaBHeHHH. M3yueHbl
P-, T-, C-cBOHCTBa 3THX ypaBHEHUH.

1. Beenenue
Hacrosituast pa6orta si/isieTcst NponosikKeHHeM H 0600IIEHHEM HEKOTOPBIX pe3yJbTa-
TOB, mpuBeAeHHbIX B [1] mas rpynn P(1,3) u P(1,4).
B [1] 6bl10 oTMeueHo, 4To ypaBHeHUe [lMpaka ¢ HeHYJE€BOH Maccol (3 = m)

(rY/sz'u - %)\Il(t7w) = O (:U’ = Oa 1a 27 3)7

9 .0 (1.1)

Pozia, Pk:—la—xk (k=1,2,3)

9KBHBAJIEHTHO YETbIpEM ypaBHEHHUAM BI/IZ[al

1 1Z
pu¥(t, @) = Q(Sm,p + 2Synt1)¥(t, x), (1.2)

x = (z1, 22, x3), n =3, d=1/2,
e MaTPHUILbl

) )
= Vs S4[L = =5 (13)

)
Spv = Z(’YH’YV - 'Yu’Yu)a Sua = 5 5

YAOBJETBOPSIIOT KOMMYTALHOHHBIM COOTHOLIEHHsIM a/nre6ps! JIu rpymnst SO(1,4)

[Sap;Sepl- =i(gapSec + 98cSap — 9acSBD — 9BDSAC)

1.4
(A,B,...=0,1,...,4). (14)

Ypasuenue Tupaka B hopme (1.2) umeeT no cpaBHeHu:o ¢ popmoii (1.1) psig npeumy-
mecTB. Bo-nepBhiX, Bce MaTpULbl Sy, Sy4, BXOAALIME B 3TO ypaBHeHHe, yIOBJ/IETBOPS-
10T He anrebpe Kinddopna, kak 310 UMeeT MecTo B caydae ypaBHenus (1.1), a anre6pe
Jlu rpynner SO(1,4). 910 06CTOATENBCTBO MO3BOJMKT M0Ka3aTh, 4To ypaBHeHue (1.2) ¢
Matpuuamu Sy, S,4 (COOTBeTCTBYIONIEH pasMepHOCTH) M3 anre6pel SO(1,4) npu He-
KOTOpPOM BbIOOpe 3HaueHHs1 mapaMmeTrpa d ONUCHIBaeT CBOOONHOE ABHXKEHHe YACTHIB U

Teoperuueckast 1 MaTeMaThueckasi ¢pusrka, 1971, 6, Ne 3, C. 348-363.
IBce 0603Hauenus, npuBeleHHble 6e3 00bsCHEHHUH, Te ke, 4To U B [1].
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AHTHYACTHLBl C NPOU3BOJIBHBIM CIIHHOM S. Bo-BTOpbIX, ypaBHeHHe (1.2) cpaBHHUTEJbHO
JIETKO 0000l1aeTcsi Ha Ipynmbl Gosee Kpokue, yeMm rpynna P(1,3). JelcTBuTenbHO,
ecau B ypaBHeHud (1.2) unnekc p npoberaet snauenusi 0,1...,n, € = (x1,x2,...,T,),
a MaTpuubl npuHapiexat anreope SO(1,n + 1) (unu SO(2,n)), To Takoe ypaBHeHHe,
Kak OyloeT MOKa3aHO HHXKe, WHBAPUAHTHO OTHOCHUTeNbHO rpymnel P(1,n) — rpymnmsl
BpalleHu# 1 TpaHcasuui B (1 + n)-MepHOM npocTpaHcTBe MUHKOBCKOTO.

Bce HenpuBoaumble npeacTasienus rpynnsl P(1,n) (o6o6ienHas rpynna [lyaHka-
pe) MOryT ObIThb MOCTPOEHBI U M3yueHbl MeTonoM BurHepa (cm., Hampumep, [2, 1]).

YpaBHenue Buna (1.2) B Tom cayuae, korna » = 0, paccMatpuBajioch B [3] mis
rpynnsl P(1,3) u B [4] nast rpynnsl P(1,4).

B nauHo#i paGore OynyT BbIBefEHBI YpaBHEHHsl, HWHBapHaHTHbIE OTHOCHTEJBHO
rpynnel P(1,n). TlpoBeieH HX TEOPETHKO-TPYIOBOH aHalW3 W M3ydeHbl CBOHCTBA
3TUX YpaBHEHHWH OTHOCHTEJBHO MPOCTPAHCTBEHHO-BPEMEHHbIX OTpaxeHud. [losmydeH-
Hble YpaBHEHHUs IBJSIOTCSA 0000IieHHeM ypaBHeHu# (1.2).

2. BoiBon ypaBHEeHHU
[Tyctb Ha HekoTOpoM MHOxectBe M = {U(¢,x)}, cocrosiiem u3 ¢pyukuuit U(t, z),
KOTOpO€ BCIOAY IUIOTHO B KaKOM-TO THJIbOEPTOBOM MPOCTPAHCTBE, 3a[aHO CJeAyioliee
npeacrasgeHue anredpel Jlu rpynn P(1,n):

.0
PH = pt :za—, w=0,1,....n, t==z9, T=(T1,22,...,Zn),
Th 2.1)
J;w =TuPy — TPy + S/wa
rae S, — 0a3HCHBIE 3/IEMEHTH HEKOTOPOrO MPHUBOAHMOIO TPeJCTaBIeHUA> areGphl

Jlu rpynmer SO(1,n). [ockosmbky Ha M peanusyercst He TOJNBKO MPEACTABJIEHUE aJji-
rebpsl P(1,n), HO ¥ npeacTaBieHHe MaTpuyHo# anredpsl SO(1,n), To B M MOXHO
TaK BHIOpATb CHCTeMY 6a3uCHBIX BeKTOPoB { W, (¢, &)}, UTO q-MYyNbTHHHAEKCH, HyMe-
pyollHe KOMIOHEHTbl BOJIHOBOH (yHKUuMK U(f,x), ABIAOTCS cxeMaMu [enbganna—
Lerauna ([-LI) [5]. JluHefiHylo 060/0UKYy, MOPOXKAEHHYIO Ga3HCHEIMH BEKTOpaMH
U, (t,x), o60o3Haunm uyepes L{U, (¢, x)}.

PaccmoTpuM CHCTEMY ypaBHEHHH

ppV(t, ) = (L,wp” + »L,)¥(t, ), P, =L,,p" + »L,, (2.2)

rae Ly, = —L,,, L, — HEKOTOpbIe MaTPHLbI, Pa3MEPHOCTb KOTOPLIX ONpPEAeNseT KOM-
TNIOHEHTHOCTb BOJHOBOH ¢ynkuun ¥(t,x) € L{¥,(t,x)}. Bynem TpeGoBarh, 4TOOHI
BCSIKOE pellleHHe ypaBHeHHs (2.2) 6bl10 pelueHHeM (1+4n)-mepHoro ypaBHeHust KueitHa—
Topnona

9" pupy ¥ (t, ) = V(¢ @). (2.3)
D10 TpeGoBaHHEe NPUBOAUT K yPABHEHHUIO
Lp*¥(t,x) = 2xT(t,x). (2.4)

Cucrema ypaBHenu# (2.2), (2.4) GymeT HHBapUAHTHOH OTHOCHTENBLHO MpeobpasoBa-
HUE U3 rpynnbl P(1,n), eciu BHIIOJHSIOTCS CAeAYIOLUIHe KOMMYTALUOHHbIE COOTHOLIE-
HUS:

[Plu JGP]* = i(g,uapp - guppo')v (2.5a)

2N‘])I YTOUHHUM 3TO NpeACTaBJ/Je€HHe HHUXKe I0CJe BbIBOAA ypaBHeHuﬁ JBHXKEHHUSA.
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[Lua Jap}— = i(guULp - gupLU)a (256)
[P, P,]- = 0. (2.58)

Hs (2.5a), (2.56) ciemyet, 4To MaTpULEl L, HOMKHB yIOBIETBOPSITH COOTHOLIEHH-
M

[Sapa L;w}— = Z.(gauLpu + gpuLau - gop,Lpu - gpI/LU/L)' (26)

[TockosbKy MaTpuibl L,, AHTUCUMMETPUUYHBI H yaosJjeTBopsanT (2.6), To Ha Ju-
I
HeltHO# oGosouke L£{L,,}, nopoxnaeMoii MaTpuuamu L,,, peanusyercs npeicTabie-
uue rpynnel SO(1,7n), KOTOpoe H3OMOP(HHO MPUCOENHHEHHOMY MpeacTaBeHuo. OTcio-
Ja MO2KHO 3aKJIKHYUTb, YTO C TOYHOCTBIO A0 INIOCTOAHHOI'O MHOXKUTEJIA ManI/ILLbI LP«V
COBMANAIOT C MaTrpuuaMu Sy, T.e.

1

LMU:E

Sy (2.7)

Yenosue (2.56) GyneT BHINOJHATBLCA, €CM MaTpHUlbl L, yIOBIETBOPSAIOT COOTHOLIe-
HUSAM
1

Ly L) = S L. (2.8)

Yuurbiast (2.6), (2.7), (2.8) u o6o3Hauass MaTpuiy

1
LM = ES'UJH*D (29)
TMIPUXONUM K BEIBOAY, YTO MaTpHUB SAp = (Suw, Sun+1) (A, B =0,1,...,n+1) ynore-

TBOPSIFOT KOMMYTALHOHHBIM COOTHOLIEHUSIM ajre6psl Jlu SO(2,n), T.e. COOTHOLIEHHUSIM
(1.4) ¢ MeTpUYeCKHM TEH30POM

goo = —911 = = —Gnn = Gn+1n+1 = 1.

Wrak, ypaBHenus (2.2), (2.4) npuHUMAOT BUI

pu¥(t, @) = i(SMVp” +16Sun1) V(L @),
id
) (2.10)
»VU(t,x) = ESWHp“\II(t,a:),

rae U(t,x) € L{P,(t,x)} — npoCTpaHCTBO, B KOTOPOM peajin3yeTcss KOHEYHOMEPHOe
(HeyHuTapHoe) mpencrasgeHde rpynnsl SO(2,n), TouHee, B L{V,(t,x)} no/mKHa pea-
JIN30BaTbCsl TaKasi MpsiMast CyMMa MaTpPHUUHBIX TpencTasaedndt rpymmnel SO(1,n), 4yToGsl
Ha Hell MOIVIO ObITh peai30BaHO HEKOTOPOe MPHUBOAMMOE UJIH HENPUBOAUMOE MpeaCcTaB-
Jenue rpynnsl SO(2,n).

Cucremy ypaBHeHuil (2.10) MOXKHO paccMaTpuBaTbh KakK YCJOBHs, KOTOpble CyxXa-
ot npoctpaHctBo L{U,(t,x)} K HekoTopomy P(1,n)-UHBapHAHTHOMY MOAMPOCTPaHC-
By L{Up(t,z)} C L{U(t,z)}, rne {¥s(t,x)} — noxcucTema Ga3UCHBIX BEKTOPOB B

{Tn(t, )}
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[Tockonbky Ha L{U,(t,x)} peanusyercs HeyHHTapHOe MpPEACTaBJIEHHE TPYMIbI
SO(2,n), TO 3TO 3HAYUT, UTO YacTb MaTpull Sap OydeT SPMHUTOBOH, a 4YaCTb AHTH-
3pMHUTOBOH. ¥106HO BHIOPATH

+ + _ + _ + _
Skl - Skl; SOk - _SOk; SOn+1 - SOn+17 Skn+1 - _Skn+1

2.11
(k,l=1,2,...,n). (2.11)

U3 tpeGoBaHuil 3pMUTOBOCTH raMuJbTOHHaHa H = Py BbiTekaer, uto d = d*.
Takum o6pasom, cucrema ypaBHeHH# (2.10) WHBapHaHTHa OTHOCHTEJNBHO TPYIIIbL
P(1,n), u Ha ee pellieHUSIX HHBAPUAHT

P, P"VU(t,x) = 5V (t, ). (2.12)

3. TeopeTuko-rpynnoBoii aHaau3 ypasaenui (2.10)

B atom paspmene pamu mpocTOTH GyHeT MPOBEIEH TEOPETHKO-TPYIIOBOH aHaJ/H3
ypaBHenu# (2.10), UHBapHAHTHBIX TOJbKO OTHOCHTeNbHO rpynn P(1,3) n P(1,4), t.e.
OyneT MokasaHo, 4TO NpH OIpefeseHHOM Beibope napamertpa d U MaTpul, Sap Ha MHO-
’KecTBe pellleHHE ypaBHeHH# (2.10) peanusyercs npsmMasi CyMMa JBYX HENPUBOAHMMBIX
TNpe/CTaBJeHUH 3THX TpynI. AHaJorHuHOe yTBep:KIEHHE CIPaBeNJHBO M I ypaBHe-
HHH, MHBAPHAHTHBIX OTHOCHUTEJbHO MPOK3BOJBHON rpymmel P(1,n).

1. YpaBuenus (2.10), HHBapHAHTHBIE OTHOCHTEJbHO Ipynmsl [lyaHkape, UMeOT BUJ

1 .
puY(t,x) = d (Suwp” +1i26S,4) ¥ (t, ), T = (r1,22,%3),
3.1
1
»¥(t,x) = pi wapt U (t, @), x=m.
Tlokaxem caenytoliee
YrBepxkpenue 1. Ecau mampuyst Sap (AB = 0,...,4) 8 ypasHenusax (3.1) pearu-

3yrom Henpusodumoe npedcmasienue arcebpor SO(2,3), 3adasaemoe uucaamu I'-1]
(0, p1), u d = po, Ha MHONecmae peuitenuti ypasrenutl (3.1) pearusyemcs npamas
cymma

D¥ (5655 = 1) ® D™ (555 = ) (3.2)

nenpugodumvLx npedcmasaenuti epynnor P(1,3).

[pexje ueM MPUCTYMUTH K JOKA3ATEJbCTBY 3TOTO YTBEPXKIEHHS, 3aMETHUM, UTO
MeXAy KOHeYHOMEepHbIMH mpencTaBieHusiMd anrebp SO(2,3) u SO(5) cyuiectByer
B3aHMHO-0JIHO3HAUHOE COOTBETCTBUE, KOTOPOE MOXKHO 33a1aTh CJAEAYIOLUIHM CIOCOGOM:

1 1
Y12 = Soa, Ykt = 5501@7 Ykt2142 = Ski, Yokt = 554/“ (3.3)

rae ¥;; (4,5 =1,2,...,5) — 6asucHble 3/1eMeHTsl aire6psl SO(5), 3aiaHHbe B TOM XKe
CaMOM INPOCTPAHCTBE, YTO U ONepaTopsl Sap.
BriGepem B L{U,(t,x)} 6asuc I'-L1. [Ipu sToM HHIEKC « 3amaeTcsi cXeMoH

Ho H1
o= mos4  MMig (3.4)
mo3

mo2
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(mo cpaBuenuio ¢ [b] B (3.4) cuesaHbl HEKOTOPHIE YIOOHBIE /IS HAC Mepe0003HAUEHNUS).
Bee uncna p = (po,p1) ¥ m = (moa, mo3, Mo4, M14) ONHOBPEMEHHO LEJIbIE HJIH
NOJyLeJble ¥ YIOBJETBOPSIOT HEPABEHCTBAM

po > Mog > 1 > |mag| >0, Moa > Mo3 > |Maal, mo3 > |mo2|.  (3.5)

B 6asuce I'-11 martpuusl ¥;; (a 3HauuT, 1 MaTpHLE S4p) U3BECTHB U 3agaioTcs (op-
mynamu [5]

Y12V = mpe¥,, (3.6)
1 1/2
o3V, = :I:Z {[(mog —mo2)(moz + Moz + 1)] 77 Y (mps—mes+1)— -
— [(mo3 — Moz + 1)(mos + me2)]"/? ‘I’a(mowmorl)} ’
YU, =+ { {(m% + mo2 + 1)(mo3z — moz2 + 1)(moa + mo3 + 2 o
HTe (2mos + 1)(2mos + 3)
(moa — mo3)(mo3 — mia + 1)(moz + mos + 1) 12
v
x (m03 ¥ 1)2 a(moz—mo3+1)
(3.8)

_ [(mozs + mo2) (mos — mo2)(moa + Moz + 1) (mos — mos + 1) y
(2m03 — 1)(2m03 — 1)

o (mog — mia)(mos + Mmia) 1/2 v +m moz2(moa + 1)
m%?’ Ot(m():g—)?’)’Log—l) 14 m03 (m03 + 1) (o'}

1 { {(m03 — mo4 — 1)(moz + moa + 2) (1 — mos — 1) y
21

Z \Ila - i—
® (moa + maa + 1)(mos + maa + 2)

1+ moa +2) (0 — moa) (o + moa +3)17% N
(m14 — Mo4 — 2)(m14 — Mog — ]_) a(moa—moa+1)

n [(mog — mag)(mag +mo3 + 1) (1 — maa) o
(moa + maa + 1)(moa + mas + 2)

.

X

(111 + mas + 1) (s0 — maa + 1) (po + mua +2)]"7 3.9
\I/a(m144>m14+1)_ ( . )
(moa — maa)(moa + mia + 1)
(mo3 — moa)(mo3 + moa + 1) (11 — moa) (1 + moa + 1) "
(moa + maa)(moa + mag + 1) (Mg — mos — 1)

» (1o — mos + 1) (po + mos + 2
(m14 - m04)
B [(moz), — Mg + 1) (g +m03) (1 — mag + 1)(pn +1maa)
(moa + m1a)(mos + mag + 1) (mog — Mg + 1)

) 1/2
:| q/(31(777/04*"77,0471) -

.

o — mas + 2)(po +mua + 1) o
(mos —myg + 2) a(myig—mis—1) (s

re CTpesKu — 0003HAYalT COOTBETCTBYIOLIYIO 3aMeHY B cxemax « (3.4).
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OcrasbHble TeHepaToOpEl 3;; MOTYT ObITh MOJYUeHB H3 KOMMYTALHOHHEIX COOTHO-
wenu# anre6pol SO(5).

[lepeiinem Temepb K N0Ka3aTeNbCTBY yTBepxkKaeHHs l.
HokasarenbcTBo. CHauasna JoKa)keM, 4To B “cucteme mokoss” (pg # 0, pr = 0) Ha
MHOKECTBE pelleHnH E{\If%} ypaBHenu# (3.1) (¢ d = pp) peanusyercs npsimasi cymma

D(p1) @® D(11) (3.10)

JBYX HeMpHBOAMMBIX TpeacTaBjeHuil rpynnsl SO(3).
B sroii cucreme mpu d = o ypaBHeHus (3.1) CBOmATCA K IBYM He3aBUCHMBIM
ypaBHeHHsM?

yaa
PP’ = ;504‘1’07
0

1 (3.11)
70 = —Spup" 00,
Ho
rae W0 — BosHOBas (DYHKIMS YACTHLBI B CHCTEME MOKOS.
Ypasuenust (3.11) 5KBUBaJIeHTHBI IBYM MaTPUYHBIM YCJIOBHSIM
304\110 = /J,O\IIO, (3123)
Spa W0 = — 1o W°, (3.126)

Yenosus (3.12a) u (3.126) cyxaior muokectBo L{WY}, na koTopom peanusyercs
HEeMpUBOAKMOE MpeAcTaBiaeHue rpynnbl SO(2,3), K ABYyM HemepeceKaiolnMest MOAMHO-
KecTBaM, KoTopble Mbl 0603HaunM kak L{¥%, } u L{P¥]_}, cootBercTBenHO, re Wh,
" \II%, — Ga3UCHbIE 3JIEMEHTBl 3THX TOAMHOXKECTB.

UroObl omucaTh 3TH MOAMHOMXKECTBA, BOCMOAb3yeMcsi cooTBeTcTBUEM (3.3) U mepe-
nuueM (3.12) Tak:

Elz‘If%Jr = MO‘I’%Jra (3.13a)
Zlg\pg, = —/LQ\I/%, (3136)

(ycnoBust (3.13) mjist ynoOGCTBa 3amucaHbl Kak YCJOBHS [J1s1 6A3UCHBIX 3JIEMEHTOB).
Hcnonbsys siBHBIA BuO (3.6) reHepaTtopa Y12 W HepaBeHcTBa (3.5), MPUXOOUM K

3aKJIIOUeHHI0, 4To GasncHble snementsl W, € {Wo} u W € {W3} ynonersopsior

yeaousiM (3.132) u (3.136) Juib B TOM CJIydae, eC/¥ WX HHIEKChl UMEIT BHIL

Ho M1
m
gr={ e T ez (3.142)
Ho
Ho M1
_ m
e A e ] (3.146)
—Ho

33aBucuMocTh BOJHOBOH (yHKIMM W OT epeMeHHbIX ¢, & He Gy/leM fajee YKasbiBaTh, MOCKOMbKY B 3TOM
pasfiesie HaC MHTEPeCyeT TOJbKO MaTpUuHasi CTPYKTypa ypaBHeHui (2.10).
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Jpyrumu cioBamH, yc/oBusi cyxeHus (3.13) 5KBHBaJIeHTHBI YCJOBHSIM

Mo2 = Mp3 = M4 = Ko (3.15a)

—Moa = M3 = Mo4 = [o, (3.156)
KOTOPBIE CY’Kal0T MHOMKECTBO MHAEKCOB {a} K JByM MOAMHOMKECTBaM

{7rcfar w {prc{ayy  {B73n{B7}={0}

W3 HepaBeHcTB (3.14a) u (3.146) cienyet, UTO pa3MepPHOCTH MPOCTPAHCTB L‘{\I/?H} "
E{\Il%_} COBMNANAIOT C Pa3MEPHOCTBIO HENMPHBOAUMBIX NpefcTaBjaeHuil rpymmel SO(3).
ToT dakt, 4TO Ha 3THUX MHOXKECTBAaX peasU3ylOTCst HEMPUBOLUMEIE IPeCTaBAEHHs TPYII-
net SO(3), cenyeT U3 ABHBIX BbIpaXkEHWH 1/ ONepaTopos X, U X, KoTopble neid-
CTBYIOT B IPOCTPAHCTBAX E{\I/%+} " E{\II%_ }, COOTBETCTBEHHO, U KOTOPbIE MOJYYal0TCs
u3 Beipaxkerui (3.8) u (3.9) ¢ yuerom ycaosuit (3.15a) u (3.156) (omepatopbl Yoz ¥ X1o
HCKJII0UaeM H3 PacCMOTPEHHsl, OCKOJIbKY 00JaCTh 3HAUYEHHH omepaTopa Yog He MPHHA-
IJIEXKUT TIPOCTPAHCTBAM E{\If%+} " £{\Il%,}, a orepaTop X2 SIBJASETCS KOHCTaHTOH B

3THX MPOCTPaHCcTBax). OnepaTopsl ¥j; HMET BUJ
/ 0o _ 0
34\IJ[3+ = m14\11[3+a

1 1/2
1V = i% {[(Ml — maa) (g1 + mag + 1)) U0t (st )— (3.16)

[ = s+ D)+ 1)) O i )

OTcrona Mbl BUIUM, UTO B E{\I/%+} peasnayeTcsi HempuBogumMoe mnpencraBienue D(uy)
anre6psl SO(3).

AHaJsloruHO MoKa3biBaeTCs, UTO TO XK€ caMoe mpencTasieHne anredpel SO(3) pea-
JIU3YeTCs U B E{\II%,}. JLJIst 3TOr0 HYXKHO 3aMETHUTh JIHIIb, YTO OTOGPaXKeHHEe \Ilg, —

/
vy =
0TOOpaXeHUH omepatopsl X7 mpenctasasiores B uze (3.16).

Hrak, MBI MOKa3asd, 4YTO Ha MHOXeCTBe pellleHHH ypaBHeHHH (3.11) nelcTBUTEBHO
peanusyercs npsmast cymma (3.10).

Jlnsi saBeplUeHHs] 10Ka3aTeJbCTBA OCTANOCh NOKasaTb, uTo Ha U9 € C{\Il%+} u

~ (m1s——myy) ABIACTCA BHYTPEHHUM /151 IPOCTPAHCTBA E{\IJ%, }. Tlpu Takom

vl e E{\I’%,} oreparop 3HakKa sHepruu é = Py/|Py| nMeeT coOGCTBEHHbIE 3HAUEHHS
(+1) u (=1). B cuay (3.11) umeem

po¥Y =200, peP? = 500, (3.17)
OTKyJa U cJjelyeT, 4To
eVl = +0l.
Ilpu nepexone OT cucTeMbl MOKOS K IPOM3BOJIBHOM CHCTeMe OTCYeTa MHOXKeCTBa
E{\II%+} " E{‘I’%,} nepefinyT B HekoTopbie Apyrue mMHoxectBa L{VUg+} n L{Vg-},
Ha KOTOPBIX Takxke peasnusyercs npsmasi cymma (3.10). Kpome Toro, mockosbky € siB-

Jsietcst nHBapranToM rpynmsl P(1,3), To coGCTBEHHbIE 3HAUEHUSI ITOrO HHBApHaHTA He
u3MeHswTCsA. TakuMm 06pa3oM, Mbl 10Kas3aju yTBepKaeHue I.
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2. Ypasuenust (2.10), nHBapHaHTHBIE OTHOCHTeNbHO rpynnbl P(1,4), UMeT BUL

1 )
d (Suwp” +1i2Sy5) ¥ (t, ), = (z1,...,24),

1
xV(t,x) = d H5p”\:[/(t,:1i), (n=0,1,...,4).

p#\:[/(t, m) =
(3.18)

Jlnst ypaBHenuii (3.18) crpaBensiuBo crenyiomee

Yrepkpenue 2. Ecau mampuyst Sap (A, B =0,1,...,4) 8 ypasnenusx (3.18) pea-
AUBYIOM Henpusodumoe KoHeuHomeproe npedcmasaenue areebpor SO(2,4), 3adasa-
emoe uucaamut (o, 1, fi2), 4 d = [, MO HQA €20 PEULeHUsX peaiusyemcs npsamas
cymma

(:ul - ,UQ)’ (319)

| =

1
DT (365,7) ® D™ (567, 8), 355(#1 + pa), T=

Henpugodumblx npedcmasaenuti epynnot P(1,4).

Hoka3areabcTBo. Crioco6 Q0Ka3aTeqbCTBa YTBEPXKAEHHS 2 TOT Ke CaMblH, UTO U
yTBepKAEHHUS 1, TO3TOMY MBI 37€eCb OTMETHM JIMIIb T€ HOBBIE 3JIEMEHTBI, KOTOPBIE BO-
3HUKAIOT B 3TOM CJIyyae.

CootBercTBHe MexXAy OasHCHBIMM 3JeMeHTaMu %;; (4,5 = 1,2,...,6) anre6psl
SO(6) u GasucHBIMH 37eMeHTaMH Sap anre6psl SO(2,4) 3agaeTcsi COOTHOLIEHHUSIMH

1 1
Y12 = Sos, X1 k42 = ~Sok, Yo k42 = ~Ssi, Y2142 = Sk,
7 2 (320)
(k,1=1,2,3,4).
Cxembl -1 B 3TOM c/Ty4ae HMeOT BHI
0 1 2
7505 7515 a Ho > Mos > f1 > Mas > |us] >0,
a=|m m Mos > Mg > M5 > |Maal, (3.21)
04 1 ’ Mmoa > Moz > |Mial, '
mo3 m > |m |
03 = |Mo2|-
mo2

Onepatopsl X192, Yog, Y34, 245 3anaoTcs Gopmynamu (3.6)-(3.9), roe uucaa pg 4
{41 3aMeHEeHBl YUCAaMU M5 U M15. SBHBIA BUI POPMYJIBl Y56 Mbl He OyeM BHIITHCHIBATD
H3-3a ee IPOMO3IKOCTH (OHa MOXKET ObITb MoJydeHa 1o o0iied popmyse [5]).

[ToBTOpsisl paccyXneHus 1. 1, MPUXOAUM K CJENYIOIIUM YCJIOBUSIM CYKEeHHUS:

E12\1’%+ = MO\I’%Jm (3.22a)
S1oWY - = —po Wy (3.226)

N3 (3.22a) u (3.226) ¢ ydyetrom HepaBeHCTB (3.21) U siBHOTO BHAa omeparopa 1o
ToJ1y4aeM, YTO MHIAEKCH ST U B~ NPencTaB/sioTCs CXeMaMH

Mo M1 M2
Ho M5
+ p > mas > |pal,
ﬁ - Z(; miq ’ mys > |m14| (3233)

Ho
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"
Ho H1o H2
Ho mis
_ p1 > mas > |pal,
= m , 3.236
b ZE 1 mis > |Maal. ( )
—Ho

Hepagenctea (3.23a) u (3.236) mokasbiBaloT, YTO Pa3MEPHOCTH MHOXKECTB L{\I!%Jr} "
E{\II%,} COBMAafaIOT C Pa3MepHOCTSMH HENPUBOAUMBIX MpeacTasieHud rpymnmsr SO(4).

[TyTeM HeC/MOXKHBIX BBIYHCJEHHH (TOUHO TaK Ke, Kak U B caydae rpynnsl P(1,3))
ybexpaemMcs, 4YTo

a) Ha mHOxectBax L{W}. } u L{¥} } peanmnsyiorcs npencrasienus D(pui,pz) H
D, ~pz) rpymm SO(4);
6) ecmu WG € L{¥}. }, a W2 € L{T]} }, 10

U9 =409, (3.24)

B cuny P(1,4)-uHBapraHTHOCTH ypaBHeHHH (3.18) mosydyaem oKOHUATeJNbHO, UTO HA
MHOXKECTBE DEIIeHUH ITHX yPaBHEHHH peajiusyeTcs mpsMasi CyMMa

DY (56 1, p2) ® D™ (565 1, —pio) (3.25)

HeMPUBOAUMEIX TpeAcTaBaeHui rpynnsl P(1,4).

JLnsi 3aBepleHUst 10KA3aTe/bCTBA YTBEPKIEHUS 2 NOCTaTOYHO JHIIb yKa3aTh (CM.,
Hanpumep, [1]), uro umcaa (w1, pue) U dncaa (s,7), XapakTepusyiollie HeMPHUBOAUMOE
npeactasienue rpynnsl SO(4), cBsi3aHbl Mexay co6o# cooTHowweHussMH (3.19).

3ameuanue 1. Eciu B ypaBHeHusix (3.18) BeiGpath d = —pg, TO Ha MHOXKECTBE pellie-
HHUH TaKMX YpaBHEHHH peasnusyeTcsl Cjefyloliasi npsMasi CyMMa HelpHBOIMMBIX Mpen-
craBieHu#d rpynnsl P(1,4):

D™ (5¢;8,7) ® D™ (557, 8).

3ameuanue 2. YpaBHenus (3.18) 6ymyt P-, T-, C-MHBapHaHTHBIMH, KakK 3T0 OyneT
TI0Ka3aHOo B pasfiesie 4, eclu MaTpHLbl S4p UMEIOT BUL

s o
Sap=| "AB , 3.26
(5 8) o

Tle MaTpHIbI 5541; H Sf)g peasii3yioT HempHUBOAUMbIE MpencTaBieHust D(fig, fi1, [i2)
u D(po, p1, —p2) anrebpol SO(2,4). B atom ciyuae Ha peinenusix ypasaenus (3.18)
peasusyercsi npeicTaB/IeHHe

DT (365,7) @ D™ (56;,7,8) © D (56;7,8) © DT (355, 7). (3.27)

Ananus ypasuenu#t (2.10) nnsi mpousBosibHOE rpymmel P(1,n) MOXKeT ObITh MPOBe-
I€H TOUHO TakK e, Kak W ans rpynn P(1,3) u P(1,4), T.e. MOXKHO 0Ka3aTh, UTO ecAu
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mampuubt Sap peaiusyrom nenpusodumoe npedcmasienue areebpor SO(2,n), 3ada-
saemoe uucramu (g, 1, - - -, ), U d = po, MO HA MHONCECMBE peuleHUL YPABHEHUL
(2.10) pearusyemcs npedcmasiernue

DY (e, ) ® D™ (e, ooy pu—1 ) npu n=2l+1; (3.28)
uiu
D+(%;:u17"'a,ul—1a,ul)@Di(%;,ula"'a,ul—h_,ul) npu n = 2l. (329)

Mpb! He MpUBOAMM 3[eCb [0Ka3aTeJbCTBA 3TOI0 YTBEPKAEHHS JHIIb MOTOMY, YTO
(hopMyJIBl /151 ONEepaToOpoOB S4p CJMIIKOM TPOMO3IKH.

B sakstoueHue 3TOro pasjesa ciesaeM HECKOJBbKO 3aMeuaHuil 00 ypaBHeHMSX, Ha
pelLleHHUsIX KOTOPHIX peajusyercs mnpeactasienue kjaacca Il rpynmer P(1,n). Ecau B
ypaBHenusx (2.10) npoBecTu 3aMeHY > — i3, TO TaKhe yPABHEHHUsI OCTAIOTCS HHBapH-
AHTHBIMH OTHOCHTEJbHO rpynnsl P(1,n), npuyem

P, P"V(t,x) = -3 V(t, ). (3.30)

Onepatopel S4p, Kak ¥ paHblle, peasn3yl0oT HEKOTOPOe KOHEUYHOMepHOe WJH Oe-
CKOHEYHOMepHOe MpeacTaB/eHre anre6psl SO(2,n) (B 3aBUCMMOCTH OT BblGopa mnapa-
merpa d). Beousi B M 6asuc -1, Mbl MOXeM CHOBa ONpENEJUTb ONMEPATOPBl Sap
popmynamu -1, kak u B ciydae knacca [ (cooTBercTBHe MeXXAy oOIepaTopaMu X;;
U Sap yno6HO BEIOpaTb HECKOJbKO HHbIM). OnHAKO Temepb B 3aBUCHMMOCTH OT BhIGOpa
napametpa d omnepaTtopel Sap OyAyT onpenesneHbl B TOH MaM HHOU o6saactu [paea.
MorkHo Tak BbIOpaTh MapameTp d W NpeAcTaBjeHHe IJs MaTpHull S4p, YTO ypaBHeHHS
(2.10) (e3¢ — isx) cyxator nmpoctpaHcTBo L{VU,(t,2)} K ABYM MOANPOCTPAHCTBAM, B
KOTOPBIX Peasu3ylTCs HelPUBOAUMbIE YHHUTApHbIEe TpenctaBieHus kjaacca III rpynmbl
P(1,n). HeranbHbi#l aHanu3 ypaBHeHuil (2.10) ons storo Kjacca Gyner NMpoBeieH B
JIpyrofl padore.

4. P-, T-, C-cBoiictBa ypaBuenunu (2.10)
B stom pasnene usyuum cBoiicTBa ypaBHeHHH (2.10) 0THOCHTENBHO IPOCTPAHCTBEH-

. 1 .
HO-BPEMEHHBIX OTpakeHHH. Uepes P,E ) 0603HaunM OrepaTop MNpOCTPaHCTBEHHOH WH-
BEPCHHU T-# KOMIIOHEHTHl BEKTOpA &, OINpelessieMblil COOTHOLIEHUIMU

P,gl)\lf(t,ml, ey Ty ey Ty) = r,(cl)\ll(t:m, N T o (4.1

{Plgl)apu}_ = [Plgl)vJuu}_ =0, (v # k),
p _ [pw _ PO L1 *2
(] = [ ] =0 (AY)

1 . .
Kpowme omnepatopa P,E ), MOXKHO BBECTH APYTOH onepatop NPOCTPAHCTBEHHOHW MHBEPCUU

2 o
PIE ), onpeneJsisieMbld COOTHOIIEHUAMHA

P,iQ)\P(t,xl,...,xk,...,:z:n) :T,(CQ)\I/*(t,xl,...,fzk,...,xn), (4.3)
[PI?)’IJM}JF: [PIEZ)N]AW}+:07 (u,l/%k),

P = (PP Jiu| =0 PO) w1, -y
P =[P a] =0 (R7)
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[Tpu uHBepcuu Bpemenu (¢t — —t) BosHOBasi ¢yHKuUs W(t, ) TakxKe MOXKET Mpe-
06pa30BbIBATHCS BYMS] HEIKBHUBAJIEHTHBIMH CIIOCOGAMH:

TOWU(t, x) = r{VU(—t, @), (4.5)
[T(1)7p0}+ = [T(l)v JOk]+ =0, (4 6)
[T, ] = [T0,Ju] =0, (TO)* ~14 |
)51
TOU(t,x) = rP U (—t,z), (4.7)
[T(2)7p0} _ = I:T(Z)a Jok} _ = 0,
(4.8)

1™, pi), = [T, 0], =0, (T?)"~1L.

Oneparop 3apsimoBoro conpsikeHusi C' 3KBHBAJIEHTEH MPOU3BENEHHUIO ONEPATOPOB
P,El)P,EZ) win THT?) Yepes R 6ynem 0603HauaTh J11060# U3 0repaTopos P,gl), PISQ),
T 7)),

YpaBHenus (2.10) 6ynyT R-WHBapUaHTHBI, €CJH CYLIECTBYIOT TaKHe MaTPHLbI r,gl),
r,(f), rél), r((f), yTo cooTHoweHus (4.2), (4.4), (4.6) u (4.8) ynoBJIeTBOPSIOTCS, €CIU B
HUX CleJiaThb 3aMeHy

Py — P = Suwp” + 1268, nt1) - (4.9

!
1. Paccmorpum cBoiictBa ypaBHeHuidl (2.10) OTHOCHTEJBHO P,El)-npeo6pasosaHHﬂ.

CoorHotuenusi (4.2) npu 3amere (4.9) 6yayT yIOBJIETBOPSITbCS, €CH CYLIECTBYET TaKasi

1
MaTpuLa T‘](C ), 4yTo

Y Suna| =0 aER, [ S =0 (4.10)

Beuny toro, uro P-, T-, C-cBoiicTBa ypaBHeHH# (2.10) 3aBUCAT OT TOTO, YETHOE HJIH
HeYyeTHOe YHCJO 1, TO Mbl Jajee OTHEJbHO paccMaTpuBaeM caydau rpynm P(l,n =
204 1) u P(1,n =21).

Jlast Toro 4uto6bl HAUTH MaTpULy r,(cl), YIOBJIETBOPSIIOILYI0 cooTHoweHUsAM (4.10),
BBeJIeM CJIeJlYIOILYI0 CHCTeMY MaTpHL p, = (po, pk):

po = AeimSon+1 A= e imHo, pr = Ae™k 1 (K =1,2,...,n), (4.11)
rjie MaTpHibl Sap, KaK U paHblile, TeHEPATOPHl HEMPUBOAUMOTO PEACTABJIEH S TPYIIIbL
SO(2,n).

Hcnosb3ys U3BeCTHYHO (GOpMysy

oo

_ 1
e PKeP =" —[B, K], (4.12)
n=0
rae [B, K], = [B,[B, K|n-1]-, |B, K]o = K, M0XHO 10Ka3aTb CJeAyIOLIHe CBOHCTBA

MaTPULL Py

[P/u S;Ln+1]— = [P;u Sap]— =0 (va # .u’)a (4.13)
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s Sopls =0 (0=p wm p=p), (4.14)
Pus Sont1]l+ =0 (0 # p), (4.15)
[Pus pul+ =0 (07151 momyLesbIX i), (4.16)
[Pus pu]— =0 (o715t UesBIX fig), (4.17)
pi =1, p;l = pp- (4.18)

1 )
Marpuua 7"1(@) co cpotictBamu (4.10) mMoxkeT ObITH NOCTPOEHA M3 MAaTpPHL, p,, TAKUM

CII0co0oM:
7“;(@1) = PoP1 - Pk—1Pk+1 -+ Pn- (4.19)

2 2
) 1 1

KBanpat aToif MaTpuiisl (r,g) =1 (unu —1). D10 03HaAUaeT, YTO OMEPATOP (P,E ))
5KBHBaJIeHTeH (C TOYHOCTBIO [0 3HAKA) €AHHHYHOMY OIepaTopy.

Wrak, MBI NpUIIIKM K 3aKJOUeHHI0, 4yTo ypaBHeHHe (2.10), MHBapHaHTHOe OTHO-

1

cutenbHo rpymnsl P(l,n = 21 + 1), P,g )-I/IHBapI/IaHTHO. OuesnpHo, urto (2.10) Gymer
TaK»Ke WHBAPUAHTHO OTHOCHTENBHO IpeoOpasoBaHusi  — —x. Omneparop HHBEPCHH

1J151 TaKOro 1peoOpa3oBaHUsl HMeeT BUIL

1
PO =TI B".
k=1

B nasnbHeiiiem Mbl OymeM HM3ydaTh CBOHCTBA MHBapHaHTHOCTH ypaBHeHui (2.10)
OTHOCHTeJIbHO omepartopa Py ’, nockosbKy onepatop P, ’, (k # n) MoxeT ObTb mpej
1 ,
CTaBJIeH KaK MPOU3BEIeHHE ONepaTopoB PM u ei™rn | OrHocurenbHO MOCAEIHETO OMe-
patopa ypaBHeHus (2.10), oueBHIHO, HHBAPUAHTHBI.
Paccmotpum Teneps caydai rpynnsl P(1,n = 21). das 3Toro ciaydasi crpaBeIiuBo
crefyolee
Yreepxpaenune 3. Ypasnenus (2.10), unsapuarmnoie omuocumenrvno P(1,n = 2l), ne
1
UHBAPUAHMHbL OMHOCUMELLHO Onepamopa pY.
Jlnsi moKasaTesbCTBA 3TOrO YTBEPXKAEHHS NOCTATOUHO MOKA3aTb, YTO MATPHULLBI
/ (M @)~ )~
SAB:Pn SAB (Pn ) =T, SAB (T‘n ) (420)

peanusyioT mnpeactasienue anrebpel SO(2,n), KOTOPOE HEIKBUBAJIEHTHO MpeICTaBJe-
!

o SO(2,n), 3anaBaemoe Matpuuamu Sap. Marpuusl S’ 5 ¢ y4eTOM COOTHOLIEHUS

(4.20) moryT ObITb BEIpaXKEHBI Uepe3 MaTpPULBl S4p Tak:

S'yn = San, Sip=5Sap (A B,#n). (4.21)

Ecnu npencrasienne SO(2,n = 21), nopokaaemoe mMatpuuamu Sap, 3afaeTcs 4u-
cnamu (g, b1y - - - f—1, f41), TO TpenctaBaenue SO(2,n = 2l), mopoxpaeMoe MaTpu-
uamu S g, 3a0aeTcs YuCaAaMu (o, fi1, - - - fhi—1, —f1). DTO BAKT CIENyeT U3 CTPYKTY-
pbl MaTpHUbl Sy, ,11. HdeficTBUTeNbHO, B 6asuce I'-1] ee MOXKHO NMpencTaBUTb B BHUJE

(cm. [5])
Spnir = +(B— B') + D, (4.22)
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rie B, B’ — TpeyrosbHble MAaTPHLbl C HYJISMH [0 IJIaBHOH nuaroHaju, D — mpuaro-
HasnbHast Mmarpuua. 3ameHa D — —D B (4.22) Bieder 3a cob60i 3aMeHy [y — —[y
(cnpaBemsuiBo u obpatHoe yTBepxkieHue). [lockosnbky npencrasaenus SO(2,n), 3ana-
BaeMble YnucaaMu (o, ..., i) U (fo, - -« fii—1, —f41), He SKBUBAJEHTHBI, TO 3TUM CaMbIM
U [0Ka3aHO yTBepxXKIeHHe 3.

Takum oGpasom, ypaBHenus (2.10) B cayuae rpynmsl P(1,n = 21) P7(Ll)-HeI/IHBapI/I-
aHTHbl. OueBUIHO, YTO ypaBHeHHs (2.10) GyayT HHBApHAHTHBI OTHOCHTEJNBHO ONlepaTopa
PV ecau MaTpulbl S4p SBASIOTCS TeHepaTOpPaMy MPUBOAMMOTO NPEACTABJIECHUS TPYI-
nel SO(2,n) Buaa

D(:an M1y a,ul—lhu'l) D D(:an M1y ey Hi—1, —,Ul) (423)

B atom ciyyae Ha peleHusix ypaBHeHu#d (2.10) peanusyercs cienyrolias npsMasi CyM-
Ma

D* (e purs ooy ) ® D™ (565 s -y —pu)®

(4.24)
SD™ (e pay - ) DT (e s — )

HEMPUBOAUMBIX TpeAcTaBiaeHud rpynnel P(1,n = 21).

Marpuynas yacTb omeparopa piV (marpuna r,(ll)) B ciaydae n = 2] He MOXeT
ObITb BbIpaXKeHa uepe3 MaTpullbl S4p, MOCKOJbKY Takas MaTpula HO/XKHA MepeBe-
CTH BEKTOpP W3 MPOCTPAHCTBA, TAe 3afaHo mnpexactaBieHue D(ug,...,[4) B BEKTOP,
NPUHAJIEKAIMH TPOCTPAHCTBY, Il peanusyercs npencrasiaedue D(pg, ..., —p;). Ta-
KyI0 MaTpHLy MOXKHO HaHTH Cpeid MaTpHL, MOPOXKAAIIIKX MpeICcTaBleHHe TPYIIIb!
SO(2,n+ 1) D SO(2,n). dto yTBepKIEHHE OUEBUAHO, MOCKOJbKY BCErna HaWmeTcs
Takoe mnpencraBaenue rpynnsl SO(2,n + 1), KOTOpoe pacK/aIbBaeTCs B NPSIMYIO CyM-
My, comepakaliyio npeacrasienue (4.23) rpynnsl SO(2,n).

2. [lepeiinem Temepb K H3y4yeHHIO CBOHCTB ypaBHeHHH (2.10) oTHOCHTEJBbHO Omepa-
it T, P,gZ), T(2). CpoiicTBa 3THX ypaBHEHHH oTHocHTesbHO omepartopa T(1) jerko
YCTaHABJIUBAIOTCS, €CJIM 3aMeTHTh, UTO ypaBHeHHs (2.10) MHBapHaHTHBEI OTHOCHTENBHO
T P -onepawnn. s 5T0ro sameuanus ciefyer, uto

a) B caydae n = 21 + 1 ypasuenus (2.10) T")-uuBapuantHel, ecin S,p — resepa-

TOPBI HEMPUBOAUMOTrO mpeacTasienus rpynmsl SO(2,n). Marpuua r(()l) UMeeT BUJ

RO ) P (4.25)
k=1

6) B ciyuae n = 21 ypaHenus (2.10) 7)) -yunpapuanTHbI, ecin Syp — reHepaTophbl
npsimoit cymmbl (4.23) mpeacrasaenuit rpynnet SO(2,n).

3. CaoiicTBa ypasHenuii (2.10) otHocuTesbHO oneparopa T2 MOryT GBITH H3ydeHbI
TOYHO TaK K€, KaK M CBOMCTBA UX OTHOCHUTEJBHO ONepaTopoB P,gl) u T Tpu stom
CJIelyeT TOJbKO Yy4ecTb, YTO BCETIA MOXKHO BEIOPATh MaTPHLIbL

Son+1s Stntls S3ng1, - (4.26)
ﬂef/lICTBHTeJH)HbIMH, a ManI/IHbI
Son+1,  San+1, Sen+1, .- (4.27)

YUCTO MHHUMBIMH.
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Uro6el ypasuenus (2.10) 6bim T(2)-yunpapuanTHb, MaTpHua 7'(()2) JIOJIXKHA YIOBJIE-

TBOPATb COOTHOLUIEHUAM

[réz), Sﬁw} —0  (8=2,46,...), (4.28)

[T(()z)v SO?L+1] =0,

{7‘(()2),Sun+1}+=0 (=1,3,5,...).

[TpoBensi aHanu3 cootHouleHuit (4.28), MPUXOOUM K CJIEAYIOLUIEMY pPe3yabTaTy: ecAu
mampuupbl Sap pearusyrom Henpusodumoe npedcmasierue arzebpol SO(2,m), mo
ypasrenus (2.10) T®-unsapuanmnol sa uckarouenuem cayuas epynno. P(l,n =

4l + 2); mampuya r(()z) umeem uo

r((f) = H Por oast epynnot P(1,n = 4l + 3);

1"62) = po H Pg ons epynnot P(1,n =41+ 1); (4.29)
B

r((f) = H Pa ons epynnot  P(1,n = 4l).

B cayuae rpynnsl P(1,n = 41 + 2) ypaBHenus (2.10) WHBapHaHTHBI OTHOCHUTENBHO
1 .
omeparopa Plg )T, 310 03HauAET, UTO CBOHCTBA STHX ypaBHEHHU OTHOCHTEJIBHO Ofle-

paTopoB P,gl) u T?) cosnanaior, T.e. ypapHenus (2.10) MHBapHAHTHBI OTHOCHTEJLHO
T, ecnn matpulisl Sop — reHepaTophl mpeacTasienus (4.23).

) , 2
CaoictBa ypaBHeHUH (2.10) OTHOCHTENBHO OMEPATOPOB P,g ) 1 C nerko yCTaHaBJIH-
BaIOTCS, TOCKOJIbKY

PO pOTOI ) (4.30)

C ~TMTA), (4.31)

B rtabnuue (roe “Het” 03HauaeT OTCYTCTBHe R-WHBapHaHTHOCTH ypaBHeHHH (2.10),
“na” osHadaer, uto ypaBHeHus (2.10) R-WHBapHaHTHbI) CBeIEeHBl BCe CBOHUCTBA ypaBHe-
uuil (2.10) otHOCcuTenbHO omepatopos P, T', C.

B tom yactHOM cayvae, Korna ypaBHeHusi (2.10) cBomsTcs K ypaBHeHHIo [lupaxa,
[puBeleHHble B TaOJHLEe Pe3yJbTaThl COBMAAT C Pe3yJbTaTaMH, YCTAHOBJIEHHBIMU
OIHUM U3 aBTOPOB [6] n/is ypaBHeHHs JlMpaka, HHBAPHAHTHOrO OTHOCHTEJIbHO T'PYIIIBL
P(1,n). Cnenyer orMeTuTh, uto R-cBoiictBa ypaBHenud (2.10), korma s = 0, MoryT
ObITb M3YyYeHbl TaK Ke, Kak ¥ B caydae » # 0. Mbl 31ech He MPUBOIUM aHAJH3 ITOTO
cay4asi, CKaskeM TOJIBKO, 4To R-CBOHCTBA TAKOrO ypaBHEHHS COBNAJAIOT CO CBOHCTBAMHU
ypaBuenu#l dupaka mist » = 0 [6].
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n =2l n=2+1

Onepauun SKZHHI:)J;?:HHHQ l=2r|l=2r+1|1l=2r |l=2r+1
P,gl) CP,EZ) HeT HeT na na
P,§2) P,EI)O na HeT na na
71 HeT HeT na na
7 TOC Ia HeT Ia na
C TOT@ ~ pPOPE | yer na na na
T(I)Plil) T(Z)P,£2) Ia Ia z1a na
7@ pH TpHe HeT na na na
CP,ED P,gQ) na HeT na na
cTW 73 Ia HeT na na
cT® 7 HeT HeT 1a na
C’T(l)P,El) T(I)P,EZ) ~ T(Q)P,El) HeT na na na
cT@pM | TP ~T@ PP | pa na na na

dyuy B.M., TM®, 1970, 4, 360; Preprint ITF-70-4, Kiev, 1970.
Novozhilov Yu.M., Terentjev L.A., J. Math. Phys., 1968, 9, 1517.
Crenanosckuit 10.I1., ¥kp. pus. ., 1964, 9, 1165.

Bakri M.M., J. Math. Phys., 1969, 10, 289.

lenbdang U.M., LUeraun M.JL., JAH CCCP, 1960, 71, 1017.
Fushchych W.I., Preprint ITF-69-17, Kiev, 1969.
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On the three types of relativistic equations
for particles with nonzero mass
W.I. FUSHCHYCH

In previous papers [1, 2] we have shown that there exist three types of the relativistic
equations for the massless particles. Here we show that for the free particles and
antiparticles with the mass m > 0 and the arbitrary spin s > 3 there also exist three
types of nonequivalent equations.

For the sake of brevity we shall only dwell upon the equations of motion for the
particles with spin s = % From the text it would be clear that all results of the paper
can be formulated for arbitrary spin. Let us consider the eight-component equation of

the Dirac type [3]
(Tppt —Tym) (¢, ) =0, nw=0,1,2,3,
) ) (1)
=i a:_. ’ :172737
Do Z@t’ D Zaxa a

where the 8 x 8 matrices T',, T'y, I's, T's obey the Clifford algebra; ¥ is a eight-
component wave function.
On the solutions of eq. (1) the generators of the Poincaré group P; 3 have the form

Ph=H= F()Fapa, +Tol'ym = _QZSOkpkv pPs=m, k= 1, 273747
Py = pa, Jab = TaDb — ToPa + Sabs (2)

1 )
JOa = XoPa — E(xOH + Hxa)v S,uu = i(]-—‘,u]-—‘u - Fl/]-—‘,u.)'
Using the generators (2) it can be shown that on the set of solutions eq. (1) a direct
sum of four irreducible representations of the group P; 3:

1
27
is realized. Here D‘,,0 and D0 , denote the irreducible representations of the group
Py 3. The symbols Dg o and DO s denote the irreducible representations of the group
O,. Elsewhere [3] we have shown that eq. (1) was invariant under the group Og, and
a usual Dirac equation was invariant under the group Oj.

From (3) it follows that we can obtain three types of nonequivalent four-component
equations from eq. (1). It is evident that these three types of equations are equivalent
to one eq. (1) with three subsidiary conditions. These relativistic invariant subsidiary
condition have the form

DIO ® Dy, ® Dofs ® D, 5= (3)

1
Pr¥=0 or Pf¥=0, Pf= (1%£2Sx), S :%F <Ts, (4)
_ N 1 M

Py =0 or PU¥=0, P = (1i2€S55) =2 )

Lettere al Nuovo Cimento, 1972, 4, Ne 9, P. 344-346.



264 W.I. Fushchych

1
P;U=0 or Pfo=0, P;:§(1i5)7 E = \/p2 +m?2. (6)

As the projective operators PF commute with the generators (2), it means that
subsidiary conditions (4), (6) are invariant under the Poincaré group. The conditions
(5), (6) are nonlocal in configuration space since ¢ is the integrodifferential operator.

The eq. (1) together with the subsiduary condition (4) is equivalent to the usual
Dirac equation. In this case the wave function is transformed under the representation

Diy&D;, if PP¥=0 or D;y&Dj, if Pf¥=0. (7)

Equation (1) together with (4) is equivalent to the four-component equation which
coincide on the form with the Dirac equation, however, the wave function in this
equation is transformed under the representation

DfyeD;, if P,¥=0 o Dy ,®Df, il Pf¥=0. (8)
It is clear that the representations (8) are not equivalent to (7).

Equation (1) with subsidiary condition (6) is equivalent to the four-component
equation of the form

T (¢
287(’“") - E\I/(4)(t,a:), (9)
ot
where the wave function ¥4 is transformed under the representation
DfyeDf, il P;U=0 o D@Dy, il Pfu=0. (10)

It should be emphasized that only in the last equation of motion the Hamiltonian
is the positive operator. If we compare the particle with the representation D:O and
the antiparticle with the representation Dafs, then the eq. (9) describes free motion of
a particle and antiparticle with positive energy. In this case the operator of a charge
has the form @Q = &. Equation (1) with subsidiary conditions (4)-(6) can be written
in the form

(Cpp" —Tym + %GPJ)P(;\IJ(t,m) =0, (11)

where ¢, are the arbitrary constant numbers. For eq. (11) the conditions (4)-(6) are
automatically satisfied.

Equation (1) with the subsidiary conditions (4), (5), (6) (or three egs. (11)) has
different P-, T-, C-properties. These properties can be read easily from the following
coupling scheme or irreducible representations of the Poincaré group

D*(s,0) <& D+(0,s)
™ ] C clrr
D~(s,0) <& D=(0,s)
TP is the Pauli < time-reversal operator. These questions will be considered in more

detail in another paper.

1. Fushchych W.1., Nucl. Phys. B, 1970, 21, 321; Theor. Math. Phys., 1971, 9, 91 (in Russian).

2. Fushchych W.I., Grishchenko A.L., Lett. Nuovo Cimento, 1970, 4, 927; Preprint ITF-70-88E, Kiev,
1970.

3. Fushchych W.I., Theor. Math. Phys., 1971, 7, 3; Preprint ITF-70-32, Kiev, 1970.
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P, T, C properties of the Poincaré invariant
equations for massive particles

W.I. FUSHCHYCH

Recently [1] we have shown that for free particles and antiparticles with mass
m > 0 and arbitrary spin s > 0, in the framework of the Poincaré group P(1,3), there
exist three types of nonequivalent equations. In the present paper we study the P, T,
C properties of these equations.

It will be convinient to investigate these properties in the canonical representation
where the Hamiltonian is diagonal (as matrix) and other operators (position operator
and spin operator) have adequate physical interpretation. For the transformation to
this representation let us make unitary transformation [2]

1 7w DoH® 1 ToH®)
= — = — e 1
u (p,s 2) exp {4 i NG + i) , ()

H(S) = F()kak7 Pa=m, k= 17 27 374a

over the eight-component equation of the Dirac type

(8)
2VTE) g6 (1 ). @)
ot
Equation (2) after the transformation (1) transfers into
Z,6<I>(8) (t,x)
ot

In the canonical representation the generators of the P(1,3) group have the form [2]

= H DB (t, ), HE =TE, B = yu®, (3)

P():HCZF()E, Pa:paifia

=1,2,3
ama7 a 9 9 9
Jab = May + Sap, Moy = xapp — ToPa, (4)
1 S, S
JO(L = ZoPa — _[xaaHC]—Q— - F()Mv To = t7

2 E
where S,, Sos matrices are generators of the SOy ~ SUs; ® SUs group. On the
solutions {®®)} of eq.(2) thhese matrices have form

S =S8 = i(rkrl D), Kk l=1,2,3,4.

The representation for the generators P(1,3) in the form (4) differs from the Foldy-
Shirokov [3, 4] representation. In the form (4) it is explicity distinguished the fact that
in the space where a representation of the P(1,3) group is given, also a representation

Lettere al Nuovo Cimento, 1973, 6, Ne 4, P. 133-137.
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of SO4 ~ SU;® SUs, is realized. This follows, in particular, from the fact [H°, Si]- =
0, i.e. it means that the matrices

1/1 1/1
Sa = 5 <§5abcsbc + S4a> ) Ta = 5 <§5abcsbc - S4a> 5

commute with the Hamiltonian". In other words this means that the space, where the
representation of P(1,3) group is realized, must be characterized (besides the mass
m and the sign of the energy) by pair of indices s and 7
S2p = s(s+1)®, T2® = 7(1 + 1)@, s,r:%,l,g,....

we shall denote by D*(s,0) and D*(0,7) the irreducible representation of P(1,3)
group. For futher understanding it should be noted that the irreducible representations
D(s,0) and D(s,0) of SO4 group are indistinguishable with respect to the matrices
Sap from the SOs algebra.

From the canonical eight-component equation (3) we can obtain the following
three types of nonequivalent four-component equations

,M = Ho®o(t,z), a=1,2,3, (5)
ot
Hi =Hs =enkE, Hs =¢eF, e = =1, (6)

where v, is the hermitian and diagonal 4 x 4 matrix™". Under a transformation of
the P(1,3) group the four-component wave functions ®;, ®5, ®3 transform on the
representations (for the sake of brevity we consider only case ¢ = +1)

1
D+(57O)€BD7(O’T)7 5:7—257 (7)
1
D™ (s,0)@® D™ (s,0), §=35, T =0, (8)
1
D*(s,0) ® DT(0,7), s=T=3. 9)
On the manifolds {®1}, {®2}, {®3} the generators P,, J,3 have the forms
Po(l) = Hi, P(EI) = Da; Jéi) :Mab+Sab7
1 SabPb + Saam (10)
I = 2opa — 5lwa, Hal4 — 9o 222 24,
2 E
P =My, PP =p,  J5) = May+ S
Sabpb + %Eabcsbcm' (11)

1
i) = zopa — §[$aaH2]+ — 0 I ;
“In fact, eq.(2) or (3) is invariant with respect to SOg D SO4 group [2]. A relativistic equation of
motion for particle with spin g is invariant also with respect to the SOg group.
““The fact that the 71 and Hz have identical forms in two egs.(5) must not lead into confusion since the
equation of motion is defined completly if only we determine both the Hamiltonian and the representation
of P(1,3) group.
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P(gg) = HB = Ea P{gg) = Pa; '](5,2) = Mab + Sab’

1 SapPb + Saamn H (12)
J(g(?’z) = ZoPa — i[l‘a,E]_;,_ - abprazl = ToDo — T + SOaEy

where

)
H = Y0VkPk> S;w = Z(’Y}/YV - 'YV’Yu)v p=0,1,2,3,4.

It should be noted that only in the last representation (12) the Hamiltonian Hs = E
is the positive-definite operator. If we add to the algebra (12) an operator of the
change @ = ~p, then such algebra (in the quantum mechanics framework) has the
same properties as the corresponding Poincaré algebra, obtained by the procedure of
the Dirac equation quantization.

It is well known [3] that there exist two nonequivalent definitions of the space-
reflection operator P:

2
POt @, m) = r ®(t, —x,m), (P(1)> ~1, (13)
2
POB(t, @, m) = ro®* (¢, —a, m), (P<2>) ~1, (14)
PU R =0=[PV, Jy)-,  [PY, Py =0=[PY, Jol4, (15)
(PP, Rl =0=[P®, July, [P, P =0=[P?, Jo,)_. (16)

Also there exist two nonequivalent definitions of the time-reflection T

2
TOG(t, z,m) = t,®(—t, ,m), (T<1>) ~1, (17)
2
T (t, z,m) = to2®*(—t, 2, m), (T(2)> ~1, (18)
TW Rl =0=[TW, Jo)y, [TW,R]-=0=[TW, Jy)-, (19)
[T® Py)_ =0=[TP Jo]_, [T® Py =0=[T%, Ju:. (20)

Besides these conditions usually imposed on the discrete operators P and 1" we
shall require also the subsidiary conditions

[Xaap(l)]+ =0= [P(Q)aXa]+7 (21)
T X, )-=0=[T? X,]_ (22)

to be satisfied where X, is a position operator. The conditions (21) and (22) guarantee
that quantities ry, 7o, t1, to are the matrices which do not depend on the momentum.
If the conditions (21), (22) are not imposed, then the operators P and T may be
nonlocal (in this case the quantities depend on the momentum).

In addition to the discrete operators P and 7' we shall introduce some more discrete
operators:

M®(t,x,m) = 1, ®(t,x, —m), M?~1, (23)
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M®(t,x,m) = m;®(—t, z, —m), M? ~1, (24)
M,®(t,x,m) = m,®(t, —x,—m), M2 ~1, (25)
[M,P,)-=0=[M,J,]-, pv=01,23, (26)
[My, Poly = 0= [My, Joa]+,  [My, Pa]= = 0= [My, Jap] -, (27)
(M, Pl - = 0 = [My, Jap] -, [Ma, Paly = 0 = [Mz, Joal+, (28)

where r,,, m;, m, are the 4 x 4 matrices.

There is no need to define specially the operator of the charge conjugation C since
it is equal to the operator T(X) . T() (or P . P()),

If we use the explicit forms (10)-(28) for the generators P, and J,g and carrying
out the analysis of the conditions (13)-(28) we come to the following results:

1) Equation (5) for the function ®; (taking into consideration the representa-
tion (10)) is C, M,, M,, PMT® invariant, but PV, P@ 7@ M noni-
nvariant;

2) Equation (5) for the function ®, (taking into consideration the representa-
tion (11)) is P®, 7MW M, PMT® invariant, but PM, 7R C, M, M,
noninvariant”;

3) Equation (5) for the function ®; (taking into consideration the representa-
tion (12)) is P, T® M, M,, PMWT® invariant, but 7W, ¢, P?, M,
noninvariant.

These assertions may be proved also starting from eight-component equation (2)
(or (3)) in which constraints have been imposed on the wave function [1]. To establish
this it is necessary to analyse the commutation relations between the discrete opera-
tors and the projections P, Pif, Pi.

Note 1. It can be easily checked that

pPYs, =1,PD), MS,=T,M, TWS,=8,7M. (29)

The transformation connecting the cannonical representations (10)—(12) and the Fol-
dy-Shirokov representation has the form

m+ E + Y4YaPa
(2E(E +m)}V/?’

Up = (30)

Note 2. If we put m = 0 in the reducible representation (4), then it reduces into the
following direct sum of the irreducible representation of the P(1,3) algebra

1 1 1 1
+ ( = — - - = + -
D <2,O>@D (O,2>®D (2,0)@D (0,2>H
1 1 1 1
Dt (= Dt -= D (0.2 )eD (0, —-= 1
— (2,0>@ (2,())@ (0,2)@ (0, 2)@ (31)
1 1 1 1
D= D (-2 Dt (0,2 )eD" (0, —=
® (2,0)@ ( 2,0)@ (0,2>@ (0, 2>,

“In the coupling scheme, brought in ref. [1], the correction Dt (s, 0) & D~(0, s) should be done.
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where members 1 and —3 are the eigenvalues of the operators S,p,/E and T,p./E.
These operators commute with the generators P,, J,3 when m = 0. From (31) follows
that there exist 28 types of mathematical nonequivalent two-component equations for

massless particles.
Note 3. In order that Poincaré-invariant equation m # 0 was totally P, T, C invariant

it is necessary and sufficient that the wave function was transformed on the following
direct sum of representation of P(1,3)

DY (s,7)® D (s,7) ® DV (7,8) ® D™ (1,5), it 7#s, (32)
DT (s,7)@® D™ (s,7), it 7=s. (33)

The representation DT (s, 7) is in general reducible with respect to the P(1, 3) algebra,
therefore the wave function describes a multiplet of particles with variable-spin, but
fixed mass. The spin of the multiplet can take the values from (s —7) to (s + 7). The
equations of motion describing a physical system with variable-mass and variable-spin
were considered in ref. [5].

Fushchych W.1., Lett. Nuovo Cimento, 1972, 4, 344.

Fushchych W.1., Theor. Math. Phys., 1971, 7, 3; Preprint ITF-70-32, Kyiv, 1970.
Foldy L.L., Phys. Rev., 1956, 102, 568.

Shirokov Yu.M., Zurn. Eksp. Teor. Fiz., 1957, 33, 1196.

Fushchych W.1., Theor. Math. Phys., 1970, 4, 360; Preprint ITF-70-4, Kyiv, 1970;
Fushchych W.1., Krivsky 1.Yu., Nucl. Phys. B, 1969, 14, 573.
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On the possible types of equations
for zero-mass particles
W.I. FUSHCHYCH, A.G. NIKITIN

A number of papers dedicated to the description of free particles and antiparticles
with zero mass and spin 3 has recently appeared [1-6].

A great many equations with different C, P, T properties have been proposed
and the impression could be formed that there are many nonequivalent theories for
zero-mass particles. The purpose or this paper is to show that it is not the case and
to describe all nonequivalent equations.

1. First we shall formulate the result [1] obtained for a particle of spin % in such a
form that all principal assertions will be valid for massless particles of arbitraly spin.
It has been shown [1] that for a particle of spin % three types of nonequivalent two-
component Poincaré-invariant equations exist. These three of equations are equivalent
to the Dirac equation

P pwa), M= e a=123 m
with one out of three (actually, one out of six) subsidiary conditions imposed on a
wave function

_ 1 )
PO =0 o P U=0 Pf= S Ein),  u=—m0mnns @)

1
PfUw=0 or PyU=0, Pg—“:§(1imé), é:% (3)
1
PfU =0 or PyVU=0, P;E:E(lﬁ:é), E = \/p? + D3+ p3.(4)

Conditions (2)—(4) are Poincaré invariant since the projection operators P commute
with the generators of the Poincaré group P(1,3)

1
Joa = tpa — _(xaPO + POxa)a

Py =H = Y0YaPas P, =p,=—1 3

0xy’
)

4

(®)

Jap = TaPb — TpPa + Sab; Sap = (’Ya'Yb - ’Yb'Ya)-

It should be emphasized that only the operator P is local in co-ordinate space. If we
introduce the four-component (as a matter of fact, two-component) modes

Xa =PV, (6)
equations (1) with subsidiary conditions (2)-(4) can be written in the form
E
i = (ompy = a0 P XG (7)

Lettere al Nuovo Cimento, 1973, 7, Ne 11, P. 439-442.
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where ¢, are arbitrary constants. The wave functions yI satisfy conditions (2)-
(4) automatically. One of the equations (7), namely the equation for xi (or xi),
is equivalent, as is well known, to the two-component Weyl equation. Subsidiary
conditions (2)-(4) have been generalized in [7] to massless particles of arbitrary spin
starting from the 2(2s + 1)-component equation.

These results are almost evident from the group-theoretical point of view. Indeed,
on the set {¥} of solutions of the equation (1) the following direct sum of irreducible
representations of the group P(1,3) is realized:

DtA=1)@D A=-1)eD"(A=-1)a D (A=1), (8)

where D?(\) is the one-dimensional irreducible representation of the P(1,3) group
characterized by the eigenvalue ¢ = 41 of the sign energy operator & and by the
eigenvalue A = £1 of the helicity operator

A= 2J12P3+J23P1 + Jo1 P
E

Two-dimensional subspaces of representations

DY*A=1)@D (A=-1) or Dt(A=-1)@D " (A=1), (10)
DtA=1)@®D (A=1) o DfA=-1)aD (A=-1), (11)
DtA=1)@D*(A=-1) o D (A=1)@D (A=-1), (12)

are selected by subsidiary conditions (2)—(4) from {¥'} in a Poincaré-invariant manner.
The operators P, T, C (their definitions see e.g. in [8]) and A, & satisfy the
relations

(PO Ay = [PV & = [T? A = [T?,6_ = [C,Al- = [C,él, =0.  (13)
Taking into account (13) one obtains the relations

pOpE=piph  plpF =pfpl) TOPE=pIT®  j=12 (14
CPE=PFC, CPf=PfC, CPf=PfC. (15)

From (14), (16) it follows that

1) the system of equations (1), (2) is 7, P, C-invariant but P(M), C-noninva-
riant,

2) the system of equations (1), (3) is 7®, C-invariant but P")-noninvariant,
3) the system of equations (1), (4) is 7®, P(M-invariant but C-noninvariant.

To obtain these result we have used only the relations (13) which are valid for
massless particles of arbitrary spin. The above discussion is followed by tins conclusi-
on: if the particle (and antiparticle) of zero mass is characterized by helicity and
by the sign of energy only (without additional quantum numbers) three and only
three types of two-component Poincaré-invariant essentially different (in respect to
C, P, T propertis) equations exist. It is interesting to note that the hypothesis of
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Lee and Yang and Landau on CP-parity conservation is not valid for the equati-
ons (1), (3); (1), (4). Moreover the system of equations (1), (3) is CPMT®)- and
CPUOTM noninvariant.

Note 1. Equation (1) with subsidiary conditions

PSP U =0, ¢ =+, (16)
PSPSWU =0, (17)
is equivalent to three- and one-component equations
_ ’ ’ ’ 1 ’
(rYMp,u + %0P26P38 )QDEE = 07 @56 = 5(1 - PZEP?f )\Ilv H = Oa 1) 2737 (18)

(YuPu+ 51 Ps Py 4+ 5Py S P5 +353Py °P; <)% =0, ¢ = P5P5 W,(19)

respectively, where 3, are arbitary constants. It is not difficult to calculate that
there are fifteen equations (2)-(4), (16), (17) exhausting all possible nonequivalent
Poincaré-invariant subsidiary conditions which can be imposed on {¥}.

Note 2. If a zero-mass particle is characterized by two (but not by one) quantum num-
bers, there exist more than three types of nonequivalent two-component equations.
Theoretically such a possibility exists due to commutativity of Dirac’s Hamiltonian
for a particle of spin § with SOy ~ SUs @ SU, algebra. It means that besides the
mass two conserved quantum numbers s and 7 exist. For the zero-mass case the

eigenvalues of helicity-type operators

by S, T
1 P 1 P o (20)
Sa = 5 <§€achbc + S4a) ; Ta = 5 <§Eabc5bc - S4a)

are conserved. If the massless particle is characterized by cigenvalues of operators
(20), the number of theoretically possible equations increases. This follows from the
fact that the two-dimensional irreducible representation of the group P(1,3) for m # 0
is reduced in the case m = 0 to the following direct sum of one-dimensional irreducible
representations:

1 1 1
D*(0,=) — D* ~)eD*(0,—=
(0, 2) <o,+2) ® (0, 2) ,
1 1 1
+ [ = + - +[_ -
D (270>—>D <+2,0>€BD ( 2,0).

We shall not analyze all possible equations in this case (it is difficult to do this using
the results of paper [8]) because it is not clear from the physical point of view how
one can distinguish, say, the representations D* (0, —3) and D* (—3,0).

@1

2. Let us now show that four- and two-component equations obtained in [4, 5] are
isometrically equivalent to the Dirac equation (1) and to the Weyl equation.
Consider the four-component equation of the type [4]
0d(t, x)

ZT = H¢¢(t7x) = (gpa + M) O(t, ), Qg = YaYa, (22)
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where A is an operator satisfying the condition
aapaA = _Aaapay A2 = 0. (23)

Equation (22) can be obtained from (1) with the help of the isometric transformation

V=10, H — He = VIHV !, (24)
where
1 aupa -1 _ L agpa
Vi=l-o—5tA V=14 oA (25)

The Hamiltonian He is Hermitian in respect of the following scalar product:
(B, Dy) = /d3w ol (t, ) (V7 )V Dy (t, ). (26)

To draw the correct conclusion about the C, P, T propertios equation (22) it is
necessary to write the algebra (5) in the ®-representation. We shall not do this here.
We shall remark only that due to the invariance of equation (1) under PV, T2 ¢
transformations equation (22) is invariant with respect to the transformations

P =Pyt o =viovit T =Ty (27)
One can show in an analogous manner that the two-component equation of the

type [5]

Ox(t x)
o (Uapa + B)X(tv CB), (28)

Boup, = —0apaB,  B*=0,
can be obtained from the Weyl equation with the help of the operator

1oapa 1oapa
=1-—= B b=14+2
vz s o e

B. (29)
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On the additional invariance of the Dirac
and Maxwell equations

W.I. FUSHCHYCH

In this note we show that there exists a new set of operators {Q} (this set is different
from the operators which satisfy the Lie algebra of the Poincare group P 3) with
respect to which the Dirac and Maxwell equations are invariant. We shall give the
detailed proof of our assertions only for the Dirac equation, since for the Maxwell
equations all the assertions are proved analogously.

The Dirac equations [1]

0V (t, x)
ot

is invariant with respect to such a set of operators {@Q} which obey the condition

=HU(t, ), H="YPa+Y0Vam (1)

{z% - H,Q} U(t,x) =0, vV@Qe{Q} (2)

[t is well known that there are two sets of operators which satisfy the condition (2).
The first set has the form [2]

_ 9 _
~ Pél)zpozi—, chl):pa:_i ) a=1,23,
{Q1} = R ot 0z, (3)
J[(LIV) = TuPv *xup,u‘i’s;wv n,v=0,1,2,3,
where
) .
S,uy = Z("Y;L'Yu - ’YV'Y;L)a [l'uapu} = —9uv-
The second set has the form [3]
ﬁéQ) = H = Y0YaPa + YoYammn, ﬁc(b2) = Pa;
~ F(2) _ o —
{QQ} = Jab = Jab = TaPp _xbpa+sab7 a,b=1,2,3, (4)

~ 1
TP = xopa — 5 (@aH + Ha),

We shall prove the followimg assertion.
Theorem 1. The eq. (1) is invariant with respect to such two sets of operators
ﬁ(§3) = Po, ﬁég) = Pa; jéi) = jéi) = Jab7

Q) = 36 _ L e VO W (e (R [ 2 W ©)
0a — L0Pa — LaPo — 5 _W W—HQW DPo;

2
Lettere al Nuovo Cimento, 1974, 11, Ne 10, P. 508-512.
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- ﬁ(§4) =H, ﬁc54) = Pa, jé?;) = Jab = TaPb — TuPa + Sab,
@@=, (6)
Joa, = ToPa — —(xaH + Hz,),
where
~ i 'YOH) ( Ya YoHPa )
Ty = Xq + = 1-— - . (7)
2 ( VH2) \VH2 H2VH?

Proof. It may be shown by an immediate verification that the invariant condition
(2) is satisfied for the operators (5) and (6). However, a more easy and elegant way
is the following. Let us perform a unitary transformation [1] over eq. (1) and the
operators (5) and (6)

U—\}§<1+%). (8)

Under the transformation eq. (1) and the operators (5), (6) will have the form

OD(t
i e(aim) =HD(t, &), H =yE, ®=U¥, E=yp>+m? (9)
(3) UP(3)U 1 = po, P(s) _ UIS(ES)Uﬂ = Da,
o= I =viPu-t =1 I = 10
ab ab — Jab ToPa — TaPO,
{Qs} P —UHU™ = He =B, P =p,, (11)
4 ~ 11
Jé?)) = UJ(SJ;:)Ufl = Jabv Jéi) = ToPa — %(IQE —+ Egga)

Now it may be readily verified that the invariant condition (2) in the new represen-
tation

{z% —HE, Q} d(t,x) =0 (12)

is satisfied if the operators {@Q} have the form (10) and (11). This proves the theorem.

Remark 1. The operators (10), (11) (this means that also the operating (5), (6))
satisfy the relations

PO PO =0, [P D) =i (0P —9uP) . G=340 (19)
[Jc%)v J(gé)]— =1 (gch,fi) - gachff;) + gchéﬂ) - dejéi)) ,

o . (14)
[Jéf), Jé{))}i — i (Jg} _ Sab) L abe,d=1,2,3 j=34.

From (14) it follows that if the matrices Sy, are added to the operators (10), (11),
then the set of operators {P,Sj),S,SJ,),Sab} form the Lie algebra.
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Remark 2. From the above considerations it follows that the wave function ® in
passing from one inertial frame of reference to another which is moving with velocity
—V may be transformed by four nonequivalent ways

) (t, ) = exp [ug@ec} oW (t,x),  j=1,234,

, iy (15)
JP =UIPUr, tghe = V).

It is to be emphasized that by the transformation (15) the time does not change if

Jot € {Qa} or {Qa:
To = exp {iJég)Hc} T exp {—iJég)Hb} = exp [iJéz)Hc} To exp,, {—iJo(i)Hb} = o,
Tg = €Xp [iJéi)Hc} Tq €XP [—iJé;‘)Gb} .

Such transformations x,, are not equivalent to the conventional Lorentz transforma-

tions. If in these formulae Jéfl) € {Qs}, the z, and z( transform in the conventional
Lorentz way. We thus find that, if the energy of a free particle is defined as usually
E = /p? + m2, then this does not mean in general that the theory must be invariant
with respect to the Lorentz transformations.

Theorem 2. The Hamiltonian H in eq. (I) commutes with the operators

[
Sab = 1(7&717 - ’Yb’Ya)» a7b = 1;2737

. (16)
~ Z SO _
Sia = 1(74% — YaTa),
where
UV PR (. (YaYe = VeVa)Pe + 27a7am
Ya = Ya B P e )
S = e+ (1 oy + 74m> VaYVePe
VH? VH?
Proot. If we perform the transformation (8) over the operators (16), we obtain
~ 7
Sk‘l == USklU ! - Sk:l = Z('Yk’Yl - ’Ylfyk')v kal = 1a 27 3) 4. (17)

From (17) it follows [H¢, Sk;] = 0 and
[Skla Snr]f = Z(.gkrSln - gknslr + glnSk:r - glrSkn)v ka l,n,r = 1; 27374- (18)

The analogous theorem is valid for any arbitrary relativistic equation in the cano-
nical form describing free particle motion with spin s [1].

Remark 3. The operators (16) serve as an example of the nonlocal generators (in
configuration space) which satisfy the Lie algebra of the group O4. Previously it was
known that the Hamiltonian had only the group O3 symmetry since the spin of a
particle was the integral of the motion.
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Following Good [4, 5], the Maxwell equations may be written in the Hamiltonian
form

Op(t
( 90( 7:1:) = Hl(p(t?x)a Hl = Bp7
ot
. (19)
Hp#0, B=0yo8 —(F — (0
4 ) = 02 ) =\ g ) oz = |, 0 .
Equations (19) by Erikson—Beckers transformation [5]
1 H 1 0 0
Uy=—<1+ (05013 } ¥*=(0 1 0 |. (20)
! \/i{ ( ’ )\/7? 0 0 1
transfer into
0P (t
L T NI St
(21)

1
HS = (03 © 1%)E, 03:<0 _01>

From (21) it is clear that the condition (12) (with the Hamiltonian H$) is satisfied
for @ € {Q1,Q2}. Of course in (11) the 4 x 4 matrix vo must de substituted by the
matrix o3 ® 13, and the 4 x 4 spin matrices by B.

Fushchych W.1., Lett. Nuovo Cimento, 1973, 6, 133; Theor. Math. Phys., 1971, 7, 3 (in Russian).
Dirac P.A.M., The Principles of Quantum Mechanics, 4th ed., Oxford, 1958.

Foldy L.L., Phys. Rev., 1956, 102, 568.

Good R.H., Phys. Rev., 1957, 105, 1914.

Beckers J., Nuovo Cimento, 1965, 38, 1362.
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On a motion equation for two particles
in relativistic quantum mechanics
W.I. FUSHCHYCH

Breit [1] was the first who proposed to describe the motion for two relativistic parti-
cles by means of a semi-relativistic Dirac-type equation. The wave function of this
equation has sixteen components. The possibility of covariant description of a system
of particles interacting m quantum mechanics was proved by Thomas and Bakamji-
an [2] and Foldy [3]. In quantum field theory the two-body problem is described
by means of the Bethe—Salpeter equation or the Logunov-Tavkhelidze-Kadyshevsky
equations [4].

The purpose of the present note is to propose, in the framework of relativistic
quantum mechanics, a new Poincaré-invariant equation for two particles with masses
my, mo and spin s; = s = % [t is a first-order linear differential equation for the
eight-component wave function. With the help of this equation the description of the
motion of two-particle systems is reduced to the description of one-particle systems
in the (1 + 6)-dimensional Minkowski space which can be in two spin states (s =0
or s =1).

At first we derive the equation for two noninteracting particles. To this end we
shall pass from the momenta of two particles p,, p, to the new canonical variables

P:(P13P25P3):p1+p25 K:(K17K27K3)'

The connection between the variables K and p,, p, is rather complicated (see, e.g.,
[5, 6]) and we do not equate it here. The total energy of the two-particle system in
the variables P and K has for our discussion a very convenient structure [5, 6]

E=(P24+M)'V2  M=(mi+ K4 (mis K (1)
The square energy for the case when m; = mgy = %m takes the very simple form

E*=pi+pips+m’,  pa=Po,  pays=2K., a=123 (2)
The square root from this expression is the equation for two particles

OV(t,x1,29,...,x . .

1 ( ! a; 6) :H(p17p27~-~7p6)\11(t7$171'27~-a556)a (3)
where

H(pr,p2,---P6) = Tol'aPa + Tolat3Pats + Lom,

R 0 ) G, 4)

o = —1 5 a = -1 y

V% Oz Pa+3 Bars

the 8 x 8 matrices I'g, 'y, ['443 obey a Clifford algebra, and has such a representation:

I'o=o03®1, Ty =2i09 ® $g, Lot = 2i01 ® T4, (5)

Lettere al Nuovo Cimento, 1974, 10, Ne 4, P. 163-167.
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010 0 0 0 1 0
,_1f1oo0 0 o_tfo 0 0
=91 00 0 —i |’ 27911 0 o0 o0 |
00 i 0 0 —i 0 0
00 0 1 0 -1 0 0
o oo —io 1|l -1 0 0 0
375104 0 o> ™73l o o 0o —i |’
10 0 0 0 0 i 0
0 0 -1 0 0 0 0 -1
1l 0o 0 o0 o 0 -0
2751 -1 0 o0 o] ™ 0 i 0 o0 |
0 —i 0 0 10 0 0

The o, are the Pauli matrices.

The two-particle equation (3) will be defined completely in that case if we deter-
mine both the Hamiltonian and the Poincaré generators [7]. The generators of the
Py 3 group on {U} have such a form:

PO:H(plw'wﬁﬁ):FOFAﬁA+FOma Pa:pa7 A:1727"'567
Jab = Map + map +Sab7 a7b =1,2,3,

@ (6)
1 H (S b + mab)pb
Joa = tpa — = (oM + Hag) — a ,
o = e = g )
where
My = Zapy — &0 Mab = FaraPhrs — Toish Sap = S} + 52
ab = La as ab = La+3Pb+3 — Lb+3Pa+3, ab ab T P
SO = Lr,r, ~TyT, S = L1, sThys — ThpsT
ab 4( b b )7 ab 4( +31 b+3 b+3 +3)a (7)
[iuaﬁb]f = i6ab7 [‘ia+37ﬁb+3]f = i6ab7
[Ta, Bb]_ = [Ta, Tay3]_ = [Fats, To43]_ =0, [Ta, Por3]_ = [Tags3,Pp]_ = 0.

[t can be immediately verified that the operators (6) satisfy the Poincaré algebra. It
follows that eq. (3) is Poincaré invariant. If we perform the unitary transformation

(E+M +Tep.)(M+m+Teyspeis)

U= S MEE + m)(M +m)} 72 ®
on the operators (6), then we obtain
P§=UPU" =ToE,  PS=p,, ¢ =UJupUT = Ju,
MabPb + SabPb ©)

, 1 . .
ISy = tha — E(xaPO‘ + PSx,) — T Y

The transformed generators (9) have canonical form [2, 3]. The position operators X,
and X,43 on a set {¥} look like

X, =Ulz,U =1,+ ,(10)

Sz(zi)pb +i & _ paFcpc m+ Fc-l-?:pc-i-?)
E(E+ M) 2E  2E*(E+ M) M
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2 .
S<(1+)3 b+3Pv+3 | lays
M(M+m) | 2M

_ipa+3Fc+3pc+3 i Pa+3
2M2(M+m) 2E2)M2

Xa+3 = UTma-i-?)U = Tq43 +

(11)

Fcpc (m + 1_‘c—i-?)pc—i-i% ) .

An interaction Hamiltonian for two particles, in the absence of external fields, can
have the form

H =Tolapa+Tofm® +V(r)}'/2, (12)
where V(r) is an arbitrary function depending on r = /22, 5. In the special case
when V(r) = e*/r? the interaction Hamiltonian can be written as

2
e
H=TT0p, + 7r516>r‘716’ +Tom, (13)

where the 16 x 16 matrices F((Jw), 1"5416), r?‘” satisfy a Cifford algebra. An external
electromagnetic field is introduced in eq. (3) in the following way:

Pa — Ta = Pa — eAa(t7x17$27$3)7 Pa+3 — Ta+3 = Pa+3 — eAa+3(t,x4,ar5, xﬁ)'

An extraction of the positive solutions from eq. (3) is realized by means of the
subsidiary condition

T 13
- Yo—0 o 1- 2 Jw=0, u=0,1,2,...,6.
VH? /pﬁ

It is evident that these conditions are invariant under the Poincaré group.
It should be noted that the function V(r) may be of arbitrary form, therefore the
relative velocity V,43,

Va+3‘l/ = —i[Xa+37H]\IJ = Va+3\117 (14)

with respect to the centre-of-mass may be arbitrary. To do V,4+3 smaller than the
photon velocity it is necessary to impose the condition

V2=V +VE+Vi<1.

These questions will be considered in more detail in another paper.
Finally we shall find the equation for two particles with mass my # ms. Let us,
with Kadyshevsky et al. [8], represent M in such a form
mi + mo

M = = (mma + K12, (15)

where

2
2 mim
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In the variables P and K’ formula (2) can be rewritten as
2
E2:P2+MK/2+(W1+WL2)2. (17)
mimso
It follows that the equation of motion for the two particles is
,G\Il(t,xl,...,:rﬁ) R mi +m2 R
— 7 = Tl P + ——Too+3Pa
{ ot op+mo +3Pa+3t
+(ma -‘rmg)ro}\lf(t,xl,...,a?ﬁ), (18)
0 ./ 0
Aa:_. ) Aa‘EKa:_. .
p Z@xa Pa+3 Z@xa+3

In this equation W is also an eight-component function.

I wish to thank A.G. Nikitin, A.L. Grishchenko for useful comments and N.V. Hna-

tjuk for helpful rending the manuscript.
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Poincaré-invariant equations
with a rising mass spectrum
W.I. FUSHCHYCH

In recent years many papers have been devoted to the construction of infinite-compo-
nent wave equations to describe properly the spectrum of strongly interacting particles
[1, 2]. As a rule, the derived equations have a number of pathological properties:
the unrealistic mass spectra, the appearence of spacelike solutions (pi < 0), the
breakdown of causality etc. [2].

In this note we shall construct, in the framework of relativistic quantum mechanics,
the Poincare-invariant motion equations with realistic mass spectra. These equations
describe a system with mass spectra of the form m? = a? + b?s(s + 1), where a and
b are arbitrary parameters. Such equations are obtained by a reduction of the motion
equation for two particles to a one-particle equation which describes the particle in
various mass and spin states. It we impose a certain condition on the wave function
of the derived equation, such an equation describes the free motion of a fixed-mass
particle with arbitrary (but fixed) spin s.

Let us consider the motion equation for two free particles with masses m; = mg =
m and spins s; and so in the Thomas—Bakamjian—Foldy form [3]

O00(t,x, €

Z% = (sz +M2)1/2(I)(t,:13,€), (1)

where
Po=p" +p?, M =2(m®+k*)"?,

pgl), p((f) are components of the momenta of the two particle, k the relative momen-
tum, x the co-ordinate of the centre of mass, £ is the relative co-ordinate.
On the manifold of solutions {®} of eq. (1) the generators of the Poincaré group

Py 3 have the form

POZ(P3+M2)1/2a —Pa:pa:_i(9

=1,2,3
axa7 a b 9 b
Jab = Map + Lap, May = Tapp — TpPa, Loy = map + Sap, ©)
Mab = Eakb - gbkaa Sab = s,(,l},) + 353,)7 [xavpb]f = i(sabv

[5(17 kb]— = i(sab7 [gaapb}— = 07
where SSJ) and sl(l? are the spin matrices satisfying the Lie algebra of the rotation
group Os.
Equations (1) is invariant with respect to algebra (2) since the condition

i% — (P24 M)Y2, ], | ®=0, pu=0,1,23, ®)

Lettere al Nuovo Cimento, 1975, 14, Ne 12, P. 435-438.
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is satisfied. In spherical co-ordinates the operator k? is

£20¢

where my; is the square of the angular momentum with respect to the centre of mass.
Let us impose on the function ®(¢,x, &, 6, ) the condition

o L0 (52 5) e m2,, (=& =+ +4, (4)

a(b(ta Z, 9, SO)

5 —0. (5)

This condition means that the wave function ® constant on the sphere of radius
ro = £ = /&2 with respect to internal variables &3, &, &3. If we take into account the
condition (5), eq. (1) now becomes

Z8 (t,z,0,9) (

4 1/2
a Rbamt s k) a(2.6.) ©)

O

Equation (6) may yield the mass spectrum only for the bosons so that mg;, should
be replaced by L,,. Having done this, we obtain the equation

Z8 (t,x,0, )

4 1/2
S = (s 513) a6 )

Equation (7) shows that the mass operator M? = P2— P2 has on the set {®(¢,x,0, )}
the discrete mass spectrum of the form

M*® = <4m + 4L )cp {4m +45(s+1)}<13 (8)
7o
where
s = 0» ]-v 27 cee if Lab = Mab = gakb - gbka» (9)
135 .
3_575757“' if Lab:é-akb_gbka"_sam (10)

Sap = 0¢/2, 0. are the 2 x 2 Pauli matrices.

In the case (9) the operator M? has a simple spectrum. In the case (10) the
spectrum of M? is twofold degenerated. In the general case the measure of the
degeneracy depends on the dimension of the matrices S, realizing representations of
the group Os.

If we suppose that the energy operator Py can have both the positive and negative
spectrum, then for fermions (the spectum (10)) we find the equation

4 1/2
pO(I)(ta Z, 07 50) =70 <p2 + 4m2 + 7,,2L¢21b> (I)(t7 Z, 07 Sﬁ)a
0

(11)
0 (10
pO_Zata ’YO_(O _1>a
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where @ is the four-component wave function. The integro-differential equation (11)
may be written in the symmetrical form with respect to the operators pg, p, if the
transformation [4] is carried out on it

_ 1 YoH _ 2 | 1272 \1/2 _
U= E (1 + \/@) 5 H = 7070]70—1_7074 (Cl + b Lcd) B C7d - 1a2a35(12)

where 70, Ve, 74 are the 4 x 4 Dirac matrices, a® = 4m?, b? = 4/r2. After the
transformation (12), eq. (11) takes the form

1/2
pO\II(ta Z, 97 90) = {fYOfchc + Y0v4 (a2 + b2de) / } \Il(ta x, 97 90)7

U =Ud.

(13)

We now summarize that eq. (7) describes a boson system with increasiftg mass
spectrum if the operator L, has the form (9). Equation (13) (or eq. (7)) describes a
fermion system with increasing mass spectrum if the operator L, has the form (10).

The four-component eq. (13) (or (7)) may be used for describing the free motion
of a particle of nonzero mass with arbitrary hali-integer spin s. Indeed, to do this it is
sufficient to impose the Poincaré-invariant condition on the wave function ¥, picking
up a fixed spin from the whole discrete spectrum (10).

This condition has the form

1
T WeWHe(t 2,0,0) = L3y B(t 2,0, ¢) = s(s + 1T, (14)
where
1 v 703
W, = §5waﬁp J*7, (15)

s is an arbitrary but fixed number from the set (10).
Equations (7), (13) may be obtained in another way. Let us consider the equation

O0P(t,x1,29,...,T 1/2
1 ( 1(%2 6):(p%+pg+...+p§+%2)/(I)(t7x1,$2,...71'6)7 (16)

where pr = —i(0/0x), k = 1,2,...,6, » is a constant. The equation is invariant
under the generalized Poincaré group P [5].

P ¢ is the group of rotations and translations in (1 + 6)-dimensional Minkowski
space. Equation (16) is invariant with respect to the algebra [5]

0 0
Py=py=1i— Po=pr=—i—, k=1,2,...,6
0 Do Zata k Dk Zaxkv y 4y s Uy (17)

Jm/:xupl/_xl/pp,'i'suua p,v=0,1,2,...,6.

Equation (16), together with the supplementary condition of the type (5), is equi-
valent to eq. (7). This may be shown by passing from the variables x4, x5, z¢ to
the new variables &, 6, . It is to be emphasized, however, that the supplementary
condition of the type (5) breaks down the invariance with respect to the whole group
Py ¢ but conserves the invariance relative to its subgroup P; 3 C P .
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Note 1. On the set {®} besides the representations of the Poincaré algebra P; 3 (the
external algebra), we may construct one more algebra of Poincaré K, 3 (the internal
algebra). The representation of the algebra K 5 has the following form:

Ky = lMa K, =kqy= _ii7 Lab = Map + Sab,
2 0&a
1 Sapk (18)
_ _ - = _ _Dabhb
Map = Eaky — Epka, Loa 2 (faKO + Koﬁa) Ko + m

This algebra describes an intrinsic relative motion of the two-particle system with
respect to the centre of mass. The algebra P; 3 describes a motion of the centre of
mass. Equations (7), (13) are not invariant in respect to the whole algebra K 3.

Note 2. We note that the results obtained do not contradict the O’Raifeartaigh’s
theorem [6] since the operators (2) of the algebra P; 3 together with the operators
(18) of the algebra K 3 form the infinite-dimensional Lie algebra.

Note 3. Equation (13) jointly with tin condition (14) for the case s = 3§ is equivalent
to the ordinary four-component Dirac equation for the particle with the spin s = 3.
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On the Poincaré-invariant equations
for particles with variable spin and mass
W.1. FUSHCHYCH, A.G. NIKITIN

The Poincaré-invariant equations without redundant components, describing the motion
of a particle which can be in different spin and mass states are obtained. The quasi-
relativistic equation for a particle with arbitrary spin in external electromagnetic field
is found. The group-theoretical analysis of these equations in carried out.

1. Introduction

Many papers are devoted to the problem of construction of relativistic equations for
a particle which can be in different spin and mass states. There are various approaches
to this problem. The fundamentals of the equation theory describing a particle with
an infinite number of spin states have been developed by Majorana [12], and later
by Gelfand and Yaglom [8] who used infinite-dimensional unitary representations of
the homogeneous Lorentz group O(1,3). (For the actual situation of this theory see
e.g. [10].) In other works [1, 9, 17] the wave function of such a particle is supposed
to possess some additional variables (inner degrees of freedom) besides three space
variables. On the basis of this assumption some relativistic equations for particles with
variable spin and mass (for instance, for particles of rotator type) are constructed. By
extending the four-dimensional Minkowsky space to the five-dimensional one and by
using the representations of the inhomogeneous de Sitter group P(1,4) which includes
the Poincaré group P(1,3) as a sub-group, equations were derived [4, 6, 7] which can
be interpreted as the motion equations for a particle (or for a system of two particles)
with variable discrete spin and variable continuous mass. In contrast to the above-
mentioned papers [1, 8, 17], where a particle has always an infinite number of spin
states, in the framework of the group P(1,4) the particle has only a finite number of
spin states. This is connected with the fact that any irreducible representation of the
group O(4) which is a small group of the group P(1,4) is decomposed into a finite
direct sum of irreducible representations of the rotation group O(3).

In the present paper, without going beyond the scope of the Poincaré group and
using the irreducible representations of the group O(4), we find the relativistic equati-
ons of motion in the Schrodinger form, describing a particle which can be in finite
spin states. The spin s of such a particle can take the values

i—rl<s<j+m, (L.1)

where j and 7 are the integers or half-integers labelling the irreducible representations
of the group O(4). The particle mass m can be either fixed or given by the formulas

m=uay+b-s(s+1) or m? = a2+ b3 s(s+1), (1.2)

where a1, as, by, bo are constants. The wave functions in the motion equation obtained
have 2(2j + 1)(27 + 1) components which corresponds to the number of the degrees

Reports on Mathematical Physics, 1975, 8, Ne 1, P. 33-48.
Preprint ITP-121E, Institute of Theoretical Physics, Kiev, 1973, 19 p.
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of freedom of the system described. This means that the equations proposed do not
contain redundant components and hence do not lead to the well-known difficulties
(15, 18, 19].

For the construction of the equations the algebraic (nonspinor) approach developed
in [5, 11, 13, 16, 20] is used. The group-theoretical analysis of the equations is per-
formed not in terms of the Lorentz group O(1, 3) representations used traditionally but
in terms of the Poincaré group P(1,3) D O(1,3) representations. This is stipulated by
the fact that only the invariants of the group P(1,3) have distinct physical meaning.

2. Statement of the problem
We shall investigate the equations for a particle with variable spin and mass in

the form

0¥ (t, D)

ot
where Hj, is the unknown operator function (the Hamiltonian of a particle) which
depends on the momenta and spin matrices, ¥ is the wave function which transforms
under the four-dimensional rotations and translations according to the reducible
representation of the group P(1,3) and contains 2(2j 4+ 1)(27 + 1) components. In the
previous paper [5] describing (up to unitary equivalence) all the Poincaré-invariant
equations of the form (2.1) for a particle with fixed mass m and fixed spin s we
imposed the conditions

P, PMU(t,7) = m*U(t, ©); (2.2)
W, WH(t, %) = m?s(s + 1)¥(t, ) (2.3)

on the solutions of equation (2,2), where P, is the energy-momentum operator on the
mass shell and W, is the Pauli-Lubansky vector. If the spin and mass of a particle
are not fixed, conditions (2.2), (2.3) should be omitted.

We resolve the problem of finding the Poincaré-invariant equations of the form (2.1)
using two different approaches. This is connected with the fact that the equations
obtained using the first approach may prove to be convenient in terms of quantum
mechanics and the equations derived in the second approach are useful in terms of
field theory.

In the first approach (I) the problem is reduced to the following: one has to find
all Hamiltonians Hj, such that the operators

0
Py=Hj,, szpa:—ia ;
Ta , (2.4)
J¢Izb = ZTaPb — TaPb + Sab, J(I)a =1tpg — 5[%’ Pé]Jr
should satisfy the Poincaré algebra. The matrices S,, have the following structure
. , je 0 7. 0
Sap = Je + Te, Je = < ]O jc > ) Te = ( 7(—) 7. > ) (25)

where j. and 7. are the (2j + 1)(27 + 1)-dimensional matrices satisfying the commu-
tation relations of the algebra O(4)

[3(l7jb]— = ijﬂa [7:&7721)]— = ii—(!v [j(h%b]— = 07
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(a,b,c) is the cycle (1,2,3),
Je=i(G+1),  Fl=T(r+1). (2.6)

In the second approach (II) the problem! is formulated as follows: one has to find
all the Hamiltonians Hj. such that the operators

0
Py =Hj,, Pl=p,=—iz—;
0= P Dz, @2.7)
Jtlzlb = TaPb — TaPb + Sabs J(I)Ia =1pg — .TaPéI + 10354,
should satisfy the Poincaré algebra.
Here
03 = ( é _OI ) ) Sia = Ja+ Aaa Ao = t7a, (28)

I is the (2j 4 1)(27 + 1)-dimensional unit matrix. In particular, when j =0, 7 = 1,
the operators (2.4) and (2.7) coincide, since

Hy, = Hyy = oym + 2057 - . (2.9)

2

The operator (2.9) is the Dirac Hamiltonian. For other numbers j and 7, as will
be shown later, the representations (2.4) and (2.7) do not coincide. The choice of
the representation structures for the algebra P(1,3) in the form (2.4) and (2.7) is
stipulated by the fact that on the set of solutions of the Dirac equation the Poincaré
algebra may be represented either in the form (2.4) or (2.7). One of the principal
differences between the operators (2.4) and (2.7) consists in the fact that all the
operators (2.4) are Hermitian with respect to the usual scalar product

(U1, Ty) = /d% Ul(t, &)Uy (t, ), (2.10)

while the operators (2.7) are non-Hermitian with respect to (2.10). But the operators
(2.7) are Hermitian with respect to the scalar product

(U, 0y) = /d% Wl(t, 2) MUy (t, T), (2.11)

where M (j,7,p) is some metric operator whose form will be found later.
Equation (2.1) will obviously be Poincaré-invariant if the operators (2.4) or (2.7)
satisfy the Poincaré algebra, as in this case the condition

{z% - HjT,exp(in)] U(t,Z)=0 (2.12)

is satisfied, where @ is an arbitrary generator and w is the parameter of the group
P(1,3). For the infinitisimal transformations this condition takes the form

{i% —HjT,Q}\Iz(t,f) = 0. (2.13)

IThe operators with indices I and II refer to the approaches I and II, respectively. When these indices
are omitted, the corresponding relations are true both for the approach I and the approach II.
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On the set {¥} of the solutions of (2.1) we define the operators of discrete transfor-
mations

TU(t, %) = roU* (—t, ©); (2.14)

where r1, ro, r3 are the matrices which can be chosen (without loss of generality) in
the form

=0, or rizf:(é ?>, il = oy;
(2.15)
I 11 I 1 A0
rg =13 = A, T3 = T3 = 020, A= 0o A )
where A’ is the matrix satisfying the relations
Ay = —J. N, Aty = —7FA. (2.16)

The proof of existence of such a matrix is not given here.
The operators P, T', C' and the generators P,, J,, must satisfy the relations

[P, Po]— = [P, Po]4 = [P, Jap)— = [P, Joa]+ = [C, Po]4+ = [C, P+ = 0;

2.17)
[07 Jab]-i- = [07 JOa]-‘r = [T’ PO]— = [T7 Pa]-ﬁ- = [T7 Jab]-i— = [T’ JOa]— = 0.

Let equation (2.1) be invariant under P, T', C-transformations. In this case the relati-
ons (2.17) must be added to the Poincaré algebra.

Thus the problem of finding all the Poincaré-invariant equations for a particle
with variable spin and mass is reduced to that of finding the operators H;, which
satisfy the relations

[Hjr, Pu)- = [Hjr, Joa]- =0, [Pa, Job]— = i0apHjr; ©.18)
[Jabs Joc]— = i(8acTob — SbeJoa);

[Hjr, Joa] - = iPa; (2.19)
[Joa, Job] - = —iJap; (2.20)
[P, Hjr]- = [C,Hj;]+ = [T, Hj:]- = 0. (2.21)

3. Explicit form of the operators H}_

In this section we solve problem I, i.e. we find those operators H}T which satisfy
the set of relations (2.18)—(2.21) in the case where the representation of the Poincaré
algebra has the structure (2.4).

The squared-mass operator for the representation (2.4) (which, generally speaking,
is not a multiple of the unit one) is of the form

M2 = PII,P# = (HJIT)z 7p2' (31)
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The commutativity of M? with the operators (2.4) and (2.14) yields the following
relations

[Pa’Mﬂ— :[xavMQ]— = [(ja+7a)aM2]— = 0; (32)
[P,M?|_ = [C,M?_ = [T,M?]_ = 0; (3.3)
[H},,M?]_ =0. (3.4)

From (2.14), (2.15), (2.16) it follows that the general form of the operator M? satis-
fying the conditions (3.2), (3.3) is given by the formula

M?=ao+a1(j-7) +ax(G- 72+, (3.5)
where ag, as,... are real numbers. The series (3.5) contains only a finite number of
terms, as follows from the relation

[T G7-sl=0 (3.6)

li—7|<s<j+T

where s, is the eigenvalue of the operator j - 7. Between the numbers s, and j, 7, s
there is the relation

256, = —j(j + 1) = 7(7 +1) + 5(s + 1). (3.7)

From (3.6) it is seen that the particle system capable of being in different mass
states may be compared with the representation (2.4) and hence with the equation
(2.1). As will be shown later, with a proper choice of the coefficients a, in (3.5) we
can obtain the mass formula (1.2).

In order to find the explicit structure of the operator HJI»T satisfying relations
(2.18)—(2.21) and condition (3.1) we expand it in a complete system of ortoprojectors

I I I I I
HjT = Z (dj37'3 (p) + Ulgjg'rg (p) + J2hj3T3(p) + 0—3fj37'3 (p)) Aj:sATga (38)
J3Ts
where
. . /
Jp—J T T
Aj3 = H .p .?; AT3 = H - %;
03 — U3 , T3 — T3
J3#gs T3FT (3 9)
. -7 T-p . o .
.]IJZM7 Tp:—p7 .73:_J7_]+17"'a.77 7—3:_7-7_7-_'_17"'77-7
p p
&y ris Moy flizas 9ary are the unknown functions which depend on p and M.

It is easy to see that the operators (3.9) are the orthoprojectors on the proper
subspaces of the operators j, and 7,, i.e. they satisfy the relations

J J
AjoAjs = 05550 Mjss SN =1 gp= > Ay
J3=-—J J3=-—J (310)
ATgATé = 57’37‘é AT§7 Z AT3 =13 Tp = Z TBA7'3~

T3=—T T3=—T
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The condition (2.21) is satisfied if

1 _pl —_0N- I _ 7l . I _ I 1 7
dj37'3 - hjs‘l's =0 JaTs f—js—‘l's’ 9jsrs = 9—js—rs for = I, (3 11)
I _ 3l _ I _ gl . I _ _ ’
dj3T3 - hjs‘l's =0; JaTs T f*j3*"’3’ 9jsrs = 9—js—s for 7y =o1.

In order that (3.4) be fulfilled with an arbitrary choice of the coefficients a,, in (3.6),
it is necessary to set

fjl'sfs = ¢1(J3 + 73), 9;37-3 = pa(jz + 73), (3.12)

i.€. fl,ry» 9}y, may depend only on the sum of the indices. If (3.12) is not fulfilled,
then the operator M? commutes with the Hamiltonian (the condition (3.4)) only in
the case where a1 =ay =a3=---=0.
The condition (3.1) imposes the additional restriction
(Fl) + ()" =07+ M2 (3.13)

J3Ts J3T3
on the functions f}sm and g;wa. Direct verification shows that if the conditions (3.4),
(3.13) are fulfilled, the relations (2.18), (2.19), (2.21) are satisfied. Thus, it remains

to satisfy the relation (2.18) which together with (3.11)-(3.13) will determine the
ultimate structure of the operator H!_, i.e. the explicit form of the functions ij.BTS and

T
I
9jsrs
’ The relations (2.20) for the operator (2.4) may be reduced to the form [5]
[[H}, wa)—, [Hj, xp) -] = —4iSa. (3.14)

Substituting (3.8) into (3.14), using the commutation relations (A.l) and taking into
account the linear independence of the vectors (A.2), we obtain the following equati-

I I
ons for fj37'3’ 9jsrs

11 1 gl _ 11 1 gl a2 2
9jsrsjs+1rs + fjs‘rsfjs-i-l‘rs = 9jsrs9jss+1 + fj37'3 JaTs+1 ™ M= —p*. (3.15)
From (3.13) it is seen that the functions gj, .., f}.., can be represented in the form
JI»STs = Esingj,,, 9;373 = E oS Qjyry, E =+/p?+ M2, (3.16)

Inserting (3.16) into (3.15), we obtain for ¢,, ., the following recurrence formulas

Pis+1rs = Pjsrs + 2(91, Pjsrs+1 = Pjgrs + 2917 (91 = arctg % (317)
I
J3T3
(3.8) if at least one of the functions of the set f} . (or g},..) is known. This initial
function can be found from the relations (3.17), (3.11) which, taking into account
(3.16), can be written in the form:

R for 7} =1;
Pisrs = e (3.18)
—¥P—jg—7s 1O T3 =07.

By means of (3.16), (3.17) we can define all the coefficients 9;373, of the operator

Finally, we are led to the following result: the operator (3.8) with coefficient functions
(3.16), (3.17) satisfies the relations (2.18)-(2.21) and this means that the problem I is
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completely solved. The equation (2.1) with such HJI-T will be invariant with respect to

the full Poincaré group P(1,3).
Let as present the simplest solutions for the system of the recurrence relations
(3.17), (3.18) (for the details of the solutions for equations such as (3.15) see [5])

(—1)fstmstzgl, J + 7 — hali-integers,
Pjars = § (—1)FF726 j+ 7 — integers, (3.19)
2(j3 + A3)0', A3 = +73, j -+ 7 — arbitrary numbers.
Substituting (3.19), (3.11), (3.16) into (3.8), we obtain

1M + 03y p(=1)7F A AL j+ 7 — hali-integers,  (3.20a)

J3Ts
1M + 03y p(—1)* Ay A, j+ 7 — integers, (3.20b)
H;T = J3Ts
E Z {0’1 COSs [2(]3 —+ A3)91] +

J3Ts

+ogsin [2(j3 + A\3)0'] } Aj,A,,,  j+7 — arbitrary numbers.

Choosing other solutions of the system (3.17), (3.18) we arrive at Hamiltonians which
are unitarily equivalent to (3.20) but differ from them in form.

Let us write the explicit expressions for the operators (3.20) in terms of R
for j,7 < 1. Using (3.9), (3.20a), we find

11 = 01 M +205(7- D) (7 - P)p™ Y
Ly = Hi, —dos(f-9)(F-9)°p % (3.21)

Hiy = —Hy + Hiy + H), +203(5 - 5)2(7 - 9)*p 2,

H

H

where

Hig= oM +osp;  Hy, = oM +203(j - p);

~ (3.22)
Hyy = Hyy — 203(7 - p)*p~ s Hig = Hyy —203(j - p)’p "
are the Hamiltonians of particles with the fixed spin found earlier in [5].
Substituting (3.10) into (3.20b), we obtain
Hlll = HILOJBH(I)lE71;
22 2 2
HIll :HlloagH(I)lEfl; (3.23)
2 2 2
Hiy = HigosHy B
where
H(I)% 201M+203(X~17); HI%0:01M+203(;-]5);
H) = 01E+2(X-P)[osM — o1 (X - p)|E~; (3.24)

Hly=01E+2(j-p)losM —o1(j - p)|E~!
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also coincide with the Hamiltonians obtained in [5]. The operator H}  is the Dirac
2

Hamiltonian.
The equation (2.1) together with the Hamiltonians H} ,, H} , Hj, describes the
22 2

particles with spins 0 and 1, i and %, 0, 1 and 2, respectively. As it is seen from

(3.21)-(3.24), the operators HfT can be expressed by Hj ., Hj, . Thus, the form
of the Hamiltonian for arbitrary j and T is completely defined by the Hamiltonians

N
for j,7=0,3.

4. Explicit form of the operators HJ.

In this section we solve the problem II, i.e. find all the operators HJHT satisfying the
system (2.18)—(2.21), when the representation of the algebra P(1,3) has the structure
2.7).

Using the representation (2.7) for the special case when j = 0, 7 is an arbitrary
number, Weaver, Hammer, and Good, and then, for a more general statement of the
problem, Mathews [13, 16], found equations of the type (2.1) for a particle with fixed
spin and mass. The results given below are a generalization of [13, 16, 20] to the case
of particles with variable spin and mass.

By analogy with the previous section, we seek Hj; in the form

HY. = (o1l + o5/ A A, (4.1)
J3Ts

where the unknown functions g}l ., f!

depending only on p, M have the following

properties
1 11 . mno_ I .
JaTs _f*j3*7'37 Gjsrs = 9—js—73> (4.2)
2 2
( Jl’i‘rs) + (g;’1373> = p2 + M2 (4.3)

We can verify directly that the relations (2.18), (2.20), (2.21) are fulfilled, provided
(4.1), (4.3), (2.19) are satisfied. Using (2.7), we reduce (2.19) to the form

—Hjy,w0) - Hjs +i(ja + X [Hjr 03] +ilHy, (o + Aa)] 03 =ipa. (44)

Substituting (4.1) into (4.4), using the values of the commutators Aj,, A, with z,,
Ja» Ta, (A.1) and equating linearly independent terms, we obtain the following set of
equations

11 11 II 11 _ 2 11 _flI .
9j373955+17s + fjsTs Jjs+1lrs = E +p( J3+17s3 fj37'3)’

11 11 11 11 _ 2 11 _rll .
9jsr39jsms+1 + fj3T3 j3Ts+1 E +€p( JaTa+1 fj37'3) )

11 11 _ 11 .
9jsrs ( Jja+17s +p) = Yjs+1rs ( J3Ts _p) ’ (4.5)
II 11 _ S 11 .
9jsrs (fj3T3+1 +€p) = Yjams+1 ( JaTs 5}?) )
agl_l ofl A
11 J3Ts 11 J3Ts . _ 3
j3T33—p — JjsTs ap - 2p(]3 + >\3)a €= T_3 ==+l

In the case j = 0, the set (4.5) coincides with the set of equations for the coefficient
functions obtained in [13, 16].
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Omitting rather cumbersome calculations, we give the solution of this system

J3Ts

I~ Bth [2(; +A3)0"], 6" = arcth 2,
[ ] E (4.6)
g5 -, = Esech [2(js + A3)0"] .

By means of (4.6) and (4.1) we obtain the following explicit form of the Hamiltonians
HJ. for the representation (2.7)
HJHT =F Z {0'1 sech [2(j3 + )\3)9“] + 03 th [2(]3 + /\3)0”} } Aj3AT3. (47)
J3Ts

Formula (4.7) gives the solution to the problem II. Let us write out the Hamilto-
nians H}. for j,7 < 1. According to (4.7), (3.12), we have

H%I% = HgoalHél%E_l;
HY, = Hyo1Hy B (4.8)
HEy = o H B

where
HgozolM—i—Qag(f-ﬁ); H(I)I% = o1 M + 205(X - p);
HY = HYy —2B(X- p)[o1(X - §) — o3 E|(E2 +p*)~Y  Hiy = o1 E; (4.9)
HYy = HYy, = 2E( - §)[o1(7 - §) — o3 E)(E? 4 p*)~!

are the Hamiltonians of the particles with fixed spin and mass obtained in [13, 16, 20].

5. Transition to the canonical representation

To give an unambiguous answer to the question what particles are described by
the equation (2.1) with the Hamiltonians obtained in Sections 3, 4 it is necessary to
find the explicit form of the Cazimir operators W, W# and P,P" of the group P(1,3).
These operators prove to be of the simplest form in the canonical representation of
the Foldy-Shirokov type. Let us pass from the representations (2.4) and (2.7) to the
canonical one. Such a transition for the representation (2.4) is performed by means
of the operator

) 1
UJI»T =eXxp | 102 Z 5@]'3.,-3/\]‘3/\7—3 . (51)

JaTs
For the Hamiltonian (3.20a) the operator (5.1) has the simple form

E—‘rO’lHJI-T

I
Ujr = s,
2E(E + M)

(5.2)
for the Hamiltonians (3.20b) the operator (5.1) is of the form

Ul =exp [m(];f”ﬁal] . (5.3)



On the Poincaré-invariant equations for particles with variable spin and mass 295

The transition from the representation (2.7) to the canonical one is performed by the
isometric operator

Uj, = \/EZ {ch [(js + A3)0"] —ioash [(js + A3)0"] } x

Mj -
xsech [2(j3 + A3)0"] Aj, Ay (5.4)
UII =/ Z{ch (Js + A3)0 ]+ZO’2$1’1 [Js+>\3 ]}AJSAT3
]37'3

The operators (2.4) and (2.7) under the transformations (5.1) and (5.4) take the form

P, =p, = 71‘6 » Jab = TaDb — ToPb + Sab;
Lq
) . p (5.5)
Py=o01F, JOa:tpa_501[$a7E]+_0—1E(ji]\b4~

The operators (5.5) are Hermitian operators with respect to the usual scalar product
(@1,82) = [ ¢ 8{(D)0a(t,3), (5.6)
where the functions ® are related to the solutions of the equation (2.1) by
O(t, &) = U}, W'(t, &) = UL W' (¢, &). (5.7)

In the representation (5.5) the Casimir operators are expressed by the matrices of
spin (2.5)

WaW* = M2 +7)2 = M2 j(G+1) + 7(r +1) +2(.7)] | (5.8)

P, P" = M?, (5.9)

where the squared-mass operator in the general case is given by formula (3.6). It
follows from (5.8) that equation (2.1) in the case of arbitrary j and 7 describes a
particle whose spin can have the values |j — 7| < s < j + 7. Equation (2.1) describes
a particle with the fixed spin Sy, if one imposes additional relativistically-invariant
conditions on the solutions ¥(¢,Z). These conditions have the form

(UL G- AUL (1, 7) = 50,0 (1, 2); (5.10)
O G AL, E) = 2,01, ). (5.11)

The solutions of equations (2.1) and (5.10), (2,1) and (5.11) are eigenfunctions of the
operators W, W# and P,P"

W, WHEE(t, &) = m2s(s + 1)¥(t, T), P, PrU(t, ) = m2U(t, T), (5.12)
where

ms =a+bs(s+1), (5.13)
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if we set in (3.6)

ap = ((l + bn)2a ay = 4b(a + bn)a az = 4b27

az=ag=--=0, n=jG+1)+7(r+1), (5.14)
or

my =@+ b+ 1) (5.15)
if in (3.6)

ag = a+ bn, ay = 2b, ay=ag=---=0. (5.16)

Choosing the other values for the coefficients a,, in (3.6), one obtains another depen-
dence of the mass on spin.

At the conclusion of this section we present the explicit form of the metric operator
for the representation (2.7)

M. = (UL) U“ = Zsech [2(j2 + A3)0"] Aj,Ary. (5.17)

J3TS

For the problem of external motion of a charged particle in an external electromagnetic
field to be solved, it is more convenient to use the equation (2.1) with the Hamiltonian
HJT, and for the second quantization the equation (2.1) with the Hamiltonian HJHT is
more preferable. The first problem is considered in the next section, the second one
is solved in [14] for the case 7 = 0.

Notation. When formulating the problems I and II, we restricted ourselves to the
case where the matrices Sk, in (2.4), (2.7) form the irreducible representation D(j, 7)
JjtT
or the direct sum > @®D(s,0) of group O(4). Using the reducible representations
s=[j—|
with more complex structure, we obtain qualitatively new equations of the type (1).
Let, for instance, the matrices Sy, in (2.7) realize the representation D(0,s — )
®[D(%,0) ® D(0, %)] of the group O(4). This means that these matrices have been
represented in the form

A 7
Skt = Sk + 3V [Ski, TA]l- =0, Yt + Ve = =20k, (5.18)

where Sj; are the generators of the representation D(0,s — ). In this case the
Hamiltonian H, which satisfies the conditions (2.17)-(2.21), has the form

H = v9Yapa + Yom, Yo = 03Y4, (5.19)

and the Poincaré-invariant supplementary condition (5.11), which selects the spin S,
may be written down as

[(m 4 7up")[Su S* — 282 (1 — iy4) — 4ms]yp = 0. (5.20)

The system of equations (1) with the Hamiltonian (5.19) and (5.20) describes the free
motion of a particle with the fixed spin s. When the interaction is included into these
equations by the standard substitution p, — m, = p, — eA,, no difficulties typical
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for the equations of Bargman-Wigner, Rarita—Schwinger and other equations [18, 19]
arise. This question will be discussed in the next paper.

6. The equation for a charged particle in an external electromagnetic field

The generalization of equation (2.1) to the case of a charged particle in an external
electromagnetic field proves to be a difficult problem owing to the complicated depen-
dence of the Hamiltonians H;,; on momenta. In this section the problem is solved, the
assumption being that the particle momenta are small compared with the particles
masses which are considered to be fixed. With the help of successive unitary trans-
formations we found the equation for the positive energy states of the particle with
arbitrary spin and fixed mass just as it had been done by Foldy and Wouthuysen [3]
for s = 1.

For 5 < m the Hamiltonians H;, have been represented as series in powers of
1/m (Compton wavelength). Restricting ourselves to the constituents of power 1/m?

and using the relation

. Siapa \' .
Z(]Q —Tg)lAjSATB ZZ (4Tf)> 5 S4a = Ja — Ta, Z :0,1,..., (61)

J3T3 a

we write the operators (3.20b), (4.7) in the form

1
Hjofr =01 m“razdab(papb_pbpa) +
o 6.2)

1, 1
Zbapa—&-mh ) —l—o(@),

1
a=1I1IL dap = Z(Sab — S4aS4p, by = 2544,

+0’3

where

2
h(p) = —2h'(p) = 3 Stadbepapope; a;be=1,2,3.

It is seen from (6.2) that the Hamiltonians (3.20b), (4,7) coincide in the approxi-
mation to terms of power 1/m and are polinomials in p,. Equation (2.1) with the
Hamiltonian (6.2) describes the free motion of a particle without any spin. In order
to describe the motion of a charged particle in an external electromagnetic field we
make in (2.1), (6.2) the usual replacement p,, — 7, = p, — cA,. The result is

. .0 .
H7 (7)¥(t, ) = zalll(t,x); (6.3)
HS (@) =01 |m+ ﬁ 722 (Stama)” 765*.}7 +
T ! 2m m m
1 .. 1 (6.4)
+eAy + o3 2ZS4a7ra+Wh () +0<ﬁ> ;

H = curl 4, S=j+7
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One can verify directly that the Hamiltonian (6.4) has positive energy eigenvalues
as well as negative ones. We obtain from (6,3) the equation for the positive energy
states. It is achieved by the unitary transformation

UV =UV,  Hj(7) — H},(7) =UH}(RUT - z%—gUT, (6.5)
where
U® = exp(i55) exp(iS2) exp(i51);
S4a7ra S4aEa
S1:70'2; m ’ 52:(736; 2m2 ;
o g9 = 4 3 2 (66)
S3 = T om3 {h (7) + 3 za:(SMT"a) - za:[ﬂ , SaaTal4++

ed 2 = A, A
+——za:S4aEa—|—eZ[S-H,S4a7ra]+}, Bo= =5~ Gu

From (6.5), (6.6) one obtains

R w2 S-H e
H (%) = ( +o— e > +edot 5 ;[SMEG,S%M],. (6.7)

The operator (6.7) commutes with o;. On the set of functions ®* which satisfy to
the condition

O'l(I)+ = (er (68)

the Hamiltonian (6.7) is positive definite and equals

> S.H
Hj (7)0F = (m—i— 27T— —e

m m

) + 6A0+
(6.9)

0
Ea, S4b7Tb (I)+ = ZE(DJF.

b

Formula (6.9) should be considered as a generalization of the Pauli equation for
a particle of spin % to the case of a particle with an arbitrary (in general, variable)
spin.

To inquire into the physical sense of the constituents which are included in H;_ (%),
we consider in detail the special case of the equation (6.9) when j =0, Sy, = S, = 74.

According to (1.1) it corresponds to the particle with a fixed spin. Using the identity

e 5 (S4a)2div E
L E — ab 8Ea _ a .
2m? [S40Ba, Saoms] - = 12m2 @ Oxy 6m?

a,b (6.10)
—5 8- (Exp—pxE); 90 = B[S, Sa) — 2 Gap(Sac)?,
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we write the equation (6.9) for j =0 as

2 S-H s(s+1)
H (R)d+ = T L eAy— - o
0 () {m—i— o +edg—e — e div
OF, e = = ., ) (6.11)
ab o + . 4
S (E — E); o7 =i—d
12m2 @or Oy, T (Exp=px )} ot

62 = 3[Sq, Sul4+ — 206255(S + 1).

Equation (6.11) describes in the quasi-relativistic approximation the movement of a
charged particle with an arbitrary fixed spin in an external electromagnetic field.
The Hamiltonian Hy, (%) includes the constituents which corresponds to the dipole

—

e = = 1 ab OFq . . e L =
(—ES.H), quadrupole —TmQ;QOE o2y | spin-orbital <_WS - (px E—

. 1 .
E x p) | and Darwin <62$(s + 1) div E) interactions. By substituting (6.10) into
m

(6.9) one verifies that similar constituents are included in the Hamiltonian HJ_ (7) of
a particle with variable spin.

Thus using the equations for a free particle with an arbitrary spin obtained in
Sections 1-4 we found the quasi-relativistic equations (6.9), (6.11) for a charged parti-
cle in an external electromagnetic field. We established that in the approximation of
1/m? both Hamiltonians (3.20b) and (4.7) are formally equivalent to (6.7). However,
the operator H]“T is determined in the Hilbert space where the scalar product has
the complicated structure (2.11), (5.17), and that’s why the Hamiltonian H}T is more
convenient for the description of the motion of a charged particle in an external
electromagnetic field.

In the case s =7 = % (6.11) coincides with the equation obtained by Foldy and
Wouthuysen [3]. For s = 7 = 1 (6.11) has the structure analogous to the equation
obtained in [2], but in addition it takes into account the quadrupole interaction of the
particle with a field.

Appendix
Here we present, without proof, some relations used in the paper. In [5] it is
shown that for the projectors of the type (3.9) the following formulas hold:

- 7, R - 1 2 ﬁ
7, Aj] = 5= x j(Ajs—1 — Ajs1) — 5 (J - ];Jp) (Njg—1 + Ajgr1 — 2A4,);

2 2
? i ; (A1)
[7, Ajs] = @ﬁx J(Ajs—1+ Njg1 — 2A5,) — » (j - 5%) (Njg—1 — Ajgt1)-

The corresponding relations for A, can be obtained from (A.1) by making replace-
ment j — 7, j3 — T3, jp — Tp. These relations are used in solving equations (3.14)
and (4.4). Besides, the following fact is taken into account: the linear combination

L= G1;+b77+w+w+b>%ms (A.2)
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equals zero if and only if either js = 4j3, or 73 = £7, and then

Pxi = . . )
+J—533 Aj A =0, Jz = £74,

F1

Sy -
($ip Uy 27'3) Aj A =0, Tg = +7
p p

is either fulfilled, or all numbers b,, equal zero.
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On the equations of motion for particles with

arbitrary spin in nonrelativistic mechanics
W.I. FUSHCHYCH, A.G. NIKITIN, V.A. SALOGUB

It is well known that the electron motion in the external electromagnetic field is
described by the relativistic Dirac equation. In this case, in the Foldy—Wouthuysen
representation, the Hamiltonian includes the terms corresponding to the interaction
of the particle magnetic moment with a magnetic field (~ (1/m)(cH)) and the terms
which are interpreted as a spin-orbit coupling (~ (¢/m?){(p—e.A) x E)). Apart from
these constituents the Hamiltonian includes the Darwin term (~ (1/m?)div E) [1].

Such a description is in good accordance with the experimental data.

[t was shown by Bargman [2] that it is possible to introduce the particle spin
in the nonrelativistic quantum mechanics by performing the central extension of the
Galilei group. In connection with this Bargman result the problem of finding the
motion equations, which are invariant with respect to the extended Galilei group G,
arises naturally.

Such a problem has been considered in [3-5]. The equations obtained in [5] have
redundant components and, besides, these equations do not describe the spin-orbit and
the Darwin couplings if one makes the replacement p, — 7, = p, — eA, in them.

The aim of this note is to find such motion equations for a particle with spin which
are invariant relative to the group G, have no redundant components and describe the
spin-orbit and the Darwin couplings of the particle with the field. It is reached by the
supposition that the free nonrelativistic particle Hamiltonian has two energy signs
just as the Dirac Hamiltonian. This is equivalent to the requirement that the theory
(equations) be invariant under such a transformation:

t — —t, TYU(t,x) = 7TV (—t, x), (1)

where 7 is some unitary matrix. In terms of group-theoretical language this means
some extension of the group G to the group G O G, which includes the transforma-
tion (1).

In order to find the motion equations in the Schrodinger form

0

— U = H, W 2
i5 ¥ =M:T(t, @), (2)
which are invariant under the group G and the transformation (1), we have used the
method of the work [6], where the same problem has been solved for the full Poincaré
group. Equations (2) with an unknown operator function Hs will be invariant under
the group G if the following relations are satisfied:

[HsaPa] = [st]ab] :Oa [HsaGa] :iPaa [Ga7Gb] :Oa
[Paa Gb] = iEéabma [Jab7 Ga] = iaach - Z-(Sbcc;(aa (3)
[Jaba ch] = i(éaCde + 6bd<]ac - 5adt]bc - 5bct]ad)7
[57Pa} = [57 Jab] = [5>Ga] = 07

Lettere al Nuovo Cimento, 1975, 14, Ne 13, P. 483-488.
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&)

[T, Jw) ={T,e} ={T,G,} = [T, P,] =0, €= @,

where P,, Py = Hs, Jup and G, are the generators of the Galilei group, T is the
operator of time reflection.

To determine all possible (up to unitary transformations independent of the particle
momentum) operators H,, which satisfy relations (3), we use the following realization
of the generators P, and Jg;:

Pa = - Jab :xapb_xbpa+5ab7

)
0x,’

_ [ Sa O _
Sab( 0 Sab)7 a,b=1,2,3,

(4)

where sq are the generators of the irreducible representation D(s) of the O3 group.
We require the Hamiltonian H to be the differential and Hermitian operator with
respect to the usual scalar product

mhwg:/ﬁ%wumw%@w» (5)

where ¥ is the 2(2s + 1)-component function, which satisfies eq. (1).
Expanding the operator H, in a complete system of the ortoprojectors

o Sy _ S12p3 + Sz1p2 + S2spr
e I e 7l | ©
r #r
and using the results of the work [6], we have obtained that the Hamiltonians H,
which satisfy conditions (3) are represented by the formulae
p

2 2 2 S
Hi=p1|m+ LA sin?6;: ) + pgp— sin 2601 + pgﬂ—p sinf, (7)
2 2m  m 2 2m 2 s 2

2 2 2
Hi=p1 |m+ LA @ sin? 6y | + P2 (Sp) sin 20, + pgﬁ@ sin 61, (8)
s2m 2ms? s

2
m+ 2 _ S iy +
m 2

[——8111293 — ism@s,/ 9 — sin? 9%] + (9)
1 /9 _ sin? Sp .
+2 {8 n20s —mees 9 —sin 9%}}—|—p3\/§?51n9%,

2
3
Hszpl (m+p_)7 s> 7, (10)
2m 2

where 0, are arbitrary parameters, p, are the 2(2s + 1)-dimensional Pauli matrices.
The Hamiltonians (7)-(10) are the square roots of the operators

4

H2=m2ypt+ P (1)
4m?
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The operator H is the nonrelativistic analogue of the Dirac Hamiltonian for an
electron. As will be shown in what follows, the parameters cos 26 must be interpreted
as the anomalous magnetic moment of the particle.

If 6 =7/4, eq. (2) with the Hamiltonian (7) may be written in the compact form

4
[m + 5, "] = imf—m\I!, (12)

where «,, are the 4 x 4 dimensional Dirac matrices

.S
Yo = P1, VaZZP2?7 Y4 = P3-

The operators H; and H% are the nonrelativistic Hamiltonians for the particles
with spins s = 1 and s = 3 respectively.
The Hamiltonians (7)-(9) are not diagonal. They may be diagonalized by the

unitary transformation
Hy — H, = UHUT, (13)
where

E Hs 2
U=y ! A, E:\/p2+m2+%.

v \/2E(E+m+%(1—2’gsin298))

For the case s > % the only trivial Hamiltonians (10) which result in no spin
effects are possible in our statement of the problem.

The description of the behaviour of the nonrelativistic particle with spin in the
external electromagnetic field is made by the replacement p, — =, in eq. (1). In
order to preserve the explicit Hermiticity of the Hamiltonians it is necessary to
symmetrize previously the formulae (7)-(9) using the identity

1
DaPb = §(papb + PoPa)- (14)

After such a symmetrization and the replacement p,, — 7, in (7)-(9) we obtain

2 2
Hs =p1 |m+ T _ (Sﬂ_) sin? 0, + M sin? 05| + ep+
2m ms2 2ms?

(15)

2 2
+P2 |:as7r_ + bs (Sﬂ-) - e<SH) b5:| + p3\/§ﬁ Sin 957
S

2m 2ms? 4ms?
where H, = i€ape|[Ta, 7e] is the magnitude of the magnetic field,

=0, ap =0, by = sin 204,

1
2
1 3 [ 1
%:—gsin%%—zshﬂ% 1—§sin29%,

. 3 .
278 5 4 3 9 5"
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For s < 2 it is impossible to diagonalize the Hamiltonians M, for the interacting

particles exactly. The diagonalization of the Hamiltonians (15) to terms of the power
1/m? is made by the unitary operator

U = exp [i(B3)] exp [i(B3)] exp [i(BY)],

where

2
By = —2\7{;9 sin O pa(STr),

Bs — p3ﬁ a7 + bs(S’;-)2 . ebSQ(:;H) . e 2zin03 SE|
Bgzngggﬁ-{KE%EBE{SW,WQ}+“Z2%§LEL{S ,SH}— v
VR (S e[ ] — [(Swm]] .
After the transformation (16) the Hamiltonian (15) takes the form
Hom s B o] e SRRO [k 2]
xSMxH—Hxﬂ+Q%%?%%Wmu—ﬁ%%%ﬁyme+(m
f%ggswxE—Exw)‘?;fQMVEbi?19§<ME

where Qg is the tensor of the quadrupole coupling [7]
Qab = ImZ [3{5a,5b} Saps(s + 1)].

To elucidate the physical meaning of the constituents which are included in (17) we
consider in detail the case s = % Substituting into (17) the spin matrices from the
representation D (1) and using (15), we obtain

He=H"Y -, (18)
where

2 _
2m m 4m? 8m?2

is the Hamiltonian which has been previously obtained by Foldy and Wouthuysen [1]
by the diagonalization of the Dirac Hamiltonian, and

eS(mx E—E xm)

H = p; M cos 20, + cos 20+
m 4m?
2 sin 6, sin 26 (20)
€ . ev2sin b sin 20,
+Wcos293d1vE+ Dy S(mwxH—H xm).
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It follows from (18), (20) that the parameter cos20; plays the role of the anomalous
magnetic moment of a particle. Choosing in (18), (20) cos26; = 0 one obtains the
operator which differs from the Foldy—Wouthuysen Hamiltonian by the existence of
the additional constituent eS(m x H — H x m)/2m?, which describes the magnetic
spin-orbit coupling of the particle with the external field. The analogous situation
takes place for the spins.

The Hamiltonian (17) for s = 1, g includes the constituents which correspond to
the electrical quadrupole (v/2b, sin 6,/24s%) x Q. V4 Hyp and the magnetic quadrupole
(—(1 — cos? 0,)/245%) x Qup Vo Ep couplings.

Equation (1) with the Hamiltonians (15) can be solved exactly for many important
classes of external fields. Thus the energy spectrum of the particle with spin s = %

in the homogeneous external magnetic field, has the form

2 2\ 2 2
E—+ m2+§2+p§+(§ +P3> +<€H> _
2m 2m
1/2
2 2\ 2 1/2 (21)
—0'36— m2c0s220—p§cos29+§2+(§ +P3>] 7
m 2m

€ = (2n+1)eH.

Thus, within the framework of the nonrelativistic quantum mechanics, when one
uses the equation in the form (1), the successive description of the particle with the
spin s < 2 movement in the external electromagnetic fields is obtained which includes
the dipole, quadrupole and the spin-orbit couplings of the particle with the field.
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7. James K.R., Proc. Phys. Soc., 1968, 1, 334.
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O ponoaHUTEJbHOWM UHBAPUAHTHOCTH
ypaBHenus Kieiina—-I'opnona—®Poka

B.H. YUY

Xopolo u3BecTHO, uto ypaBHeHue KueiliHa-Topnona-®oxka (KI'D)

LQO(,I(),:L') = 07 L :pg _pi - m27

) 9 (1)
axaa a = 172737

To =t, =i—, =—1
0 Po BIQ Pa

WHBApHaHTHO OTHOcHTebHO Tpynnsl [lyankape. B repmunax anre6per JIu 310 03Havaer,
YTO YIOBJIETBOPSAIOTCS CJAEAYIOLIHE yCJIOBUS:

rie Q; — 0asucHble 3jeMeHTH anre6psl [lyankape P(1,3) uMewllHe TaKylo SIBHYIO
CTPYKTYPY:
P,u:p;u J;w:xupl/*xl/pm u,v=0,1,2,3. (3)

B nanHo# paGoTe naercsi MONOKUTENbHBIH OTBET Ha CJAEIYIOLUIMHA BOMPOC: CYLIECTBY-
eT Ji anre6pa (rpymnna) MHBapHaHTHOCTH ypaBHeHUst KI'®, yHUTapHO HeIKBUBaJeHTHas
anrebpe (3)?

C moMOIIIbI0 3aMEHBI

pop = »¥1, p ="V, poy # 0, 4)

Tie » — TOCTOsIHHAs BeJHUYMHa, ypaBHeHHe (1) mpeofpasyeM K cHcTeMe ABYX ypaBHe-
HU{ NEepPBOro MOPSAKA OTHOCHUTENbHO BPEMEHHOH MPOHU3BONHOM

()=o) w=( gt ). )
H = i (E? + »*)oy — ioo(E? — %2)} , E = (p? + m*)Y/?, (6)

rie o1, 02, 03 — OByMepHble MaTpuibl [laynu. Oneparopsl (3) mocse npeoGpasoBaHus
(4) mpuHuMatOT BUL

{@Y: PL=VPV'=p,  Jh=Jw  ab=123;
I ipa (7)

oo = VJoaV™! = zopa — zapo + &L, §a = 5(00 —03);
0

V:%{(l—i—%)al—i—i(l—%)og}. (8)

Jokaansl Akanemuu nayk CCCP, 1976, 230, Ne 3, C. 570-572.
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Teopema. Ypasuenue (5) unsapuarHmmo omHocumesbHo credyroujux 08yx areebp:
{QH} : PH = Py J<Izlb = Jabv JI = Joa + aa

& = —ipas3 2E2 (o0 +03);

@QMy: Pl=mn, Pl=p, JY=Ju,

(9)

H (10)

1
Jm = ToPa — (xa’H + Hz,) + §IH 5;“ —Pasrmg 9E2

HoxkasareabcTBo. Bocnosibayemcs mpuemom [1, 2], ¢ momouibio KoToporo Gblia o6Ha-
py’KeHa HOBasi CUMMeTpHusi ypaBHeHu#l Makcesnna u Jupaka. OcyliecTBUM Haj ypas-
HeHueM (D) H30MeTpUUECKOE HHTErpalibHOe MpeofpasoBaHie

1
= ——{(E + »)(og +i03) + (E — 3)(o03 —01)}; 11
5= (B + (00 + i)+ (E = )(s — o0)} (1)
0¢ — enuMHWYHas AByMepHas matpuua. [locie 3Toro mpeobpasoBanust ypaBHeHue (D)
MepexXofiUT B CUCTEMY JBYX He 3allelJISIOUINXCsl HHTerpo-nuddepeHIHaIbHBIX YpaBHe-
HHUH BUIA

Z,6<I>(t, x)

2 = ype(t),  ®=W, 03=<1 0), (12)

0 -1

rie E = (p2 +m?)Y/? — nonoxurenbubiii neesaonuddepeHMaibHbIi onepaTop.
YcnoBue uHBapuaHTHOCTH (2) nns ypaBHeHUs (12) BBINISAMT Tak

[L/,Q;],(I) = 0, L/ =pPo — J3E. (2’)

HenocpencreenHol mpoBepKoi Jierko yOeauTbesi, 4To ycjaoBHe (2') ymoBJeTBOpSETCS
IJ1s1 TAKUX OBYX aJjrebp:

{Q(Q)} : PIEQ) = Pu» ‘] V = TuPv — TvPus (13)

{Q(B)} : PO(S) = O-SEa PL‘ES) = pa7 J(gi) = Jaba
3) _ 1 / / ’r (14)
Jo,, = tpa — 5(;3(17'[ +H'z,), H = o3FE.

fsHasi cTpykTypa omepatopoB (9) u (10) monyuaercs uz omneparopos (13) u (14) c
MIOMOLILbI0 TAKHX Npeodpa3oBaHUi

Q= W QPw, (15)

QI = w1QPwW, (16)
rae

W= M%ﬂEw)(ao—wz)HE—%)(m —i02)}. (17

DTUM caMbiM M J0Ka3aHa Teopema. KoHeuHO, 3Has sIBHBIH BH. omepatopoB (9) u
(10), B cripaBemJIMBOCTH TeOPEMBl MOXKHO OBbLIO YOEAHUTHCS M MPSIMOH MPOBEPKOH YCJIO-
Bul (2).
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3ameuanue 1. [Tomumo anre6psl (7), (9), (10) ypaBHeHHe (D) HHBapHaHTHO, HAITPUMED,
OTHOCHTEJIbHO TAKOH COBOKYMHOCTH OIEPaTOpOB:

PéV:Ha P;V:ptm J;V:Jaby
(18)

1 ) a .
Jég =tpg — §(maH + Hzy) = tpa — xH + _22p (o1 —io2).
P

Ha pewenusx ypasrenus (5) oneparopsl PiV, JIV moxHo npencrasuth B Buze

1Pq .
P&V\I, =poV, J(I]X‘I’ = {tpa — Zapo + 2].;%(01 - 102)} v,

Mo2kHo, 0IHAaKO, MOoKa3aTb, 4To onepaTophl (18) yHHTapHO SKBHBAJIEHTHBL OMepaTopam
(10).

3ameuanue 2. Oneparopsl (9) u (10) peanusyioT mpeactasienus: anrebpel [lyaHkape
P(1,3) B kjaacce uHTerpo-auddepeHHasbHEIX (HeJOKaNbHbIX) omepaTopoB. Bes He-
JoKaNbHOCTb cofiepxkutest B oneparopax & u €M) nockonbky E~2 — uuTerpanbHblit
orepaTop B -TIPOCTPaHCTBE.

Caencreue 1. /15 areebpo (10)
[xaﬂ‘]/ﬂ/]* #i(galdlel _gavxu)y a = 172a3a ,LL,V = 07172737 (19)
[0, Juw]— = 0. (20)

Caencreue 2. Onepamopot (9) u (10) noposxcdarom obbiurble, L10peHy08CKUe, NPABULL
npeobpa3osaniis 04 dIHEPSUL U UMNYALCQ, NOCKOALKY 05 0beux areebp ydoeiemso-
PAIOMC KOMMYMAYUOHHBLE COOMHOULEHUSL

[P Japl— = i(9uaPs — gupPa)

Caencreue 3. Onepamopot (9) u (10) nopoacdarom cosepuieHHO pasiutHbLe NPABULL
npeobpasosarnus OAs NPOCMPAHCMBEHHbIX U BPEMEeHHOL KOoopouHam npu nepexooe
om 00HOU cucmemol omcuema K Opyeou:

(z))" = exp (iJ5,0,) wa exp (—iJih0.),  a,b,c,=1,2,3,

@n
(acg)/ = exp (iJ3,05) zo exp (—iJjL0c) ;
(mgl)/ = exp (iJ&IHb) Zq €XP (—iJ(IJICIHC) ; (22)
(mgl)l = exp (iJou0s) w0 exp (—iJeb.) = a . (23)

Dopmyna (23) siBasieTcss caeAcTBHeM cooTHolleHHs (20) ¥ yKas3biBaeT Ha TO, UTO
BpeMsi He MeHSIeTCsl IIPU Mepexoie OT OJHON CHUCTeMbl OTCYeTa K APYrOH.

CyMMupysl BCe CKa3aHHOE, MPHUXOAHWM K BBIBOLY: OTHOCHUTEJbHO MpeoOpasoBaHuUil
(22), (23) pensiTuBHCTCKOE ypaBHeHHe (D) MHBapHAaHTHO B cMbicye (2), XOTs BpeMsl He
U3MEHsIeTCsI TIPH MepPexofie OT OQHOM CHCTeMbl oTcyeTa K Apyroi. [Ipu aToMm, KOHeYHO,
HeJIOKaJibHble Npeobpa3oBanus (22) He coBmagaiT ¢ npeodpaszoaHusimu Jlopenua. s
ypaBHeHu# MakcBessa U Jupaka 3tot hakrt Obl o6HapyxeH B [2].
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3ameuanue 3. [IpeobpasoBanue (11), ocyuiecTBasiOLIee MepeXon OT ypaBHeHHs (D) K
(12), He emuHcTBeHHO. CylleCTBYyeT MHOTO NpeoOpa3oBaHUi Takoro Thna. Bot omHO 13
Hux [1, 2]:

1 H 1 H
W1<1+0'3> W_l(ldg .
V2 E)’ VG E
HaxkoHen, npuBenem siBHbIH BUJ, ollepaTopa KOOpPAWHATH B NpencTaBieHud W:
Xy =W e, W =z, + ipi(ao + 03).
2F?
1. ®yuwmu B.U., Teop. u mam. ¢us., 1971, 7, Ne 1, 3; Ilpenpunr WUn-ta teop. ¢usuku AH YCCP,

Ne 70-32, Kues, 1970.
2. Fushchych W.1., Lettere Nuovo Cimento, 1974, 11, Ne 10, 508.
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On the Galilean-invariant equations
for particles with arbitrary spin
W.I. FUSHCHYCH, A.G. NIKITIN

In our preceding paper [l] the equations of motion which are invariant under the
Galilei group G have been obtained starting from the assumption that the Hamiltonian
of a nonrelativistic particle has positive eigenvalues and negative ones. These nonre-
lativistic equations as well as the relativistic Dirac equation lead to the spin-orbit
and to the Darwin interactions by the standard replacement p, — 7, = p, — eA,.
Previously it was generally accepted the hypothesis that the spin-orbit and the Darwin
interactions are truly relativistic effects [2].

In [1] only the equations for the particles with the lowest spins s = %,1,% have
been obtained. What puts the equations [1] in a class by themselves is that the
transformation properties of a wave function are rather complicated (nonlocal) and
it is difficult to establish their invariance under the Galilei transformations after the
replacement p,, — 7.

In the present note equations for arbitrary-spin particles are obtained which pos-
sess as good physical properties as the equations [1].

Moreover the wave function has simple transformation properties in the case of
the equation describing the interaction with an external field as well as in the case of
the absence of interaction.

We shall start from the assumption that under the Galilei transformation

z—x' =Rx+Vt+a,

1
t—t' =t+b, M

the 2(2s + 1)-component wave function ¥(¢,x) transforms as
U(t,x) — V(' @) = exp[if(t,x)|D*(R, V)¥(t, z), (2)

where D?(R, V') is some numerical matrix, depending on the parameters of the trans-
formation (1), exp[if(¢,2)] is the phase factor [3]

f(t,x) =mV - Re + %mvgt. 3)

The generators of the group G, which corresponds to the transformation (2), have the
form

0
Py=i— P,=p,=—i—, Jab = TaDb — TpPa + Sab,
0 Z@t’ P Zaxa b = TaPb — TbPa + Oab
(4)
Gy =1tpg — mzg + A Sap = 0
a a a as a O Sab b

where s, are the generators of the irreducible representation D(s) of the group Os,
Ao are some numerical matrices, which have to be such that the operators (4) satisfy

Lettere al Nuovo Cimento, 1976, 16, Ne 3, P. 81-85.
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the commutation relations of the algebra G. It can be shown that the most general
(up to equivalence) form of the matrices )\, satisfying this requirement is

Ao = k(UB + i02)5a7 Sa = %Eabcsbm (5)

where o9, o3 are the 2(2s + 1)-dimensional Pauli matrices which commute with S,
k is an arbitrary constant.
To find the motion equations for arbitrary-spin particles

2wt ) = H.(p. )0t ) ©)
it is sufficient to construct such an operator (Hamiltonian) Hs(p, s) that eq. (6) be

invariant under the Galilei group G. Equation (6) will be invariant relative to G, if
the following conditions are satisfied:

[Hs(p, s), P,]- =0, [Hs(p, 8), Jap]— = 0, [Hs(p, 8),Ga)- = —iP,. (7)

Thus our problem has been reduced to the solution of the commutation relations (7).
In order to solve relation (7) we expand H, in a complete system of the orthopro-
jectors and Pauli matrices

Hy(p,s) =Y oudih,,  p=0,1,23, ®)
w,r
where
. !
Ar:Hsp/—p/r’ T,T/:—&—S—i-l,...,s’
r—r
r#r!

and og is the 2(2s + 1)-dimensional unit matrix, a#(p) are unknown coefficient func-
tions. Substituting (8) into (7), using the relations [4]

SabPy { PaS-P
22 (2A, — Apy1 —Apy) + — (Sa -

2p
[Ar7 Sab] = Pa [Ara xb] - Pb[Ar, m'a]7

and taking into account the completeness and the orthogonality of the orthoprojeotors,
we have found that, up to equivalence, the general form of the Hamiltonian H(p, s),
satisfying (7), is given by the formula
2 S . p)?
Hy =mo + osnm + 2p—m — 012inhS - p — (03 + iUz)nkz(T[)), (10)

[Arvxa] = ) (ArJrl - Arfl)v

9

where 7 is an arbitrary constant.
Formula (10) gives the free nonrelativistic Hamiltonian for a particle with an
arbitrary spin. Equation (6) with the Hamiltonian (10) is invariant under the group G.

For the spin % particle (when s = §, k = —i, n = 1) equation (6) may be written in
the compact form
P
(Yup" +m)U = (1 + 4 — 'yo)%\ll, (11)

where «,, are the Dirac matrices.

IThe analogous problem has been eolved in the relativistic case in [4]. Lately the method of the work
[4] has been further developed in works of R.F. Guertin [5].
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The Hamiltonian (10) and the generators (4) are non-Hermitian under the usual
scalar product. They are, however, Herinitian under

(Uy,Wy) = /d% UMW, (12)

where M is the positive-definite metric operator
S S -p\?
M:1+[i(k—k*)ag—(k+/€*)02]7p+2|k\2(1+01) (#) . (13)

Besides, if n, k satisfy the condition nk = (nk)*, the Hamiltonians are Hermitian also
in the indefinite metric

(Uy,Uy) = /d% wlew,, (14)

where

é- o 03, if 77* =1, k* = k7
) o, it n*=-n, k*=—k.

With the help of the transformation

Hy,—H =VHV™, V=exp [i)\ p] : (15)
m

the Hamiltonian (10) may be reduced to the diagonal form

2
H. =mg+ ognm + r (16)
2m

It is interesting to note that the condition of Galilei invariance admits the pos-
sibility to introduce two masses: the rest mass, or the rest energy (¢1 = mg + nm,
€2 = mo — nm) and the kinetic mass (the coefficient of p?). Below we consider the
case when mg =0, n =1, i.e. the rest mass is equal to the kinetic mass.

To describe the motion of the charged particle in external electromagnetic fields
we make in (6) and (10) the replacement p, — =, (symmetrizing preliminarily the
Hamiltonian in p, [1]). This leads to the equation

0

ia\ll(t,w) = Hy(m)U(t, ), (17)

72 . 2k _ 1
Hg(ﬂ'):orngr%Jraﬂzk(Sp)JrW(Ungzog) (STI')2+§(SM) ,(18)

where H, = icqpe[mp, 7| are components of the magnitude of the magnetic field.

It is important to note that eq. (17) as before is invariant with respect to the
Galilei transformations (1) and (2), if the vector potential is transformed according
to [2]

A — A' = RA, Ay — Aj = Ao+ VRA. (19)
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To prove this statement it is sufficient to use the exact form of the matrix D*(R, V)
in (2)

s _ v [ D(R) 0
D*(R,V)=(14iA-V) ( 0 D*(R) ), (20)
where D?*(R) the matrices from the representation D(s) of the group Os.

As in the case of the Dirac equation [6] the Hamiltonian (18) cannot be diagonali-
zed exactly. We shall make the approximate diagonalization of the operator (18) up to
the terms of the power 1/m? with the help of the operator

V(m) = expliB3] exp[iB3] exp[i Bi], (21)
where
S-p 0A, 0A,
B3 =iosk E,=— - —
LT R 0z, ot
s S m2)_ (S-m)?2?-18§-H . S E
B2 :—Ulk%—lgle m22 —201k2—2, (22)
2 S.m\* S 7S H k2[(S - )2, eA
B; = —gik30'2 (—ﬂ-) +’ik3—[ ﬂ-mg ]+02 +O‘2—[( 777;? € 0].
After this diagonalization one obtains
2
-H
V() B )V~ () = ogm + T 4 edg + K3 >
k2 k2 E

S-(mxE—-Exm)+ —5s(s+ )d1vE+ Qab + (23)

~Am?

3 1 k3 H, 1
—I—TZS(TK'XH HXTI') kQab (—),

2 m3
where Qg is the tensor of the quadrupole interaction
Qup = 3[Sa, Sb}_;,_ - 2(5(11,8(8 + 1). (24)

It is readily seen from (23) that —k? can be interpreted as the dipole magnetic
moment of the particle. If s = 2, —k? = 1 (it corresponds to the “normal” dipole
moment), the first seven constituents of the approximate Hamiltonian coincide on
the set @+ = Z(1 + o3)® with the Foldy—Wouthuysen Hamiltonian, which had been
obtained from the relativistic Dirac equation. The last two terms in (23) may be
interpreted as the magnetic spin-orbit and the magnetic quadrupole interactions of
the particle with the field.

In conclusion we note that we have not required the invariance with respect to the
time reflection for eq. (6). This invariance has been ensured if one doubles (brings to
4(2s + 1)) the number of the components of the wave function and assumes that the
particle energy can take both positive and negative values. An analogous situation
takes place in the relativistic theory [7].

As in the relativistic theory, it is possible to construct for the particle with spin s
the nonrelativistic wave equations with another (different from 2(2s+1) or 4(2s+1))
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number of components. For instance, the spin-one and spin-zero particles may bo
described by the Galilean-invariant equations

2 2

p »(B-p)

F—m)U = | fo— — v 25

(Bup" = m)¥ = | Bog— + 5P| ¥, (25)

where 3, are the 10 x 10- or 5 x 5-dimensional Kemmer—Duffin—Peteu matrices. These
equations will be considered in another work.

Note. The equations obtained in [1] and in the present paper may be considered as

those with the broken Lorentz symmetry. Actually, equations (12) from [1] and (11)

from the present work have the form of the Dirac equation with the additional term

which is noninvariant under the Poincaré group, but is Galilean invariant. The second-

order equations with this broken symmetry have the form

(pup" — m2)\II = BVY, (26)

where B = p*/4m? for the equations of ref. [1] and B = m(1 + 203) + p?03 + p*/4m?
for the equations from the present paper (if mg =m, n=1).
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O rpynmnax MHBapMaHTHOCTHU HEKOTOPbIX
ypaBHEHUN PeJSITUBUCTCKON KBAaHTOBOW

MEXaHUKHAN
B.H. ®YIIHY, I0.H. CETEJIA

B nanHoil 3ameTKe HaXooMM IpyNNbl MHBAPHAHTHOCTH YpaBHEHHH

0p(T,x) 1
=20 1
e (M
0¥(T,2) . .0
’ or = 7.p" (7, @), Pu :Zw’ #=0,1,2,3, (2)
2
rae O = 922 -V? — onepatop Janambepa, x — Touka B MPOCTpaHCTBe MUHKOBCKOrO,
Lo

| — mocTosiHHas BeJIMYHUHA.
YeTeipexpsiiHble MaTPHLBI Y, YAOBJETBOPSIOT COOTHOLIGHHSIM

VYo + VY = 2090, goo=—grke =1, k=123 Guw =0, p#v.(3)

B ypaBHeHuH (2) M0 MOBTOPSIIOLIMMCS HHAEKCAM L1, TIOAPA3YMEBAETCS CYMMUPOBAHHE OT
0 no 3. ¢(1,z) — cxanspHas pyHkuusi, ¥(r,z) — deTblpexpsifiHasi MaTpHLia-CcToGeL

U(r,x) = wi(T: x) . (4)
Ya(T, )

[lepemeHHasi 7 — coGCTBEHHOE BpEMS YACTHIIbI.

O6o03HaunM uepes ()4 GasucHble BeKTOphl anaredpsl JIu Hekotopoil rpynnsl G. s
Toro utobel ypaBHeHus (1) u (2) ObLIM MHBapUAHTHBIMH OTHOCHTEJbHO Trpymmel G,
JIOJI2KHBI BBITIOJTHATBCS, 110 ONpefieJieHUI0, CAeaYIolie KOMMYTalllOHHbIE COOTHOLIEHHUS:

|:Z£_ - }DaQA:| 50(7—7 ZL’) =0, (5)
i = Q| () = ©)

Mbubl uHorna GyneM ynoTpeb/siTb TepMHUH “anre6pa MHBAPUAHTHOCTH BMECTO ‘TpyTina
MHBAPHAHTHOCTH .

1. HaiineM MakcHMasbHYIO IPYNITy MHBAPHAHTHOCTH ypaBHeHHus (1) B Kiacce auc-
(bepeHLHANBHBEIX OMepPaTOPOB MEPBOTO MOPSiAKA

4
Qa =Y fi(r,2)D;+ fa(r,x), (7)
j=0

YMIXK, 1976, 28, Ne 6, C. 844-849.
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rae

0 0 0
Dy =i—, Dy = —i—, Dy=i— k=1,2,3 8
8:170 all?k 67_7 y &y 9y ( )
{A} — HexkoTOpOe MHOKECTBO HHIEKCOB. '
Hamia sagada cocToUT B TOM, YTOObBl HaUTH HKUMU f2 (1,2), fa(T,2), OPH KOTO-
y A 9 )
pBIX yCJI0BHS (D) BBIMOJHSIOTCS. YCI0BUs (D) MOXKHO 3amucath B BUIE

= i\T, ) (i% — %D) , 9)

rie A(7,x) — HekoTopas IBaxJAbl HeNpepblBHO AU(depeHLUpyeMast GYHKIUS, MOIMe-
Kamas onpegesnenuto. [logcrasass (7) B (8), nomyuaem 10BOJBLHO FPOMO3IKYIO CHCTEMY
i depeHHatbHbIX ypaBHeHHE 15 GYHKUHHA (T, z), fa(T,x), f4(7,x). Pewas sty
CUCTEMY ypaBHeHHH, mosyuum Habop 17 omepartopoB {(Q)4}, yIOBJIETBOPSIOMIKX YCJIO-
B0 (9). DTH omepaTopsl UMEIOT CJAENYIOUIMH SIBHBIH BHI:

L0 1
{28_7 - 7D7QA

0 0 0 l

A= Z(T a——l—Tta —|—T$ka +27>—|—152,

0 0 0 0 0
D=i|2r— +t— 2 R=i— Py=i—

(Ta T T o T ) a0 T e (10)

0 l
P, = _Za—ﬂjk G,u =TPp — 51'“, J;w = ZTuPv — TuPu,
To =1, 52:t2—xﬁ:x#x“, w,v=0,1,2 3.

Omneparopet (10) obpasyior anre6py Jlu ¥ yHOBIETBOPSIIOT KOMMYTALHOHHBIM COOTHO-
HIEeHUAM:

[A, D] = —2iA, [D,R] = —2iR, [R,G,] =iP,, [A,R| =1iD,
[D, P = —iPy, (R, Juw] =0, [A, P] = iG,, [D, G| =iG,,
A
Gy = 15 9uws [4,Gul =0, (D, Juw] =0, [A, Jw] =0, (11)

Juy,G)\} = Z(QVAG u)\Gy)a

[Py
[ ] 0, [G G ] =0, [J;UMP)\] :i(gV/\P;,L_gM)\PV)7
[
[J,U«Va Jaﬁ] - 'L(guﬁJua gﬂajuﬁ +guaJ,u['3 - guﬁJ;La)'

Ara anrebpa Jlu nopoxknaer cooTBeTcTByWILYl0 17-mapamerpudeckyto rpynmy Jlu,
KOTOPYIO IO aHaJOTHH C TPYNNOH HMHBAPHAHTHOCTH HEPENSTHBUCTCKOTO YpaBHEHHS
[penunrepa [1-3] HasoBem pensituBHcTCKO# rpynmoi LlpenuHrepa.

Taxkum 06pa3oM, OKOHYATEJbHO UMeeM CJeNyIOUIHEH pe3y/bTar.

Teopema 1. Ypasrenue (1) uHBAPUAHMHO OMHOCUMELLHO PEAAMUBUCICKOL epynibl
Llpeduneepa, arcebpa Jlu xomopoti 3adaemcs KOMMYMAYUOHHIMU COOMHOUEHUSL-
mu (11).

3ameuanue 1. M0oXXHO HENMOCPENCTBEHHOM MPOBEPKOH YOENUThCS, UTO €C/IU K OlepaTo-
paM J,,,, IPUCOENHHHUTE OMepaTop

2p

1 -
— —(zup+pry),  Du= Pus D= (Pap

a\1l/2
2 s

JH4 = 7']7”
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TO COBOKYIHOCTb OMepaTopoB {J,,,J,4} YIOBIETBOPSIET KOMMYTAI[MOHHBIM COOTHOILIe-
HusiM anre6psl Jln rpynnsl SO(1,4):

[JMV’ Jaﬁ] = i(guﬁ']m - g/MX‘]Vﬂ + gVOiJHB - gl’ﬁ‘]lﬂl)’
[J;,LVJJ)\4] :i<guAJ;L4 _gp,VJuél)y [J[L47Jl/4] :in,V-

3ameuanue 2. B pabore [4] Obuia npensioxkena pessiTuBHCTCKast rpynna [anumies G,
SIBJIAIOIASCS ecTecTBeHHbIM ob6obiieHueM rpynnsl [anunes Gy4. [pynna Gy sBasercs
MOATPYTINOH pensiTuBUCTCKON rpymnnsl [llpennHrepa.

2. B aToM myHKTe HafieM TpPyMmbl CHMMETPHH ypaBHeHUs (2) — ypaBHEHHs THUMa
Jlupaka ¢ coGCTBEHHBIM BpeMeHeM.
Teopema 2. Ypasrerue (2) uHBAPUAHMHO OMHOCUMEALHO 2PYNNbL BPALLEHUL U COBU-
208 8 namumepHom npocmparcmee MunKosckoeo.
Hoka3areabcTBo. HernocpencTBeHHOH MOACTAHOBKOH MOXKHO yOeIMTbCS, YTO COBOKY-
MTHOCTb OMEPaTopPOB

0 0 0
Py=1i— P,=—1— Py =—i—
"= o BT T o, 1T e
)
J;w =TuPy — TPy + S;wv S,Lw = Z[’)ﬂua’)’u]a (12)

1 A N R
J}w =Tpp+ 5(35#M + Mz,,), M = ~,.p*,

yAOBJIETBOpsieT ycaoBusiM (6), a X KOMMYTAlMOHHbIE COOTHOLIEHHST UMEIOT CJIeNYOLHH
BUJL:

[J,uy; Jozﬁ] = i(guﬁjua - gﬂaJL/B +gua<],uﬁ - gvﬂJpa)a

. (13)

[J/,Ll/) P)\] = Z(gu)\Pp, - gHAPV)v
rne A\, vy, 3=0,1,2,3,4; goo = —g11 = - - = —gaqa = 1. Y3 (13) BuaHo, 4to coBo-
KYIHOCTb 0nepatopoB J,,, Py, p,v, A =0,1,...,4, aBaseTcs 0a3HCHLIMH 3J€eMEHTaMH

anre6pel JIu rpynnel BpallleHH# ¥ CIBHUTOB B H-MepHOM mpocTpaHcTBe MHUHKOBCKOTO —

rpynnsl P(1,4). Bosnee nogpo6Ho 06 3TOH rpymIe U ee IPUMEHEHHUsIX B (pU3UKe CM. [D].

Ha wmHoxectBe pemienust ypaBHenwust (2) omeparopbl (12) MOMXKHO TpencTaBHTb B
BHIE

=il m=-il  p=-il

ot Oxy, ‘ or (12')

i

Iy = T, Jiy = TPp — Tupa + 5

Vies w,v=0,1,2,3.

3. Jlo cux nop Mbl HaXOAMJH a/are6pul JIu rpynn HHBapMaHTHOCTH AU depeHLHalb-
HbIX ypaBHeHu# (1) u (2) B K1acce nuddhepeHIHaIbHBIX OMEPaTOPOB MEPBOTO MOPSAKA.
B [6] nokasaHo, uTo, HampuMmep, ypaBHeHHs MakcBessia W [lupaka JomycKarooT asre-
Opy MHBapHaHTHOCTH, Oa3UCHbIe 2JIeMEHThl KOTOPOH SIBJAIOTCS CYL1eCTBEHHO HHTErpo-
nu(pdepeHMaIbHBIMU ONlepaTopaMy. DTO 03HauaeT, YTO eC/JIH PaclIUPUTb KJacC MCKO-
MbIX AH(depeHLHaNbHBIX 0NepaTopoB ()4 10 MHTerpo-aud@epeHLHaNbHbIX ONeparo-
pOB, CMOXKeM OOHapy>KHTb COBEpLIEHHO HOBble CUMMETPUH ypaBHeHHH [BHxKeHHUs. B
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3TOM ITYHKTE HalileM HeCKOJIbKO anrefp MHBAapHaHTHOCTH IJisl ypaBHeHHs (2) B KJjacce
UHTerpo-auddepeHaNbHbIX ONEPAaTOPOB.

Teopema 3. Ecau na muoxcecmee peuienuil ypasrenuii (1) u (2) pi > 0, mo amu
ypasHerus unsapuarnmmusl omuocumenvro epynn SO(1,4) u SO(1,5) coomsemcm-
8EHHO.

JlokasaTesnbCTBO MPOBENEM TOJNBKO AJst ypaBHeHHs (2). Bocmosbayemcsi mpuemom,
TNpenJioKeHHBIM B [7]. PacecMoTpuM omeparop

1
Ry = 5(P*Jya+ JuaP?)  (p0=0,1,2,3,4). (14)

OnepaTop RH YAOBJIETBOPSAET CJ/AEAYIOIIUM KOMMYTAalHOHHBIM COOTHOILIEHHSAM!:

[Rua RI/] = inu(PaPa)a [']MV7R/\} = i(gl/kRu - gu)\Ru)a

v (15)
[J,uya Jozﬁ] - Z(g,uﬁjua - gﬂaJu,B +gua<],u[3 - guﬁjﬂa)'

BBenem nHTerpasbHbli onepaTop

R
Jus = ——t—. 16
[L5 \/W ( )

Onepatop J,5 yHOBIETBOPSIET COOTHOLICHUAM
[Jus, Jus| = i (17)

M3 (15)-(17) cnenyer, uto onepartopsl J,,, Ju5 YAOBICTBOPSIOT KOMMYTALIHOHHBIM CO-
oTHoLIeHHsIM anre6psl JIu rpynner SO(1,5) rpynnbl BpatieHu# B (1 + 5)-MepHOM mpo-
crpadcTBe MuHkoBckoro. Teopema nokasaHa.

CoBeplIlIeHHO aHaJIOTHYHO J0KA3bIBAETCs CJIeyIOLasi Teopema.

Teopema 4. Eciu Ha muoxcecmse peutenuil ypaswenuti (1) u (2) pi < 0, mo
amu ypasHerus uxsapuarnmuor omuocumenvro epynn SO(2,3) u SO(2,4) coomsem-
CMBEHHO.

Bce HalineHHBle BbIllle THIBI MHBAPUAHTHOCTH YPaBHEHHH CBs3aHbI ¢ NpeoOpas3oBa-
HHMEM TIPOCTPAHCTBEHHO-BPEMEHHBIX KoopauHaT. OKasblBaeTCs, UTO CUCTEMA YpaBHEHHH
(2) obnapmaer elle OOHUM THIIOM CUMMETPHH, 00YCJIOBIEHHBIM Ipe0Opa30BaHUEM TOJIBKO
KOMIIOHEHT BOJIHOBOH (hyHKuMH W(T,x). BasucHble smeMeHTHl aireGpbl HHBAPHAHTHO-
CTH (Q4 B 3TOM CJy4ae TaKxKe SIBJASIOTCS MHTErpo-Iu(QpepeHIansbHEIMU ONePaTOPAMH.

Teopema 5. Ypasuenue (2) unsapuarmro omuocumenvro epynnot SO(1,3), npuuem
basucHole aremenmol areebpol Jlu sadaromces gopmyramu

S (p) = 8" + €M (p), (18)

ede

S = %Wv”, n7rv="0123
(19)

v { v v 1 . )
& (p) = —5(7"19 - p")};(mm—M)-
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HokasateabcTBo. [/ 10KasaTeJbCTBA TEOPeMBbl HepeiieM oT AU (hepeHIHAIbHOTO
ypaBHeHHst (2) K 9KBUBAJIEHTHOMY eMy HHTerpo-auddepeHIHasbHOMY ypaBHEHUIO [6—
8]. DtoT mepexox OCYLIECTB/ISIETCS C MOMOLIBI0 OepaTopa

W:i<1+iv5%>, m:[M2}1/27

V2
. (20)
1 M
W=—(1-iy— |, = .
/2 ( V5 m) Y5 = 70717273
Omneparop W ucnosb3oBascst B paborax [9, 10] mist coBepiueHHO IPYrux Lesed.
[Tocsie mpeo6pasoBanusi (20) ypaBHeHHe (2) MPUHUMAET BHI
D
za— = iy5m®, O =WWU. 1)
or
YcnoBue MHBapHaHTHOCTH (6) MpPUHHUMAET BHUI
.0 _
{z(% - mm,Qﬂ =0,  QI=WQaW (22)

W3 (22) BunHO, 4TO BCe Te YeThIpeXpsiAHblE MATPULBI, KOTOPble KOMMYTHPYIOT C MaTpH-
el 5, 06pasyioT anare6py MHBApUAaHTHOCTH ypaBHeHHs (21). BasucHBIMU 3jeMeHTaMU
3TO# anreGphl SBJASIOTCS MaTPHUILbI

i

7 Dol (23)

Ecau teneps Ham Matpuuamu (23) cnenath obpaTHoe npeo6pasoanue WL, 1o mo-
JIy4UM HHTerpasbHble omepartopsl (19), obpasyiowmue anre6py Jlu rpynmer SO(1,3).
Teopema nokasana.

B cBs3u ¢ mpHBeNeHHBIMU BbIllle pe3yJbTaTaMH HHTEPECHO HCCJEeNOoBaTh TPYIIbL
cHMMeTpuu ypaBHeHnui tvna (1) u (2) ¢ norenunanom V(x,z*). Ilpusenem Ges noka-
3aTe/IbCTBA CJEAyIOllee YTBEPXKIEHHUE.

S/J,l/ =

Teopema 6. Ypasnenue

Op
57 = Hp(r,),
ede

1
M= —gpap® +V(@), V()= (waa®) V2,

unsapuanmuo omuocumervio epynnot SO(1,4), ecau H < 0, u epynnot SO(2,3),
ecau 'H > 0.

3ameuanue 3. Ecin Ha pelleHusl ypaBHeHHsl (2) HalOXKHUTb PeJISITUBHCTCKHU-UHBAPH-
aHTHOE yCJIOBHe

0U(T,x)
! or

» — (UKCUPOBaHHAsh Macca 4YaCTHLBbl, TO CHCTeMa ypaBHeHHH (2), (24) coBmager c
OObIYHBIM ypaBHeHUeM [lupaka. BaxkHo npu 3TOM MOAUEPKHYTb, UTO anre6poil MHBapH-
aHTHOCTH cuctembl (2), (24) takxke Gymer anrebpa Jlu rpymnsl SO(1,3), 6asucHbIMU

= »¥(1, ), (24)
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3/JIeMEeHTaMH KOTOpO# OyAyT y»Ke He HHTerpaJbHble, a I depeHHalbHbIe OnepaTopsl,
tak Kax B (19), cornacHo (24), cieayeT NonoXKUTh p2 = 32 u m = .
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MakcumajbHa Ta MiHiMaJibHa TPyNH CUMeETPii
aToMa BOJHIO

C.A. BJIAJIIMIPOB, B.I. ®YII[HY

Using the representation in which the hydrogen atom Hamiltonian is diagonal, the
maximal and minimal symmetry groups of the Schrodinger equation are found. The
maximal group contains any finite-dimensional Lee group as a subgroup. The minimal
group which determines the spectrum degeneracy, is SU(2) group.

JlocnigKeHHs IPUXOBaHUX ab0 NONATKOBUX CHUMETPill pisHUX pPiBHSIHb TeOopeTH4HOI (i-
3UKH NpHBepTae ypary Garatbox mocainuukis [1-11]. B [10] mokasaHo, mo ass 3Haxo-
IKeHHS TPYIH iHBapiaHTHOCTI TOro YW {HIIOro piBHSAHHS HAHOiJMbII IOLINBHO PO3B’SI3y-
BaTH 1110 3aJjauy B TaKOMY 300pakeHHi, e onepaTtop piBHsHHS € aiaroHasbHuM. Came
us imes i BUKopucroByeThesi nns piBHsiHHSI Llpeninrepa. B uiiét po6ori 3’scoByeTbesi
[IMTAHHSA, HACKIJIbKU iCTOTHI TEOPEeTUKO-TPYIOBi BJACTHBOCTI CYKYIHOCTI oneparopis,
sKi KOMYTY10Tb 3 onepaTtopoM ['amisnbToHa cucteMu. BusiBujocs, 110 MakcuMalbHa Ipy-
na cuMeTpii 3aHaATO MHpPOKa (BOHA, HANpPHKJAX, AJS aToMa BOJHIO MiCTHTh B cOOi
6ynb-Ky ckinuenHy rpymy Jli), a MiHiMaJbHa rpymna, sika BU3HAYAE KPATHICTb CIIEKTPA,
€ yHiBepcasbHO0O 1Jis1 6araTbox cucteM — Le rpyna SU(2).

[Toxasano, wo rpyny D4 1/ aToMa BOIHIO BUAIJSE YMOBA, 11100 BOHA fIK I'pyma Ie-
peTBOpeHb y NMPOCTOPi CTaHiB MiCcTH/A B coOi Tpyny o6epTaHb TPUBHMIPHOIO NMPOCTODY,
10 [i€ TaKoX Yy MPOCTOpPi CTaHiB.

§ 1. MakcumanbHa rpyna cumeTpii
PosrisiHeMo MUTaHHS PO CHMETPil0 aToMa BOIHIO

r

(—%W - 1) ¥ = By )

Hac unikaBastb onepatopu, ski KOMyTYIOTb 3 raminbToHiaHom H, Tomy Ha#6iibl 3py-
YHO TIepeHTH [0 eHepreTH4Horo 3o0paxkeHHs. OCKiJMbKKM MOBa ife Mpo aToM BOAHIO, TO
MPUPOIHO 3a Oasuc BUOpatH i BaacHi ¢yHKuil piBHAHHS (1) pim, SKi BiAMOBiZawTH
3B’3aHUM craHaM. Lli ¢pyHKUii yTBOPIOIOTH NOBHY CHCTEMY B NPOCTOPi KBaIpaTHUHO
interpoBHux (yHKUid. Hagani 6ynemMo BBaxkatu, 110 BCi omepaTopd AiIOTH y TOMY XK
npocropi. Toni oneparop I'aminbrona mae Burasig

n/l/m/ - n/ ’ m/ o 1
HY " = ERoy o) 6 E,=-5. (2)
2n
Jliniliuuit oneparop V, mwo komyTye 3 (2), Mae Taki MaTpUuHi eJeMEeHTH:
n'U'm’ _ ' U'm’
anm - 671 Uim - (3)
U'm’ . . . . .
Tyt v;,’* — noBinpHI KOMIIEKCHI YHCIa, SKi IPH (DiKCOBAHOMY 7 yTBOPIOIOTb MATPHI[IO

poamipHocTi 72 (pPO3MipHiCTh MaTpHILi A0PiBHIOE KPaTHOCTI BJACHOTO 3HaueHHs E,). Yci
Taki HeBUPOIKeHi MaTpulli yTBOproloTh rpyny GL(n?, C). 3Bincu BUMMBaE, IO TPyNa

YkpaiHcbkuil hisuunuil xkypaan, 1976, 21, Ne 9, C. 1460-1462.
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inapiantuocti G, piBasuns (1) mictuts B co6i rpynu GL(n?,C) mpu n = 1,2,..., a
oTXke, i Oynb-Ky CKiHUEHHO-BUMIpHY Ipymy JiHIHHUX NepeTBOpPeHb. 3BiICH, 3rimHO 3
[12], BunsnBae, wo Gyab-sika cKiHueHHa rpymna Jli moxe Bimirpasatu posb rpynu G,
cucremu (1).

JloBisibHE TepeTBOpeHHsT CHMeTpil KBaHTOBOI CHCTeMH, $IK MokasaHo B [13], omu-
CYETbCSl YHITaPHUM 4YM aHTUyHiTapHuUM oneparopoM. O6Mexylouu rpyny G yMOBOIO
yHiTapHOCTi, ofepxKyeMo rpyny cuMeTpii piBHsHHS (1):

GS = & U(TL2), (4)

n=1,2,...

ne U(n?) — yuitapua rpyna B n?-pumipHomy kommiekcHomy npoctopi. Pisusinus (1)

iHBapiaHTHe BiIHOCHO KOMILJIEKCHOT'O CIIPSI)KEHHS o, sike He BXOAUTb 10 Gr. [1omOBHUB-
K rpyny (4) onepatopoM o, OIepKUMO MaKCHMaJbHy I'pyny cumetpil piBHsHHSA (1):

Gp=[ & UwNeG,  Go={Lo) ©)
Amnagoriuno JIJIST NOBiJIBHOTO raMiJibTOHiaHa Y BUNIAAKY OUCKPETHOrO CIIEKTPa MAaeMO
Ggax = [ —?2 U(Nn)] ® G, (6)

N,, — KpaTHIiCTb BUPOIKEHHS BJIACHOr0 3HaueHHs F,,. [/ HepeasiTUBICTCHKOrO atoMa
BomHIO N, = n2, s penstuBictcbkoro N, = 4n — 2, 0Js N0BiJbHOrO 06€pTanbHO-
inBapianTHOro piBHSIHHA N, =2n — 11 1.1.

§ 2. MinimanbHa rpyna cumerpii

HocnigyuMo nuTaHHS Npo “3MeHIUeHHs” TPyNH, fiKa 3abesneuye HasiBHY KpaTHIiCTb
crnekTpa onepatopa H. Hexalt Gg — rpyna cumerpii raminbroniana H, Ty, — 11 30-
OpakeHHs1 y MPOCTOpi XBHIbOBHX (yHKIUiH, {T};} — CYKymHIiCTh yciXx He3BimHHX 30-
OpaxkeHb 3 poaMipHictio [; rpynu Gg, siki Bxonsatb B Ty,. Toai, arizno 3 [13], MoxHa
CTBEepAKYBaTH, W0 H Mae BJacHi 3HaYeHHs, KPAaTHICTh SKUX He MeHIIa 3a l;. 3Biacu
BUIJIMBAE, 110 rpymnoi cuMmeTpii omepatopa H, sika 3abesneuyye HeoOXimHYy KpaTHICThb
BUPOJ’KEHHS CleKTpa, Moxe OyTH Taka rpyna Gpg, cepel He3BiIHMX 300paxkeHb SKOI
€ 300paxeHHs1 po3mipHocti I; mpu Beix 4. Lli Bumoru 3apoBosbHsie rpyna SU(2), ska
Mae He3BifHi 300paxkeHHs Oyab-fKOi Linof Ta CKiHYEHHOI po3MipHOCTI m; = 2s; + 1.
Ockinbku [; — 1ine, piBHSHHA

3aBXK/M PO3B’A3Y€ThCs B LIMUX a00 MiBLIIUX ;.

[Tokaxemo, mwo SU(2) e MiHiManbHOW0O 3a po3MipHicTi0O rpymoio cepen rpyn Gg.
OnnosumipHa rpyna Jli e aGesieBolo i He MoXKe 3afaBaTH KpaTHIiCTb cnekTpa H. €nnHa
rpyna Jli 3 G poamipHicTio, 1110 TOpiBHIOE IBOM, po3B’si3yeTbes [14] i, oTke, 11 He3BiHi
3o0paxkenHs: oxHoBuMipHi. Cepen rpyn Jli 3 posMmipHicTio, 0 HOPiBHIOE TPbOM, HaM
nigxoputs Jguiie rpyna SU(2), ockiabku iHwi rpynd abo poss’si3i, a6o He MaiTh
YHiTapHUX 300paxeHb MoTpi6HOi posmipHocTi. Jsi aToma Boguio I; = [2 i 3 (7) maeMo

si==(*—1), i=12,..., (8)

Ty= Y &T., 9)

i=1,2,...
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Takum uunoMm, pis nosisnbHOro piBHsAHHA IlpeniHrepa, 3B’s3aHi CTaHH SKOIO YTBO-
pIOI0Tb 6a3uc i KpaTHOCTI pi3HUX BJIACHMX 3HauyeHb He 306iralTbes i cKiHuyeHHi, Kpa-
THICTb CIEKTPa MOXKHA MOSICHUTH, BUXOASYH 3 rpynu SU(2).

§ 3. I'pyna O,

3 pesyabrariB § 1 Ta § 2 BUnAMBaE, 110 TEOPETUKO-TPYNOBI BJAACTHBOCTI CYKYMHOCTI
ormepaTopiB, fKi KOMYTYIOTb 3 omepaTtopoM H, nyxe cnabo mos’s3aHi 3 ¢isnyHUMHU
BJIACTUBOCTSIMHU CUCTEMH.

3’scyeMo yMoBH, SIKi BULIIAOTH rpyny Oy 3 ycixX {HIWKX rpyn cuMeTpil piBHAHHS
peninrepa s atoma BopHIO. 3adikcyeMo 306paKeHHsl Tpynu obepTaHb (isuuHOro
NpOoCTOpY B MpocTopi cTaHiB aToMa BoaHo. Toxai mignmpoctip BAacHUX QYyHKUIH 1y, AKi
BiIHOCATBbCS 10 BJACHOrO 3HauyeHHs E,, yTBoOpioe 3BigHe 300paxeHHs 1, rpymu SOs.

Posknapatouu T;, Ha He3BifHi KOMIOHEHTH, 6a4MMO, 110 10 HbOTO BXOAATb 11O OJHO-
My pas3y Hes3BimHi 306paxkeHHs rpynu SOs 3 Barowo 0,1,2,...,n— 1.

[IpocTrM mizpaxyHKOM MOXKHa IOKa3aTH, L10 cepel KJACHUHHUX TPyl MajuX po3-
MipHocTe# Jiuie Q4 Mae NpH J0BIJILHOMY 7 He3BifHi 306pakeHHs poaMipHocTi n?, ski,
6ynyuHd poskJaageHuMH no niarpyni SOs, mictate y co6i Bary 0,1,2,...,n — 1. Takum
YMHOM, MOXHa CKas3aTH, L0 BUKOpPUCTaHHS rpynu Oy y BUINAAKYy aToMa BOAHIO TiCHO
NoB’si3aHe 3 TUM, siK Jlie rpyna o6epTaHb TPUBUMIPHOrO (Di3HUHOTO MPOCTOPY B MPOCTOPI
CTaHiB KBAHTOBOI CHCTEMH.
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Penykuus HenmpuBOAUMBIX YHUTAPHBIX
npeacraBjieHnd 0606meHHbIx rpynn Ilyaukape
[0 UX MOArpymnax

A.l. HHKHTHH, B.H. ®YL[HY, HH. [OPUK

The problem of the reduction of the generalized Poincaré groups P(1,n) representa-
tions by their subgroups P(1,n — k) is considered. The explicit form of the unitary
operator connecting the canonical representation basis with the P(1,n — k))-basis is
given explicitly. The case of the inhomogeneous De Sitter Group is considered in detail.

PaccmatpuBaercs 3afaua 0 pelyKUHHM YHUTAPHBIX HENPUBOAMMBIX MPEACTaBJIeHUH 0606-
weHHblx rpynn Ilyankape P(1,n) no ux noarpymnam P(1l,n — k). Haxomurtcs sB-
HBIFl BHI YHHTapHOTO ONEpaTopa, CBS3BIBAIOLLEr0 KaHOHWYECKHH Gasdc MpencTaBieHHs
¢ P(1,n — k)-6a3ucom. §IBHO 3amaercsi medicTBue reneparopoB B P(1,n — k)-6Gasuce.
[Tonpo6HO paccMOTpeH ciydai HeomgHOPOoLHOH rpymmbl ae CHUTTepa.

Beenenue

O6o6uieHHast rpynna Ilyankape P(1,n) siBiseTcsi MOJyNpPsiIMBIM TPOU3BEEHHEM
rpynn SOg(1,n) u T, tne T — agAUTHBHAS TPYyIIa n-MePHbIX BellleCTBEHHBIX BEKTOPOB
D0, D1, - -+, Pns @ SOp(1,m) — cBA3HA KOMIOHEHTA €IHHHULB! B TPYIIe BCEX JMHEHHBIX
npeo6pasosanuii T' Ha T', COXPaHSAIKMX KBaApPaTHUHYIO GopMy pg — pT — - - — p2.

B [1, 2] npennoxeno ucnosbsosats rpymnsl P(1,n), P(1,6), P(1,4) nns onucanus
(hbU3MUECKHUX CHCTEM C MepeMeHHOH Maccoil W crnuHOM. [IprMepoM Takod (pU3HUeCKOH
CHCTEMBI SIBJISIETCS] CHCTEMA U3 ABYX (MJIM Tpex) CBOOOAHBIX PENATHBUCTCKUX YaCTHIL.
JlelicTBUTE/IBHO, B 3TOM CJIy4yae ONepaTop SHEPrHH UMEET BHJ

E=VP*+M?,  M=(mj+K")'"?+(mj+ K> (0.1)

rie P = PW4p®@ MMITYJIbC [IeHTPa Macc yacTull, K — OTHOCHTeNbHBIH UMMYJIbe!.

Dopmyaa (0.1), kak xopoio u3BecTHO [3, 4], mosydaeTcs Mpu PeayKUHUU MPSIMOTO
NpOU3Be/leHUsT BYX YHUTaPHBIX HEMPUBOAMMHIX mHpencrtaBaeHu#l rpynmsl P(1,3). Ilo-
CKOJIbKY HENpHBOAMMOe MpencTaBieHde rpynnel P(1,n > 3) sBaseTcss NPUBOIUMBIM
oTHocuTesbHO P(1,3), TO ecTeCTBEHHO PACCMOTPETb 3afauy O PENYKLHH 3TUX Mpes-
CTaBJIeHHH M0 HEMPUBOAMMBIM TpeJACTaBJIeHHsaM rpynmnbl [lyankape?.

[TomrMo yKazaHHBIX MPUJIOKEHHH, 06061eHHble rpynnsl P(1,4), P(2,3) u T.4. Mo-
TyT UMeTb NpPsSIMO€e OTHOLIEHHEe K 3ajade O paCLIMPEHHH S-MaTpHLbl 32 MaccoByl 060-
JOUKy [D] M mJis omMMCaHMs YaCTHIL C BHyTpeHHeH cTpykTypo# [2, 6]. Bo Bcex artux
3ajayax MepBOOYepefHbIM BOMPOCOM SIBJSIETCS] PeAyKLHsl HENPUBOLUMBIX MpecTaBJe-
uuit P(1,n) — P(1,3).

TeopeTtnueckasi u MaTemMaTHueckas ¢usuka, 1976, 26, Ne 2, C. 206-220.

[Tpenpuntr UM-75-5, UnctutyTr matematnku AH Ykpauusl, Kues, 1975, 32 c.

'Bosiee noapo6Ho 06 3ToM cM. [2] (M LUMTHPOBAHHYIO TaM JHTEPaTypy).

2Ha camoM gese MPOU3BOAMTCS PeAyKLHs NpenctasieHnil anre6per Jln. AsreGpel JI U cOOTBETCTBY-
IOl{e MM TPYIIBEl 0603HAYaOTCsl OJMHAKOBBIMK cHMBosaMu. B [11] paccmoTpeHa pemyKuusi MPHBOAMMBIX
npezcraBnenuit aaredper P(1,n) mo P(1,3).
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B nanHO# paboTe mpon3BeleHa peAyKLHs HEMPUBOAMMBIX YHUTAPHBIX MpeCTaBiIe-
uu#t rpynnel P(1,n) — P(1,n — k) aas caydas, Koria ornepatop Ksajaparta “macchl”
PPt =P —P2=5>>0(k=1,2,...,n) u snepruu P§ > 0.

B paspmesne | mpuBopsiTCs HEOOXOAHMMblE CBEIEHHS] O [MPEACTABJIEHHUSAX TPYMIbl
P(1,4) — neonHoponHo# rpynnsl ge Curtepa — U (hopMysnHpyeTcs 3afaua peayKLuH
P(1,4) — P(1,3). B pasmesne 2 HaxoouTcst YHUTapHLIA OMepaTop, CBS3bIBAIOLIMH Ka-
HoHHYecKu# 6asuc rpynnel P(1,4) ¢ P(1,3)-6a3ucoM. 31ech ke NpUBefeHa pPenyKLHUs
P(1,4) — P(1,3) — P(1,2). Paznen 3 nmocesiten penykunu P(1,n) — P(l,n—1) —

-— P(1,n— k).

1. OcHoBHbIE ompene/ieHUs] U IOCTAHOBKA 3aJa4M
[pynna P(1,4) siBasieTcsi Haubosee ecTeCTBEHHBIM 00006L1eHHeM rpynmbl [lyaHkape
P(1,3), mosTomy Mbl mogpoGHO paccMoTpuM peaykuuio P(1,4) — P(1,3). Uacts pe-
3y/IbTATOB, MPUBEAEHHBIX aJsi rpynmsl P(1,4), Jerko nepeHoCHTCs Ha caydadl rpymmsl
P(2,3). Tpynna P(1,4) umeet Tpu OCHOBHbIX MHBapuaHuTa [1]3:

1
PP=pP'=P;-P}-P;, V= iwﬁy,

. (1.1)

1
Vi = — " = §5ﬂmﬂvpa=]ﬁ7-

Anre6pa Jlu rpynnsl P(1,4) nopoxknaercs oneparopaMu P, J,,,,, KOTOpble YI0BJIETBO-
PSIOT KOMMYTALlMOHHBIM COOTHOLIEHUSM

[P/upu} =0 [Panaﬁ} :i(guapﬁ_g,uﬁpa);

. (1.2)
[r]uya Jaﬂ] = Z(guﬁjua + gua']u[i - guﬂJua - guaJy6)~

Tenepatoper P, J,,, B KaHOHHYeCKOM 6asuce |p, P4, j3,T3; J, T, ) UMEIOT BUJ

Py =E = \/p? +pj + »2, P = py,

Jab:ipbai_ipaai"’_sabv aab:1,273;

Pa Db
e i D SwbPtSwP oo o ()
Oa Po Opa E 1 ) 4a Pa Ops P4 Opa das
Jog = *ipoi Sl
Ops  E+s

rie Sy (k,l =1,2,3,4) — MaTpulbl HEPUBOAUMOro npenctaBieHuss D(j, 7) anre6psl
JIn rpynnsl SO(4) ~ SU(2) ® SU(2). Unenaa s, j, 7 XapakTepHU3YIOT HENPUBOAUMbIE
npeacTaBJeHus Kiaacca | (Pi > 0) rpynnsl P(1,4). B npoctpanctBe H HENpUBOAHMOroO
npeacrasgenus rpynmsl P(1,4) onepaTopsl

Vi eV Vi eVa

szg—kgzj(]ﬂrl)l, Tf:w—Z:T(TJrl)I,

P (1.4)
P2 =51, s:ﬁ

0

30603nauenus, npuBeeHHble 6e3 00bsCHeHHUH, Te ke, 4To U B [1].
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KpaTHbl eIWHUYHOMY onepatopy. Matpunsl J,, T, BbpaxkalTcs yepe3 MaTpPHLbl Sk
CJIenyIoLUM 06pa3oM:
1 1
Ja = 5(5(11)051)0 + S4a)7 Ta = §(€abcsbc - S4a)- (15)
Omneparopet (1.3) onpeznesensl Ha npoctpaHctBe [opaunra D C H (cM. DomosiHeHHe).
BasucHble BeKTOPHI |p, P4, j3, T35 4, T, 2¢)* HOPMUpPOBaHBI COracHo

<p7p47j3a TS;jv T, %|p,7p£17j:/37 Té;jv T, %> = 2p05(3) (p - Pl])é(IM - pil)673Té613jéa

a CKaJIsipHO€ TIpOM3BENEHUE UMEET BUI

d*p
_ il i ;
(U1, ¥2) = U (Prs J3, 73) W2 (pr, Js, 73)-
2po

Basuc HenpuBogumoro npeacrasienusi rpynnsl P(1,4), B KOTOPOM AHAroHaJbHbI
onepaTopsl KBaapata maccel M? = P2 — P2 u cnuna W2 = W@ — W2, a rtakxe
onepatopsl P, u S3, OyleM HasbiBaTh MyaHKape-6asMcOM H 0603HAYaTh €ro uyepes
‘p7m75583;j77-7%>'

BasucHble BeKTOPbl HOPMUPYEM COIJIACHO

<pa m,s, S3;ja T, %|p/7 m/7 8/’ Sg%.]a T, %> = 2p06(m - m/)63(p - p/)688’6838g7 (16)

a 9TO 03HAYaeT uTO
d3p 4
(p1,92) = Z dm 290 71 (s,83,m)p2(s, 83,M).

Co6cTBeHHble 3HaueHHs onepatopoB M2 u W2 coOTBETCTBYIOT HENPUBOAMMBIM Mpei-
craBsieHusM rpymnnsl P(1,3).

Haua 3agaya COCTOUT B TOM, 4TOOBI ONPENEJHTb CIIEKTP BO3MOXKHBIX 3HaueHHH M2
u W2, HailTu siBHBIA BU rexepatopos J,, u P, B P(1,3)-6asuce u OTBICKaTh yHUTAp-
HBI omeparop, CBS3bIBAOLIMN 6a3uC |p, pa, j3,T3; 4, T, ) U 6asuc |p,m, s, $3; 4, T, »).

2. Pegykuusa P(1,4) — P(1,3)

1. Henpusonumoe npencrasnenve (1.3) xapakrepusyercs BeJMuMHOH »2 > 0 U um-
caMH j, 7, 3a1al0LHMH HEMPUBOAKMOE NpeAcTaBaeHue MaJjoi rpynnsl SO(4). Tlpu cy-
»KeHud Ha moxrpynny P(1,3) npocrpanctBo H pasnaraercs B npsmyio cymmy P(1,3)-
MHBapHAHTHBIX NOANPOCTPaHCTB H,,, (OLHO 1JIst KaXI0ro 3HaueHUs py). [lognpocTpanc-
tBa H,, HempuBOIMMEI OTHOCHTe/]bHO P(1,3) TOrna M TOJBKO TOrAa, KOrja MpeicTaB-
Jenus majo# rpynnsl P(1,3) nenpuBonumsl. [lepecedenue rpynn SO(4) u P(1,3) ectb
manas rpynna B P(1,3), cooTBeTcTByIomas opoute p2 — p2 = p3 + »%, a 310 rpyn-
na SO(3). [oatomy oTcioma cienyet, u4To MPOCTPaHCTBO H passaraetcst Ha MOMMPO-
CTPAHCTBA, COOTBETCTBYIOLINE YHUTAPHBIM HEMPUBOAUMBIM MPEICTABIEHUSIM MOATPYIITIbL
P(1,3) co cenyOUMH 3HaUeHUMH MacChl m U CIIMHA S:

7? < m? < oo, li—7<s<j+r (2.1)

Onepartop Vj, cBsisbiBamoluuii KaHOHHuYecKu# 6Gasuc ¢ P(1,3)-6asucoMm, siBasiercs
HEKOTOPO# MaTpuledl (3aBUCSILEH OT MepeMeHHbIX P, P4), 3aJaHHOH B TPOCTPAHCTBE

4Basuc |p, pa, j3,T3; J, T, 7€) Mbl OYleM HA3bIBATb KAHOHHUECKHM.
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HEeMpUBOAKUMOro npeactaBmaeHus rpynnsl P(1,4) pasmeproctu (254 1)(27+1), moatomy
€CTECTBEHHO [JIsi HaXOXJEHHs ero SIBHOrO BHAA BOCIOJb30BAThCH PasJioKEeHHEM [0
MIOJIHOH cHcTeMe opTonpoekTopoB. Bynem uckarte onepatop V, B BHIe

V4 = Z Z arl(p7p4)ATBlv (22)
v
raoe
jl;g "ﬂ 11.p 7[/
Ar = H ]:_T/ J BZZHZZ_# (p=+p2) (2.3)
r#r! 1AV

ABJAIOTCA OllepaTopaMy IMPOEKTUPOBAHUA Ha coOCTBEHHBIE INOATIPOCTPAHCTBA IPMHUTO-

BBIX OIEepaTopoB

p P
, ——, YIOBJIETBODSAIOLIHE YCJIOBHUSAM OPTOrOHAJbHOCTH H IOJI-
p

HOTBI
A Ay = 6,00 A, i&:1 if:imb
= ! e (2.4)
B Ay = 0y By, Z B =1, % = Z 1B;.

l=—T1 JE—

O6patHblil oneparop V[l UMeeT BUJ
V4_1 = Z Z a,r_ll(p7p4)ArBl. (2.5)
roo1

[Tockonbky renepatopsl Py, Pu, Jab, Joa B P(1,3)-06a3nce UMeIOT KaHOHHYECKHH BHA
Burnepa-Illnpokosa, To onepatop V, M0/KEeH yIOBJETBOPSITh YCJIOBUSM

V4P0V4_1 = /P2 +m?, m? = 32 —&-pi, (2.6)
ViP Vit = pi, 2.7)
0 0
VidawV, !t = ipp—— — ipa—— + Sap, 2.8
1dabVy Db e p, o + Sab (2.8)
0 SabPs y

Vidoo Vit = —ipo

— = Jogs 2.9
apa Po +m 0a ( )
rne Py, P, Jab, Joa» Sap — 13 (1.3). U3 (2.6)-(2.8) crenyert, 4To QYHKUUH a; H a;ll
SIBJISIFOTCSI CKaJIsipaMH OTHOCHTEJIbHO TPEXMEPHBIX BpAIleHHH, T.e.

arl(p7p4) = arl(pZap4)a ar_ll(papél) = ar_ll(p27p4)' (210)

s —1
OkoHuaTebHYI0 CTPYKTYPY GOYHKUMEH a,; U a,; ompejenseT cooTHouweHue (2.9). 3a-
NUILIEM ero B (opme

(pxd)a+(PxT)a)(3c—m) (Jo — Ta)p4'

—1 -
Vi Joa]Va = (E+4+m)(E + ») E+

(2.11)
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W3 ypaBuenus (2.11) Haiimem ycJIOBHS, KOTOPBIM AOJKHEl YIOBJETBOPSITH (DYHKIMH
ar; ¥ ar_ll. Jlis BhIYMCJ/IeHUS B SBHOM BHJE KOMMYTaTopa, BXOASLIEro B JIEBYIO 4acTb

ypaBHen#ust (2.11), BoCroib3yemMcsi COOTHOIIEHUAMHU [7]

Arsig-| ==l o x ] = P00~ - )
+;—p< a—%J;p) (Arp1 — Ary)

Big| =B x T = 0B - By - B
+%< a—&Txp> (Bi+1 — Bi—1)

[oncraBass (2.2), (2.5) B (2.11) u yuutsias (2.12), npuxonuM K ypaBHEHHUIO

_ ., 0
apy Arr, {zE -

Vi, JoVa= >

Ll r apa
(pXJ)a+(pXT)a} { paaa_,},
- ar Ay By = Z A, BpanArB—
E +m Ll r! p a
T a a
ay {zEai + (P x 3517(5 < J) },AT/BV }arlArBl =
da ! )
Z {% g;l FEa, A.B; —mar_,ll,a,«l< Ar/,i£ By +
U, lr @
.0 _pg Oa
By,i— A | $A.B; = Ee g, —
+ 1 Japa r ) } rD] ;{Z D ) rl
x J x T
—m (1)]972%(2 ;ll ar—ill a;jll) + (p p2 )a (2a;ll_
7 od " Pa _ _
—Qri41 —Gpri—1| + % (Ja - %Tp)> (GTEU - ari”H—
o T _
+ (T - %Tp> (arllq rl+1 }A B, =
_exJ)at @ xT)a](x=m)  (Ja—Ta)pa
(E+m)(E + ») E+4+m =

[TpupaBurBas B (2.13) Ko3(pPUIMEHTH NMPH JHHEHHO-HE3aBUCHMEIX BEKTOPax

Z&A’I'Blv TaA'rBla JLLAT'Bl7 (p X J)LLA!BI u (p X T)aAT'Bh
p

(2.12)

(2.13)
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noJiyyaem
aa—ll m -1 -1 -1 -1
a; Qry + % [T (a‘r—ll - ar+1l) Qry + l (arl—l - arl+1) arl] = 07
mo, _1 P4
% (arfll - arJrll) Arl = —E+ %7
LU ! _ P 2.14
2p (arl—l arl—H) Qry E+ %’ ( )
m -1 -1 -1 m—x
— (9 _ _ -
22 (20, — a2y —a5yy) an (E+m)(E+ )’
m m—

R - m=-x
2p2 ( Tl arlfl arlJrl) arl (E—i—m)(E—i—%)

[Tocsie HecnOXKHBIX TIpeobpa3oBaHuil cucteMa (2.14) MpUBOAUTCS K BHUAY

da ! D4
BE—"la,+i —1)=0,
5 Ol + o %(r )

_ wE+m?Fi .

ari”arl = MT%)’WZL = exp(:I:Z€4)7
, (2.15)

1 »FE 4+ m* + ippy .

Ap g1 Grl = m(E n J{) = eXp(:F194)7
PpP4 PP4

0, = arctg ————— = 2arct .

A e T T B T ) m+ )

[ToxkaxeM, uto obliee pellleHHe cucTeMbl (2.15) 3amaetcs hopmysioi

ar; = Ryexpi(r — )04, (2.16)

roe R4 — mpousBosibHas GYHKUUS OT py. JeHCTBUTENBHO, TIPENCTaBAAS a,; B Gopme
ar, = Brexpl[iE(r — )04 — Cy], (2.17)
rae B, Cp; — QyHKmuy oT p?, py, noaydaem us (2.15)
Byi = Bys11 = Bri11 = B; Cr=Crx11=Cr1z1=C. (2.18)

O6osnauus Be'® uepes Ry u moactasass (2.19) B (2.17), npuxonum x (2.16). Jlerko
BUJIETb, YTO ToACTaHOBKa (2.16) B (2.17) obpaluaer nocieqHee ypaBHeHHE B TOXKAECTBO.
Uz (1.6) caenyer, uto Ry = /m/py.

[IpuHHMast BO BHUMaHHe COOTHOIIEHHE

S4apa
—_— = r—10)A.B (2.19)
O ST
U nonctaeasis (2.16) B (2.2), nonyuaem
m .S1aPa Pp4 )
Vi=4/— 2arctg —— | . 2.20
o=y (et (220

®opmyna (2.20) 3agaet UCKOMBIH omepaTop Npeobpa3oBaHUs U3 KaHOHHUECKOro 6asuca
K P(1,3)-6a3ucy.
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Tenepp Haiimem siBHBIH BuA reHepaTopoB Jos4, Jso B P(1,3)-6asuce. Mcnosbsys
ToxknectBo Xaycnopha—Kambena

gt _ S~ 1BA}
et = 3 LR

(2.21)
{B, A} = [{B,A}""V, 4],  {B,A}© =B,
MMeeM
Vi 0 -1 . 0 DaSapPbP4 P4S4a Sabpb(m - %)
Al V,y =1 — + ,
Opa Ope  (E4+x)(E4+m)Em  m(E+3x) m(E+m)(E+ x)
1 Sia(m?+x%E)  pa Sups(m — x) SabPbPa
V454aV4 - — ’
m(E + ) p mp(E+m)(E+ ) m(E+ »)
.0 ., .0 i #S16Pp S1aPa
V4Z(9p4 Vit = Z8p4 2pym? + Em? E(E+ %)’
PP4SabPb PP4Sia Sabpsp(m — 32)

VZLSabpr[l = Sabpb +

(E+»)(E+m)Em  m(E+x) mE+m)(E+x)

CrenaB 3aTeM 3aMeHy MepPeMeHHBIX py — £4Vm?2 — 32, € = £1, mosydyaeM sIBHBIH
BUA onepatopoB Jyg, Jua B P(1,3)-6asuce.
HMtak, Mbl MIPHIIJIA K OKOHYATEJNBHOMY Pe3yJIbTarty.

Teopema. [Ipocmparncmeo H yrumapHoeo Henpusooumoeo npedcmasieHus epynnol
P(1,4) c x> >0 Py>0, pasaaeaemcs Ha noONPOCMPAHCMBA, COOMBEMCMBYroujue
yHUmapHoLm HenpusoOumoim npedcmasienusm nodepynnvi P(1,3) co caedyrowumu
srauenuamu unsapuanmos M? u W2: 32 < m? < oo, |j — 7| < s < j + 7. Onepa-
mop nepexoda om 6asuca |p,pa,js,Ts;j, T, ) k P(1,3)-6asucy sadaemcs ¢opmyroti
(2.20), a onepamopot J,,,, P, 6 P(1,3)-6asuce umeom 6uo

Py =+/p?+m?, P, = pg, Py =e4/m?2 + 52, g4 = =£1,

. 0 . 0 . 0 Sabpb
Jap = a. — Wam{y— Sa s Joa = — - y
b= 1Py pa P, o, + Sab 0 1Po ap.  E+m

/ 2
J04:—7:E €4 1—%—,i _£S4apa’
m2’ Om m m (2.22)

#PaSabPy [, 7 Sapy |
T - — — S4a,
+m2(E+m)+E4 m2E+m+m !

{A,B} = AB + BA.

ede
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3ameuanne. Eciv B (2.22) nonoxutb 2 = 0 (ps # 0), 10 onepatops J,,, P, HMeOT
Buz [1]

9 0
Py = \/p* +m?, m? = pj, Jab = P 5— — Paz— + Sabs

8pa 8pb
»? 0
Joi = —iE e )1 - =, =
04 3 {54 mg)am}?
4a—2pa 4 m278m 4 m28pa 4E+m

2

2. B cayuae »* < 0 reHepaTOpbl KaHOHHUYECKOTO HEMPUBOLMMOrO MPeACTABJEHHS
rpynnel P(1,4) BHMISAAAT Tak:

R]:\/p%_nzv Pk:pk7 PHPH:_TF»

.0 .0 0
Jab = ipp— — Pazy - + Sabs Joa = ~ipog - + Soa,
D

apa Po a
J 4= Zp4— . Zp i i Sabpb - SaOPO JO4 _ —ipoi o SOapa
¢ Opa * Opa Da+1n ’ Ops pat+m’

rae Sy, — reHepaTopsl HENPHBOAUMOro npexctasienus rpynmsl SOp(1,3). C momoribio
M30MeTPHYECKOro NMpeoOpa3oBaHus

V =exp (Z.Soﬂpa arcth p)
P FE

¥ TOC/eNyOlled 3aMeHbl TEPEMEHHOH py — €4V M2 — 32 nosydaem

POZ\/p(21+m27 Pa:pa; P4:54\/m2+7727

0 0 .0 SabPb
Jap = a. — Wam{y— Sa s Joa = — - y
b = Db opa D s + Oab 0 Do opn  E+m
0 Q SOapa

J04=—Z'poa—p4+m o

i n? 0 . 0
Ja = 7 Pa 1 T o149 - 2 2
4= 5P { +m2 8m} €4/ m* + 1 3pa+

NPaSabPb 1 n° SabDb
MPadabPb | T g o oif1- T .
+m2(E+m)+m 0a €4 m? E+m

Ecau p? > 72, 1o 3TM Qopmynbl samaiot npencrasnenue rpynmsl P(1,4) B P(1,3)-
6asuce.

3. B HexoTopbix (hHU3MUECKHX 3ajadyax, Korma HapyiieHa P(1,3)-cuMMeTpusi, HO
COXpaHsIeTCsl ellle CMMMETPHsi OTHOCHTeJbHO mnonrpynmsl P(1,2), ymo6HO HCmoib3o-
Batb P(1,2)-6a3uc. B cBsi3u ¢ 3THM MHTEPECHO MPOLO/KUThH PEAYKLHIO 10 MOATPYIIILL
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P(1,2). 910 03HaUaeT mepexoi K TaKOMy 0as3uCy, B KOTOPOM reHepaTopsl Py, Py, Jus
(o, B =1,2) nMeIOT KaHOHUYECKYIO (HOpMY

P0=E=\/p§+m§7 Py = pa, m§:m2+p§,

0 0 .0 SapPp
Jig = ipy—— — ip1—— + S Joo = —ipg—— — 2eBPB
12 = P2 o p1 Op2 + S12, Ocx 1Po Ope  F+ms

Hatinem Bun octa/ibHBIX reHepaTopoB rpynnsl P(1,4). Jljst 3TOro 10CTaTOYHO Onpefe-
JUTB ornepatop Vs, yaOBJAETBOPSIOIUN yCIOBUAM

VsPoVy ' =E, V3P, Vy ' =p,, (2.23)

_ 9 8,
Vadou Vit = “ipog - iprfb, (2.24)

rae onepatopbl Py, Py, Joa, Sap 3anansl B P(1,3)-6asuce.
[pencrasum V3 B BUIe

o ,53apa _ 2 2
V3 = Rzexp (z 215 93) .+ pls =1/pi+p3, (2.25)

rie Rs u 03 — HekoTopble QPYHKLUHH OT P3, Ps U |p|s, p3, P4, COOTBETCTBEHHO. UTOOHI
onpenenuTh 3TH PyHKUMH, noactaBum (2.25) B (2.24). Torna uMeem

1 .0 S S, (m —ms3)S,
1 aBPB a3P3 3)0apBPp
ipn— _ = _ ) 2.2
{V3 T g E+mJV Et+m  (Etms)(E+m) 226)
Hcnoabsys (2.21), nonyuaem
_ .0 Se o 003 _S34Dq
gl Sy e o
Opa  E+mg3 Ipls Olplz ~ Ipl3 2.97)
—ms3 SapPp (1 —cosfs3) + s <53a — p_assﬁpg) sin 0,
Ipls pl3 Ipls  |pls
OTKyza
03 = 2arctg plps (2.28)

(E +mg)(ms +m)

Mtuoxutenb Rz BbiGepeM B BHae Rs = /mg3/ps, TOTAA CKaJsipHOe NPOU3BeNEHHE B
P(1,2)-6asuce Gyner uMeTb Gopmy

0o oo dzp N
(p1,2) = [ dm [ dms 5 P12
» m

Teneps, ucnonbays (2.24), (2.27), MoxHO Ha#iTH meficTBHe reHepatopoB Jys, Jo4,
J34 rpynnel P(1,4) B P(1,2)-6asuce. Mmeem

. 2
7 m 0 m S3aPa
Jog = —5 B ey [1- (—) — 2P oy = pa/lpl,

ms ) Oms msg ms
2
m x\2] 0O xms
e [1‘(@) ] )t e

Jaz = —

vl S
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) 2
JO4:f3E e31/1— m L —— S+ {ey 1,(1)77 _ X4aPa |
2 ms oms m om mms

m\? 2\ 2] S30Pa m\? S
+egeq | |1 — | — 1- (—) ——— —mez\[1— | — | E—.
ms m ms ms m

3. Penykuusa P(1,n) - P(l,n—1) —» --- —» P(1,n — k)
1. ITokaxkeM cHauaja, Kak NpeacTasieHue anre6psl P(1,n) MoxeT GbiTh 3a1aHO B
P(1,n—1)-6a3uce. KaHoHHUYeCcKOe HEMPUBOAUMOE MpelCTaBleHHe TeHepaTOPOB I'PYIIIbL
P(1,n) 3anaercs Gopmyiamu

P0:E:1/pi+%2, Po=pr, k=1,2,...,n,

0 0

Ja =ippr— — Pa 7 Sa ) ab <mn,

b = 1Py pa D s + Oab a n (3.1)
I = —Zp 0 . Sabpb . Sanpn

Oa Oapa Po+% Po—i—%’

0 Snapa . 0 . 0

Jn:*‘ a. 3 Jan: no  — Waq Saru 3.2

0 1Po opn Pyt 1p opn p o, + (3.2)

3fech Sk — MaTpHlbl HENPHBOAUMOrO Npenctapienus D(my,ma, ..., M, 2]) anreopsl

SO(n), m; — uncna leabdanna-Lletnnna. Onepatopsl (3.1) 3pMUTOBB OTHOCHTENBHO
CKAJISIPHOTO TIPOU3BEIEeHHs
d™p
(U, Up) = [ =TTy, (3.3)
2po
B P(1,n —1)-6a3uce reHeparopst (3.1) mo onpeneseHHI0 HMEIOT BUI, NPSIMOE CyMMbl
reHepaToOpoB KaHOHHWYECKHX mpenctaBieHuit rpynmsl P(1,n — 1). Ecau npencraBnenue

anre6pel SO(n) 3agaHo B 6asuce SO(n) D SO(n—1) D ---, To 3TH reHepaTOPhl UMEIOT
dopmy
POZE: Pg—&—m%, m%=%2+p%, Pa:ptu
. . 0 . 0 Sabpb (34)
Ja = — WPa(7 Sa y J a — — = T——
b = b opn P, s + Oab 0 tPo opn  E+m,

3ajaua HaXOXJeHUs SBHOTO BHia reHepatopos P,, J,, B P(1,n — 1)-6asuce cBogutcs
K OTBICKAHHMIO M30METPHUECKOTO OMlepaTopa, NpeoOpasyollero reHepatopsl (3.1) K BULY

(3.4).

[To aHasioruu ¢ pasnesnom 2 omnepatop npeobpazoBaHusi OyleM HCKAaTb B BUIE

1/2
.Snapa 2
Vn = Rn exp ('L en) 5 Pln = Pa 5 (35)
) | >

| |" a<n

rie R, u 0, — HeKoTOpble (YHKUUH OT P, ¥ Dp, |P|n, COOTBETCTBEHHO, KOTOpHIE
NPeCTOUT HaUTH.
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Oneparop V,, npeo6pasyet (3.1) K (3.4), ec/1 BBIMIOJHSIOTCS COOTHOLIEHHUS

_ Sappp (2 — my) S
1 o abDb n naPn
V.7, Joa) Vi = (E—&—mn)(E—&—%)—’—E—&—%' (3.6)

[Moacrasasisi (3.4), (3.5) B (3.6) u Hucmosb3yst TOXKAECTBA

—1. a . 8 Pa 89n Snbpb
V.l V=1 — —
Opa Opa  |pln Op |pln
1
+ Sab‘l;b (1 —cosby,) — — (Sm _ La Snbpb) sin6,,
Ipl% pln [pln Pln

V”Sabpbvn_l = pZ(anaVn_l - Qfa),

NpUXOAUM K YPaBHEHHUIO

Pa E 89n Snbpb —m [Sabpb (1 — COS en)_

[Pl Olpln [Pln Ip|2

_L (S _ paSnbpb>
pln \ 7 Ip|2

[TpupaBHHBas KO3(h(ULHEHT NPH JTHHEHHO-HE3aBUCHMBIX BEKTOpax

_ Sabpb(% - mn) Snapn
(E+mp)(E+ %) E+x

Pa SnbPb  SabDb
|p|n |p|n ’ |p|n

U Spa, IOJyUaEM CUCTEMY yPaBHEHUH A/ UCKOMBIX (DYHKUHH 6,

06n _ M sind,, =0, my, sinf,, = [Pl ,
a|p|n |p|n E+ (3.7)
My (cos @, — 1) = P — 1) )
(E4+my)(E+ x)
Perenue cuctemsl (3.7) 3amaetcs hopmymnou
62 = arctg [Plnpn (3.8)

(E + my)(my, + )’

M3 ycioBusi HOpMHPOBKM Oa3HCHBIX BEKTOPOB MOJy4yaeM, YTO MHOXHTeab R, =
V mn/pn-

Teneps, ucnosb3ys fBHBIE BUJ onepaTtopa V,,, HeTPyJHO HalTH BbIpakeHHs MJIs
rexepatopoB Jon, Jun B P(1,n — 1) 6asuce. [IpuHuMasi BO BHUMaHHE TOXAECTBA

ViiV’l _ .0 PaPnSabPb

Opa " Z@pa B Em,(E 4+ my,)(E + »)

+

pnsna Sabpb(mn - %)

B+ T B+ mn)(E+ )

V. S Vfl -9 m% + »E pnsnbpb(mn - %) anabpb
nEnatn " (B +52)  ma(E+mp)(E+x)  mu(E+ %)
0

0 » 1 isc?
Vn.—V_l =i— + SnaPa - -
opn " Bp, TP (Em% E(E + x) 2pnmi>




Penykuus HenpyBOOMMBIX YHHTAPHBIX NPEACTaBAeHHH 0000IIeHHbIX Py 335

¥ CHeJiaB 3aMeHy TIePEMEHHBIX P, — £p4/M2 — 32, TONyYaeM
. 2 2
1Pa x 6 . » 8
Jna =2 el — (=) =% —iepy/1— [ = +
ne 2 " (mn> " Om,, " (mn) OPa

+ P, sSnppp Le 1- E 2 SabPs +i5 En=7p /\p\ (3.9)
m2(E+my) " my ) (B +my) om0 R

” )2 0 % SnaPa

Mn

]
JOn = _§E En 1-— (

T Omy, My M,

Wrak, Mbl HallId, 4TO sIBHBIH BUA reHeparopos rpynmsl P(1,n) B P(1,n — 1)-6asuce
sanaercss popmyaamu (3.4), (3.9). T'enepatopst (3.4), (3.9) 3pMHUTOBBEI OTHOCHTEJNBHO
CKaJISIPHOTO TIPOU3BeIeHHs]

it dn—lp
(wl,apz)Z/dng g ¢4 (1m)ea(n,m),
% n

rie n — HaGop 4YHCes, XapaKTepHU3YIOUMX HENPHBOAUMbIE MPEACTABJIEHHs TPYMIIbI
SO(n — 1), comepxatunecsi B npeacraBaeHud D(mq,ma,. .. 7m[ﬂ]).
2

2. ITonyuum Tenepb npencrasierne anre6psl P(1,n) B P(1,n —2)-6a3uce. Mcnosb-
3ysi IpUBeJIeHHbIe Bblllle Pe3y/bTATHl, 3aK/I04aeM, YTO OMepaTop

mMnp—1 ,Snfl aPa pn71|p|nfl )
Vo1 =,/ ——exp | 2i arct , 3.10
! n—1 P ( |p|n—1 g (E + mn—l)(mn + mn—l) ( )

rue

1/2
1/2
Mp—1 = (%2 +p721 +pi,1) ) Ipln—1 = ( Z Pi) )

a<n—1

npeobpasyeT reHepatopsl (3.4) K BULY

— — 2 —
Py=E=/p2+m:_4, P, = pga, a<n-—1,
— — 2
P, =e, V m% - %27 Pn1=¢n Mp—1— m%’

Jop = ipbi - ipai +Sups Jou = —ipoi _ SabPy (3.11)

apa apb 6pa - E+ ”nnfl7
. 2
JOn—l _ 71E 1_ mpy 7 0 o my Sn—lapa.
2 Mnp—1 aTnnfl Mp—1 Mp-1

IList Toro uTo6Hl 3a1aTh BUI OCTa/lbHBIX reHepaTopoB B P(1,n—2)-6a3uce, 10CTaTOYHO
HalTH reHepatop J, ,—1 (OCTaJbHBIE ONPEAESIOTCS U3 KOMMYTALHOHHBIX COOTHOIIEHHH
(1.2)). Ncnosbsyst ToxaecTBa

v iiV = li _ PnPn-1Sn—1aPa _ © Pn
n—1 8pn n—1 apn m"m%—lE 9 mi_la



336 A.T. Hukutun, B.M. @yuuy, U.HN. FOpuk

0 m 1 im?
Vnifl [ Va1 =1 + Snf aPa ( - - > - ’
! 8pn—l ! 8pn—l Lab Em % 1 E(E + mn) pn—lm%_l
mgz—l + Em Snapapn—l

Vo Snn-1Vio1 = Snn_
n—1~n 1Vn—1 nn 1mn,1(E+mn) mn,l(E—i—mn)

1- x 1— T mp—1, a + J{"nnilsnnfk (312)
s Mp—1 6"nn m%

[eneparopet (3.11), (3.12) 3pMHTOBEI OTHOCHTENBHO CKaJISIPHOTO MPOU3BEIEHHs

e} oo
dn—2p
(@1,¢z)=/dmn/dmn_12/ ’ @1 (M1, Q)pa(m, 1, ),
0
2 Moy @

rze yepe3 « 0603HAYEHBl YHCIIa, HYMePYIOLYe HElPUBOAUMbIE NPEICTABIEHNs aaresphl
SO(n — 2), comepxatunecs B npeactaBaeHuu D(mq, ma,. .. ,m[ﬂ]) rpynnsl SO(n).
2

noJsqydaemM

Jnnfl =

RO .

3. AHajiornuHo onpegessieTcsi npeactasiedue anre6pul P(1,n) B P(1,n—3)-6asuce.
[TonBeprast rexepatopst (3.11) u (3.12) npeoGpasoBanuio

My S, bl
Vo = n=2 exp <2’L n—2aPa arctg Dn 2‘p|n 2 ) ’

Pn—2 |p|n72 (E + mn72)(mn72 + mnfl)
1/2
1/2
|p|n—2 = < Z Pi) ) Mp—2 = (%2 eri +pi_1 +p727,—2)
a<n—2

W yYUThIBasi KOMMyTaTUBHOCTDb (3.12) u (3.2), umeem

Py=FE, = Pa, P, =ep/m2 — 2,
-1 =En—1 —m3, Py =¢en_oy/m
J 9 +S b < 2
a — g a abs a, n—az
"= Opa 527 P ’
J P, 0 n—1Sn—2aPa .
JO'n,fQ:_iE 2’ _ Mp—1 2107 (3.13)
2 Mp—2 amn—2 Mp—2 Mp_2

i [Py 1Py 2 0 WM
Jn—ln—2z{ ! 23 }+m TQn QSnn—Qa

Mp—1 omy, ms_

i [ PpPo— 0 n—
Jnnfl = % { ! } + adll 1Sn'n,71.

b
My,  Omy,_1 2

4. TlonBepras renepatopsl (3.13) nocsenoBaTesbHO MPeoOpa3oBaHUAM

Mp—q Sn—1aPa |Pln—1Pn—1
Voo = exp (22 arctg ,
" Pn—1 |p‘n—l (E + mn—l)(mn—l + mn—l+1)

rae

1/2 . 1/2
|p|n_l:<z pi) ) m?’L—l:<%2+Zp$l—a> ’ l:3747"'7

a<n—l a=1
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W WUCMOJb3Yys pe3ynbTathl M. 1-3, moaydaem

PO :E7 Pa = Pa, Pnfoc :gnfa\/mifa _m%_a+17 a < ka
0 Sabpy

Joog = —ipg— — ————, a,b<n-—k,
0 po apa E + Mp—k+1
0 0
Ja =i — i a Sa )
b Z(’)papb Zapbp + Oab (3.14)
Jon o = —EE P,_a ’ 0 _ Mp—a+1 Sn—a upu’
2 Mp—a OMp_q Mp—a  Mp—q

_ { Pn—aPn—a+l 0 HMp—a+1 kS
JnfanfaJrl . ) + 2 n—an—a+1-
2 My—o om,, .

[enepatopst (3.14) 5pMHUTOBB OTHOCHTENBHO CKaJSIPHOTO MPOU3BENEHHUS

dn—l
(@17%02) :/dmn,k/dmnik+1.../dmnz poprsDQ’

A

rie A — Habop 4uces, XapaKTepU3YIOIIKX NpeAcTaBaeHus rpynmsl SO(n—k). BXOASALUX
B NpeAcCTaBjeHue rpynmsl D(my,ma, ... ,m[ﬂ]) rpynnsl SO(n).
2

Takum o6pasom, renepartopel rpynnsl P(1,n) B P(1,n—k)-6asuce umerot Buz (3.14).
Oneparop npeobpasoBanus u3 (3.1) k (3.14) 3anaercs opmyJoil

JlonmoJiHeHHe
B D MO0XXHO Tak BBECTH TOIOJIOTHIO CO CUETHOH CHUCTEMOH HOPM

1
(1,02)n = (1, (A+1)"p2),  A=>pi+ ; S,
I v

rae (-,-) — cKa/lfpHOe NPOM3BeleHHe B NPOCTpPaHCTBe H, OTHOCHTEJBHO KOTOPOro Jyu,
P, spMWTOBBI, 4TO, MOMOJIHWB D 1o He#, moayudM npoctpaHctso W, obnapamoliee
C/IeYIOLIMMH 3aMedaTesbHbIMH CBOHCTBaMU:

1) ¥ nyotHo B H,

2) obepreiBatoiias anredbpa E(P(1,4)) siBasercs aare6poil HempepblBHBIX (OTHOCH-
TeJIbHO TomoJioruu W) omepaTopoB Ha W,

3) ¥ sipepHo.

[puBenem nokasaresnbcTBo snepHocTH V. Mcnosb3ys pesyabrarsl paboTsl [8] u TOT
¢akr, uto rpynny P(1,4) moxHO noayuuth cxkatuem rpymnsl SOg(1,5) B cmbicie
Nuono—BurHepa [9], nocratouHo nokasatb, 4TO CyLIECTBYeT Takoi omepatop X, mpu-
Hapnexawmi E(SOq(1,5)), nas kotoporo X* = X** u X1 anepusiii.

Paccmorpum onepatop A = (C + 1)", rne C — onepatop Kasumupa rpynmsl
SOy(1,5) Broporo mopsinka. M3 teopembl Hesbcona [10] caenyer, uto C' u C™ cy-
IIECTBEHHO CaMOCOTpsiKeHHbIe, T03TOMy A* = A**,
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[Tokaxem nasee, uto A~! — oneparop Tunb6epra—Ilmuara. OueBuano,

_ 1
AL = 27(01‘ — 1)an',

%

rie P; — mpoekTopsl Ha moanpoctpancTBa H; (H; — coGCTBEHHOE MPOCTPAHCTBO Ofle-
patopa Kasumupa C ¢ co6cTBeHHBIM 3HaueHHeM c¢;). Kpome Toro, Jierko npoBepHTh, 4TO
IIPY AOCTATOYHO OOJIBLIMX 7 BBIIOJNHSETCS HEPaBEHCTBO

Z <(cl+11)" dimHi)2 < 00.

Takum o6pasom, A~ — oneparop ['mnb6epra—IlImuara. [TockoabKy KBagpat onepaTopa
[unb6epra—IlIMunra Bcerna CyuUleCTBEHHO CaMOCOMPsiKeH, TO 32 X MBI MOXEM B3SITh
oneparop (A~1)2. Urak, ¥ smepno. Us cpoficTs 1-3 caenyer, 4To B Hamem cjydae
silepHast CrieKTpasibHasi TeopeMa MPUMEHHMAa U BEKTOPbl |p, P4, j373; J, T, ) KaHOHHUE-
ckoro 6asuca mpuHamjexat npoctpaHetsy U* (U C H C U*).
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O nonosHUTEJbHON WHBAPUAHTHOCTHU
ypaBHenni Kemmepa—J{apcdpuna
u Paputsi-IlIBuHrepa

A.l. HHKHTHH, [O.H. CETEJIA, B.H. OYIIHY

The complementary (implicite) symmetry of the Kemmer-Duffin (KD), Rarita-
Schwinger (RS) and Dirac equations is established. It is shown that the algebra of the
invariance of the KD equations is the 34-dimensional Lie algebra including the SU(3)
algebra as one of its subalgebras, and the RS equation is invariant with respect to the
64-dimensional Lie algebra including the subalgebra O(2,4). The explicit form of the
operator reducing the RS equation to the diagonal form, and the operator transforming
the KD equation into the TST equation are found. The algebra of the complementary
invariance of the Dirac and TST equations are found in the class of differential operators.

YctaHoBNeHa fomoJHUTeNbHAs (HesiBHasl) cHMMeTpHsi ypaBHeHHi Kemwmepa-Isdpduna
(K1), Papurei-IlIsunrepa (PIU) u Hupaka. [Tokasano, uto anre6poil HHBaPHAHTHOCTH
ypaBHenust KJ| siasiercss 34-mepHas anre6pa Jlu, comepxkaiasi anre6py SU(3) B kaue-
cTBe nonanre6psl, U yTo ypasHeHue PIIl nHBapHaHTHO OTHOCHUTE/bHO 64-MepHOH anre6psl
JIu, BrJ/ouaroued noganredpy O(2,4). HafineHbl siBHBIE BHI OrepaTtopa, MPHBOISILIETrO
ypaBHeHue PIII x nuaroHanbHOU opMe, U omepartop, npeobpasywomiuil ypaBHeHue K] B
ypaBuenue Tamma—Caxkatbi-Takeranu (TCT). Hatinena anre6pa nomosHUTebHOH HHBa-
puantHocTH ypaBHeHu#l upaka u TCT B ksacce nudQepeHLHANbHBIX OMEPATOPOB.

Beenenue

XopoI110 U3BECTHO, UTO HEKOTOPBIE YPABHEHUS IBUKEHUS B KBAHTOBOH (hU3UKe 00.1a-
JAl0T JIOTIOJNHUTEJbHOM (HessBHOH) cuMmerpueit. Tak, Hampumep, ypaBHenue [lpemun-
repa [/1s aToMa BOAOpofa 00/1a4aeT HessBHOH MHBAPHAHTHOCTBIO OTHOCHTEJ/BHO I'PYIIIEL
YeTbIpeXMepHBIX BpalleHui [1], ypaBHeHnsi MakcBensa u Jlupaka (mJst HyJeBOH Mac-
Cbl) MHBAPUAHTHBI OTHOCHTEJIbHO KOH(MOPMHOH Tpymmbl [2].

B [3, 4] ycraHoBseHo, uTo ypaBHeHusi Makcsessa, Kieiina-Topoona u [Hupaka
(c HyseBoM W HeHy/neBOH MaccaMHu) 006JaJarT MOMOJHHUTEJbHOH MHBapUaHTHOCTBIO,
OTJIMYHOH OT JIOpPEHL-MHBApUaHTHOCTH. basucHble 3/eMeHTbl 3TOH HOBOH anre6pbl UH-
BAapDUMaHTHOCTH He NpUHaJJ/exaT, KaK 3TO MMeeT MeCTO B CJ/yudae JIOpeHL-CUMMETPHH,
KOTJIa MH(PUHUTE3UMAaJIbHblE ONepaTophl NMPeACTaBJASIOT cob0H JrHelHble nudhepeHIIu-
aJibHble OIepaTopkl MepBOro NMOpsiiKa, Kjaaccy auddepeHManbHEIX onepaTopos. B aTom
cy4ae 6asUCHbIE 3J1€MEHTHI SIBJSIOTCS MHTerponuddepeHIHalbHEIMU (HeJOKaJIbHbIMH)
oIepaTopaMu B KOH(UI'YPaLUOHHOM NpocTpaHcTBe. K3-3a HesloKalbHOCTH 9TH OIeparo-
pbl He ABJAIOTCS MH(PHUHUTE3UMAJbHBIMU OlepaTopaMM KacaTesbHbIX Npeo6pa3oBaHUU
B cMblcsie JIM, OfHAKO OHM 00pa3yloT KOHeYHOMepHYIo anrebpy JIu.

B nanbHeflieM moj AONOJHHUTENbHOH MHBAaDUAHTHOCTBIO YPaBHEHHUH ABHIKEHHS Mbl
NOHHUMaeM JII00yl0 UHBAPHAHTHOCTb, OTJHYHYIO OT JIOpPEHL-HHBapHAHTHOCTH.

B Hacrosuiell paGoTe nccaenyoTcs rpynnoBble CBOUCTBA CBOOONHBIX PEJNSATUBHUCTC-
KHX ypaBHEHHE [BHXKEHHs /s 4YacTHL C HEHYJeBOH Maccod W crmuHaMH s < 3/2.

Teoperuueckast 1 MaTeMaTHueckasi (usrka, 1976, 29, Ne 1, C. 82-93.
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YcTaHaBAMBAIOTCS TEOPEMBI O IOMOJHUTENbHOH HHBAPUAHTHOCTH ypaBHeHUH Kemmepa-—
Hadpduna (K1), Tamma—Cakarsi—Takeranu (TCT) u Papurei—Isunrepa (PLI). Kpome
Toro, HalizeHa anre6pa uHBapuantHocTH Jupaka u TCT B knacce nuddepeHLIHaNbHBIX
oneparopoB. JloKa3aTesbCTBO TEOPEM OCYLLECTBJSETCS C TOMOLIbBI0 NpHeMa, MpenJo-
)keHHoro B [3]. CyTb ero COCTOHMT B TOM, YTO CHauaja cucrTeMa IuddepeHIHaNbHBIX
ypaBHEHHUH TEPBOTO TOPsiAKa, TPeNBAPUTENbHO TNpPHUBEAEHHAs K IaMUJbTOHOBOH (hop-
Me, C TOMOIIbI0 YHUTAPHOTO 1peobpa3oBaHust MPUBOANUTCS K IPYTOMY 3KBHBAJEHTHOMY
YPaBHEHHIO C NUaroHaJbHBIM TaMHJbTOHHAHOM, a 3aTeM yXKe IJs NpeoOpas3oBaHHOrO
ypaBHEHUs YCTaHABJMBAETCS NOMOJHHUTeNpHas anrebpa MHBapuaHTHocTH. Hains 6a-
3HUCHbIE 3JIEMEHTbl JONOJHHUTEJNbHON ajareOpbl HHBAPUAHTHOCTH [/ Npeo6pa3oBaHHOrO
yYpaBHEHHS W KMMesl YHHUTApHBIH OMepaTop, AWAroHaJM3yIOLUH raMUJIbTOHHWAH, OTpele-
JisieM anre6py WHBAPUAHTHOCTH HCXOOHOTO ypaBHEHHS.

B nocnenHue rogbl MHTEHCHBHO M3y4aloTcsl TPYNNOBBHE CBoHcTBA AU (hepeHLHab-
HBIX YpaBHEHHE B YaCTHBIX MPOM3BOMHBIX HAa OCHOBE KJacCHYecKUX MeTonoB Jlu [5, 6].
OTH METOAbl CYLIECTBEHHO OTJIMYAIOTCS OT HAIIMX.

1. Cummetpus ypaBHeHuii Kemmepa—Jagppuna
n Tamma—Cakarbi-Takeranu
A. YpaBuenne K]I 3anucbiBaercsi B BUzie

(5upl»1« —m)\If(t,w) =0, = Oa172>37 (11)
rae p, = i0/0x*, a MaTpULB 3, YAOBJIETBOPSIOT anreGpe

6#/81//8)\ + /BAﬂuﬂ/L = B/Lgy)\ + 6)\9111/- (12)

Kak usBectHo, ypaBHeHue K /I onucbiBaeT cB0O60IHOE NBHUKEHHE YACTHUIIBI CO CIUHOM
0 nau 1. B mepeom caydae mMatpuunl 3, 5-psifHble, a BO BTopoM — 10-psaHble.
Yno6uee 3anucarb ypaBHerue (1.1) B raMusibToHOBOH (opme [7]

OV /ot = HU(t, ),  H = [Bo, Balpa + Bomn, (1.3)
{m (1 —63) +(ﬁ~p)ﬁ§}\11(t7w) =mPV = 0. (1.4)

Pusnueckuil CMBIC OTNOJMHUTENbHOTO ycIoBHs (1.4) cOCTOHT B TOM, UTO OHO ycTpa-
HsleT “JIMLIHHe” KOMIIOHEeHThl BOJIHOBOH (pyHkuuu W. Jlng cnuHa s = 0 BoJHOBas (yH-
KLHUS UMeeT TPH, a AJf CIMHAa § = 1 — 4eThbIpe JIMIIHUE KOMIIOHEHTHI.

YenoBre nHBapHaHTHOCTH ypaBHeHHs (1.1) OTHOCHTEJBHO HEKOTOPOH COBOKYITHOCTH
npeo6pa3oBaHUil 5KBUBAJNEHTHO 10 ONpPEeeNeHHI0 BbIMONTHEHHIO yCIOBUH

[i% —H, QA} U(t,@) =0,  [mP,Qal¥(t @) =0, (1.5)

rae Q4 — oneparopsl npeo6pasoBanuit, ¥ ynosaerBopsier ypaBHeHusm (1.3), (1.4), {A}
— HEKOTOPOe MHOXKECTBO HH/IEKCOB.

3anaya 0 HaXOXKAEHHH anreGpbl HHBapHaHTHOCTH ypaBHenus (1.1) cocrout B omu-
CaHHH BCEBO3MOXHBIX 0MepatopoB () 4, yaoBJaeTBopsiioux ycaousm (1.5).

[TokaxkeM, UTO CrpaBefHBa CJeyiOLIas

Teopema 1. Ypasuenue KJ umsapuanmno omrocumesvHo arcebpor Jlu epynnot
SU(3). B cayuae cnuna s = 1 ypasuenue KJI unsapuanmno omuocumenvto 6osee
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wupokot, 34-meproii areebpor Jlu, codepacaweii areebpy SU(3) 6 kauecmse no-
daneebpol. basucHoie aremernmor amoii arcebpol UHBAPUAHMHOCMU YOOBAEMBOPAIOM
Kommymauuonuoim coomuowenuam (1.10), (1.14).

HdoxkasareabcTBo. [lepexon K npeacTaB/eHuIo, B KOTOpoM H nuHaroHalseH, oCyLleCTB/s-
eTCs1 C TIOMOLIbI0 HHTErPAJBHOrO YHUTApHOro oneparopa tuna Pongu—Bayrxoitzena [8]

U d=UD, U:exp{ﬁapa arctgﬁ},
p m (1.6)

1/2
p=@+p3+p3)"*  a=123

B pesysbraTe nosyyaem cucTeMy MHTerpoaudQepeHLHaNbHbIX YpaBHEHUH
i0® /0t = HP®(t, x), H® =UHU ! = 5yE, -
(1-8)etz)=0, E=@*+m?? '

a ycsoBre WHBapuaHTHOCTH (1.5) MPUBOAUTCS K BHIY
0 _
{@ - ﬁoE,Qi] ©=0, Qi=UQU', [1-5.Qie=0. (1)

Yenosue (1.5") ynoBseTBopsieTcsi MPOU3BOBHBIMHA MaTPULLAMH, KOMMYTHPYIOLIUMH C

Bo.
Hcnonbsyst coorowenus (1.2), HetpyaHo yGemutbes, 4to ycaosuwo (1.5') ymosie-
TBOPSIIOT MaTPULbL

Sab = i(ﬁaﬂb - ﬂbﬂa)a Sab = Eachca a, b7 Cc= ]-7 27 3. (18)

OTUM XKe CBOHCTBOM 00/1aflal0T, OY€BUIHO, BCe (PYHKUUHU OT Syp, CPEAH KOTOPBIX MOXKHO
BBIOPATh TOJBKO BOCEMb HE3aBUCHMBIX:

QF = —($15+ 581),  QF =S5, QF —i(S5515 — 51553,

QF = —(S351 +5152), Q5 =—Ss, Q5 = —(5253 + 5352), (1.9)
T=5, QF= —1(535152 + 515583 — 255535)).
V3
Onepatopsl Q%, A =1,2,...,8, yIOBIETBOPSIOT KOMMYTALMOHHBIM COOTHOLIEHHSIM
QY. Q7] =ifurxkQy,  M,L,K=1,2,...38, (1.10)

rae farx — CTPYKTypHble KOHCTaHTH rpymmsl SU(3).

B canyuae cnuna s = 0 omeparopamu (1.10) ucueprbiBaroTCSI BCEBO3MOXKHBIE (C TO-
YHOCTBIO [0 9KBHBAJEHTHOCTH) He3aBHCHMble MaTpHIBl, KOMMYyTHpywoine ¢ [y. [Ipu
s = 1 4KcI0 TaKUX MaTpull yBeauuuBaercs. [losHyI0 CHCTeMy MaTpHll, KOMMYTHpPYIO-
KX ¢ [y, TOCTPOUM caenyiomnm obpazoM. He ymansis o6uiHocTH, MaTpuiy [y MOXKHO
BbIOPATh B BUIE

IS
Bo = —I ; (1.11)
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rae I3, 0% — TpexpsiiHas eNMHMYHAs ¥ YeTbIPEXPsAHAs Hy/JeBass MaTPUIBI, HA OCTaJb-
HBIX MECTaX CTOSAT HYJH.
OO6wuil BUA MaTpULBEl, KOMMYTHPYIOLLeH ¢ Oy, 3afaeTcs BblpaKeHHEM

B =

o O Q

0 0
b 0 ], (1.12)
0 c

roe a, b, ¢ — mNpou3BOJIbHblE KBaJgpaTHble MaTpPHLbl padMepHOCTH 3 X 3, 3 X 3 U
4 x 4, coorBercTBeHHO. TakuM o6pa3oM, uMeeTcss Bcero 34 JMHEHHO-HE3aBUCHMblE
MaTpULbl, KOMMyTHpYIOLLHe ¢ (. B uneno atux 34 marpui Bxomsat ormepartopsl Q%,
A=1,2,...,8,u3 (1.9), a ocrajbHBlE MOXKHO MPENCTABUTb B BUJE

Q§+A:60Qia A:1727'~-787 Q?7:FO:(S12*S43)(1753)7
QY710 =Ta = (Spe + S1a)(S31 — Sa2)(1 — 33), Siq = 1(Bafs — Bafa),

1
Ba = JiEmvnoOuBuBofio, Q51 Q% -, QR = (1.13)
={T,. ;0,0\ Dol Mels},  Qf =1, Q% = fo,
vy A, ... =0,1,2,3, a=1,2,3; (a,b,c) = uuka (1,2, 3).

Atu oriepaTtopbl YAOBJETBOPAT COOTHOUIEHHUAM KOMMYTalluU

Q2 4, Q% 5] = ifapcQE, Q2 4, QF] = ifapcQ, ¢ (1.14)
[Fuv Qi] = [F;u Q§+A] =0, (FMFV + FVFM)(l - ﬁg) = 29”,,(1 - 68) (1-14”)

[TepecranoBounbie cooTHomenus (1.10) u (1.14) HemocpenctBeHHo caenyioT u3 (1.2).
Teopema nokasaHa.
B saksioueHHe 3TOTO MyHKTa OTMETHM, uTO siBHBIH Bua omnepatopoB (1.9) u (1.13)
B HcxonHOM W-NpeACTaBieHHUH TOJNYYaeTcsi ¢ MOMOIIbIO MPeodpasoBaHusi, 0OPaTHOTO K
(1.6). MubiMu coBamu, orepatopbl Q4 moayuaiotes us Q%, A =1,2,...,34, nocpen-
CTBOM 3aMeHBI
m  Bxp  p(S-p)

—771 —q_
S—-8=U S’U—S—E "5 +E(E+m)'

(1.8)

3ameuanue 1. Kak usBecto [9], ypaBuenue (1.1) B mpemesnbHoMm ciyuae m — 0 He
MOXKeT CJYXKHUTb [JIsl ONUCaHHsl IBHKeHHs1 Ge3MaccoBbix yacTull. OkasbiBaeTcs, OfiHa-
KO, YTO TaKOH MpelesbHbI Mepexol BO3MOXKeH B ramuJbToHOBOH (opme (1.3), (1.4)
ypaBuenust KI. [1pu atom Teopema | octaercst BepHOH.

Ecau xe Ha BosHOBYI0 (yHKUHIO U HAJOXKHUTH MyaHKape-UHBAPUAHTHOE YCJOBHE
T0TepPeYHOCTH

(S-p)¥ =0, (1.15)

TO TeopeMa | He HMeeT MecTa.
Cucrema ypaeHenu# (1.3), (1.4) (¢ m = 0) u (1.15) 3xkBUBa/NeHTHa ypaBHEHUSM
Makcsenna.
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3ameuanue 2. [{ss ypasuenus KJI, kax u nyis ypaBuenusi Jupaka [3], MOXHO yKa3aThb
YyeTblpe THIA ONepaTopoB, YAOBJIETBOPSIOUIMX KOMMYTAlMOHHBIM COOTHOLUEHHSIM aJre-
6pet JIu rpynner [lyankape, nssi KoTopbix BhinodHsietcst yesaosue (1.5). dtu omepaTtops
UMEIOT TaKoe SIBHOE TpelCTaBJ/eHHe:

{Q'}: 'P,=1i0/0x",

1 . (1.16)
J;w = ZTuPy — Typy + S;wa S;w = Z(ﬁuﬁv - Buﬁu);
{Q%}: 2Py=H, 2P, = —id/0z,,
) (1.17)
2Jab = ZaPb — ThPa + Sab7 2J0a = ToPa — §(waH + H(Ea);
Q3}: 3P, =id/dt, 3P, = —id/0x.,
@) R =i ) .
Jab = TaPb — TpPa, Joa = ToPa — TaPo;
{Q4} : 4P0 =H, 3Pa = —ia/axa,
(1.19)

- - 1 -
*Jab = TaPb — ToPa, * Joa = ToPa — i(xaH + HZ,);

rue

5a:xa—i&+i (Brpr)Pa (px8S),

E ' E2(E+m) E(E+m)

Omneparopet (1.16) HeSpPMUTOBE! B IHJIbOEPTOBOM MPOCTPAHCTBE, Ile SPMUTOBEI OIEpaTo-
pel (1.17). Oneparopsl (1.18) u (1.19) s3pMuUTOBBl U HeIKBUBaJeHTHBI onepaTopam (1.16)
i (1.17). DroT hakKT Jerko yCTaHOBUThb, €CJH BBIUUCAHTb omepaTophl Kasumupa nJs
npencrasnenui (1.16), (1.18) u (1.17), (1.19).

Hanee ormetum, yto omeparops (1.16)—(1.19) mopoxaamT CoBeplieHHO pa3JUYHble
3aKOHbBI Mpeofpa3oBaHusi KOOPAUHATH U BpeMeHH. A HMEHHO U3 SIBHOTO BHMIA OIepaTo-
poB Jo, HemocpeacTBeHHO moJydaem, uto B caydae (1.17) u (1.19) B otsinuume ot (1.16)
u (1.18) Bpems He HM3MeHseTCS:

z = exp{iJoaba } o exp{—iJoply} = zo. (1.20)
B. Ypasuenue TCT umeer Bupn [10]

i0UTCT /ot = HT T (t, ),

et . (S-p)? 2 (1.21)

= og9m — io;———— + (io1 + 02)—,
m 2m
roe Upcr — LIECTUKOMIIOHEHTHAs! BOJIHOBas (pyHKLHUS, S, — reHepaTopbl NpejcTaBJe-
HUSs1, SIBJISIIOLLIETOCS] MPSIMOE CYMMOH ABYX HENMPHBOAUMBIX MpeAacTaBjeHuil D(1) rpymmsl
O(3), o1 1 09 — wecTupsiiHble Matpulbl [laynu, KoMMyTHpyoLIHe ¢ S,.
YpaBuenne TCT onwuceiBaeT nBHXKEeHHWE CBOOONHOH pPEJIITHBUCTCKOH YaCTHIBI CO
cnuHOM s = 1 1 B oTsiuue ot (1.1) He COmePKHUT JIMIIHUX KOMIIOHEHT.

Teopema 2. ¥Ypasrnernue TCT unsapuarnmrno omuocumervro 16-meproti arzebpol Jlu,
codeprcaweti arcebpy SU(3) 6 kauecmee nodareebpol. basucHoie aremenmor 3moti
aneebpol yoosremsopsrom nepecmarno8oyHvim coomrnowerusm (1.10), (1.14).
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Hoka3areabcTBo. [Ipexie Bcero yCTaHOBHUM CBfI3b MEXKAY pellleHUsIMU ypaBHeHUH K|
u TCT. O6biuno ypaBuenue TCT monyyatoT u3 ypaBHeHui#l KJ| myTeM HemocpencTBeH-
HOT'O HCKJ/IIOUeHa JIMIIHUX KOMIIOHEHT. DTa Mpolenypa AJs HalIMX LeJeld HeNpUroiHa.
[Tokaxem, uto ypaBHeHue TCT moxeT ObITb mosyueHo u3 ypaBHeHuid KJ[ ¢ momouibio
M30MeTPHYECKOro NMpeoOpa3oBaHus

U ot —yy, Vexp{ﬁap”50}1+ﬂ“p“ﬂ0, a=1,2,3. (1.22)

Herpyano y6eautbesi, uto WICT

0w jot = VHV T = g, (m 1 Do nf) orer,

YIOBJIETBOPSIET YPaBHEHUSAM

(1.23)
V(mP)VIWTCT = m(1 — g2)wTCT = 0.
Cucrema ypasuenuil (1.23), kak usBectHo [7], skBuBasentHa (1.21), mocko/bKy BoJI-

HOBagd (i)yHKLLI/IH \I/TCT HMeEET TOJIbKO MIEeCTb OTJIWYHBIX OT HYJsA KOMIIOHEHT, U BCeria
MO2KHO ITOJIO2ZKUTb

BomWTCT = GymuTCT,
2 2 (1.24)

+ (0’2 +101)§7m \IITCT.

101

BaPa TCT _ | . (S-p)
5077” v = -

[Tockosbky ypasuenust (1.3), (1.4) HHBapHaHTHBI OTHOCHUTEJBHO aareGphl, TOPOXKAAEMOK
onepatopamu (4, To ypasHenue (1.21) uHBapHanTHO OTHOCHTE/bHO anre6pb {QLCT},
QYT = VQaV 1. Seuwiii Bun oneparopos QT moayuaem wus (1.9), (1.13), (1.8') u
(1.22):
Q1T = —(815: + $251), 3T =83,
Q3T = —i(S551 82 — $15253), Q1°" = —(9351 + 5153),
3T =-8,, Qe = — (5255 + 935), Q1" =-5,

TCT
TCT H

. (1.25)
2T = —%(335132 + 518585 — 2555351), Qsin= QYT,

5= S% + % + % {03(5 x p)(S-p)+ %(Has)[p(sm) - SPQ}}7

QIS — B, QIS 1. (1.26)

Onepatoper (1.25) yooBJETBOPSIOT TEM K& KOMMYTAlMOHHBIM cooTHomieHHsiM (1.9) u
(1.14'), uto u oneparopsl Q%, Q% ¢. Oneparopsr (1.26) kommytupyior ¢ (1.25).

Aurebpa (1.25), (1.26) unBapuantHoctH ypaBHeHus TCT, KoHeuHo, yxKe ajire6pbl
(1.9), (1.14) ypaBnenus KJI. dto cBs3aHo ¢ TeM, uto BosHOBas ¢yHKuus TCT umeer
MeHbllle KOMIOHeHT, 4yeM BosiHOBast (pyHKuus KJI, u mostomy omepatopsl V@17, @1s,
.., @32V ! na pewenusix ypasuenuss TCT ne onpenesensl. Teopema nokasaHa.

3ameuanue 3. PensituBucTCKHe ypaBHeHHs 0e3 JMIIHMX KOMIIOHEHT [Js1 YacTHI[ CO
cnuHoM s = 1, mosayuennbie B [11], Tak)ke MHBapUAHTHBI OTHOCHUTENBHO Mpeotpas’o-
BaHuit, ynosnersopsitownx anredpe (1.10), (1.14). JokasaTeabCTBO ITOTO yTBEPKAEHHUS
aHaJIOTHYHO H3JI0XKEeHHOMY BblLlle, TOCKOJIbKY YIIOMSHYThlEe YPaBHEHHs MOTYT OBITb NpHU-
BelleHbl K AMaroHanbHOU (opme.
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2. Cummerpus ypasHeHus Papurei-IlIBunrepa
Ypasuenue PII pist uacTuisl co cnuHoM s = 3/2 MOXKeT ObITh 3aMHUCAHO B BHIE

(’Vﬂpﬂ _m)\IJV(t’m) = 05 ’YV\DV(t’x) = Oa /U‘7V = 05172737 (21)
rae v, — 4x4-mepHble matpuubl Jupaka. BonHosas gpynkuusa PII rumeer 16 KoMIoHeHT

T, =123, 4.

a

Cucremy ypaBHeHH# (2.1) 3amuieM B raMHJIbTOHOBOH dopme:

0V /ot = HU(L,z), 7,0 (t,z) =0,

H 0 0 0 U,

0 H 0 0 0, . (2.2)
H= A U= H = v0YaPa )

0 0 Jii 0 3 \112 ) Y0 YaP + Yom

0 0 0 H Vs

Ha pewenusx ypaBaenuit (2.2) peanusyercs ciefyiolilee ssBHO KOBAPUAHTHOE MPeICTaB-
Jenve anre6psl Jlu rpynner [lyankape:

Py=H, Py =pq= —i@/@xa, J;u/ =TuPy — TPy + Suz/a (23)

rJe CIMHOBble MaTPULBI S, SBJAIOTCS TeHepaTOpaMH npenctasienus D(1/2,1/2) x
[D(1/2,0) @ D(0,1/2)] rpynost O(1,3) #, cienoBaTesbHO, MOTYT ObITb MPEACTABJIEHBI
B BHIE

1
2
Jab=Je +3ds  doa=1i(a =32 lardi) =0,

Suy = j;u/ + Tuv [j;un Tu’l/’} =0, Tuv = 3T Vv

(2.4)

rue jl, j2 — reneparopsl npeacrasienus D(1/2) rpynnsl O(3). [TokaxeM Ternepb, 4To
HMEeET MeCTO

Teopema 3. Ypasuenue PLI unsapuarnmuo omuocumenvio 64-meproti arcebpor Jlu,
codepacawjeti areebpy Jlu epynnot O(2,4) kax nodareebpy. basucuoimu sremenma-
MU amotl areebpol A8AKIOMCA BCEBOIMONCHbIE HE3ABUCUMbLE NPOUIBEOCHUS ONepamo-
pos (2.12).

HokasateabcTBo. Kak M B NpefbIAyLIeM pasiese, IJs 10Ka3aTeJbCTBA TEOPEMBI Ie-
peiiieM K TIpelCTaBJEHHIO, B KOTOPOM TaMUJIbTOHHAH H nuaroHaseH, a BoJiHOBast QyH-
KUK UMeeT ToMbKO 2(2s 4+ 1) OTJIMYHBIX OT HyJsi KOMIOHeHT. Bompoc o mepexome K
TakoMy mnpeactaBieHuio mis ypasHenust PII ob6eyxnasncs B [12], onHako Tam He Obla
HalileH B SIBHOM BHJ€ ONEpaTop Npeodpa3oBaHuUsl.

Mbl mosryuusu Takoi omepatop B GopMme

W = exp {Z%Joapa arth 2} exp {@ arctg £} . (2.5)
P E P m

DTOT omnepaTop He TOJNBKO AHAroHaNU3yeT raMu/bToHHaH H (2.2), HO Tak:Ke NPUBOLUT
ocTaJbHEIE TeHepaTophl (2.3) kaHoHHYecKol dopme Donnn-IInpokosa.
YpaBHeHnus (2.2) nocse npeobpasoBanus W NmpHHUMAOT BUI

i00/0t = H®®(t,z), H®*=WHW ' =T{"F,

(2.6)
S2,e =3/2(3/2+1)®;  o=W¥;  E=(p’+m?)"?
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rae 16-psnnas martpuna I‘ém) Bcerja MoxeT ObITb BblOpaHa B BHUJE

I 0 0 0
(16) 0 I 0 0
r = R 2.7
0 o0 —I 0o |’ 2.7)
00 0 -—I

I u 0 — yeTblpexpsiiHble eIMHUUYHAS U HyJeBas MaTPHLBL.
W3 (2.6) siBcTByeT, YTO NOMOJIHHUTE/bHAasi MHBapuaHTHOCTh ypaBHenuidl PIII mopo-
JKIaeTcsl TeMU MaTpuuaMu By, KOTOpble YAOBJETBOPSIOT YCJAOBHAM

[By,T§9] =0, [Bw,S%] = 0. (2.8)

bes noTepu OOIIIHOCTH MaTpuLly Sgb MO2KHO Bbl6paTb B TaKOM JHAaroHaJbHOM BHIE!:

510 0 0
3l o 1 0 o0
2
== R 2.
=31 0 0 50 0 29)
0o 0 0 I
Wz (2.7) u (2.9) BUOHO, UTO caMblifi OOLIMH BUA MaTPUIbl, KOMMYTHPYIOIIEH ¢ Féw) u
S2,, 3anaeTcs BbIpaXKeHHEM
I 0 0 0
o f o0 o0
4=1 0 0 g 0 |’ (2.10)
0 0 0 h

roe I, f, g, h — TIpOU3BOJIbHBIE KBaJApaTHbIE YeThIpeXpsiiHble MaTpulbl. [loaTomy ma-
TpULYy A MOXXHO NPelCTaBUTb B BUAE JHHEHHOH KOMOWHALKHU 64 NHHEeHHO-He3aBUCHMBIX

MaTpul By, KOMMYTHPYIOLIUX C I‘éw) u S2:

64
A: ZLLNBN, (211)
N=1

C NPOU3BOJIBHEIMH KOI(D(HULHEHTAMH G .
CI/ICTeMy 6a3uCHBIX MaTpUIL BN MO2KHO IIOCTPOUTL B AIBHOM BHUIE. Hmenno BbI6epeM
6 mMaTpHl pazMepHOCTbIO 16 X 16:

1 o
Ty = %(523531 + 531523 — ZeabC]OaTbC)v

Ty = 2i7o3(1 — 2435) (2 — 1), Ty = 2irs1(1 — 243,)(j2, — 1), (2.12)
. . ) . 2 3
Ty = 2i[r12(1 — jis) + 2j12712) (2, — 1), Ly = F(()16)v L= 5531; Ty

KOTOpBIe YIOBJETBOPSIIOT YCaoBHIO (2.8).
Hcnonbsys cooTHouweHHe (2.4), ¢ TMOMOLIbI JOBOJBHO T'POMO3IKHX BBIYUCJEHHH
MOXKHO YCTaHOBHTbH, UTO onepaTopel (2.12) ynoB/JETBOPSIOT COOTHOIIEHUSIM

FHFV + Furu = 2gul/a [Lla LQ] - [F;m Ll] - [F;MLQ] - 07

(2.13)
LP=12=1.
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Ecnn Tenepb B3ATb COBOKYIMHOCTb BCEBO3MOXKHBIX HE3aBHCHMBIX NPOM3BEAEHHH oOnepa-
TopoB (2.13), TO NONyuUM B TOYHOCTH 64 s/eMeHTa, KOTOpble U 06pa3yloT Oa3UCHYIO CH-
CTeMy MaTpHL, yaoBjeTBopsiolinx (2.8). B uacTHOCTH, COBOKYMHOCTb BCEBO3MOXKHBIX
HEe3aBUCHMBIX NpousBefeHHi martpul I',, xax ciegyer us (2.13), obpasyer aare6py
Knudpdopna Cy, 371eMeHTH KOTOPOH SBJSIOTCS 6a3UCHBIMHM 3JeMeHTaMu anare6pel JIn
rpynnet O(2,4).

M1 ONHOTEI U3/I0XKEeHUs NpuBefeM sBHBIH BuA Matpuu I',, Ly, Ly B W-npencTas-
nenun, rie W = W~1®. C nomouibio oGpatHoro npeo6pazosanusi W1 nonyuaem

L, =w'T,w, (2.14)
Iy = ﬁ(szsszn + 531523 — t€abejoaTse), [y = 2if3(1 — 2535) (52, — 1),
Dy =2it3(1—2j3))(j2, — 1), D3 = 2if12(1 — j, + 2j12712) (2, — 1), (2.15)

- - 2 4 3
Ly =H/E, L2:§S§b_§7
rae
F p—_ @ + nyapb — YbPa pc(pa . Ta)
ab abE m E(E—f—m)’
$ .om  H . . Pe(Pvjos)
ab = Jab oy — 77— (JoaPb = JovPa) + T v
Jab =] bE Em(]o Pb — JobP ) E(E+m) ©.16)
A -~ pa(Py - Jb) = JaDi  JabPo
a — JOa — H,
oo =00et BB fm)  Em

Sab = Jab + Tabs (a,b,c¢) = muka (1,2, 3).

B 3akJ/io04yeHHe OTMETHM, UTO CleJaHHbIE Bbllle yTBEPXKIEHHS O JOMOJHHUTEJNbHOH HH-
BapUaHTHOCTH CIIpaBeJ/IMBBl U Ajs ypaBHeHHi baprmana—Burnepa, Hupaka—®Pupua-
[Taynu, Baba, onucbiBamomKX YacTHLB co cnuHOM 1 u 3/2. JlomonHuTesbHast CHMMe-
TPUSL PENATUBUCTCKUX YPABHEHHH [ YACTHB CO CIIHHOM S > 3/2 TaKxKe MOXKET ObITh
HCCJIeOBaHa C MOMOIIbI0 METONOB HMCIO0/Ib30BAaHHBIX B HAacTOSAIIEH padoTe.

3. AnreGpa UHBapUaHTHOCTU ypaBHeHMH [lupaka
u TCT B knacce gud¢epeHIIHATBHBIX ONEPATOPOB
Bo BBeneHuu oTmeuasiock, yTo ypaBHeHHe [lupaka, MTOMUMO MHBAaPHaHTHOCTH OTHO-
cuTesbHO ajre6psl [TyaHkape, HesIBHO HHBapUAHTHO OTHOCHTEJbHO anredpbl O(4). dra
ajrebpa safmaeTcss MHTerpogudQepeHINaNbHEIME ONlepaTopaMy U SIBJSETCS B OINpefe-
JIEHHOM CMBbIC/Ie MaKCHMaJslbHOH ajreGpoill NOMOJHUTENbHOH HWHBAPUAHTHOCTH YypaBHe-
nusi Hupaka [3]. B cB3u ¢ 3TUM pe3y/ibTaTOM €CTECTBEHHO BBISICHUTb CJENYIOLHH
BOIPOC: CYLIECTBYET JIM ajaredpa HesIBHOH MHBapUaHTHOCTH ypaBHeHHH Hupaka u TCT
B KJlacce Iu(depeHLHaNbHbIX 0IepaTOpPOB?
B nasnbHefileM Mbl OKaXKeM TeOPEMbl, AalOllMe MOJNOKHUTEJNbHbIH OTBET Ha MOCTaB-
JIEHHBIH BOTIPOC.

Teopema 4. Ypasrenue Jupaka unsapuanmuo omrocumervro arecebpor O(4), 6asu-
CHble anemermol Komopoti 3adaromcs JudheperHyuaroHolmu 0nepamopamu.

Hoka3arenbcTBo. YpaBHeHue Jupaka

(Vup! —m)¥ =0 (3.1)
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TI0BEPTHEM NPeo6pa3oBaHHIO

U= ®=VU,  (m—up") = V(m—yp" )V =m—(PP") s

SsuDu T 1 2S55,,p*
Vg (S Ty L (1 2 ),
N V2 (pupr)t/? (3.2)
i .
S5y = 375 ms Y5 = 1Y0Y1Y273-
ycnosne I/IHBapI/IaHTHOCTI/I HpI/IHI/IMaET BUL
[m - (pupu)1/2’75» Ql]q)(ta :c) =0. (3.3)

YpaBHeHUI0 (3.3) YIOBJETBOPSIIOT MPOHM3BOJbHBIE MATPHULEI, KOMMYTHPYIOIIHE C 5.
Jlio6asi Takasi MaTpulla MOXKET ObITb MpelncTaBjeHa B BHAE JHUHEHHOH KOMOWHALMH Be-
JIUUUH

1

i
Sab = =YVaVb, Sia = =Y0Ya- 3.4
b= 5% 4a = 5707, (3.4)

Martpuusl (3.4), Kak H3BECTHO, PeajH3YIOT MPSMYI0 CYMMY OBYX HENPUBOAMMBIX
npeacraaenuit D(1/2,0) @ D(0,1/2) anre6per O(4). IlocpenctBom npeoGpasoBaHus,
o6patHoro (3.2), mosydyaeM 6a3uCHbIE 3JEMEHTH! alreOpbl IOMONHUTENBHON HHBapHaH-
THOCTH ypaBHeHus (3.1):

. 7
Sab = V1SV = Sap — E(l + ©5)(YaPb — MPa),
(3.5)

A 1
Sia = S4a — E(l + 75)(701711 - 'YaPO)'
CJieyeT OTMETHTh, 4TO 3Ta aare6pa He SKBUBaJeHTHa ajire6pe JIM rpymnbl TpeXMepHbIX

BpallleHWH, 3a1aBaeMOd reHepaTopaMu Jup = TPy — TpPa + Sep TPynnsl [lyaHkape.
Teopema nokasaHa.

3ameuanue 4. Onepatopsl S, HEIPMUTOBBl OTHOCUTENBHO OOBIYHOTO CKAJSIPHOTO MPO-
U3BeIeHUS

(0 %) = [ @ 0] (@)¥a(e), (3.6)
OOHAaKO OHHU 9pMI/ITOBbI B TaKOM I/IH,E[E(bI/IHI/ITHOM CKa.HHpHOM HpOI/ISBEL[eHI/II/IZ
2(S -
(U, Uy) = /d% v [70 +(1 —74)% U,. (3.7)

B ckasnsipom npousBenenuut (3.7) 3pMHTOB TakxKe ramusbroHuan upaxa (3.1).

Teopema 5. Ypasrenue TCT unsapuanmuo omuocumersno areebpor SU(3), 6a3u-
CHble anemermol. Komopoi 3adaromcs ougeperyuaroHoimu 0nepamopamu.

HoxkasarennctBo. [Tonsepruem ypasuenue TCT (1.21) nmpeo6GpaszoBanuio

\I/TCT — \IJ/TCT _ W\I’TCT,

2
H' — WH' W™ = oym + (03 + i) 5 — = H'™", (3.8)
S - S - p)?
A T C A5 ) SN R CAY g
m 2m
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Onepatop H'TCT (3.8) KoMMyTHpYeT co CIHHOBEIMH MaTpunamu S,. OTCiofa 3aK/Ioya-
em, uto oreparop i0/0t — H'TCT xommyTHpyer ¢ HaGopoM BesuuUH

(T = (5155 + 5554), p1eT =55,

LTCT — _i(S}S18h — S184S%), LT = —(8557 + 515%),

/5TCT — _557 QgTCT _ —(SéSé + SéSé), Q/ TCT Slv (3.9)
/STCT = —L\/_(S3S,SQ + 518233 QSéSéS£)7

rae

2m?

X {1—02(5@”) +(1—03)%}.

Sh =S +i {ozigabi”pc 4 (1 + ) EateBPer (9 ”’”*} x

I10 o3Hauaet, 4TO omnepatophl (3.9) yHOBJETBOPSIIOT YCJAOBHIO MHBAPHAHTHOCTH ypaB-
Henuss TCT. HenmocpeacTBeHHOH MpoBepKOH MOXKHO yGemuTbes, 4TO omepaTophl (3.9)
YAOBNETBOPSIIOT KOMMYyTaLHOHHBIM cooTHoweHusiM (1.10) anre6per SU(3). dtu Gasu-
CHble 3JIeMeHTHl anrebpbl WHBapuaHTHOCTH ypaBHeHHsT TCT 3pMHUTOBBI OTHOCHTEJNBHO
TAKOTO WHAE(PUHUTHOTO CKaJSPHOTO MPOU3BENEHHUS:

(U, Wy) = /d% U (t, )W oWy (t,x) =
. . 2 . 3
= /dgx \I/f {024—2& +202%+(1—03)M}.
m m m

Teopema nokasaua.

V3noxeHHble BbIllle Pe3yNbTaThl MOTYT ObITb HCHOJb30BaHbl s HAXOXKAEHUS HH-
TEerpaJsioB JBHXKEHHUSI YACTHII, B3aUMONEHCTBYOIMX C BHELIHHUM roJjieM. Tak, Hampumep,
IJIsl Y4acTHLBl CO CIMHOM $ = 1/2 B ONHOPOAHOM MarHWTHOM noje H HHTerpasjom
JIBUXKEHUsI SIBJISIETCSl omepatop @ = 5abc§bc(7r)Hc, rae Sab(w) nosyyatorest u3 (3.5)
3aMeHOH p, — T = Py — €A,.

(3.10)
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I'pynnosbie cBoricTBa AucepeHINATbHBIX
ypaBHeHHI KBAHTOBOU MeXaHUKM
B.H. @YLIHY

Teopuio rpynmoBeIX cBOHCTB Aud(epeHIHaTbHBIX YpaBHEHHH, MPUMEHHUTENBHO K
YpaBHEHUSIM MeXaHHKH M runpoMexaHukd B CoBeTckoM Coroo3e Hayasa pas3BUBaTh
JI.B. OBcsiHHUKOB cO cBOMMH coTpynHuBaMu [l, 2]. Dro HampaB/eHHe 0Ka3aioCh Be-
CbMa TJIONOTBOPHBIM Y MPUBEJIO K PSILY Ba’KHBIX PE3YJbTATOB.

C KaxK[BIM TOLOM cpepa BJIHSHHUS I'PYIIOBLIX Ul HA pa3/HUHble pPa3fesbl MaTeMa-
TUKH U (DU3HKH pacluupsieTcss. Tak B YAaCTHOCTH, B INOCJe/Hee BpeMsl MareMaTHyecKUH
amnnapaT TEOpPUH Tpynm H anre6p JIu Hauan ucnosb3oBaTbess HO0.A. MUTPOMNOAbCKUM H
A K. Jlonatueim [3, 4] B Teopun HeJMHEHHBIX KOJeOaHUE [Ji UCC/IENOBAHHUSI BOMPOCa
O TIPUBOAMMOCTH CHCTEM HeJIMHEHHBIX nuddepeHurnaNbHbIX yPaBHEHHH.

Hecmotpst Ha TO, 4TO B (hU3MKe LIMPOKO HUCMOJb3YIOTCS I'PYIIIOBbIE METOLBI /s CH-
CTeMaTHKH 3JeMEHTapHBIX YacCTHL, 10 HeJaBHEro BpeMeHH [OYTH He Besach padoTa Mo
pa3BuTHIO U npumeHeHuto uaeil C. Jlu K nuddepeHrasbHbIM YpaBHEHNUM KBaHTOBOU
MeXaHHKH.

B 1970 r. aBropom [5, 6] Gblia Hayata paGoTa MO CHCTEMATUYECKOMY H3YUEHHUIO
TPYTINOBLIX CBOMCTB ypaBHEHUH ABUKEHHUS B KBAaHTOBOH MexaHUKe. B nanpHefiiem stu
HCCJIeI0BaHUsS ObIIN MPOLOJKeHb B padotax [7-15].

JlaHHasi cTaTbsl, B OCHOBHOM, SIBJISIETCSI KPATKUM 0630POM PE3YJIbTATOB, MOJYYeHHBIX
B MHctutyte Matematukn AH YCCP 3a mocjenHHe romsl Mo TpyNIoOBBIM CBOHCTBaM
ypaBHEHWH KBAaHTOBOH MeXaHWKH. [pymNroBble CBOHCTBAa NU((epeHIHaNbHBIX ypaBHe-
HUH M3y4alTcs C NOMOLIBI0 MeTOfa KaHOHMYeCKHUX mNpeoOpasoBaHui. MMeHHO 3TOT
MeTOJ MO3BOJIMJ HaHTH KOHCTPYKTHBHO HOBBIE ajreOpbl MHBAPHAHTHOCTH OCHOBHBIX
ypaBHEHUH ABHKEHHS KBAHTOBOH MeXaHUKH.

M3BecTHO, YTO HEKOTOpPBIE YpAaBHEHUs NBHXKEHHS B KBaHTOBOH MeXaHUKe 00Jjana-
I0T JONOJNHUTENBHOH (HesBHOH) cumMepued. Tak, Hanpumep, ypaBHeHue lllpennure-
pa mjas aToMa BOAOPOAa OOJIafiaeT HESIBHOM WHBAPUAHTHOCTBIO OTHOCHTENBHO T'PYTIIBI
YeTblpeXMepHBbIX BpallleHHH, ypaBHeHuss MaxcBesna u Jupaka (n/s HysneBoH Macchl)
MHBAPHAHTHB! OTHOCHTENBHO KOH()OPMHOH TPYMIIHL.

B nanbHeiiieM GynyT copMyJaHpOBaHbl TEOPEMbl, YCTaHABAWBAKOIIHE HOBHIE TPYI-
noBble cBolicTBa ypaBHeHu# [upaka, KneltHa-Topnona—®oka, Kemmepa-1adhduna u
OJIHOTO YpPAaBHEHHSI UETBEPTOTO MOPSAKa, SIBASIOLIErocs 00600LIeHHEM CBOOOIHOTO He-
peasituBucTckoro ypaBHeHusi LlpennHrepa. [lokas3aTesbCTBO 3THX TEOpEM OCYIIECTB-
JisieTcsl ¢ TIOMOLIbIO MeTofia, mpelsoxkeHHOro B [5, 6]. CyTb ero COCTOMT B TOM, 4TO
cHauasa cucteMa nuddepeHIHalbHbIX YpaBHEHUE MEPBOro MOPsiAKa ¢ MOMOIIbIO YHHU-
TapHOro (MJIM H30TEPMHUECKOT0) MpeoOpa3oBaHUsi MPUBOAUTCS K AHATrOHAJbHOH (HJH
JKOPIAHOBOH) (hopMe, a 3aTeM yiKe 1Ji IpeoOPa3OBAHHOTO yPABHEHUS YCTAHABJIMBAETCS
IOTOJIHUTE bHAS anre6pa HHBAapUaHTHOCTH. Halinsi 6a3ncHble 3JeMEHTHl JOTIOMHUTEb-
HOH anre6pbl MHBAPHAHTHOCTH /15 IpeoOpa3oBaHHOrO ypaBHEHHs U HMesl YHHUTApHBIU
orneparop, onpefesseM ajaredpy HHBapUAHTHOCTH HCXOLHOTO ypaBHEHMUS.

[Tpo6/ieMbl aCHMITOTHYECKOH TEOPHH HesNHHEHHBIX KoseGanuil, KueB, HaykoBa nymka, 1977, C. 238-
246.
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Ion nomnosHUTE/IBHOH MHBAPHAHTHOCTbIO OyleM MOHMMATh J100YI0 HHBapHaHTHOCTD,
OTJIMUHYIO OT JIOPEHL-UHBAPUAHTHOCTH.

3a nocseqHUe HECKOJIbKO JIeT Hayajd HHTEHCHBHO M3y4aTbCsl I'PYIIIOBbIE CBOHCTBA
ou(pdepeHIMaNbHBIX YPaBHEHUH B UaCTHBIX MPOM3BOAHLIX HAa OCHOBE KJIACCHUECKHUX
metonoB C. Jlu [16-18]. DTu MeTonbl CyIIeCTBEHHO OTAMYAOTCs OT Haumx. OCHOBHOE
OTJIHUMe COCTOUT B TOM, UTO B HallleM cjyuae 6asUCHble 3/eMeHTbl HOBBIX ajare6p HH-
BapHaHTHOCTH COOTBETCTBYIOLLMX YpaBHeHHH, BooOlle TOBOPS, He NIPHHAAMEXKAT Kaaccy
Ju(dhepeHIMaNbHEIX 0MepaTopoB, Kak 3TO HMeeT MeCTO B CJyyae JOpeHI-CHMMeTPHH,
KOTZla MH(pUHUTEe3UMaJbHble ONepaTopbl IPYMIbl MPeACTaBJAIT cOO0H JUHelHble AU]-
(hepeHLlMa/IbHBlE ONlepaToOpbl MepBOro Nopsiika. basucHble 3/eMeHTbl 3TUX a/nre6p sB-
JIFIIOTCS, KaK MPaBHJIO, NCeBAOAH(D(EepeHIHAIbHBIMU HIH UHTErPOAH((epeHIHalbHBIMU
(nenokasbHbIMH) omepaTtopamu. [1o 3TON mpuuHHE 3THU OMepaTopbl He SIBJSIOTCS Kaca-
TeJIbHBIMU NIpeobpa3oBaHusiMy B cMbicie C. JIu, omHaKo oHM 06pa3yoT KOHEYHOMEPHYIO
anre6py Jlu.

1. lomonHUTeNbHAs UHBAPUAHTHOCTh ypaBHeHus J{upaka
1. YpaBHenue [lupaka B raMH/IbTOHOBOH (hopMe MOXKHO 3amucath B Bupe [6]

0¥(t, 1,22, 23)
;22\ 2, T2, 13)

ot =HU(t, z1,22,23), (L.1)
bi(t, 7)

U(t, ) = :ﬁ;g’ g . H="0%Pa + Y074, (1.2)
Ya(t, T)

rae m — Macca 4acTHUUBl, p, = —i%, a = 1,2,3. YeTblpexpsiiHble MaTPULBL Yo, Ya,

~4 ynoBJetBopsitoT anrebpe Kmuddopna

’YM’YV +,YV’YM = leu/; ,u7V Oa 1727374a
oo = —9g11 = —¢g22 = —¢g33 = —Gaa = 1; g =0, ecam p # v. B (1.2) nox mosropsio-
[MMHUCS] UHAEKCAMU O pa3yMeBaeTcss CyMMUpPoBaHHe ot 1 o 3.

O60o3Hauum yepe3 {4} MHOXKeCTBO GA3UCHBIX 3JeMeHTOB anrebpsl JIu HeKOTOpO#H
rpynnsl G. YpaBHeHue (1.1) UHBapHAHTHO OTHOCHTEJbHO I'PYMbl (G, €CJH BBINOJHSIIO-
el ycaoBHA

.0 L
ZE—H,QA U(t, ) =0, A=1,2,.... (1.3)
3afaua 0 HaXOXKAEHUH MaKCUMaJbHOH I'PYINNbl HHBAPUAHTHOCTH MJIM ajareOpbl HHBapH-

aHTHOCTH ypaBHeHHsi (1.1) COCTOMT B OMHCAHHU U SIBHOM MOCTPOEHHH BCEX OMEPATOPOB
Q 4, ynoBjetBopsiomux ycaosusm (1.3).

Teopema 1. Ypasrenue Hupaka (1.1) unsapuanmuo omuocumesvio maxux 0syx 10-
MmepHbLx anreebp Jlu, 6asucHble dnemermbl KOMOPbLX 3a0A0MC 0Nepamopamu

1 1 .0 .0
{qu)}: Pé)zpozla, Pél):pa:—za—%, a=1,2,3,

(1.4)
1 - - 1 ~
Jéb) = Jab = TaPb — ToPa, Jéa) = ZoPa — TaPo, To =1;
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~ 1 YoH Ya YoHpa
zaUa?aUeraJr(l > < 1.5
= ) (- s (15)
ede ynumaproiii onepamop U umeem sud [6]
1 ’YoH )
U=— |1+ . 1.6
V2 ( VH? (19

Q%Y: PP =H=10%pa+v01m, PP =p,,
@ _ ) Lo ~ (L.7)
Jab = Jab, Joa' = ToPa — 5(550,7_{ + H-Ta)-

HdokaszarenbcTBO. MOXHO HEOCPENCTBEHHO TMPOBEPUTH, uTO ycaoBus (1.3) mis onepa-
topoB (1.4) u (1.7) BeimosHsitoTcsi. OnHAKO B 3TOM Mpolile YOEAUThCS, eCH Hal ypaB-
HenueMm (1.1) u onepatopamu (1.4) u (1.7) cmenath yHurtapHoe npeobpaszosanue (1.6).
[TonpoGHoe mokaszaresbCTBO cM. B [5, 6].

3ameuanue 1. Oneparopsl (1.4) u (1.7) NOpoKAAIOT COBEPIIEHHO pasJHUHbIE MPaBHJIA
npeoOpa3oBaHusl IJsl MPOCTPAHCTBEHHBIX M BPEeMEHHOH KOOPAMHAT MPU Iepexofe OT
OIIHOH CHCTeMBl OTCYeTa K Ipyrou:

(xfll)>/ = exp {iJé;)Qb} Zq €XP —zJOC

{mido}.
(Igl)>l = exp {iJé;)Qb} T exp {fzjéi)&} # xp,

{miso.}

{mindoc} ==

(1.8)

(xf))/ = exp {iJég)Ob} Tq €XP —ZJO Oc (1.9)

!/
(x62)> = exp {iJéi)Qb} T exp —zJéZ)O (1.10)
0, — napameTpsl Npeo6pa3oBaHMUsI.

Dopmyna ( 1.10) ykaseiBaeT Ha TO, YTO BpeMsi He MeHsIETCS MPH Mepexofie OT OTHOH
CHCTEMBl OTCUETA B APYro#. DTO 03HAUAET, UTO PeJSTHBHCTCKOe ypaBHeHHe (1.1) uHBa-
puaHTHO oTHOCHUTesbHO npeobpazoBanuu (1.9), (1.10), xoTst BpeMs npu TakoMm mpeobpa-
30BaHHUH He H3MeHsieTCst. 3aMeTHM, UTO HejloKasabHoe npeobpasosanue (1.10), KoHeuHoO,
He COBMAjaeT HU ¢ MpeobpasoBaHueM JlopeHua, HU ¢ mpeobpa3oBaHueM [anuses. dto
o3Hayaet, uto npeobpasosanus (1.9), (1.10) He coxpaHSOT KBaapaTHYHyH (HOpMY B
KOH(UT'YyPaLIMOHHOM MPOCTPaHCTBE

73— a2 # (20)® = (2a)?.

OnHako aHa/JOTHUHBEIE TIpeoOpa3oBaHUs AJISi SHEPTHH M MMIYJbCa COXPAHSIOT KBaapa-
THUHYIO0 (DOPMYy B MMIYJbCHOM IIPOCTPAHCTBE

2 _ 2 _ 2 2

Po = Pa = (Po)” = (Pa)”-
Takum obpasom, ypaBuenue Hupaka (1.1) obiamaer nBoiictBenHo# npupompo#. C ogHON
CTOPOHBI, OHO MHBapHaHTHO OTHOCHTEJbHO NpeoOpa3oBaHuil JlopeHla, coOXpaHSOLIUX
KBaZlpaTHUHble (OPMBEI KaK B KOH(HUIYPAaLHOHHOM, TaK M B HMIYJbCHOM MPOCTPAHC-
tBax. C 1Ipyrod cTopoHbl, ypaBHeHHe JlMpaka MUHBApHaHTHO OTHOCHTEJbHO Mpeobpa-

soBanul (1.9), (1.10), KoTopEle He COXpAHSIOT KBaApaTHYHYyIO (hOpMy B KOHQHUTypa-
LMOHHOM mpocTpaHcTBe. Ecau ¢ momotbio omnepatopos (1.7) HallTH COOTBETCTBYIOLHE
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(hopMysiBl TIpeoOpa30BaHUs I/ SHEPTHH H HMITYJIbCa, TO TaKWe NMpPeoOpa3oBaHHUsl CO-
XPaHSAIT KBaIpaTHYHYI (OPMY B MMIIYJbCHOM MPOCTPAHCTBE. DTOT MOCJENHUH (DaKT,
WHBapHaHTHOCTh ypaBHeHwust (1.1) ¥ He MHBAPHAHTHOCTb KBaAPATUYHOH (DOPMBI OTHOCH-
TesibHO mpeoGpaszosanuil (1.9), (1.10), sBasieTcss CAeACTBHEM TOTO, YTO OTEPATOP i% B
npocTpaHcTBe pelneHui ypaBHeHus (1.1) UMeeT Tako e CrekTp, Kak u omepatop H.
CrniexkTp omepartopa H J€XHT, 38 HCKJIIOUYeHHEM HHTepBajia (—m,m), Ha Bcel nedcTBU-
TeJIbHOH OCH.
Hcnonb3yst 3TH paccyXIeHHst MOXKHO J10Ka3aTb CJenyollee ofllee yTBEp:KIEHHUE.

Teopema 2. Ecau npoussossvroe ypasnerue suda (1.1) uH8apUAHMHO OMHOCUMENbHO
npeobpasosanuti Jlopenya, u cnekmp onepamopa H(p) aexcum Ha OelicmaumervHotl
oCU U UuMeem HeHYyAesyro Welb, Mo MaKoe yYypasHexue maxie UHBAPUAHMHO OMHO-
cumenvHo npeobpasosanuii koopounam x, = fqo(x1,xe,x3), a = 1,2,3, npu komopoix
8pems He USMEHAEMCS.

3ameuanue 2. YpaBHeHHs1 MaKcBeJia IPU OTCYTCTBHUHU 3apsiIOB MOXKET OBITb 3aMUCaHO

B ¢opme (1.1) H omepatop H AJsi 3TUX ypaBHEHHH YIOBJETBOPSIET YCJOBHSIM Teope-
mbl 2 [7]. Onepatopst (1.4), (1.5) siBAsitOTCS HHTErpo-AHGM(hepeHIIHATbHBIMY.

C moMmoLbI0 HHTerpaibHoro npeobpasosanus (1.6) mo ykasaHHOH cxeme H0Ka3biBa-
eTcsl Clleflyiolllee YTBepKIeHHe.

Teopema 3. Ypasuenue (1.1) unsapuanmno omrnocumesvho areebpor Jlu uemoipe-
xmeprotl epynnet spaujenuti O(4), 6a3ucHole anemermol. KOMOPOL 3a0a0Mcs uxmee-
po-Ougpeperyuarvroiny onepamopamu

= g
Sab ==

- - ~ T, . -
4(%% - %), a,b=1,2,3, Sia = 1(74% — YaYa), (L.11)

ede

ﬁ/a = U+'7aU =Y +

l (1 . fYOH > { (’711'70 - VC’Ya)pc + 27@’74777‘}

2\ Ve VI
O _ _ YoPb T+ Y4m | YaYVePe
n=v ”4U‘”4+<1 NG ) NG

2. PaccMoTpuM rpynmnoBble CBOMCTBa ypaBHeHHs Thna [lupaka ¢ coGCTBEHHBIM Bpe-
MeHeM [11]

ia\II(Ta Zo, $1,$2,$3)
or

Teopema 4. Ypasrenue (1.12) unsapuarmHo OMHOCUMELLHO 2PYNNbL BPAL4EHUL U
cosueos 8 namumeprom npocmparcmse Murnkosckozo. basucrHoie aremenmor amoti
anreebpol unsapuanmruocmu ypasuenusn (1.12) zadaromes maxumu Oupgeperuuaro-
HbLMU ONepamopamiL:

= (YoPo — YaPa)¥(T, x0, T1, T2, 3). (1.12)

0 0 0
=il p=-_ii p-=_i<
0 Zat’ Z@xa 4 Z@T
7
qu =TuPy — TPy + S;U/a Sw/ = Z(’YM’YV - ’YV’VM)a (113)

1 “ ~ ~
Jup, :Tpu+§(g;uM+qu), M = vopo — YaPa-
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Teopema 5. Ypasnenue (1.12) unsapuarmno omuocumenvro epynnot SO(1,5), ecau
Ha mHoxcecmae peuitenuti ypaswenus (1.12) onepamop pi =pg —p2 > 0, uau epynnoL
SO(2,4), ecau na mroxecmse pewenuil ypasnenus (1.12) onepamop p?’ = pg — pz <
0.

3ameuanue 3. B sToM caydae 6asHCHBIE 3JeMeHTHl anreO6pbl MHBAPUAHTHOCTH ypaB-
nenusi (1.12) sBasiorest uHTerpo-nuddepeHUHanbHEIMU onepaTopamu. M3 Teopembr 5
cnenyet, uto ypaBHeHue (1.12) MHBapHaHTHO OTHOCHUTEJbHO KOH(OPMHBIX Mpeotpaso-
BaHUH.

2. I'pynnossie cBoiicTBa ypaBHeHnil Kemmepa-—[a¢dpuna
u Kaeitna-Topnona—®oka
1. YpaBuenue Kemmepa—Iapduna (KI) — sto cuctema mecsitu auddepeHuHANb-
HBIX YpaBHEHHUH MepBOTo MOpsiaKa

(Bopo — Bapa — m)V(t, x1,x2,23) = 0,

) ) @.1)
=i a:_._v :1;27 )
Po=ig, P o a 3
rjie YeThipe NeCATUDPSIIHBIE MaTPHULBl By U [, YIOBJETBOPSIOT ajredpe
ﬂ;tﬂVﬂ)\ + ﬂ)\ﬁuﬂu = guuﬂ)\ + g)\uﬁu- (22)

[pynmnoBeie cBoiictBa ypaBHeHus1 K] ycTaHaBaMBaOTCs C/eAyIOLIEH TeOpeMOH.
Teopema 6. Ypasuenue K| unsapuanmno omrocumenrvrno 34-meproil areebpol Jlu,
codepacaweii 8 Kawecmeae nodarcebpor areebpy epynnor SU(3).

JlokazaTesnbCTBO 3TOH TeopeMbl onyb/ankoBaHo B [13].

HMsBectHo, 4To momuMo 10-MepHOro HENPHUBOAMMOrO NPEACTABJEHHs anredpsl (2.2),
CYLIECTBYET D-MepHOEe HeNMpPHBOLMMOE TpencTaBjeHue. [103TOMy HempuBOAHMMOe Mpen-
cTaBsieHHe anre6phl (2.2) HaUMeHblleH Pa3MEPHOCTH MOXKET ObITb PeaM30BaHO MaTpH-
uamu 5 x 5. B aTom cayuae ypaBHeHue K]l mpencrasiseT co6oil nuddepeHLnanbHy0
CUCTEMY ISITH ypaBHEHUH, JJIST KOTOPBIX CIIpaBelJMBa CJeaylollas TeopeMma.

Teopema 7. [Iamumeprnas cucmema ypasuenuti KJ[ unsapuanmnas omuocumensvHo
aneebpor Jlu epynnet SU(3).

2. [lepeiineM K H3yueHHIO TPYTIOBBIX CBOHUCTB ypaBHeHusi KneliHa-Topnona—-®oxka
(KT'®). Ilpeobpasyem ypaBHenne KI'D

(P% - p?z - mz) 80($0,$1, CE279€3) =0, xg=1 (2.3)
C TIOMOLUBIO 3aMeHbI

Pop = 2, © =1, pPop # 0, (2.4)

rhe » — IMOCTOSIHHAsA BeJUUYHHA, B CUCTeMe [ABYX ypaBHEHHUH NepBOro MOpPSAKa OTHOCH-
TeJIbHO BPEMEHHOH MPOU3BOAHOMN:

) = 7 _ ’(/} (tvf)
po¥(t,7) = HY(t,7), ¥= < w;(t,f) ) , (2.5)
H= i (B2 +32) 01 —ioy (B2 — %)}, E=(p2+m?)"*, (2.6)

Tie o1, 02, 03 — AByXMepHble MaTpuLbl [layau.
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Cuenyromasi TeopemMa yCTaHaBJAMBAET I'PYTIOBble CBOHCTBa ypaBHeHUs KI'D.

Teopema 8. Ypasrnenue (2.5) unsapuarnmuo omuocumesrvHo 08yx 10-meprolx areebp
JIu, 6asucHole anemenmo. KOMOPbLX 3a0AOMCS ONEPAMOPAMU:

0 .0
P =po=ig, P =pa=—ip o Ty = wan - wp
o (2.7)
Jo = wopa —wapo + &0, & = —ipugis (00 + 3);

PP =H,  BP=ps, I =zaps— 20pa;
2.8)
2 1 . H (
J(ga) = XoPa — §($aH + Hza) + 51(12)7 51(12) = _Zpa@7
ede oy — eOuHUUHAS 08YXMEPHAS MAMPUUQ.

3ameuanue 1. Onepartoper (2.7) 1 (2.8) ynoBJIETBOPAIOT KOMMYTAIIMOHHBIM COOTHOIIIE-
HusM anrebpsl Jlu rpynmel [Tyankape P(1,3).

3. M3yuum rpynmoBble CBOKCTBA JIMHEHHOTO YDABHEHHS UeTBEPTOrO MOPSAKa
Z.a‘I’(tanth,x:s)
ot

rage ap, a2, a4 — IOCTOAHHBIE BEJHWYHUHEI,

= (ap + a2p® + asp®)V(t,z1, 22, 73), (2.9)

0
0z,

Ecau B (2.9) nonoxuts ag = ag = 0, az = (2m)~!, To Takoe ypaBHeHHe coBnanaer
CO CBOGOAHBIM HepesnsiTUBUCTCKUM ypaBHenueM Illpennurepa nnsi onHo#t yactuist. [To-
3TOMY ypaBHeHue (2.9) ciefyeT paccMaTpUBaTh KaK OnpeeseHHoe 0000IIeHHEe ypaBHe-
uusi [llpenunrepa, yuntbiBamoluee pensiTuBucTckue 3h¢exTol. st mocTpoeHusi 0CHOB
0000111eHHOH HepesNsITHBUCTCKOM KBAaHTOBOM MeXaHHWKH Ha 6Gase ypaBHeHus (2.9) He-
06XOIUMO TpeXKIe BCe HAHTH IPYINy MHBAPUAHTHOCTH TAKOT'O YpaBHEHHMs, UTO HaeT
BO3MOKHOCTb TMOJYYHUTb (DOPMYJY CJIOXKEHHsI CKOPOCTEH NMpH Nepexofie OT OfHOH HHep-
MaJbHOH CHCTeMBbl oTcueTa K Apyro#. Cijemymoiiasi TeopeMa yCTaHABJHBAET TPYIITy
MHBapHAHTHOCTH ypaBHeHHUs (2.9).

PP =pi=pl+p5+ps Pa=—i pt =2 = (v} +p3 +13)°

Teopema 9. Ypasrernue (2.9) unsapuarnmno omuocumervro 20-mepHoii areebpor Jlu,
basucHole anemermol KOMOPOL 3a0aromces onepamopamy

0 0
Py =i Py =po = —i y Py = pa )
0 z&t’ p Z@xa b = PaPb (2.10)

Lo =19"pay  Jab = TaPo — ToPa, M = byl

Gy =tpY —byza, a=1,2,3, (2.11)

a
4 - .
ede pg ) — 2by(ag + 2a4p2)pa, by — nocmosunan seauuuna, I — edunuunoili onepa-
mop.
Onepatopel G, NMOPOXKIAIOT TaKHe NMPeoOpa3oBaHUsl MPOCTPAHCTBEHHBIX KOOPAMHAT

U 00001IEeHHOTO UMITyJIbCa pffl):

x! = exp{iGyly } g exp{—iG 0.} = x4 + b;* <pl(14)' _ p((;l)) t,

t' = exp{iGy0p }t exp{—iG.0.} = t,

(2.12)
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M = exp{iGyby }ptY exp{—iG.0.} = p{*) + by(z!, — o)t (2.13)

ph"" = pa + 263{(a} + 2630407 + 2049 + dasbspy0s)0a+ (2.14)
+2a4(2ppby + b46° )Pa}s

rie 0, — mapameTpsl npeobpasosanus, 02 = 67 + 63 + 63.
B cayuae, korna ag = a4 = 0, az = (2m) ™!, by = m, a napamMeTpsl NpeodpasoBaHUs

9a = Vg — KOMIIOHEHTBI CKOPOCTH OI[HOﬁ CHCTEMbl OTCHETa OTHOCHUTEJIbHO leyl"OIL/'I,
npeo6pasosanus (2,12) n (2.13) npuobperaioT NpocToH BUA
z, =$a+z%t=xa+tva, Pl = Pa + Mug, =t (2.15)

[Tpeo6pasosanus (2.15) coBnanaoT ¢ 0OLIYHBIMU MpeoOpa3oBaHUsIMHU [asuies.

3ameuanue 2. Onepatop 060OIIEHHOTO UMIYJbCa ONpefesseTcss U3 TPeGOBaHHUS HH-
BapHaHTHOCTH ypaBHeHHs (2.9) oTHocuTesbHO omepartopoB (2.11), T.e. u3 TpeGoBaHUs
[po - H, Ga] =0.

Teopema 10. Aucebpori urnsapuarmrocmiu c80600H020 ypasrenus Illpedurneepa
(ypasnenue (2.9), e ag = ay = 0, ay = 5-) A6Asemcs wecmumepHas arzebpa
Ju, usomopgrasn areebpe Jlu epynnot Jlopenya SO(1,3).

JlokasatesnbCTBO 3TOH TeopeMbl mpuBeneHo B [15].
Bo Bcex paccMOTpeHHBIX BhIle CHCTeMax AH((epeHIHaNbHBIX YPABHEHUE B

L (t’x’ﬁat’(‘fx) U(t,x1,x2,23) =0 (2.16)
L — nuneinbni JU(hepeHIHaNbHEIA ONepaTop MNepBoro Mopsika ¢ MOCTOSHHBIMH KO-
s(dunreHTaMi. 3aMeTHM, UTO BCe TEOPEeMBl O TPYINax MHBAaPUAHTHOCTH TAKHUX ypaB-
HeHWH J0Ka3bIBAJIHCh C MOMOLIbIO MPUBEJEHHS MATPUUYHOTO ONepaTopa L K AHaroHa/lb-
HOMY BHJY M30MeTPHUUYeCKHM (MJH YHHUTapHBIM) npeoGpasoBanueM. [IpuBectu L K nu-
aroHaJibHOMY BHAY yAaJoCh Ojaromaps TOMy, 4to cumBoa L(x,p) 3TOro omeparopa
SIBJISETCS CHMMETPUYEeCKOH MaTpHIeH.

B Tex cayuasix, KOria CUMBOJI ONIepaTopa L MOSIBASeTCS CHMMETPUUeCKoi MaTpHIIed,
IJIsl YyCTaHOBJIEHHS aJreOpbl HHBaPUAHTHOCTH ypaBHeHHs (2.16) HyxHO npeoGpasoBath
ero K BHIY, B KOTOPOM CHMBOJI NIPe0GPa30BaHHOr0 orepatopa L' MMeeT KaHOHHUeCKHil
Buj, 2KopraHa. YcTaHOBHB ajre6py HHBAaPHAHTHOCTH AJi MPeo6pa3soBaHHOTrO ypaBHEHHUS
(2.16), ¢ moMOIIBI0 H30METPHUUECKOTO MPe06pa30BaHNsT HAXOAUTCS SIBHBIH BHUJ ajreOpsl
WHBAPUAHTHOCTH AJsl UCXOAHOTO ypaBHeHHs (2.16). OueBHOHO, UTO METONOM KaHOHH-
4YeCKHUX [peoOpa3oBaHUI MOXKHO H3y4UTb TDYIIOBblE CBOHCTBA AU((pepeHLHaNnbHbIX
ypaBHEHUH C NepeMeHHbIMH KO(D(ULHEeHTaMH.

Anrebpa UHBapHaHTHOCTH ypaBHeHHUs (2.16) MoxeT OBITb yCTaHOBJIEHA C MOMOLIBIO
[MArOHA/MM3AMK M B TOM C/yuae, KOrma L — aGCTPAKTHEIH CaMOCOMpSKEHHEIH orle-
paTtop B rusb6epToBOM mpocTpaHcTBe. COrIacHO CIeKTpasbHOH TeopeMme ¢oH Hefima-
Ha, BCAKMH CaMOCONpPSIKeHHbIH olepaTop MOKeT OblTb NpPUBeJEH K AHaroHa/JbHOMY BHU-
1y yHHUTapHbIM npeoOpa3oBaHueM. [IpuMepoM TakUX ypaBHEHHH MOXKeT C/IYyXKHUTb cye-
THas CHCTeMa ypaBHEeHHH MepBOro Mopsifka B UacCTHBIX NPOM3BOAHBIX Tuna MaliopaHa,
OMUCBHIBAIOILAs [BHKEHHE PeJATUBUCTCKON CHCTEMBl C TepeMeHHOH MacCOH M CIIMHOM.
I'pynnoBele cBOHCTBA JIMHEHHBIX AU((epeHIHaNbHbIX YPaBHEHUH C OlepaTOPHBIMH KO-
3¢ uULMeHTaMH B IHIb0EPTOBOM MPOCTPAHCTBE OyNyT M3y4YeHbl B APYTOH CTaTbe.
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NuddepeHnnanbHbie ypaBHEHUS IBUIKEHUS
[IEPBOr0 M BTOPOTrO MOPSAKA AJs YaCTHILL
C MPOU3BOJbHBIM CIIMHOM

B.U. ®YLUIHY, A.I. HHKHTHH

BeiBenieHbl myaHKape-uHBapHaHTHble QU(QepeHIaNbHble YPaBHEHHUS] NIEPBOrO U BTOPOroO
TNOpsifiKa, OMHUCHIBAIOLIMe ABHKeHHe CBOOOLHOH YacTHLBl ¢ IPOU3BOJbHEIM cHHOM. [loka-
3aHO, YTO MNOJy4eHHble YPaBHEHHUH JOMYCKAIOT HENpPOTHBOpeurnBoe 0600lleHHe Ha caydyal
3apsiKEHHOH 4YacTHLbl BO BHEIIHEM 3JeKTPOMAarHUTHOM IMoJe. TodHO pelleHa 3ajaya o
JIBUXKEHUH YacTHLBl MPOU3BOJBHOIO CIIMHA B ONHOPOAHOM MarHUTHoM moJje. HailineH B
SIBHOM BHJIe 3aKOH [1pe0o0pa3oBaHMs ONepaTopoB KOOPAMHATBEI M CIIMHA YaCTHULBI NPH Me-
pexojie K HOBOH MHepLHa/JbHOH CHCTEMe OTCYeTa.

Beenenue

B nocsienHue rogel BHOBb 0KHUBHJICSI HHTEPEC K TEOPHH PEJSTUBUCTCKUX ypaBHEHUH
IJ5 4aCTHLL C MPOU3BOJBHBIM CIIHHOM. DTOT UHTEPEC 00YCJOBJIEH IKCIIEPUMEHTANbHBIM
OTKPBITUEM OTHOCHTEJ/BbHO CTaOHJIbHBIX YACTHLL CO CIIMHOM s > 1, a TakxKe TeM 06CTo-
ITeJIbCTBOM, UTO BCe OOBIUHO HCIOJIb3yeMble YPAaBHEHUS JJI TAKUX YaCTHI, 0KAa3aJjHCh
BO MHOTHX OTHOLUEHHSX He BIIOJIHE yIOBJETBOPHUTENbHBIMH.

B pa6orax [1-3] b0 mokasaHo, YTO SIBHO KOBAapUAHTHBIE ypPaBHEHHs, OMHCHIBAIO-
1Me ABHXXEeHHe CBOOOIHBIX YACTHLL CO CIIMHOM § > 1, IPUBOASAT K PA3JHUHBIM IIPOTHBO-
peuusiM mpu 00001IEeHUH Ha C/Iydyal B3aUMOLEHCTBUS C BHEIIHHUM I0JIEM — CBEpPXCBETO-
BOH CKOPOCTH PAaCIpOCTpPaHEHHs CHTHAJa, KOMIJIEKCHBIM 3Ha4eHHsIM SHEPTUH YaCTHIIbI
U IPyTUM MapafoKcaM.

[TpuuuHbl 3THX TPYAHOCTEH XOPOLIO M3BeCTHE. OHM COCTOSAT B TOM, UYTO SIBHO KOBa-
pPUaAHTHBle YPaBHEHHUS /ISl YaCTHIL C BBICOKUMHU CIIMHAMU JHUOO0 BKJIOYAIOT POU3BOLHBIE
M0 BPEMeHH BbIllle MEPBOTO MOPSIAKA, JUOO comepkKaT JUlIHKe (HepU3rndecKre) KOMIO-
HeHTHl. [loaTOMYy caMblil KapaUHANBHBEIH COCOO MPEOAOJNEHNST YIIOMSHYTEIX TPYAHOCTEN
3aKJIIOYAETCs B TOM, YTOOBI MCXOAWTDH M3 YPaBHEHHWH IBHKEHHS] CBOOOAHOH YaCTHIBI B
topme Ilpenunrepa

o .0 -
H,U(t, %) =i=-V(t,2), (0.1)
ot
rae U(t,¥) — 2(2s + 1)-komnoHeHTHasi BosiHOBasi GpyHKUMs, Hy; — raMH/IbTOHHAH 4a-
CTHLLBI, 3aBUCSILIMA OT MMIY/IBCOB P, = —izo—, @ = 1,2,3 U CIHHOBBIX MATPHLL.

YpaBHEHHUsI NBUKEHHUS [JIst YACTHIIBI C TIPOU3BOJIbHEIM CTHHOM s B (hopme (0.1) Gbiiu
noJiydeHsl B paborax [4-6]. HecMoTpsi Ha BEIeI€HHOCTb POU3BOAHOM MO BPEMEHH, 3TH
ypaBHEHUS NyaHKape-HHBapUaHTHBI, IOCKOJIbKY onepaTopbl H yAOBJIETBOPSIOT COOTHO-
IEHUSIM

{i% - HS,QZ-] U(t,7) =0, (0.2)

[Tpenpuntr UM-77-3, Uncruryt maremarukd AH YCCP, Kues, 1977, 48 c.
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rae (); — TMpOU3BOJIbHBINA reHeparop rpymnsl [lyankape P(1,3). OTanudTenbHO# oco-
GEHHOCTBIO ypaBHEHHH, MOJy4YeHHbIX B [4-6], siBisieTcss TO 0GCTOATENBCTBO, UTO ra-
MHJbTOHHAH H onpejesieH B MPOCTPaHCTBE BOJHOBBIX (yHKUKE W (¢, &) co cKanspHbIM
NpoH3BefleHHeM

(\I/l,\IIQ) = /d3$ \I/T\IJQ, (03)

B TO BpeMsl Kak B Oosiee paHHUX paboTax Busepa, Xammepa, ['yna u Mertblo3a ¢ co-
TPYZHUKAMH [7], B KOTOpHIX Tak:Ke paccMmarpuBajnch ypasHeHus Buna (0.1), ckansipHoe
TNPOU3BeeHHE BOJIHOBbIX (DYHKLHH HMeeT BUA

(U, Wy) = /d% UM, (0.4)

rae M — HeKOTOpHIH MHTerpo-nuddepeHIHaNbHEIA MeTPUUECKHE onepaTop.

B pa6orax ['yepruna [8] momxom [4, 5] mosmyuws pajibHeiliee pasBUTHE U ObLIH
HafineHsl HoBble ypaBHenus Buma (0.1) B mpocTpaHCTBE ¢ MHAEHHUHUTHOH METPUKOH,
KOTOpble AJis HUXKaMIIMX 3HayeHHWH cnuHa s = 0,1 COBMAfalT C U3BECTHBIMU ypaBHe-
nusimu Tamma—Cakatei-Takeranu [9].

1

Haiinenuble B [4-8] pensTUBHCTCKHE raMM/IbTOHMAHBl Hy mpu s > 5 ABIAIOTCA
UHTErpo-nuddepeHHaNbHBIMY (HEJIOKAIbHBIMU) ONIePaTOPAMHU, UTO CHJIBHO 3aTPYAHSIET
3agauy 060061ieHus ypasHenuit (0.1) Ha cayuail B3aumomeficTByromMX yacTuil. B [5]
Takast 3ajiaya pelleHa [Jisi 3apsiKEHHOHM YaCTHIIbl BO BHEIIHEM 3/1eKTPOMAarHUTHOM [10JI€

B IIPEAIOJIOXKEHUH, YTO UMIIYJIbC YACTHLbl MaJjl [0 CPABHEHHUIO C ee MacCoH.

B Hacrosell paboTe mosydeHsl AudQepeHLUHaNbHble YpaBHEHUS ABHKEHUS B (op-
me (0.1) mast penATUBUCTCKOM YacTHLbI MPOU3BOJMbHOTrO crnrHa. C HCMO/b30BaHHEM all-
re6panyeckoro (HeCIMHOPHOTO) MOAXOAd, Pa3BUTOTO B padorax [4, 5], HakmeHbl Bce
BO3MOXHbIe (C TOYHOCTbIO 0 SKBUBAJIEHTHOCTH) PEJSITUBUCTCKHE TaMHJIbTOHHAHbl Hg,
IpHHaJlexallye Kaacey AuddepeHLHalbHbIX 01€paTOPOB ePBOr0 U BTOPOro MOPsSiAKa.
[loxkazaHo, UTO MOJNy4YeHHbIe YpaBHEHHS NOMYCKAIOT HENPOTHBOPEUHBOe 0000IIeHHEe Ha
clydyall 3apsKEHHBIX YacTHIL BO BHEILIHEM 3JIeKTPOMarHWTHoM moJie. Mcxons us Haii-
JeHHbIX YpaBHEHHH, TOYHO pelleHa 3afaya O [IBHXKEHUM PeNSTUBUCTCKOM 4acTHLbl C
MPOM3BOJIbHBIM CIIHHOM B OJHOPOIHOM MarHUTHOM TIOJIE.

[TonyueHsl Takke PeJSITUBUCTCKHE ypaBHEHMs [Js 6€3MacCcOBBIX YAaCTHL, C MPOH-
3BOJIBHBIM CHHOM. ONHCaHMIO TaKUX YACTHL, MOCBSALIEHO GOJbIIOE KOJIUYeCTBO pador,
ony0JMKOBaHHBEIX B mocaenHue roasl [23]. [IpensnoxeHo GoJblioe KonuuecTBO (He BCe-
rla He3KBUBAJEHTHBIX) YpaBHEHHH NJisi 6€3MacCOBBIX YAaCTHIL ¥ B TO XKe BpeMs Omuca-
HBl He BCE BO3MOXKHBIE CYIIECTBEHHO Pa3JIMUHbIE THIBl TAKHX ypaBHeHWH. B Hacros-
el pabore HalileHbl BCe BO3MOXKHbIe (C TOYHOCTBIO IO 3KBUBAJEHTHOCTH) MyaHKape-
MUHBAPHUAHTHBIE YPaBHEHUSs [J/15 YacTHIL C HYyJEBOH MacCOH M HCC/eN0BaHbl HX CBOHCTBA
OTHOCHTEJIbHO NIPe00pa3oBaHUi NPOCTPAHCTBEHHOH HHBEPCHH P, 3apsiloBOTO CONpsiKe-
Hug C u obpalleHus BpemeHu 1.

1. YpaBHeHus 6e3 JIMIIHNX KOMIIOHEHT

JuddepeHunanbuble ypaBHeHUsl IBUKEHUS] YACTHULb! IIPOM3BOJIBHOIO CIHMHA S MBI
NOJIYYHM, MCXOAs M3 CJeNyHOLIero NpeAcTaBleHus AJs reHepatopos P,, J,, Tpymnmsl
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P(1,3)

0
0x,’

POZHsv Pa:pa:_i

. (1.1)
Jab :Iapbfl'bpa+5aba Joa =tpa — E[IaaHs]++)\aa

rne [A,B]y = AB + BA, H, — HeusBecTHbIE MoKa AH(dEpeHIHaNbHBIH 0nepaTop,

BKJIIOUAIOIINH TIPOU3BOJHbIE MO % He BbllIe BTOPOro MOPSAKa,

Sap = 5. = ( ‘BC f ) , (a,b,c) — uwmka (1,2,3), (1.2)

Sc — TeHepaTopbl HEMPUBOAUMOro mpeactasgenust D(s) rpynnst O(3), A, — HEKOTO-
pBIE omepaTtop, SIBHBIH BHJI KOTOPOT'O MOXKET OBITb ONpefeseH U3 TpeOOoBaHHS, UTOObI
rerepatopsl (1.1) ynosnerBopsiin anre6pe Ilyankape P(1,3).

[pencraBnenus Buna (1.1) paccMatpuBanuch B [8]. OnHako ypaBHEHHs AJs 4acTH-
bl C MPOU3BOJIbHBIM CIIHHOM S MOJy4eHHble B [7], mpuHamsiexaT mpu s > 1 Kjaccy
HeJIOKAJbHBIX (MHTErpo-Au(depeHIIHaNbHEIX) YPaBHEHHH.

Onpenenenne. bydem eosopums, umo ypasnenue (0.1) nyankape-uHBApUAHMHO U
onucvieaem 4acmuyy ¢ Maccol m u CNUHOM S, ecau 2enepamopol Py, J,,, u eamunre-
monuan Hg ydosremsopsrom KOMMYMAuUOHHbLM coomHouwenusm areebpor P(1,3) [4]

[HS7PG,]7 = [Hs> Jab]f = 0;
[Jaba Jc ]— = Z‘((sachcl + 5bd<]ac - 5ad=]bc - 5bc<]ad)7 (13)
[Jab7 JOC}— = i(échOa - 6acJOb)7

[Hs, Joal- = ipa, [Joas Job] - = —iJab, [Pa, Joo] = i0apHs, (1.4)
P,P" = H —p; =m?, (1.5)
W, WHE = m?s(s + 1)¥, (1.6)
20e ssedeno obosnauenue (A, B]_ = AB — BA, W,, — sexmop [layau-Jlobarckoeo,

W, = %5;AV0/\JVUP)\-

Takum o6pasoM, 3amaua O HaxXOXKAEHHH BCEX HEIKBMBAJEHTHBIX yPaBHEHWH BH-
na (0.1) cBomuTcst K OTBICKAHHIO 0mepaTopoB Hy U A, (3aBUCALIMX OT UMIYJIbCOB P, U
CITHHOBBIX MaTPHIL S, ), YIOBAETBOPsIOMIUX cHcTeMe cooTHomrenud (1.1)—(1.6).

Hckombiit nuddeperunaibHblil onepatop BTOporo nopsinka Hg MpeacTaBUM B BHAE
pa3JIOXKEHHsI [0 CIHHOBBIM MaTpuliaM U 2(2s + 1)-psaHbiM marpuuam [laymu

Vo1
Hy = h{"m+ ) + —n, (1.7)
m
rme

W =ao,, Y =60,

N , (1.8)
W =0y (S Py +dPop?,  pP= pl
a=1
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0, — 2(25 + 1)-psinnbie Matpusl ayan, kommyTupyomue ¢ Sqp(1,2), a'), b5, ¢,

d,(f) — HensBecTHble Ko3(duuueHTsl. [lo noBTOpsIOLIEMYCS UHAEKCY (4 MOApa3yMeBae-
TCcst cyMmupoBanue oT 0 no 3.

Teopema 1. Bce sosmodcHole (¢ mourocmoero 00 aKsusarenmHocmu) Ouggeperti-
anvrole onepamopul Hg, sxarouaroujue npoussooHoie He 8bviuie 8Mopo2o nopsaoxka u
yoosaemsopsarouue cucmeme coomuoweruti (1.1)-(1.6), sadaromes gopmyramu:

= , 2 S . 7)? 1.3
HS = 01m+03k15~p+(01—202) (ép—m - %) , S= O, 571, 5,,(19)
p‘)Q
Hi=0om+ (0’1 —’LO'Q)— — (ikooo + \/kg ko +1 0'3 (110)

. ' 2 ' g’ 2
Hy =o1m+kso3(S-p) + (01 —zag)2p—m + [k3o1 + io2(2 — k3)] ( 17) J(L11)

22@(771-1-%)4—202 {(s 5?2 ]+JF( 15327 (112)

p* k(S p)?
2m 2m

9. 9 (517)2 9 5 P’
SkE 1) (SRR 1) —
(2k° ) 2m 1" 2m |’

ede ky, 1 =1,2,3,4,5 — npoussosbHbie napamempot.

H

H +0’3]€5§'ﬁ+

3 g
2 1

(1.13)

+i02

Hoka3sarenbctBo. Vcrnonbsys siBubiil Bun (1.1)—(1.2) reneparopos rpymnsl P(1,3), He-
TPyAHO y6enuThbesi, uto ramuabrTondan (1.7), (1.8) ymosnerBopsietr cooTHotenusm (1.3)
TIPH NIPOM3BO/BHBIX 3HaueHUsX Koadpuumentos al’, b, '), d).

[Totpe6yem, uTo6bl ramuabronuan (1.7) ymosnerBopsin yciosuio (1.5). [logcraBus
(1.7) B (1.5) u nmpupaBHHBas KO3(D(UUHMEHTH TPHU JHHEHHO HE3aBUCHMBIX CJIaraeMbIX,

MPUXOIUM K CUCTEME YpaBHEHHH
R e N g I R (1.14)
[hg? hi7)s =0, BB 4 g ) =
BBuny /JnHelHOH He3aBUCHMOCTH CITMHOBBIX MaTpul S, ¥ Marpuu Ilaymu o, cu-
ctema cooTHouieHu# (1.8), (1.14) sKBHBaJieHTHa CHUCTeMe ypaBHEHWH BTOPOro MOpsiiKa
115 K03(DPHUIHEHTOB a#) b(s , cf , ff). O6uee pemenue cuctembl (1.8), (1.14) nas
MPOU3BOJIbHBIX 3HAUeHWH s 3agaeTcss Gopmynol (CM. HOMOJIHEHHE)

M=o W =oh(SR, B = (o —ioa) [i? — KIS 57] (115)
rae ky — NPoOM3BO/MLHOE KOMIJIEKCHOe umc/io. B ciyuasx s =11 s = 3, nomumo (1.15)

2
CYLIECTBYET €lle 10 ABa HE3aBUCUMbBIX DEIICHHUS

=0, Y=o,

hy) = (o1 — 102)— - (2k202 + Vka(ka +1 03) (S 9%

(1.16)
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hél) =01, hgl) :O'gkg(g'm,

g 1.17
hél)201<]§—w>+i02|:(1—%§)(§']5)2—1%2:|, ( )
1S ) A )

1) 1 (1.18)
hy?) = 3 {01p2+i02k4 [( -p)? — } + o3¢ /k2 —1(S - p)? }
h(()%) = o1, h§> = o3ks(S - P), (1.19)

hgg)_;{nging( F)? - (k51> ]+al[p2k§(§-p)2”,

rne ko, ks, k4, ks — TIPOH3BOJIbHBIE KOMIJIEKCHBIE YHCJIA.

Dopmyner (1.15)—(1.19) 3amaroT Bce Bo3MoxHble pernenus cucrembl (1.8), (1.14)
C TOYHOCTbIO [0 Mpeobpa3oBaHUi 3KBHUBAJEHTHOCTH, OCYIIECTBJSIEMbIX UHCENbHBIMH
marpuuamu. [ToncrtaBus (1.15)—(1.19) B (1.7) npuxoaum kK ramusabTonudanam (1.9)—(1.13).

st 3aBeplueHUsT OKA3aTeNbCTBA TEOPEMBI OCTAJ0Ch TOJBKO yKa3aTb SIBHBIA BUIL
OMEepaTopoB \,, Bxonsuux B onpenenenue (1.1) reneparopos Jo,, IpH KOTOPOM oOmepa-
topel (1.1), (1.9)—(1.13) ynonetBopsiior cooTHomeHusm (1.4), (1.6). MoxHO yO6enuThes
HEMoCpPeCTBEHHOH POBEPKOH, UTO 3TH COOTHOLIEHHS BHIMOJHSIOTCS, €CJH MONOXKHUTh B

(L1)
No = (1 - %) [wlsa A YN (1.20)

2m
B cJydae, Korja ramuabroHuan H, umeer Bun (1.9) u

[SabpbaHs]+ pa(2E+ Bs) [i‘aUl,Hs]Jr Z’[Sabpbo-laHst

Aa = — ) —1 - )
E(E+m) | 282B, ' 2EB, 20E+m)B,  (1.21)
B5:2E+[Hsvo—1]+7 A:i[HSVA]*7 E:\/]m

B CcJlydae, Korjga raMuJabToHHaH H 3amaercst omHo#t us dopmya (1.10)-(1.18). Teopema
JI0Ka3aHa.

3ameuanue 1. Oneparopsr (1.9)—(1.13) BK/IIOUAIOT KaK YacTHbIE Clydyau FaMHJbTOHHAH
Jlupaka a/ist yacTHisl ¢ s = & (dopmyna (1.9) npu ky = £2) u ramusibToHHaHb TaMma—
Cakarbi-Takeranu [9] nas yactun ¢ s = 0 (popmyaa (1.9)) u s = 1 (popmyas (1.10)
npu ko = —1 u (1.11) npu k3 = 0).

3ameuanue 2. lamusbronuan (1.9) npu s = %, k1 — mpOW3BOJbHOE YHUCTO MHHMOE
yucJso, paccMatpuBascs padee B [10].

3ameuanue 3. Bce renepatopnl rpynnet P(1,3), 3agaBaemble ¢opmynamu (1.1), (1.9),
(1.20), npuHansexar Kjaaccy Au(depeHLHaNbHbIX onepatopos. [1pu k1 = 2 reHepartophl
Joa (1.1), (1.20) npuHHUMaOT 0c0060 MPOCTOH BHUJL

1[ﬂca,Hs]+- (1.22)

JOa = ToPa — 2
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3ameuanne 4. ['amusapronuanst (1.9)—(1.13) u ocranbHble reHeparops rpynns P(1,3),
3anaBaemble gopmyaamu (1.1), (1.2), (1.20), (1.21), MoryT ObITb IpHBEieHbl K KAHOHUYE-
cko#t hopme Ponpu-IIupokosa [11]. DTo mocTHraeTcst MOCPEACTBOM MPEOOPA30BaAHUS

Py — PY¥ =VPV™'=0,F, P, —» PF=VP V! =p,,

Jab = Jay = VIV = 2apy — 24pa + Sab, (1.23)
_ 1 Sabpb
JOa — J(Ifa = VJOaV L= tpa - E[IQ,E]J’_Ul - 0’1E+m,
rae omeparopbl V' 3amnaioTcs hopMysaMu
V =1WhVs,
Vi =exp Uljarth P Vi =exp | (01 — io2) LIg 1 5P
P E|’ 2 | (1.24)

V—L[Evﬂnx—zag-*x] © =L day

2= JEm 19 - P ) D) 3

1J1s1 ramusibronuanos (1.9) u

o E+01Hs
V2E? + E[H,,01]+

(1.25)

51 ramusibronranos (1.10)—(1.13).

Takum 06pa3oM, Mbl HALIK BCE BO3MOXKHBIE (C TOYHOCTBIO [0 3KBMBAJEHTHOCTH)
PeJISITUBUCTCKHE TaMUJIbTOHHAHBl Hy 4acTHIBl ¢ MPOU3BOJNBHBIM CITHHOM S, BKJIHOYAIO-
1L[{e MTPOU3BOJIbHbIE He Bhille BTOpPoro nopsinka. OKasanoch, YTO TaKye FaMUJIbTOHHAHBL
CYILIECTBYIOT IJH JI0OBIX 3HaueHHE s U 3anatorcs popmynamu (1.9)—(1.13).

BosHuKaeT ecTecTBeHHBIH BONpPOC: CYIIECTBYIOT JIM MyaHKape-MHBapUaHTHLIE Ta-
MUJIbTOHHAHBI JJIsI YaCTHI C TPOU3BOJIBHBIM CIHHOM B Kjacce Au(pepeHIHa bHbIX
OTepaTopoB MepBOro Mopsiaka? 3afada ONHCAHUS TAKHX FaMUJIbTOHHAHOB peIlaeTcs B
caenyrolieM naparpadge.

2. Iud¢epeHumnaibHble TaMHJIbTOHOBbI YpaBHEHNS MEePBOro Mmopsaka
[To anasnorun c teopuedl Jlupaka [1J/s 3J€KTPOHA, NOCTYJIUPYeM, YTO I'aMHJbTOHHU-
aH PEeJIITUBUCTCKOHM YaCTHLBI C MPOU3BOJbHBIM CIIHHOM sIBJseTCs MU (hepeHIHaIbHBIM
OTepaTopoOM, BKJIOYAMOIINM MPOU3BOHBIE IO MPOCTPAHCTBEHHBIM NT€PEMEHHBIM HE BEBILIE
nepBoro nopsiaka. OOLWMH BUI TAKOrO OlepaTopa 3anaercs: popMyJIoi

i ” B
Mo =T0pa +T07m,  pa=—5—, @.1)
raoe fELS) —_ HeKOTOpre YHUCJIEHHBIE ManI/IHbI.

[enepatopel mpeacTaBaeHust Tpymnmsl [Iyankape, KOTopoe peasnusyeTcsl Ha pPelleHHsIX
ypastenust (0.1) ¢ ramuabronuanom (2.1), BeiGepem B BHIE

Py ="H,, Py=p,=- Jab:wapb_xbpa"‘sam

7;_7
Joa = oPa — Ta Py + Soa, xo =1,



Juddepennanbable ypaBHEeHHs ABHKEHHs [EPBOTO U BTOPOro MOPsAKa 365

rae Sy, — MaTpHIbl, 06pasylollde KOHeUHOMepHOe TMpeicTaB/ieHHe (He 00s3aTesqbHO
HerpuBonumMoe) anre6psl Jlopenua O(1,3). IlpencraBnenue (2.2) cooTBeTCTByeT JiO-
KaJIbHbIM NpeoOpa3oBaHUAM BOJHOBOH (DYHKLIHH [PH Nepexofe K HOBOH MHepLHabHOH
CHCTEMe OTCUeTa.

OrmpeneinTh Bce BO3MOXKHBIE FaMHJIbTOHUAHBI BUa (2.1) o3HavyaeT HalTH Bce Takue
MaTpHULbl Fff) 1 Sy, uto onepartopsl (2.1), (2.2) ymosaersopsioT anre6pe Ilyankape
(1.3)-(1.6).

[TorpeGyem, utobsl ramuabronuan (2.1) ynoBmaerBopsisi cooTHoueHuo (1.5):

LN\ 2 N 2
e —pl = (00)) pl+ (1) m*+
(2.3)
n [f55)7f‘((18):| N mpe + [f\gs)7 f\l()s)]erapb . pz —m2

[lpupaBHuBasi B (2.3) JUHEHHO He3aBUCHMBIE CJaraeMble, 3akKJ/uaeM, YTO MaTpHUILbI
Fff) JOJKHBI yIOBJETBOPSATh anrebpe Knmuddopna

TEOTE) + D) = 26, (2.4)
[IpencraBnenus: anre6pol (2.4) XOpolLIo MU3BECTHBI U 3a[JAKOTCST MaTpPULLAMU pasMep-

HocTH 2" X 2", n =2,3,.... [Ipu aToM mMaTpuLbl
rap = sTOD, 0 = ST (2.5)

peanusyioT 2"~% KpaTHO BbIpOXAeHHOe mpenctasienne D (3,0) @ D (0,3) anreopsr

0(1,3).
Onpegennm Tenepb MaTpuLbl Sy, U3 (2.2). Ilpencrasum Sy, B BUze

Sp,u = Tuv +jp,u7 (26)

rie j,, — Heu3BeCTHble MaTPHULEI, NojJexallye onpenenenuto. [ogcrasus (2.1), (2.2),
(2.5), (2.6) B (1.3), (1.4), nony4aem, 4YTO MaTPHLBI j,, AOJKHBI yIOBJIETBOPSTH COO-
THOLIEHHSIM

[j,umjAp]— = i(gupjuA + g)\ujpp - gp.)\jl/p - gupj,uA)7 (27)
{juu»f‘E\S)} B = [j/_wv’r)\p]f =0, (28)

T.€. MaTpHULbI jPW OOJI2KHBI peaJsii30BaTb KOHEYHOMEpHOe IpedcTaBJIeHHEe aJII‘E6pr

O(1,3) n kommyTuposath ¢ I't.
Paccmorpum cayuaii, xorna j,, o6pasyloT HenpusoguMmoe npenctasjeHue D(j,0)

anre6psl O(1,3). dT0 03HAUaET, UTO

jab - jm jOa - _ijaa (2 9)
Uasdbl— =ijes  Je=34G+1),  (a,b,c) — mmkn (1,2,3). '

Torna us (2.6), (2.8) mo teopeme Kne6ma-TI'opaoHa sakmiouaeMm, 4TO MaTpuLBl S,
JOJKHBI PEasii30BaTh PEACTABJIEHHE

b (20) 0 (0.2)]o0:0 =0 (5+ 20)en (1~ ho)en (i) o
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[Tpu penykuuu (2.10) Ha anrebpy O(3) monydaem npencrasienue (2.10)

D(j+%>@D(j—i—%)@D(j—%)@D(j—%), (2.10)

YTO COOTBETCTBYET ABYM BO3MO2KHBIM 3HA4YE€HHSAM CIIMHA

o1 1
81:S=j+§ u 82:8—1=j—§. (2.11)

HEprﬂ,HO MNOACYHUTATb, YTO PAa3MEPHOCTb MaTpPHIL S/“/, BXOOAUIUX B TIpencTtaBJe-

nue (2.10), paBHa 8s x 8s; TakoBa e PAa3MEPHOCTb MATPHIL f‘,(f) us (2.5), (2.6). Ipwu
5TOoM BoJsiHOBasi ¢yHkuus ¥(¢, Z), ynosnersopsiowas ypasHeHuwo (0.1) ¢ ramu/bToHHa-
HOM (2.1), mo/KHa MMeTb 8s KOMIOHeHT. MOXHO MOKa3aTh, UTO €CJH MaTPULB j,, B
(2.6) obpasyioT HemprBoAKMOe mpenctasierne D(j1,j2) anrebpsl O(1,3), roe j1 # 0 u
J2 # 0 WM IPHBOAMMOE TIPeACTABJIEHHE 3TOH aareOpel, TO NMPH 3aaHHOM (DPHUKCHPOBAH-
HOM S pPasMepHOCTb MaTpull S, Bcerjaa OyneT GoJblie, yeM 8s X 8s.

Takum o6pasoM, ramusibronnad (2.1) u omeparopsl (2.2) yHOBJIETBOPSIOT YCJIOBHSIM
nyankape-uHBapuanTHoctH (1.3)—(1.5), a BosHoBas dyHKuus ¥ (¢, ) nMeeT MHHHMAJb-

HOe YMCJIO KOMIIOHEHT TOrAa M TOJBKO TOTAA, KOTAA MATpPHIIbI f‘,(f') B (2.1) peanusyioT
8s-psifHOe mpefcTaBieHue anre6pel Kanddopna (2.4), a marpuusl Sy, B (2.2) umeror
Buz (2.5), (2.6), (2.8), (2.9), rme j =s — 1.

Ypasuenue (0.1) ¢ ramuabronuanom (2.1) omuchiBaeT YacTHILY, CIIMH KOTOPOH MO-
KeT NpuHUMaTh ABa 3HaueHus (2.11). Ins toro, 4toObl MOJMYYHUTb OMHCAHHE YACTH-
Ubl ¢ (PUKCHPOBAHHBIM CIIHHOM $, Ha BosiHOBYH (hyHKuMi0 (i, Z) cienyeT HaJOXKUTb
nyaHKape-uHBaPUAHTHOE IOMOJHUTEIbHOE YCI0BHE, UCKIIOYAIOIIee JUIIHIE KOMIIOHEH-
ThI, COOTBETCTBYIOIIHE 3HAYEHUIO CIIHHA Sy = § — 1. Takoe MOMOJHUTENbHOE YCJIOBHE
UMeeT 0c060 mpocTyo (Gopmy B KaHOHMYECKOM mpencraBaeHuu anrebpsl P(1,3) Tuna
@onnu-Illnpokosa [11], B koTopoM ramuabroHuan H, (2.1) nmuaroHaseH, a reHeparo-
pbl Py, Jyu (2.2) peanusyioT MOJHOCTBIO MPHUBEAEHHYIO MPSMYI0 CyMMY HeNpHUBOAMMBIX
npencrasienuit DV (s) ® D~ (s) ® DT (s — 1) ® D~ (s — 1) anre6psl [lyankape.

[Ipeo6pasyem ypasuenue (0.1), (2.1) u reHeparopsl (2.2) K KaHOHHUYECKOH AHAro0-
HaJbHOU (hopMe

i%@ =Hreo=T{"E®, @®=UT, (2.12)
P, —»UPU ' =P}, Juw = UJW U = T3, (2.13)
rae Pk, Jk, sapaorcs dopmynamu
. 13}
P(?:FE)S)'Ev Pa}f:pa:*i , Jclzcb:xapbfxbpa+saba
ox,
, h (2.14)
o 1 k1 ik PabPb
Joa—x()pa 2 [xavpo]_;'_ F0E+m’

a omeparop npeobpasoBanud U umeer Gopmy

]:‘((lg) a F(g) ‘[l a
U =exp P arctg L exp —0 JaPa .y P , (2.15a)
2p m D E
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() = PP

G =1 1 =irPrErHrd. (2.156)

B mpencrasienuu (2.14) WHBapHaHTHOE MIOMOJHHTENbHOE YCJIOBHE, BBIAEJSIOIIEE
MOJAMPOCTPAHCTBO, COOTBETCTBYIOLIEE CIIUHY S, UMEET BH[

W WHD = (Sap)?® = s(s + 1)®. (2.16)
DKBHBaJeHTHOH (QopMoi 3amucu ycaoBus (2.16) cayxut popmysna

P,® = &, (2.17)
rie P, — omepaTop MPOEKTHPOBAHHUS Ha TMOANPOCTPAHCTBO, COOTBETCTBYMOIIEE (DUKCHU-
POBaHHOMY CIHHY §

P, = % [(Sup)? — s(s — 1)]. 2.18)

Takum o6pasom, B mpeacrtaBieHun (2.14) ypaBHEHUS IBHXKEHHS DPEJIATHBHCTCKOH
YaCTHIIBl C MPOWU3BOJIbHBIM (DHKCHUPOBAHHBIM CIHMHOM § HMetloT Bun (2.12), (2.17). Ilo-
CpeICTBOM MpeobpasoBaHusi, oopaTHoro (2.12), (2.15), nonyyaem 3T ypaBHeHHs B V-
NpeCTaBJIeHHH

i%\l} =H U, H,=TPTEp, + T m, (2.19a)

[FELS)p;M Pé:| _

= (2.196)

PV =w, P =U'RU=P+(1-T})

OTtMeTuM, yTo ypaBHeHUs (2.19) MoryT ObITb 3amHcaHbl B IBHO KOBapHaHTHOH op-
Me

(rg@p# - m) W =0, (2.20a)
(FELS)p# + m) (1 + T (8,8 — 25(s — 1)) U = 8ms0. (2.206)

YpaBuenue (2.20a) monyudaetcs u3 (2.19a) mpocTeIM YMHOXKEHHEM Ha FE)S), a ypaBHeHHe

(2.206) snerko coputes K (2.196), ecsiv NPUHATH BO BHUMaHHE TOXKAECTBO
(1 + r“)) Py = (8,5 — 2s(s — 1)) (2.21)
4 5T 45 TR ) :

[TosrydyeHHEIE pe3y/bTaTEl MOXKHO C(DOPMYJHPOBATH CJIEAYIOMIHUM 06pa3oM.

Teopema 2. Cucmemot ypasnenuti (2.19) u (2.20) nyankape-unsapuanmmsl 1 Onu-
colsaiom dsuscerue c60600HOL YACMULbL ¢ PUKCUPOBAHHBIM CLUHOM S U MACCOL M.

Cucrema ypasrenu#t (2.20) umeeT psig NPeUMYLIECTB Nepel APYTHMU H3BECTHBIMH
ypPaBHEHHUSIMH [JIsI YaCTHL[ C NPOU3BOJbHBIM cruHoM [1-3]. deficTBUTE/IbHO, ypaBHe-
Hus (2.20) UMeIT AOCTATOUHO MPOCTYIO (OPMY, KOTOpasi He YCJOXKHSETCS C POCTOM
cnuHa (anre6pa I'-matpull, 6e3yc/oBHO, Tpolle airebpbl MaTpull, BXOASAIIMX B APY-
THe HM3BeCTHble YpaBHEHHs IJis BBICIIMX CIHUHOB); TpelesbHBIH mepexon m — 0, Kak
OyLeT TOKa3aHO HUXKe, T03BOJsseT NonyuuTb U3 (2.20) ypaBHeHHsi mjsi 6e3MacCOBBIX
yacTHil (B To BpeMmsi Kak ypasHenust Kemmepa—Jladdrna u baba He momyckaroT Takoro
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nepexona [l4]); Hakoner, Kak GymeT mokasaHo jpajee, ypaBHenus (2.20) momyckawoor
HernpoTUBOpe4YnBoe 00001IeHHe Ha Caydald 4acTHL, B3aWMOAEHCTBYMIOIIMX C BHELIHUM
3JIEKTPOMATHUTHBIM TTOJIEM.

YpaBuenusi (2.20) Obliu BbIMHCaHb HaMH paHee B [4] 6e3 Kakux-iuGo [0Kasa-
TeJIbCTB. 3/1€Ch Mbl MPUBEJIH TMOAPOOHBIN BHIBOA 3THX YpaBHEHHH.

B pa6orax [15] Takxe mpensaranuch 8s-KOMIIOHEHTHBIE IH((pepeHIHANbHbIE YpaB-
HEHUsl MePBOro MOPSIIKA, OMUCHIBAIOIINE [BHXKEHHE CBOOOTHON YACTHIBI C MPOU3BOJIb-
HBIM (DMKCHPOBAHHBIM CIIHHOM s W Maccod m. OmHako CHCTEMBl ypaBHEHWH, IMOJY-
yeHHble B [15], cTaHOBATCS HECOBMECTHBHIMH MPU yUeTe B3aMMOAEHCTBHS UaCTHIBI C
BHEIIHHUM TOJIEM.

3. YpaBHeHue Tuna Beiina nas yacTH NIPOU3BOJILHOIO CIIMHA
XopoIo HU3BeCTHO, YTO ypaBHeHHe Befins nis HefiTpuHo [12] sKBHBaseHTHO ypas-
HeHuio Jlupaka (cm = 0), ecJu Ha pellleHHe T0C/IEHEr0 HANOXKHUTh NTyaHKape-HHBapH-
aHTHOE JOTOJHHUTENbHOE YCJIOBHE

(1—r§f))\1/:0, 5= % (3.1)

B Hacrosiem naparpadpe nosiydeHo ypaBHeHHs THNA Befiss 11 yacTHL MPOH3BOJIBHOTO
CMHHa, ucxons U3 obobuieHHoro ypaBHeHnus upaka (2.20).
Cucrema ypasHenuit (2.20) mis ciayuas m = 0 MoxKeT ObITh 3aNHcaHa B (opMe

6 S
i?tl —I(())Iff)paL

<i% - rgs>rg5>pa) (1 + rfﬁ) (S, 8" — 25(s — 1)) ¥ = 0.

W3 sBuoro Bupma reneparopos rpymmnel P(1,3) (2.2), (2.5), (2.6), (2.9) caenyer,
yto npu m = 0 onepartop 1 — Fff) KommyTHpyeT ¢ P, J,,, U, clenoBaTenbHO, ypaB-
Henue (3.1) myaHkape-WHBapHaHTHO [Jst JIOOOTO 3HaueHHsi cruHa. [lobaBasisi ycJjo-
Bus (3.1) kK ypaBHeHusiM (3.2) U BBIOHpast MATPHILBI I‘Ef) B BHJE

(s) _ 0 I ) (1 0 (s) _ 0 27,
FO_(I 0)’ F4_<0 —1 )’ La” = -27, 0 » (3:3)

rae Iu O — 4S-pHI[HI)Ie €IVMHUYHbIEe U HYJE€Bble MaTPULbI, T, — 4S-pHZ[HbIe MaTpHULbI,
YAOBJIETBOPAIOLIKE COOTHOLIEHHUAM

[Tas Tp] = i7e, (a,b,¢) — wuka (1,2,3), 7'3 = %, (3.4)
NPUXOIUM K CHCTEME ypaBHEHHUE
0
—p(t, &) = 27 - fp(t, & .
i lt,7) = 27 Fp(t, ), (35)
i2—2F~ﬁ (92, —s(s—1)] ] =0 Sb:1(1+r<s))5b (3.6)
6t ab 9 a. 2 0 ao»y

rae ¢ — 4s-KOMIIOHEHTHAs BOJIHOBasl (PyHKUMS, CBA3aHHasA ¢ U COOTHOLUEHUEM

o= % (1 + Fff)) . (3.7)
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Marpuusl S,p, Bxomsdumue B (3.6), cornacHo (2.5), (2.6), (2.9) umeroT cienymoulyio
CTPYKTYpY
Sab = jC + TC7 [j07 Tb]— = Oa (38)

rae MaTpulbl jc C TOYHOCTBIO 10 npeo6pasoBaHm31 3KBHBAJIEHTHOCTH 3aJal0TCAd COOTHO-
MeHHUusAIMH

lardbl— =ije,  Ja=3(G+1) =s(s—1). (3.9)

YpaBHeHue (3.5), oueBHUAHO, OMUCHIBAET YACTHLY C HY/JeBoH Maccoil mokosi. He-
NpUBOAMMEIE TpencTaBjeHus rpynmsl Ilyankape II knacca (ans P,P* = 0, P, # 0)
3aJal0TCsl COOCTBEHHBIMU 3HAYEHUSIMU € U \ HHBApUAHTHBIX OMEepPaTOpPOB 3HAKa dHEPTHH

PO Jabpc
—— U CIIHpaJbHOCTH A = —.
|P0| a;ézb;éc p

[TokaxkeM, uto cucteMa ypaBHeHu# (3.5), (3.6) omuchBaeT 4acTHIly CO CIHpPaJbHO-
CTblo A = *+s. O6o3HaUNM

5%, —s?=g. (3.10)

é:

[Moacrasus (3.10) B (3.6) u ucmosb3ys (3.5), mosydaeM mocje HeCJIOXKHBIX Mpeodpaso-
BaHUH

<i%—2?~ﬁ)>g4p:
(3.11)

L 0 N B
Kzﬁ—%-p)g—g(zg—%-p)]<p—[9727ﬂ—<p—0-

HpI/IHI/IMaH BO BHHMMaHHE TOXKOeCTBa

—

gt P+ 7pg=5-F =5 ¢S §=5-7y, (3.12)
nosyyaem u3 (3.11)
S P =2s7 - pep. (3.13)

U3 (3.5), (3.13), (3.4) 3akJ/ouaem, UTO ONEPATOP 3HAKA FHEPTHH & = %’5 UMeeT Ha
MHOXKECTBe pelleHu# ypaBHeHu# (3.5), (3.6) sHaueHusi ¢ = £1, a omepaTop crnupasb-
Hoct A = %ﬁ ¥MeeT MPH TOM 3HaueHusi A = =+s.

CrienoBaTesibHO, Ha pellleHUsiX ypaBHeHHE (3.5), (3.6) peasnusyercs mpsimasi cymma
HEMPUBOIUMBIX MpencTaBieHuit DT (s) @ D~ (s) rpynnsl [lyankape, U UX MOXKHO pac-
cMaTpuBaTh Kak 0000lleHHe ypaBHeHWH Beiisis Ha caydall 4acTHI C TPOU3BOJBHBIM
cniiHoM. B § 9 mbl mokaxewM, uto ypaBHenus (3.5), (3.6) C'P-, T-unBapuanTHsl, Ho C-,
P-HeVHBapHaHTHBL.

Paccmotpum npumeps ypasHenuit (3.5), (3.6) ans s =0, 1,2, 2.
a) s = % B atom cayuae, cormacho (3.8), (3.9)

Sa = Ta, ja = 07 (314)

TIe T, — MaTpPULBl pa3MepHOCTH 2 X 2, ymoBJjetBopsitouue (3.4). [loncraBus (3.14) B
(3.5), (3.6), ybexnaemcst, uto ypaBHenue (3.6) obpariaercss B TOXAECTBO (eC/aU UMEET
mecto (3.5)), a (3.5) coBnangaer ¢ ypaBHeHHeM Beiis

pupt' =0, (3.15)
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rae p, — Matpuusl Ilaymn
Po = I, Pa = 2T4. (316)

6) s = 1. B aTom caydae MaTpuubl 7, jp, YAOBIAeTBOpsiomue (3.4), (3.8), (3.9), He
yMaJsisisi 06LIHOCTH, MOXKHO BBIOpPaTh B BHJE

0 0 0 i 0 0 i 0
1|l 0 0 =i 0 1f o o o0 i
=51 0 & 0 of> ™73 = o o o0 |’
i 0 0 0 0 —i 0 0
0 —i 0 0 00 0 —i
114 0 0 0 1[0 o0 =i o0
=310 0 o i|° T30 i 0o o |’ (3.17)
0 0 —i 0 i 0 0 0
0 0 i 0 0 —i 0 0
1[0 00 —i 1|l i 0 0 0
2=51 i 00 0o | BT3lo0o 0 0 —i
0 i 0 0 0 0 4 0
O603HauuB
40
_| ¥ 3.18
® - (3.18)
©3

u noactasass (3.17), (3.18) B (3.5), (3.13), npuxonum K chUcTeMe ypaBHEHHH IJs ¢,
rot g = z’a—(p,
ot
Tle KOHCTAHTa o, He yMallss OGLLHOCTH, MOXKET ObITb NIPHPABHEHA HYIIIO.
[Monaras B (3.19) g = H—iE, tne Hu E — BEKTODbI HANPSAXKEHHOCTH MAarHUTHOIO
U 3JEKTPHUECKOTO MOJIeH, TPUXOAMM K ypaBHeHHsSIM MakcBessia 1Jis 3JeKTpOMartu-
THOTO T0Jisi B BakyyMme. Takasi gpopmynupoBKa ypaBHeHHH MakcBesisia Gblja BIepBbie
npenJsoxena B [13].
B) s = 0. YpaBHeHHUs /151 GECCIIUHOBBIX U 6€3MaCCOBBIX YACTHL[ MOTYT OBITh MOJNyYe-
Hbl U3 (3.5), (3.13), (3.17), ecau nonoxuth Tam s = 0. Mcnosb3ys o6osHauenue (3.18),
MoJlyyaeM B 3TOM CJydyae CHCTEMY ypaBHEHHH

div =0, o = const, (3.19)

.~ Opo _.0g
div g = Zﬁ’ grad ¢g = ZE' (3.20)
Ypasrenust (3.20) umeroT perieHus BUaa
P = kup(@)e! TR0 kg = = £\/RZ, (3.21)

rae ¢(w) — Npon3BoO/IbHAS (DYHKLIMS, U OMUCHIBAIOT PaCIPOCTpaHeHHe MPOLOJIbHON BOJ-
HBI.
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r) s = % Bribupast MaTpuiel 7, 4 j, B BULE

00 0 00 0 0 0 i 0 0 0
00 — 00 0 0 00 0 00
1o i 0 00 0 i 00 0 00
=100 000 0| 271 0o 00 0 0 i |’
00 0 00 —i 000 0 00
00 0 0 i 0 0 00 —i 0 0
0 =5 00 0 0 0007100
i 0 00 0 0 000010
. 00 00 0 O 11000001
B=109 0 00 0| ™3l100000 ]| 322
00 0 i 0 0 01000 0
00 00 0 O 001000
000 —i 0 0 100 0 0 0
000 0 —i 0 010 0 0 0
1]l o00 0 0 —i 1loo1 0 0 o0
2750500 0 o o> ™T2l000 -1 0 o0
0 i 0 0 0 0 000 0 -1 0
00 i 0 0 0 000 0 0 -1
U TIpeCTaBJsisl BOJHOBYIO (DYHKLHIO ¢ B hopme
Pn
o= ( o1 ) pa=| 2 |, a=12 (3.23)
2] 3
©3
nosnyuaem u3 (3.22), (3.23), (3.5), (3.6), (3.13) ypaBHeHHe nJs gp?l
. 0P
rot G = z%, (3.24a)
(pu)aa/p#@a/ = O. (3.246)

Takum o6pasoM, BoJHOBas (yHKLUS ¢% dacTHUbl ¢ m = 0 U § = %, yIOBJIETBOPSIET
ypaBHeHHlo THnma Makceenna (3.24a) no BeKTODHOMY HHIEKCY @ W ypaBHEHHIO THIA
Beidins (3.246) mo cnuHOPHOMY HHIEKCY .

n) s = 2. BoibepeM MaTpHllbl T, U j, B BUIE
~ - 1
Ja = Ja ®1, Ta:§[®pm (3.25)

rie I u I — JBYpSIHAS M YeTHIPEXPSIAHAS IUHHUHEIE MATPHIIBI,

(01 (0 -1 (1 0
pl_ 1 0 ) pQ_Z 1 0 ) p3_ O _1 9

. (3.26)

>

—
SEESENNS
= Oos‘%

>

—
o Ow|§o
S N Ow‘&
oul o o

oulo o
=
|
|
w|§o [l\j (an)

w|§o N O
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30 0 0
. 1]lo01 0 o0
B=51 00 -1 0
00 0 -3

BostoBast hyHKuns @(x) HMeeT, COMIACHO (3.25), (3.20), 8 xoMmoHeHT gp’g, a=1,2,

k=1,2,3,4, npuuemM MaTpHULBl j, AeHCTBYIOT TOJBKO Ha HHAEKC k, @ p, — Ha HHAEKC (.

Us (3.5), (3.6), (3.18), (3.25) monyuaem ypasHenus ans @F B Bume
00k

2
ek, =0 “(Ja) b Patt =
(P,u)ozap Pa y 3(]a)kk PaPe ? ot

KOTOpbIE, B CHJY H3JIO2KEHHOI'O BbIllle, MOTYT OBIThb HWHTEPHNPETHPOBAHbl KaK YPpAaBHEHHS
JJIsT 6€3MacCOBBIX YACTHI[ CO CIIMHOM S = 2.

(3.27)

4. JIpyrue TUNbl yPpaBHEHUY AJIS1 YACTHUL] C HYJI€BOU MacCOM

Kak mokasano B [24], ypaBHeHHe Beiisisi He sIBJsSieTCsT €MUHCTBEHHBIM BO3MOXKHBIM
IBYXKOMIIOHEHTHBIM ypaBHEHHEM [J/151 6€3MacCOBBIX YAaCTHL CO CIHHOM S = % B [24]
NOJIyyeHbl BCe HEIKBHBAJIEHTHblE YPaBHEHHUS [/ TAaKUX UYaCTHLl M HCCJAEeIOBaHbl HX
CBOHCTBa OTHOCHUTEJIbHO npeobpasoBanuil P, C, T.

AnanornuHasi cCUTyaldsi UMeeT MeCTO W B CJydyae YacTHI MPOU3BOJBHOrO CIIHHA,
T.e. ypaBHeHus ( 3.5), (3.6) He HMCUepNBIBAIOT BCEX HEIKBHUBAJEHTHBIX YPaBHEHHH MJIs
6e3MacCoBHIX UacTHIl. B HacTosiiiem naparpade Mbl TOJYYUM BCE BO3MOXKHbBIE (C TOYHO-
CTbIO 10 3KBHBAaJIEHTHOCTH) ypaBHEHHUs I/ 4acThl ¢ m = 0 U MPOU3BOJNBHBIM CIIMHOM
s.

Mbl GyneM HCXOAWTB U3 CJENYIOLIEH CHCTEMbl 8S-KOMIOHEHTHBIX ypaBHEHHUH

0 Lo

Z&\IJ—OZ’])\P, (4.1
L0

<z§ — ap) S2,U =0, (4.2)

rie U(t, F) — 8s-KOMIOHEHTHAs BOJHOBAasi PYHKIHUS, (vq M Sqp — MaTPHUILBl PA3MEPHO-
CTH 85 X 8s

iy 0 —27, ( Sw O
co=i gy o) sa= (G ) 43)

a MaTpULbl Sgp, T, TMO-TIPEXKHEMY ONpefesstoTes cooTHolenusMu (3.4), (3.8), (3.9).
YpaBuenus (4.1), (4.2) nyaHkape-uHBapuaHTHbI. [eHepaTtopel rpynnsl P(1,3) Ha
MHOKeCTBe pellieHni ypasHenu#t (4.1), (4.2) umeroT BUI

—

Po=ad-p,  Po=ps=—i

oz’ Jab = ZqPb — TbPa + Sab,
a (4.4)

) .
JOa = ToPa — xaPO + §aa + Zﬁav

A 0 —j, jo 0 (0 -1
ﬁa:Z(ja O] >:F4<]0 ja>’ F4:Z<I 0 )a (45)

a MaTpHIb j, onpenenens B (3.8), (3.9).

rae
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[ToBTOpsisi mouTH nocaoBHO BhiKAaAKH (3.10)—(3.13), HeTpynHO yOeaUThCs, UTO ypaB-
HeHHe (4.2) MOXKeT ObITh 3allUCAHO B CJENYIOLIel SKBHBAJEHTHOH (opMme

S P = sl,a-p. (4.6)

U3 (4.4), (4.6) 3akaroyaeM, uTO Ha MHOXeCTBe pellleHW# ypaBHeHuit (4.1), (4.2) pea-
JIU3yeTCsl IpsiMasi CyMma

DT (s)® D™ (—s)® D™ (s) ® DT (—s) (4.7)

HeNpUBOAUMEIX mNpencraBaeHu#l rpynmel P(1,3). Takum o6pasom, ypaBHenus (4.1),
(4.2) neskBuBaseHTHbl (3.5), (3.6).

Jlisi mosiyueHHsl BceX APYTMX HEIKBHBAJEHTHBIX YpaBHEHHH /51 6e3MacCoBBIX Ya-
CTHL, TIPOM3BOJILHOH CNHPAJbHOCTH BOCIOJBb3yeMcs TeM (akToM, 4To cucrema (4.1),
(4.2) He wucuepmbiBaeT BCeX MyaHKape-WHBAPUAHTHLIX YPaBHEHWH B MpPeACTABJEHUH
(4.4). e#icTBUTENBHO, KAaK H B CJydae § = % [24] momumo (4.2), Ha BOJIHOBYIO
¢yHKUHI0O U MOXXHO HAJIOXKHTb OHO M3 CJENYIOMX WHBAPUAHTHBIX AOMOJHUTEJNbHBIX
YCJIOBUH

LU = 1+5F4&-1A7+6T4+65’&-5’>\I/:O, (4.8)

L0 = (1+4¢ely)T =0, (4.9)

Lyl = (1 + g&-ﬁ) v =0, (4.10)

Ly = (1 4 elud-f) W =0, (4.11)

Ly = (—3 4 ed-f+eTy+ec'Tud - ;%) U =0, (4.12)
rae

p= g, g, = +1. (4.13)

VpasHenus (4.8)—(4.12) nyaHKape-HHBapHAHTHEI, IOCKO/IbKY ONEpaTopsl & - p i I'y
(a 3Hauurt, ¥ Lq,...,Ls) KOMMYTHPYIOT cO BceMHu reHeparopamu (4.4) rpynmsr P(1,3).
C mpyroil CTOpOHBI, 3TH YpaBHEHHs HCUEpIBIBAIOT BCe BO3MOXKHBIE C TOYHOCTBIO MO
5KBUBAJIEHTHOCTH IyaHKape-uHBAPHAHTHbIE JOTOJHUTENbHBIE YCJIOBHS, KOTOPbIE MOXKHO
HaJlOXKUTb Ha pelieHus cucteMmbl (4.1), (4.2). [eHcTBUTENbHO, omepaTopbl L, MOXHO
[PeACTaBUTb B BULE

Ly =APSPS, Lo =2PF, Ly=2P5, Li=2 (PfP;' + P;SP;E’) :

, / / (4.14)
Ls=4 (PfEPQ_E PP PPy ) ,
raie PS i P§ — omeparopsl IpOeKTHPOBaHKs Ha MognpocTpancTsa De(s) @& D (—s) u
DT (e’s) ® D™ (&'s) cooTBeTCTBEHHO
1 - s 1 N
Pf:§<1+50‘2-ﬁ>, P§:§(1+6T407-ﬁ>. (4.15)
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U3z (4.7), (4.14), (4.15) cnenyert, 4TO Ha pelleHUsX ypaBHeHHH (4.1), (4.2) ¢ omHUM
U3 [OMOJNHUTENbHBIX ycaoBUE (4.8)—(4.12) peanusyiorcsi ciefyioline MpeacTaBIeHHUs
rpynnet P(1,3)

~<(e's)D~%(—€'s) @ D (—¢'s), (4.16)
D~(s) ® D*(—s), (4.17)
D™(s) @ D™*(-s), (4.18)

D (—es) @ D™ (—es), (4.19)
D(e's). (4.20)

HetpynHo yGenutbesi, uto Qopmynast (4.7), (4.16)—(4.20) ucuepnbiBaloT BCe BO3MO-
JKHbIe HEBBIPOXK/EHHbIE MPsIMble CYMMBI HEMPUBOAUMBIX mpenctaBaeHudl De(¢’s) rpym-
ool P(1,3), oTKy#a u ciaenyet BbiBoi, uTo ypaBHenus (4.1), (4.2) ¢ onHuMm u3 pomoJ-
HUTEJbHBIX yCI0BHH (4.8)—(4.12) (uMan Ge3 MOMOJHHUTENbHBIX YCIOBHH) HCUEPIBIBAIOT
BCe BO3MOXKHBIE (C TOYHOCTBIO 0 3KBMBAJEHTHOCTH) PEJATHBUCTCKHE YPaBHEHHS IJIsi
6e3MaccoBOH YaCTULBl C NPOU3BOJNBHBIM CIIHHOM S.

Hccnenyem cBoiicTBa MOJMydYeHHBIX ypaBHEHUH OTHOCHUTE/BHO npeobpasoBanuil P, C'
u T. JIns 3TOTO BOCMO/B3yeMCsl clenyiolied cxemoi [24]

P

DT (s) Dt (—s)
C[ >< ]C D¥(s)+——= D*(s)
D™ (s) 5 D™ (=s)

rie CUMBOUI D+(s)<£>D+(—s) 03HayaeT, YTO OMepaLus MPOCTPAHCTBEHHOH HHBEPCHU
npeo0pasyeT MPOCTPAHCTBO HEMPUBOAMUMOrO MpeacTaB/ieHuss D°(s) B MPOCTPaHCTBO
npencraBienuss D°(—s) # T.0.

U3 (4.7), (4.16)—(4.20) sakmiouaeM, uto ypaBHenus (4.1), (4.2) P-, C-, T-unBa-
puaHTHBl, ypaBHeHus (4.1), (4.2) ¢ mononHUTe bHBIM ycaoBHeM (4.8) T-UHBapHAHTHBI,
Ho C-, P-, C P-HeuHBapuaHTHbI; ypaBHeHus (4.1), (4.2), (4.9) T-, C P-uHBapuaHTHH,
Ho C-, T-HeuHBapuaHTHbl; ypaBHeHus (4.1), (4.2), (4.10) P-, T-unBapuanTHel, HO C-
HeWHBapuaHTHbI; ypaBHenus (4.1), (4.2), (4.11) C-, T-uHBapuaHTHBI, HO P-HeWHBa-
pHaAHTHBI, HakoHell, ypaBHeHus (4.1), (4.2), (4.12) T-uuBapuauthbl, Ho P-, C-, CP-
HeHHBapHaHTHBI.

OTtMeTuM, uto ypaBHeHHs (4.1), (4.2) ¢ OIHUM U3 NONMOJHUTEJNbHBIX ycjoBue (4.8),
(4.11) unu (4.12) — HerHBapUaHTHBI OTHOCUTENBHO NpeobpasoBanuit PCT u PT. 10T
¢bakT He npoTtuBopeyuT usBectHod C'PT-teopeme [laynn—Jliomepca, MocKoIbKYy I0MOJ-
HuTebHble yeaoBus (4.8), (4.11), (4.12) B xz-mpocTpaHCTBE HEJNOKAJbHBI.

B 3akJjioueHue 3TOro pasmesa NpUBeleM SIBHbIH BHI BCeX BO3MOXKHBIX HEIKBHBa-
JIEHTHBIX ypaBHEHUH 1Jisi 6€3MacCOBBIX YACTHIL CO CIHHOM s = 1. BriGupast matpuusl T
" jo u3 (4.3), (3.8) B dopme (3.17) u npencrassisi BOJHOBYIO (QyHKUHIO U B BHIE

m:(i), (4.21)
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rie
¥o Xo
¥1 X1
_ , — , 4.22
4 ®2 X X2 ( )
¥3 X3

a ¢, U X, — ONLHOKOMIIOHeHTHble (DYHKLHH, NPUXOLUM, coryacHo (4.1), (4.2), (4.6) k
ypaBHEHHUSIM ISl 0 U X B (hopme

oxX op
ot 3= -2 ot y= -2
YT T XT T (4.23)
div g =0, div X =0, ©o = c1, P2 = c2,

Tle ¢1 ¥ Co — KOHCTaHTBI, KOTOphIE, He yMaJisisi OOLIHOCTH, MOXKHO CUHTATh PABHBIMU
HYJIIO.

YpaBHenus (4.23) coBmamaeT ¢ ypaBHeHHsIMH MakcBessa AJs1 3JeKTPOMarHUTHOTO
NoJisl B BaKyyMe.

Haiinem Tenepb SIBHBIH BUA NOTIOJNHUTEJBHBIX yeJoBUH (4.8)—(4.13), KOTOpble MOXHO
HaJIOXKUTh Ha pelieHust ypaBHeHu# (4.23), He HapyLIUB WX KoBapuaHTHOCTH. [logcTaBuB

(3,8), (3.17), (4.3) B (4.8)—(4.13), monyuaem

p(F —ie'Y) = —e rot (G —ie'X), (4.24)
G =ieX, (4.25)
rot g = iepy, rot ¥ = —iepg, (4.26)
rot g = —epg, rot Y = —epx, (4.27)
p(—@ +ie'X) = —e rot (F —ie'X), p(G+ig'x) =0. (4.28)

Takum o6pasom, nomumo ypasnenuii Maxcserra (4.23), ors 6eamaccosovix wacmuy co
cnurom I cyuecmsyem euie nAMmMb MUNO8 NYAHKAPE-UHBAPUAHMHLLY YPABHEHUL, KO-
mopute umerom 8ud (4.23) ¢ 00num uz donornumervroix ycrosuii (4.24)-(4.28). Ion-
YyepKHEeM, YTO BCe JOTOJNHUTEbHBIE ycaoBus (4.24)—(4.28), 3a uckiaodenuem (4.26), B
Z-TIPOCTPAHCTBE MMEIOT (GOPMY HEJIOKaJbHBIX (MHTerpo-nuddepeHiralbHbIX) ypaBHe-
Huid. OTMETHM TaKke, 4YTo ypaBHeHHs (4.23), (4.26) skBuBaseHTHH (3.19).

5. KoHeuHble IpeoOpa3oBaHUs ONepPaTOPOB KOOPIUHATHI U CIIMHA
3anaHde fBHOro BHAa reHepatopos @, € {P,,J,,} rpynnsl [lyankape opHo3Ha-
YHO OIpefeJsisieT 3aKOH NPeo0pa3oBaHUS BOJNHOBOH (DYHKLMM INIpH Iepexole K HOBOH
WHepLHAaJbHOH CHCTEME KOOPAHHAT

U(t, &) — W'(t, &) = exp(iQuf)) ¥ (¢, T), (6.1)
rae 6, — napaMeTpsl npeobpasoBaHus. [Ipu 3ToM omepatopel N (hU3UUECKUX BEeJUUUH
(KoOpoMHATEI, CIIMHA, UMIYJbCa U T.1.) IPeoOpasyloTcs CIeAyOLIUM 00pa3oM

N — N’ = exp(iQ0;) N exp(—iQ0;). (5.2)

®opmyna (5.2) B NpHHIMIE JaeT HCUEPIBIBAIOMIMN OTBET O CB3M ONEpaTOpPOB MIH-
HaMHUEeCKHX [epeMeHHbIX B CTapOil M HOBOH CHCTeMe KOOPAMHAT W B CJydae, KOrma
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reHepatopsl P, J,,, HMeIOT JIOKaJbHO KOBapHaHTHYI0 (GopMy (2.2), KOHKpPeTHBIe BbIYH-
CJIEHHs C UCIOJb30BaHHEM (D.2) He BBI3BIBAIOT HUKAKHX 3aTpynHeHWH. OnHaKO B mpen-
crasnennu Ttuna (1.1), (1.20), korma reHepaTopbl Joa HEBO3MOXKHO 3amucath B BHIE
CYMMBl KOMMYTHPYIOLIUX “CIUHOBOH” W “OpOMTa/NbHOH” 4acTell, BbIUHUCJEHHE $IBHOT'O
BHJa Pe0GPa3oBaHHEIX orepaTopos N’ siBAseTCsl HETPUBHAIBHON 3anadeil. B sToM ma-
parpade mosyueH 3akoH MpeoOpa3oBaHUH OMEPAaTOPOB KOOPAMHATHI H CIHMHA YACTHILBI

rerepupyemsix oneparopamu (1.1), (1.20) npu k; = 2,

. PP —4A(S )2 e
P0201m+2035-p+(01—202)w, Do = —i ,
2m Oz,
(5.3)
1
Jab = XaPb — TpPa T Sab; JOa = ToPa — 5[.’135“ P0]+

rie S,y — Marpullbl, onpeneseHHsle B (1.2).

Tem cambiM pellleHa 3afada 1Js NPOU3BOJbHOrO mpeactaBaenus suga (1.1), (1.9),
(1.20), mockoabky renepatopnl (5.3) u (1.1), (1.9), (1.20) cBsa3aHbl npeoGpaszoBaHUEM
5KBUBAJIEHTHOCTH P, — VPNV_l, Juw — VJWV_l, rue

— —

S-p 3
—p :1+(0'1—i0'2)(2—/€1)—mp (54)

V =exp |(01 —i092)(2 — k1
(01 — i02)(2 — k) 5

[enepartoper J,p (5.3) UMEIOT SIBHO KOBapHaHTHYIO (hOpMY, CJIeI0BaTebHO, TIPU Tpe-
XMEpHBIX TOBOPOTAaX CHCTEMBI KOOPAMHAT ONEPATOPBl T, U Sgp = S. Npeobpasyrorcs
OGBIUHBIM 06pa3oM (KaKk BEKTODHI)

xl, =1z, cosf + %(mlﬁc — x.0p) sin 0,
] (5.5)
Sl = Sapcost — ascdad sin 6, (a,b,¢) — umka (1,2,3),

raoe 6, — mapaMeTpbl MOBOpoOTa, § = (9% + 63 + 9%)1/2'

UroObl HallTH B SIBHOM BHJIE 3aKOH KOHEUHBIX NpeobpasoBanuil (5.2) z, U Sgp,
reHepUpyeMbIX ornepaTopaMu Jy,, BOCIONb3yeMcs ToxkaecTBOM Xaycnoppa—-Kambena

—A:i%7 {A,B}" = [A,{A,B}" '] _, {A B}’ =B.(5.6)

[TprHrMast Bo BHUMaHHe TOT (aKT, 4TO reHepaTopsl Jy, (5.3) Ha pellleHUsIX ypaBHEHHS
(0.1) mMoryT GBITb TIPeACTABJEHB B (popMe

Joa = ToPa — TaPo + Nas (5.7)
rue
1 —i .
Na = _§[P07l'a}— = 7;035(1 + % (ipa - Qi[saa S ﬁ]-‘r) s
" (5.8)
0 .0 '
po=t75— =

8950 2§7
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" nosaras B, = x,, A = iJopvp, THe Jop — TeHepaTophl (5.7), a a v, — MapaMeTphl
npeo6pazoBaHus JlopeHua, nosydaem 1o HHAYKLHH

L
{4,y = LT 03 (U“(S"fb>”” T Dn) . n=2%  (59)
v m v
n_ Ta g, 101+02 (Vg , n=2k—+1,
{A,BY" = my=to" + L2 (?v 72Dn), las (5.10)

rue
D,, = [Syvy, Dp_1] 4, D1 = [Sa, Spvp) 4, v=(v?+02+0)VY2  (5.11)

[Topcrasass (5.9)—(5.11) B (5.6) ¥ UcHO/b3Yys TOXKAECTBO
— 1 a o
Z =Dy = {Sa chv — im shv — &gvb)(chv - 1)] exp(2Spup) — Sq,(5.12)
— nl v v

noJsqiydaeM 3aKOH Hp606paSOBaHI/Iﬂ Tq B BHIE

2t = 20+ 22T (1) g% s
v v
101 + o2 [ va(Spup) 1,
+ m { 2 (ChU—l)—f—ﬁ? ShU+Sa— (513)
- lSa chwv +i(S X D)a shv — va(ngb) (chv— 1)] exp(2Sbvb)} .
v v

@opmyna (5.13) 3anaer MCKOMBbIN SIBHBIH BHJI NpeoGpa3oBaHHOroO oneparopa ., IMo-
cKosbKy Bxogsiiast B (5.13) akcrnoHeHTa exp(2S,v,) BCerna MoxeT ObITh MpeICcTaB/IeHa
B BHJle KOHEUHOro psinga no crenedsm (Spvp)™

exp(2Syup) = i [ch (2vv) + sh (2vv)]A,, (5.14)

vV=-—s

rie A, — ormepaTopbl MPOEKTHPOBAHHs HA MOAMPOCTPAHCTBO COGCTBEHHBIX (DYHKUHME
oneparopa Spvp [4]

1
16 v —

AV:”M’ v, u=—s,—s+1,...,s. (5.15)
pFV voH

O6partumMcsi Tenepb K 3aKOHY Npeobpas3oBaHus xg. [lonaras B = xg, A = iJopwy,
nosydaeM ajs (5.6) Mo HHAYKIIMH

101 + 09

{A, B}" = xgv" — 5 [(2Spvp)™ — V], n=2k, k=1,2,..., (5.16)
(4,5} = Dy “’12;”2 [(2S00)" — 0" 2Sym)] . n =2k + 1.(5.17)

[Toncrasus (5.16), (5.17) B (5.6), mpuxomum K hopmyie

(zpvp) sho — 101 + 01 25y0p

exp(2Spup) — chv — shv|. (5.18)

zy = zochv +
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M3 (5.13) u (5.18) BUMAHO, 4TO x, MpeoOpasylOTCs MO 3aKOHY, OTIMYHOMY OT Ipe-
obpasoBanuil JlopeHua 1Jst 4eThpeX BEKTOpA; IPH 3TOM BeJHMYMHA HHTepBaNa x,z! =
x3 — 22 e coxpansiercst. C/e0BaTe/NbHO, T, HeJb3sl MHTEPIPETHPOBATH KaK MHBapH-
AHTHBIE OMEpPaTop KOOPAUHATHI YACTHLIBL.

3Has 3aKOH NpeoOpa3oBaHHs ONePATOPOB I, HETPYAHO HAHTH, KaK MPeodpasyroTcs

omnepatopel S,p. Mcnonb3yst Toxznectsa

J! = exp(idocve) Jap exp(—iJoeve) =
Uc JOavb - JObva
= Japchov + 2_1}2(5akcJak:'Uc)(Ch v — 1) + f sho, (5.19)
Py = Do+ %svb)((?hv -1) +po%a shv

nosnydyaem u3 (5.3), (5.13)

Sl = exp(iJocve) Sap exp(—idocve) = Jo, — xhpy, + 20l =

= Sapchv + %gvd)(chv -1+ ol — Y oh oyt
v v
101 + 09 | Seqv EakiVSa
#1008 (S 1)+, — ) P (e - 1)+
1 (pavy — Vaps) Sedvd
—~——— 2 sh . hv—|S, h
+2 ” shv + Seqpa + ” poshv Scapa ch v+ (5.20)
SC cr’c )
+M chv(chv — 1) + Scqvgpo shvchv + E(Sacvcpb—
v v
—SpeVePa) shv + U%(SMUva — Spetcvg)(sho(cho — 1) + sh2vp0)7
1 1
_ﬁ(vapb — UpPa)Ekin SkiUn(chv — 1)1 exp(2Spvs), Sq = §5dkcskc~

rae 7, — oneparop, 3agaHubiit B (5.8), (a,b,¢) — wuka (1,2,3). Kak Bugso us (5.20),
Sab TIpeobpasyercsi 1Mo 3aKOHY, OTIWYHOMY OT npeo6pa3oBaHuil JlopeHlLa mjsi TeH3opa
BTOPOr0 paHra.

OmnpenenuM KOBapHaHTHbIE OMepaTOpbl KOOPAMHATHL M CIMHA 4acTHLbl. [Jas 3Toro
nepelfieM K MpPeNCTaBJAEHHI0, B KOTOPOM I'eHepaTophl Tpymmel [IyaHkape HMeIOT J0Kab-
HO KOBAPHAHTHYIO (OPMY

- . 0 i
J;u/ =ZTuPv — TuPpu + S;uu P,u, = Zguu% = Pu; SOa = 5035abcsbcv (521)

YTO NOCTUTaeTcsl OCPeNCTBOM MpeoOpa3oBaHUs
Juw = Ty = VI, VL (5.22)

rae J,, — reseparopsl (5.3), a

V = exp %(25’@’— Po)| - (5.23)
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B npencraenenun (5.21) KoBapraHTHBIE OMepaTOPbl KOOPIUHATHI U CITHHA, 0YEBUIHO,
MOXHO BBIOpaTb B (opme

X, =y, Sy = Suw- (5.24)
C nomotpio mpeobpaszoBanusi, o6patHoro (5.22), mosydaem siBHbIA BUA THX OMEparo-
pOB B mpencTaBjeHuu (5.3)

X, = VX,V =, + %gﬂ, €0 =S Eo=1, (5.25)

Sup = V18,V = Sy + LT T2g
m

(5.26)

. 7:0'1 +0'2 —
SOG. = ZUBSbc - - |:

S'ﬁip()vsbc
+

IIpu nmepexone K HOBOH HWHepPLHAJbHOH CHCTeMe KOODAMHAT omepaTopel X,, u S, mpe-
00pa3yloTcs KaK KOBapUaHTHble UeTbIPEXBEKTOP M TEH30p BTOPOIO paHra

X
X, ZXa-l-Lbzb)(chv—l)_y U—“Xoshv,
UX ’ (5.27)
X(/):X()Chl)—i- v ShU,
c . WU — .)sh
Sab ZSabchv+v(LQSdkm(chv_ 1)+ (Soavs — Sopva) s v
v v
S, S (5.28)
S(I)aZSoachv—i—Lgbvb)(chv_l)_i_ abl o
v v

OnepaTopsl S),,,, 04€BHIHO, yIOBNETBOPSIOT KOMMYTaLMOHHEIM COOTHOLIEHHSAM anre6phl
O(1,3), a oneparopsl X, — KaHOHHYECKHM I1epPeCTaHOBOYHBIM COOTHOLIEHUSIM

[p,u,Xu}f = G, [X#,Xl,}, = 0. (5.29)

Bce 3T0 nosBossier cpenath BbIBOA, 4TO onepamopel X, u Sy, (5.25), (5.26) moxcro
UHMepnpemuposams Kax KOBAPUAHMHbLE 0Nepamopb. KOOPOUHAMbL U CRUHA YACTU-

Yol
B ciyuae s = & oneparopsi (5.25) NPUHHMAIOT SIBHO KOBaPHAHTHYIO (OpMY
i
X, = —(1 5.30
w =Tyt Qm( + 74)711, ( )
rae
Ya =03,  Ya=—2i025., Yo =01 (5.31)

Mmatpuubl Jupaka.

B cuay nsnoxkenHoro Beime orepatop (5.30) MoxeT ObITh BEIOpaH B KauecTBe KOBa-
PHAHTHOTO OIepaTopa KOOPAMHATHL AHPAKOBCKOH YacTHIBL. MHTEpecHO OTMETHTH, UTO
TPH TaKOM OIpeJieJIeHHH OMepaTop CKOPOCTH

X = —ilHy, Xl = (L )0, (5.32)
rue H% — ramusbToHuaH Jlupaka

Hi =0YaPa +0m (5.33)

HMeeT CILJIOLIHON CIIEKTDP.



380 B.1. ®yuuy, A.T'. Hukutun

[TonuepkHeM, 4TO MoJyuUeHHBIH HaMu orepatop (5.30) NMPUHLHNHAIBHO OTIHYAETCS
OT OIEpaTOPOB KOOPAHHATHI, mpelioxeHHbIXx HbioToHom u Buruepom [16] u Ponan
u Byi#itxaiizenom [17]. DTo oTsinume cocTouT B TOM, 4yTo omeparop (5.30) JokaseH H
npeobpasyeTcsi KaK KOBAPUAHTHBIE UETBIPEXBEKTOP, B TO BpeMsi KaK OIMepaTopbl KOOp-
JIUHAThI, TpelJoKeHHble B [16, 17], npuHamIexaT KJaacCy HeJIOKaJbHBIX HHTErpasbHbIX
OTepaToOpOB C HEKOBAPHAHTHBIM 3aKOHOM MpeoOpa30BaHus TPU Tepexofie K HOBOH MHep-
LIMaJbHOH CHCTEeMe OTCUeTa.

6. O600menue Ha cjay4yall 4acTHUIbI BO BHENIHEM 3J€KTPOMATHUTHOM I0Jie

[TonyueHHBle HAMH ypaBHEHHUS ABUXKEHHsI CBOOOAHBIX YACTHI MPOU3BOJNBHOIO CIHHA
JOMYCKAIT HEMPOTHBOpPeUHe 0000IIeHHe Ha CIyuall 3apsKeHHBIX UaCTHL BO BHEIIHEM
3JIeKTpOMarHuTHoM rnodjie. Huxke 6yner ocyliiecTByieHo Takoe 06001ieHHe, U OyAeT MoKa-
3aHO, UTO NIPH 3TOM He BO3HHMKAeT MapafioKCOB C HapylIeHHeM MPUUYHHHOCTH, KOTOpble
HUMEIOT MeCTO B PYTHX PeJISTHBHCTCKUX YPaBHEHHSX JJIs YACTHL co cruHoM [1-3, 18].

DByneM HCXOOUTb W3 CHCTEMbI ypaBHeHHE mepBoro mopsiaka (2.19) uau (2.20). Mo-
JKHO TI0Ka3aTh, YTO BBeJeHHEe MUHHUMAJbHOIO JIEKTPOMArHUTHOTO B3aUMOJIEHCTBUS He-
MoCpelNCcTBEHHO B ypaBHeHUs (2.19) unu B siBHO KoBapuHaHTHYW cuctemy (2.20) npu-
BOOUT K TOMY, 4TO Kak ypaBHenus (2.19), tak u ypaBHenus (2.20), craHOBsTCS He-
coBMecTHbIMH. UTOOBI MpeofosieTh 3Ty TPyAHOCTb, Mbl 3amuiieM (2.19) B Bie equHOro
ypaBHeHHUs

[(i% - HS> Py + 51 — PS)] U(t,7) =0, (6.1)

Tle » — TNpOU3BOJBbHBIA MapaMmeTp. DKBuBajseHTHOCTh (6.1) u (2.19) cienyer u3 coo-
THOLIEHUH

0 A 5 b g
La—Hs,PJ—& P, - P, = P.. (6.2)

fIBHOKOBapuaHTHas cucteMa (2.20) TakKe MOXKeT OBbITb [IPeCTaBleHA B BUE OIHOTO
ypaBHeHHUS

{BS (I‘Ef)p“ - m) + (1 — BS)] T =0,

g L (pem LoD gl 1 (6.3)
° 8m3<”p +m)( + 4)(5/“/5 s(s—1)),
IMOCKOJIbKY

{BS, (FLS)pu_mﬂ_\I/:O, B. B, - B.. (6.4)

Cnenaem B (6.1) u (6.3) 3ameny p, — 7, = p, —eA,, rae A, — BeKTOP-NOTEHLHA]
3/IEKTPOMArHUTHOTO T10JIsI, U TOKaXKeM, UTO TaKas 3aMeHa I03BOJISIeT TMOJYUHUTb CHCTe-
My ypaBHEHHH MepBOro Mopsiika, ONHCHIBABLIMX [BHXKEHHE 3apsi’KEHHOH YacCTHLBI BO
BHELIHEM 3JIeKTpOMarHuTHoM moJe. [Tockonbky ypaBHeHus (6.1) u (6.3) nocsie 3ameHb!
Pp — T, B KOHEYHOM HMTOre NPHBOIAT K OAMHAKOBBIM Pe3yJbTaTaM, Mbl PacCMOTPHM
TOJIBKO ypaBHeHHe (6.1), KOTOpOe MpUHUMAaeT BUX

(70 — Ha(7)) PR) + 5 (1 - Ps(ﬁ))} U(t,7) =0, (6.5)
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rae

{F,ﬁ%u, PS}

o (6.6)

Hy(7) =TT r, + Tm,  By(7) = P + (1 - Fff)>
Ymuoxus (6.5) Ha Py(7) u (1 - ]55(7?)) U UCIOJMb3Ysl TOXKIECTBA

_ R Ao 1 s s 1 (s s vp (=
[WO—HS(W), S(w)} Ps(w)_—rg)(1—Fg))(gsw—zrfﬂr(y))w Py(7),

- dm (6.7)
P = —i[m 7¥]_,  Py(7)- Py(R) = Py(7)
NIPUXOIHM K CHCTEME yDaBHEHHEH
. 6 s s S 1 S S
iV = {rg T, + 067m + edp + 5 -1 (1-18) x
) (6.8)
X (—SW - zTLs)r(;)) F“”} U = H (7, m) 0,
S
T, P
P+ (1 - rﬁf)) “|lv=uv, (6.9)
2m

KOTOpYyI0, KaK U (2.19), MOXKHO 3amucaTb B KBHUBAJEHTHOH SIBHO KOBapHaHTHOH (opme

[(Fff)w“ _ m) n % (1 _ Fff)) GSW — iFHF,,) FW] v =0, (6.10)
(m + Fff%r“) (1 - r§f>) (S, 81 — 25(s — 1)] U = SmsW. (6.11)

[Tokaxkem, uto ypasHenus (6.8), (6.9) (uau (6.10), (6.11)) He mpuBOmAT K mapa-
JoOKCaM C HapylueHueM mnpudyuHHOCTH. Jsis 3Toro mpeobpasyem (6.10), (6.11) k Ta-
KOH (hopMe, YTOOBI Kaxkoe pelleHre CHCTEMBI yIOBJETBOPsIO ypaBHeHH0 DeliHMana—
[enn—ManHa, KoTopoe, Kak M3BeCcTHO [19], omMchiBaeT MPUUHHHOE PACHpOCTpaHeHHe
BOJIH. DTO NOCTUTAeTCs NMEPEXOA0M K HOBOH BOJIHOBOH (DYHKUHH

U(t,7) = VO(t, ©), (6.12)

rae V. — obpaTtuMblil onepaTop

A A
V=1+=—TEm Vii=1-2T@r", A=
m m

(1 + Fff)) . (6.13)

DN | =

[Toncrasus (6.12), (6.13) B (6.9), (6.10) u HUCMOIBL3YS TOXKAECTBO
2
() = mumt 4T OTE P (6.14)
nosydaeM ypaBHeHus pis (¢, T)

1 1
{ﬁ (rgfw + S P+ Ew,ﬂr“) - m] O(t, &) =0, (6.15)
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P.d =23 HJIH S0 = s(s+1). (6.16)

Hakonen, ymHOXUB (4.15) cieBa Ha omepaTop

F=m+ <r,<j>7r# - $§WFW - ;WT#) AT, (6.17)
raoe

Sap = Saps Soa = iShes (a,b,¢) — umka (1,2,3) (6.18)
MPUXOAUM K ypaBHEHHIO

<7TH7T‘u —m? — %SWF’“’> o(t,7) =0. (6.19)

Dopmyner (6.16), (6.18), (6.19) sanmator ypasuenue Pefinmana—lenn—Manna pias
YacTULBl C TPOU3BOJBHBIM CrHHOM. Peuienust ®(t, &) 3TOro ypaBHeHUs ONKCHIBAIOT
IPUYMHHOE pacrpoCTpaHeHHe BOJH ¢ JNOCBeTOBOH ckopocThio [19]. TakoBhbl ke, odye-
BHHO, cBoHCTBa pewenuit ¥ (¢, &) ypasuenu# (6.8), (6.9) u (6.10), (6.11), cBsizaHHbBIX
¢ ®(t, &) npeobpazoBaHreM 3KBHBajJeHTHOCTH (6.12).

K atomy pesysibTaTy MOXKHO NPUHTH U OPYTHUM IyTEM, BOCIONb30BABIIKCH KPUTEPHU-
em Baiitmana [20]. YmHoxus (6.10) na (I, 7" + m), nonydaem ypaBHeHHe

(pup" + B)V =0, (6.20)

rae B — nuddepenuunanbHbli onepaTop, COAepKalllhil MPOU3BOAHbIE He BbILIE MEPBOroO
nopsifka W paBHBIA B OTCYTCTBMe B3ammomeiictBus —m?. Kak nokasano B [20] , 370
o3Hayaet, uto W(¢,Z) omUCHIBAET PAcIpOCTPaHEHHe BOJH C JOCBETOBOH CKOPOCTBIO.

Takum o6pasom, Mbl yCTaHOBHJHM, 4TO ypaBHeHus (6.10), (6.11) omuckiBalOT OBU-
JKEHHEe 3apsiKEeHHOH PeJIITHBUCTCKOH YaCTHIBl C MPOM3BOJNLHBIM CIIHHOM BO BHEILIHEM
3/IEKTPOMATHUTHOM I10JI€ U He MPUBOASAT K MapajokcaM C HapylleHHeM MPUYUHHOCTH.

OtmMetuM ere, uto ypaBHeHusi (2,20) MOTYT OBITb MOJYYeHBl M3 MPHHIMIA HaH-
MeHbLIero AefCTBHUS, €C/IM MJOTHOCTh JlarpaHKUaHa BIOPaTh B BHIE

= 8@/ (s V(S)
L(z) = (m\II’—&—za—%FL)) (1+F4 ) X

. (6.21)
x [S 8" — 2s(s — 1)] if‘(s)ai + 8ms? 'y’
1% A al,A )
rae U/, U/ — 165-KOMMNOHEHTHasl BOMHOBAsH (hyHKLHS
W = ( ‘;’ ) U= o) (6.22)
a lv“ff), S’W — MaTpHIbl PA3MEPHOCTH
Fo (D0 Fo _ [T 0
k (s) ’ 0 (s) ’
0 Ty 0 -Iy
(6.23)
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[pu arom mast dyuxumu ¥ (¢, &) nonyuyaem ypasuenus (2.20), a nas x(¢,%) — ypas-

HeHusl, KOMIJIeKCHO compsixkeHHbie ¢ (2.20). Cnena B (6.2]1) MHHHMAJbHYIO 3aMeHy
0

—ia = i - eA,, npuxogum K ypasHeHuto (6.10), (6.11). Takum o6pasom,
T, T,
ypaBHenust (6.10), (6.11) momyckaioT JarpaHxkeBy HOPMYJIHPOBKY.
1
7. Pa3joxeHue 1o creneHsIM —
m

lamunbronnan H, (7, Tp) (6.8) MOXKET HMeTb KaK MOJIOKUTEJIbHbIE, TaK M OTpHLA-
TeJibHble cOOCTBeHHble 3HayeHus. Mbl mosyuum u3 (6.8), (6.9) ypaBHeHHe A/ COCTOSI-
HUH C MOJIOXKUTENBHON SHEPTHEH C MOMOIIbI0 CEPUH MOCJEN0BATENbHBIX PUOJIHKEHHBIX
npeoOpa3oBanuil, Mogo6HO TOMY, Kak 3TO Oblio caenano Posan u ByiiTxatizenom [17]
nnsi ypaBHenusi Jupaka. [Ipy 3TOM raMu/ibTOHUAH YACTHLBl O MPOU3BOJBHBIM CIIMHOM
GyleT MpeiCTaB/eH B BUAE Psifa M0 CTENEeHSM -, yIoGHOM AJIsl BHIYMCJIEHHH 110 TeOPHH
BO3MYILEHHH.

OcHOBHasi TPYIHOCTb MPH AHArOHa/JM3alMH ypaBHeHHH (6.8), (6.9) cocToUT B TOM,
4TO HEeOOXONMMO HaHTH MPeoOpa3OBaHUsI ONHOBPEMEHHO MPUBOLSIIME K AHATOHAJb-
HOU (hopMme [Ba pa3NUUYHBIX ypaBHeHHs. Mbl IUaroHaJU3yeM CHadasa AOMOJHUTENbHOE
ycaoBue (6.9), a 3aTeM, UCIOJB3Ys OMEPATOPBI, KOMMYTHPYIOLIME O MpeoOpa3oBaHHBIM
ypaBHeHueM (6.9), mpuBeneM K auaroHasbHOM (opme ypaBHeHue (6.8).

[Tonsepruem BosiHOBY10 (yHKuHO U(t, ¥) U3 (6.8), (6.9) npeobpazoBaHuio

U0 =V, (7.1)

rae V. — obpaTuMblil onepaTop

V=1+ % (1-187) (rOm =T M Surma) .
vlo1-— ﬁ (1 — rff)) (rgﬁwa — r§f>klsaﬁa) .

[ToneiicTBoBaB onepatopom (7.2) ciesa Ha (6.6), (6.7), mosyuaem ypaeuenust mjis W'

0
J(7, AV = i— T
Hs (7, Ap) 5 Y
(7, Ag) = T m+ kT (5 7) + T8 (14 1) (7.3)
1 —_— 15 - =
x5 (Wz —K(S-®)?+ ;S(H —i(1— kls)E> + eAy,
PO =0 WUau SV’ = s(s+ 1)V, (7.4)
rne H, = —i[mp,w.] u E, = —i[mp, ;| — HampsiXKEHHOCTH MArHUTHOTO U 3JEKTpUUe-

cKoro mnose#, P; — mpoekTop, onpenesneHHbd B (2.18).
Uz (7.4), (2.10 ), (2.11) 3akarouaem, 4To, He yMaJsiss OOLUIHOCTH, MOXKHO CUHTATh,

4to BoJiHOBast GyHkuUs U’ nmeeT 2(2s + 1) OTJIMYHBIX OT HYJs KOMIOHEHT. MartpHibl

Sab ¥ KOMMYTHPYIOLIHE C HHMH MATpPHILbI Fés), Fff)

BcCerga MOxKHO BbI6paTb B BH]JE

(S 0 )y (0 T s) . _ (T 0
Sab—<0 Sc>’ Fo _Ul—<I 0)7 F4 =03 = 0 —7I a(75)

Ha MHOXECTBe TaKUX (DYyHKUUH
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rae S. — MaTpulibl, o6pasywoure npencrasiaedne D(s) anre6per O(3), I u 0 — (2s+1)-
psiiHble eIMHWYHAs W HyJeBas Mmarpuubl. [logcraBus (7.5) B (7.3), mojydyaeM raMuJib-
tonuaH H, (7, Ao) B BHIE

H;(ﬁ, AO) =oym—+ k‘la'g(g' 7?)4—

—

1 = o S/ = (7.6)
+(o1 — 202)% 2 —k2(S-7)% + " (H —i(1— kzls)E)

+ €A0.

Dopmyna (7.6) o6obiaeT raMUIbTOHHAH CBOGOMHON YacTHIBI MPOU3BOJBHOTO CITH-
Ha (1.9) Ha cayyail B3aWMOmEHCTBUSI C BHEIIHUM 3JEKTPOMATHUTHBIM MOJeM. TakuMm
06pa3oM, ucnoavdys s6Ho Kosapuarnmuovie ypasnenus (6.10), (6.11), mor noryuuiu
peuenm 8gedenus U 83aUMOOCLCMBUSL 8 NYAHKAPE-UHBAPUAHMHbLE YpasHeHus 6e3
AUULHUX KOMNOHeHMm, HaliOenHbie 8 pasdese |.

3anaua o guaroHasusauuu cuctembl (6.8), (6.9) cBomuTcs Temepb K npeobpasoBa-
HUIO raMuJbTOHHaHa (7.6) K puaroHanbHoi (opme. Kak u B cayuae ypaBuenus upaka
[17], Takoe mpeoOpa3oBaHKe MOKHO OCYLIECTBUTb TOJBKO NMPUOIMKEHHO, IS T, < M.
Vcronbayst 11t 3TOH 1eJIH CEPHIO TT0CJIeI0BaATEIbHOCTH NPeobpas3oBaHuii

HL(7, Ag) — VBVaVIHL (7, Ag) Vi VotV = HY (7, Ao), (7.7)

rue

1 H 1 =
= |72 —k}(S-7)? — S +i (— —k1> S.-E,m }) ,
8 s s
1 S-H 1 (78)
Va exp{034m2 [ﬂzk%(§~ﬁ)2+l (s k1> S-E },
ICE
V3 = exp l—iaz il m]
W npeHeOperas 4JeHaMH MOPsIKa —, MOJTydaeM

2 §.H 1 o = .
H;’(ﬁ",Ao):Oj(m-i-ﬂ-—— )—I—Ao—TS-(EXﬁ—ﬁ!XE)—

2m 2sm 16m?2s2?
1 1 JFE, —— 79
L [ W] 1) div E (7.9)
24m282 |:2Qab a.’L’b + S(S + ) v :| +
i2s—1) 2 = . OH,
“om?s S-(HXﬂ'—ﬂ'xH) Y 282Qab
rie (Qqp — TEH30p KBAJPYMOJBHOTO B3aUMOAEHCTBUSA
Qap = 3[Sa, Sb}+ — 2(5(11,8(8 + 1). (7.10)

Ha mHoxecTBe (DYHKLMI, YIOBJETBOPSIOUIUX JOMNOJHUTENbHOMY YCJIOBHIO 01P = &
raMuabToHHaH (7.9) MONOKUTENBHO ONpefieleH U CONEPXKUT ClaraeMble, COOTBETCTBY-

]. — — 5 - —
mS'(EX’]T’]TXE)),

— —

S-H
2sm

I0lI1e JHUINOJbHOMY ( ) CIHH-OpPOUTANBHOMY <
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s(s+1)
18522 Qab ) U JapBUHOBCKOMY <2452mQ
JeHCTBHIO YacTHULbL C MOJEM. I[Ba HOCJIeLLHI/Ie ysieHa B (7.9) MOXXHO MHTEpPIIPETHPOBATH
KaK MarHUTHOE CIHH-OPOUTANbHOE U MAaTHUTHOE KBaAPYyMOJbHOE B3aUMOIEHCTBHUSI.
[TpubankeHHbIH raMunbTOHHAH (7.9) B TOYHOCTH COBMAlaeT C MOJyYeHHBIM B pa-
6ore [21], B KOTOpOH B KauecTBe HCXOMHOIO YypaBHEHHsS HCIOJNb30BaJOCh ypaBHeHHe
@eiinmana-Tenn-Manna (6.19). B cayuae (7.9) coBnanaer o ramusabroHuanom Posnu
u Byiirxaiizena [17], KOTOpBIH SIBJSIETCS] HEPENSTUBUCTCKUM MPEAEOM TaMUJIbTOHHAHA
Hupaka nis a/eKTpoHa.

KBa/pYyOJbHOMY ( div E) B3aHUMO-

8. PeaAaTuBUCTCKAas YacTHUIA C IPOU3BOJBHBIM CIITHOM
B OJHOPOZHOM MarHMTHOM MoJje
Paccmorpum cuctemy ypaBHeHuil (6.8), (6.9) mas cayuas 4acTHLE B OJHOPOLHOM
MarsHuTHoM noJie. He yma/sisi oOLIHOCTH MOXHO CUMTaTh, YTO BEKTOpP HaMPSKEHHOCTH
storo mons H napaJJjesieH TpeTbell MPOeKLUUU UMIY/bCa YaCTHULBl ps. DTO O3HAUAET,
YTO KOMIIOHEHTBI T€H30DPa 3JE€KTPOMArHUTHOrO noJs F'* paBHBI

Foo = E, =0, Fo3 = Hy, F3 = Hy =0, Fio=Hs=H. (8.1)
M3 (8.1) caenyer, 4To 7, MOXKHO BBIOpaTh B BHJE
0
1 =p1 — eHxy, T = P2, T3 = Ps3, Wo—Zgo (8.2)
[Toncrasus (8.1), (8.2) B (6.6), (6.7) mpuxoaum K ypaBHEHHSIM
0
(5) (8.3)
. 9= s Ty @\ (e L
Ho(7) =TT 70 + T m+ 0 (1-10) (018 =~ ) H,
2m s
D (= — 1 (s) s
Py(7)W = {Ps+% (1—F4 ) [FL%T#,PSL}\I/:O. (8.4)

[peoGpasyem H,(7) K TaKOMy BHIY, 4TOOBI OH CONEPXKAJ TOJBKO KOMMYTHPYIOLIHE
BEJIMYMHBI. DTO MO3BOJUT HaM, He pellasi ypaBHeHuW# nBuxeHus (8.3), (8.4), ompene-
JIUTb CIIEKTP COOCTBEHHBIX 3HAUEHWH ramMubToHHaHa (8.3).

IMoxBepruem BomHOBYI0 (yHKUMi0 W, ramunbToHnaHaMd H (@) u npoektop Py(7)

npeo6pa3oBaHUIO
UV =V, H(T) = H(F) = VH(T)V ©5)
Py(7) = VE(R)V ! = PU(R), |

rae

- e = -1 L -\ +1(5)
V=T N TR,V _m()\ £+ Ho(7)A Fo),

1 1/2 1 (s)
— 2_ - 2 —— S
3 (7 512H+m> s A (1:|:F4 )

Hcnonb3ys Toxkaectsa

AT = TN, (AF)2 = \*F, ATAT =0, (8.6)
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noJsydyaem
1/2
H.(7) =T (772 rm? - SSlgH) , (8.7)
PU =0  um  SERU =s(s+1)V. (8.8)

Bce omneparopsl, Bxopsiive B onpenenerue (8.7) ramuabronuana H' (7), KOMMYTHPYOT
IPYT C APYrOM H UMEIOT TaKHe COGCTBEHHbIE 3HAUEHHS

I‘és)\Il’ =eU, e=41, SpHUV =s53HYV, s3=—5-s+1,...,s, (8.9)
0 = [(2n+ 1)H + p3| ¥/, n=0,1,2,.... (8.10)

Dopmyanet (8.9) caenyior HenocpeacTBenHo us (2.4), (8.8), a coorHomenue (8.10) npu-
BeJleHo, Hampumep, B [22].

Ksanpar ramuabronuana (8.7) u omeparopsl (8.9), (8.10) nmero obiiyio cucTemy
co6eTBenHbIX GyHkuMi WL, .. OTclofa 3ak/iouaeM, UTo COGCTBEHHblE 3HAYEHUs ra-
MUJIbTOHHAHA (8.7) paBHbI

) s3 L1172
Ecpsyps =€ {m + (2n +1-— :} eH —&—pg} . (8.11)

CoorHomenue (8.11) o6obuiaer n3BecTHy0 (opMmyay [22] mis ypoBHeH eHepruu
3/1IeKTPOHA B OJHOPOAHOM MarHMTHOM MOJle Ha CJydal 4yacTHULB! C IPOU3BOJBHBIM CIIH-
Hom s. Kak Bumno us (8.11), 3HaueHHs HEPTUHM TAKOH YACTHLBl TeHCTBUTEJbHBI MPU
JIOOBIX S, B TO BpeMs Kak ypaBHeHusi Paputbl-1lIBHHrepa npu pelleHUH aHAJIOTMYHON
3ala4yd MPUBOAAT K KOMIIIEKCHBIM 3HaUeHHsIM SHepruu [3].

[TprBenem 1715 NOMHOTEI ABHBIA BUI COOCTBEHHBIX QYHKUMH Wy, p,. BriOupas ma-

TPHLLBI FELS), S,p B BUIE

(s) 6 j (s) j 6 (s) _ 0 _27'0,
Fo _<f o)v H —<o g) e 0 )

Sab - ( O Sab> ) Sab - < 0 SCQLb s Ta = D) 25abCSbc S4a ,

rne [ u0 — 4s-psifiHble MHHYHAS M HysjeBas Matpuubl, Sup, Siq — MaTPHLBI H3
npeactasnenuss D (s — 3, 4) anreoper O(4), a SL, u S2, — marpuusbl, peanusymouue

npeacrasgaenus D(s) u D(s — 1) anre6psl O(3) cOOTBETCTBEHHO, NOJNydYaeM

(8.12)

W,

, B 0
T =

ENS3P3 nps \I/ ’
0

3

(8.13)

eV,
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rie Wy, — (2s + 1)-KoMIOHeHTHasi COOCTBeHHasi (YHKLHs orepaTtopa Siz (KOTOpBIH
BCerjia MOXKeT ObiTh BbIOpaH B AHArOHAJbHOU (popMme)

| 0 0
0 0 0

o= O, w.=|o |, ..., V=] [, (8.14)
: 0
0 0 1

0 — (25 — 1)-psnHble HyJeBLe CTONOLB U

o 2
W = exp(ipras + ipsas) exp |~ (w2 +52) | Ha [VH (w3 +22)], (8.15)
2 H H
H, — mnosuHOoMbl JDpmuTa. HBHBHIA BHI COOCTBEHHBIX (DYHKIMH HMCXOLHOrO TaMHJIb-
tTonuaHa (8.8) moxkeT OwiTh moayuyeH u3 (8.13)—(8.15) ¢ momoribio mpeobGpasoBaHus,
ob6partHoro (8.5).

9. YeThIpeXKOMIIOHEHTHOE ypaBHeHHE [Jisl 0€CCIIMHOBBIX YaCTHIL

YpaBHenus (2.20) ompenesieHbl [Jsi MPOW3BOJIbHBIX 3HAUEHWH CIHHA S, BKJKOYAs
cayda# s = 0. [Ipu 3T0#, onHako, BonHOBass PyHKUHA U MMeeT LeJNBbIX BOCEMb KOMIIO-
HeHT, U (2.20) He UMEIOT HUKAKUX MPEHMYIIECTB Mepe] XOPOLIO M3BECTHBIM MSITUKOM-
NoHeHTHBIM ypaBHeHUeM Kemmepa—JIacdhduna nis 6e3MaccoBbIX YaCTHLI.

B [24] 65710 IIOKa3aHo, 4TO AJist OIMCAHUS CBOGOLHOM 6€3MacCOBOM YaCTULBI MOXKHO
UCII0J1b30BaTh 0OBIUHOE UeThlpeXKOMIIOHEHTHOe ypaBHeHUe [lupaka. Huxke Mbl 0606111a-
eM pe3ysbTatThl [24] Ha caydall 3aps:KeHHOH YacTHIbl BO BHEIIHEM 3JeKTPOMAarHUTHOH
rnoJe.

Paccmorpum ypaBHeHMe BUIA

1
(1 + va)yup" + E(l +Y4)pup" —m| ¥ =0, (9.1)

rle vy, — 4YeThpexpsifiHble MaTpHLbl Jlupaka.
Ypasuenue (9.1) sBHO KOBapHAHTHO ¥ 9KBHBaJEHTHO 0GBIUHOMY ypaBHeHHI0 Jlupaka.
HeiictBuresnbHo, ymHOoXUB (9.1) Ha (1 +v4) u (1 —74), HONyYaeM CHCTEMY ypaBHeHHH

(1 +74) (yup! —m)¥ =0, (9.2)
(1 —y4) (pup" —m*)¥ = 0. (9.3)

[ToneficTBoBaB Ha (9.2) cseBa onepatopoM 7,p" + m U NPUHHUMAs BO BHHUMaHHe
TOXK/eCTBa

(VP =pup",  aVu = —Vuas (9.4)
noJIy4aem

(1 =) = %) + (1= 30) o — )| @ =0, 95)
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Cknanpieasg (9.5) u (9.2) u npunumas Bo BHHUMaHHe (9.3), NPUXOOUM K ypaBHEHHUIO
Jupaka

(Yup! —m)¥ =0, (9.6)

KOTOpoe, TakKuM 00pasom, siBisercs cienctsuem (9.1). Ypasuenue (9.1), B cBOO oye-
pelb, JIerko moJiyduth U3 (9.6), YMHOXKHB MOC/IefHee Ha

{1 + 74+ %(1 = 7a) (Yup" +m)}~

Takum o6pasom, B OTCyTCTBUe B3auMoneHcTBus ypasHenus (9.1) u (9.6) skBuBa-
JIEHTHBl U MOTYT ObITb WHTEPIPETHPOBAHbl KaK ypPaBHEHHS JJIsi YACTHUL[ CO CIIHHOM
s = % und s = 0 [24]. Ongnako mocsie BBeeHHsi B3aumogeicTBust ypasHenus (9.1) u
(9.6) npuBOAAT K COBEPIUEHHO PA3JUYHBIM pe3ysibTataM. YpaBHeHue (9.6) mocse MUHU-
MaslbHOH 3aMeHHl p,, — 7, = p, — €A,, KaK XOpOLIO M3BECTHO, ONHCHIBAET JBHKEHHE
3apsKEHHOH YaCTHLBl CO CIIHHOM § = 3 BO BHELIHE[ 37eKTPOMAarHuTHOH mnose. Yro
)e kacaercs (9.1), To 3To ypaBHeHUe T0CJe BBeeHHs B3aUMOJEHCTBUS, KaK OyIeT BU-
IHO HHXe, CJellyeT WHTEPHPETHPOBAaTh KaK ypaBHEHHe 1 GECCIMHOBOH YacTHIBI BO
BHELIHEM TI0JIE.

Cnenaem B (9.1) 3ameny p, — m,. [locse yMHOXKEHHS NOMYYHBIIErOCs yDaBHEHHs

Ha (14 v4) u (1 — ~4) moayuyaem Bmecto (9.2), (9.3) caenyrouryio cucremy
(14 72) (yur! = m)¥ =0, (9.7)
(1 — ya)(mum — m?)W = 0. (9.8)
[TokaxeM, 4To 3Ta cucrema, nopodHo (9.2), (9.3), s5KBHBaJEeHTHA HEKOTOPOMY ypaB-

1
HeHuI0 nepBoro nopsiaka. [lomefictBoBas Ha (9.7) omeparopom {1 + —(ym +m); u
m

YUYHTBIBasA TO2KAECTBO

ie
(yur)? = mum = Sy (9.9)

nosydaem Bmecto (9.6) ypaBHeHue

e
{’Yﬂ“me(lJr’M)%’YWVFW}‘I’0- (9.10)
OT/IMYAMILKECst OT ypaBHeHUs JIMpaKa s YaCTHLEl CO CIIMHOM 3 BO BHELUHEM MOJE.
[Toxkaxxem, uto ypaBHeHue (9.10) omucbiBaeT OBHKEHHe 3apsKEHHOH YaCTHIEB CO
cnuHoM s = 0. s storo cHadasa ymHOXUM (9.10) Ha vy M MOJyudM ypaBHEHUE B
topme Ilpenunrepa

HY = z’%\l},
. o (9.11)
1€ »
H =v07ama + y0m + eAg + 70(1 + 74)%-
[lonBepras BosHOBYI0 (pyHKUMIO W U ramu/abToHHaH H npeobpa3oBaHUI0
/ ’ —1 aV —1
U - U =V, H—-H =VHV™ " —i—V~ (9.12)

ot
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YaTa

V=14 (1), V*1:1—(1—74)”‘;:“, (9.13)

noJsqydaemM

2
T

H' =~yym + (1 +74)—2a + eAy.
m

Bri6paB mMatpuubl Yo U Y4 B BUIE

o 03 0 o 01 0
’YO_< 0 0,3)3 rY4_( 0 —oy >, (914)

rie o3, 01 — IBYypsiiHble MaTpuilel [laymu, 3amuinem ramuibronnan H' B dhopme

H, 0 N
H = ( 0+ I ) , Hy =o03m+ (03 j:ZO'3)% + eA,. (9.15)

v_
yaeMm aJisd \I/Jr, W_ nBa HesalLEMJSIOLIHUXCS YPaBHEHHUSA

R4
0O603HauuB ¥’ = VU = ( + ), rae ¥, — OBYXKOMIIOHEHTHbBIE CTOJOLBI, MOJY-

2 0
|:O'3m+(0'3:|:i0'3)27;n+6140:| \Iji:iawﬂ: (916)

coBmajawllie ¢ ypaBHeHHsIMH CakaTbl—TakeTaHW I GECCIIMHOBOH 3apsiKeHHOH ua-
CTHLBI BO BHEILHEM 3JIeKTPOMAarHUTHOM TI0JI€.

Takum o6pasom Mbl y6enuauch, uto o6obiieHHoe ypaBHeHue Jupaka (9.10) omu-
CblBaeT JBHXKEeHHe 3apszKeHHOH yacTHLbl co cMHOM O BO BHELHEM 3J1€KTPOMarHUTHOM
nosie. DTO ypaBHeHHEe MOXKeT OBbITh HCIOJb30BAHO MPH pellleHWH KOHKPeTHHIX (huande-
CKHX 3aJad Hapsily C OPYTHMH H3BECTHBIMH YpaBHEHHSIMH /151 O€CCIIMHOBBIX YaCTHIL
(Kemmepa—Hadduna u Kaeitna-Topnona).

3akaroueHue

OO6cynuM KOPOTKO MOJyYeHHble Pe3yJIbTaThl.

J171st 4acTHLBl O IPOU3BOJILHBIM CIIMHOM S M MacCO m HalileHbl Bce BO3MOXKHBIE (C
TOUHOCTBIO 10 MPeoOpa3oBaHUil SKBHBAJEHTHOCTH, OCYIIECTBJSEMBIX UHCEJIbHBIMH Ma-
TPHULAMH) MyaHKape-HHBAapUAHTHbIE FaMHJIbTOHOBBI ypaBHeHUs aBuxKeHns Buaa (0.1), B
KOTOPBIX TaMHJIBTOHHAHB! SIBJSIOTCS AU (epeHIHa bHEIMH ONlepaTopaMyd BTOPOTO MO-
psinka, a BoqHoBasi ¢pyHkuus U(t, ) umeet 2(2s+ 1) xommnoneHt. [losyueHHble ypaBHe-
HHs1 BKJIOYAIOT KaK 4acTHbI caydaii ypasrenus Jupaka ansi s = 3 u Tamma—Cakatbi—
Takeranu qass s =0u s = 1.

HatineHsl TakKe ypaBHEeHHs! JIBHKEHHMsI YaCTHLBI IPOU3BOJBHOIO CIIMHA, BKJOYAIO-
I[{e MPOM3BOJHEIE He BBHILIE MEePBOr0 MOpsiaKa. DTH ypaBHEHHs MMeEIOT BHA 8S-KOMIIO-
HEHTHOTO ypaBHeHHs JlMpaka ¢ HEKOTOPHIM ITyaHKape-HHBAPHAHTHBIM JONOJHHTEbHBIM
YCJIOBHEM, YCTPAHSIOUINM JIMIIHHE KOMIIOHEHTH BoHOBOH (yHkuuu (cM. (2.20)). [pu
0600LIeHHH Ha Caydall 3aps?KeHHOH 4aCTHLbl BO BHEIIHEM 3JeKTPOMAarHUTHOM I[OJe
ypaBHeHus (2.20) He NMPUBOAAT, B OTJIMUHE OT APYTUX SBHO KOBAPHAHTHBIX ypaBHeHHH
IJIs1 BBICIIMX COMHOB [1-3] , K HAapyIIEeHUIO MPUHIIKIA TTPUUHUHHOCTH.

Jlpyrum noctonHcTBOM ypaBHeHHH (2.20) siBjisieTcst UX mpocTast popMa, KoTopasi He
YCJIOXKHSIETCS ¢ POCTOM CITHHA. DTO MO3BOJISIET PElIaTh Pa3/HuHble (PU3HUECKHe 3aa9l
IJiS TIPOU3BOJIbHBIX 3HaueHHd s. Tak, B Hacrosiiie#i paGoTe TOYHO pelleHA 3afaya o
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IBMKEHHH PEJISITUBUCTCKON YaCTHIBI IPOM3BOJBHOIO CIIMHA B OJHOPOLHOM MarHHTHOM
rnoJe.

B Hacrosiiell pa6oTe He HCCJIeIOBaNUCh BOIIPOCH], CBS3aHHbIE C BTOPHUHBIM KBAHTO-
BaHUEM IOJYYEeHHbIX ypaBHeHUH. OTMeTHM, YTO NPOLELYPY BTOPUUYHOrO KBAHTOBAHUS
IMpPaKONoNOOHbIX ypaBHeHHH (2.20) HeTpyHHO OCYLIECTBUTH B (popMasin3Me YMe3aBbl—
Takaxatu [25], ucnosb3ys npencrasienue (6.3).

MoxkHo mokasatb, uTo ypasHeHus (2.20) MHBapHaHTHBI OTHOCHTEJBHO ONEpaluH
3apsoBoro conpsixkeHusi C', HO HEMHBapPUAHTHBI OTHOCHUTEJbHO OOpallleHHsl BpeMeHU T’
U OTpakeHHs MPOCTPAHCTBEHHBIX KoopauHat P. P-, C-, T-HHBapHaHTHble ypaBHEHUS
IJ1 4aCTHL[ TPOU3BOJILHOTO CIHHA MOTYT ObITh MosydeHsl U3 (2.20) myTeMm ynBOeHHs
YHCJ1a KOMIIOHEHT BOJIHOBOH (PYHKLMH U 3aMeHb Fff) — fLS) coryiacHo (4.23).

Bripaxkaem 6arogaprocts C.I1. OHydprituyKy 3a mpoBepKy OCHOBHBIX (DOpMYyJ Ha-
cTosilell paGoThl.

JlonmoJiHeHHe
[puBenem pelieHe cucteMbl cooTHolueHuH (1.14)

h) RS =1, (I.1a)
hORE) + hE Rl = o, (O.16)
hgs)hgs) 4 hff)hgs) + hgs’hff) =p?, (O.1B)
RORS + B = o, (Id.1r)
WORE) = o. (A.1n)

N3 (M.1a), (1.8) BuaHO, 4yTO He yMassiss OOLUIHOCTH, MOXKHO MOJIOXKHTh
hy) = o (1.2)

JHedcrBuTteanno, corsmacuo (1.8), (M.1a), KoapduLHeHTH al® IOJI?>KHBI YIOBJIETBOPSATH
M y P

YCJIOBHIO

(al) + (a7) + (o) =1 a? =0 (132)
HJIH
(a(()s))2 =1, ags) = a(zs) = a:(;) =0. (11.36)

Ycnosue ([1.36) HecoBmectHo ¢ ([1.16)—(M.1x), a matpuua (1.8), (/.3a) Bcerna mo-
XeT ObITb MpuBeleHa K Buny ([1.2) mocpeacTBom mpeoOpas3oBaHHUs hés) — UlhéS)Ufl,
roe

—1/2
U, = [1 + agaaa(of)] [2 (1 + ags))} , ags) £-1, a=1,2. (11.4)
N3 (1.2), (1.16), (1.8) caenyert, uTo

O (s + ) 57 (15)
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—2 2
[ycTb (b(25)> + (bgs)) = k2 # 0, Torna npeodpasopanue h\" — Uh¥ U, rae

Uy = [1 t oy (g2b§s) + agbg”ﬂ [le (k1 + b§s>)]_1/2, by # —k,  (IL6)
IPUBOJUT hg‘s) (11.5) x Buay

W) = o3k S - . (I.7)
Ho torma u3 (1.8), (1.2), (1.7), (I.18) nonyyaem

hés) = %01 {p — k2 S-p) }

+02[ (S5 +dPp 2}+a [03( S92 +dSp 2}.
[Moncrasus (M.7), (1.8) B ([A.1r), npuxomuM K COOTHOLIEHHIO
cs(S - p)? + dsp*(S - p) = 0. (1.9)

B cayuae s > 1 onepartopsl (S-p)? u p?(S-p) TMHEAHO HE3ABUCHMBI, U /ISl BLITIOJHEHHS
(1.9) H€06XOI[I/IMO MOJIOXKUTb ¢3 = d3 =0 U

(1.8)

W = sor [~ RS- 9] 402 [)(8 -9 + 7). (11.10)
[Totpe6yem, utobnl oneparop ([1.10) ynosaerBopsin ypaBhenuto ([1.11) u nosyuum
L4

-P ——p2k2( D)+ 5 k4( p)*+

4
+(eg">) (§-ﬁ)4+(d§s>) pt+247d50pA(S - )2 = 0.

Mpn s > 3 onepatoput p?, (S-p)* u p?(S - §)? numeiino nesasucumsl. Ho torma us

(.11) cnemyer, uTo

(I.11)

k3 i

— 7L -4
=Fig, dso j:2. (1.12)
[Moncrasus ([.12) B (H.10), npuxomum K dopmysne
h$) = 2(01 + igy) [p k(S p)? (IL.13)

Takum 06pa3om, Mbl [M0Ka3ajH, YTO C TOYHOCTBIO IO MAaTPUUYHBIX MpeobpasoBaHuUil
(I.4), (1.6), Bce Bo3MOXKHBIE pelleHUs cUcTeMbl cooTHoweHnid ([I.1) masi omepaTopos
(1.8) zapmatorcst popmynamu ([1.2), (A.7), (IA.13) (ecau k1 #0 u s > %). Amnajioruuso
MOXHO ToKasathb, uto ¢opmyasl ([.2), ([1.7), ([1.13) 3amaioT Bce pelieHHs] CHCTEMbI
(O0.1) u pnst k1 =0, s > % Hcnonb3ysi ToxaecTBa

(1@3:1)2(1@’ s=1,
4 20 9 4 _3
(59 =26 9% - ' s=3
nosnydyaeMm petenusi ([.1) nass s =1u s = % B Buze (1.15)-(1.19).

(11.14)
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On the new invariance groups of the Dirac
and Kemmer—Duifin—Petiau equations

W.I. FUSHCHYCH, A.G. NIKITIN

In works [1-6] the canonical-transformation method has been proposed for the investi-
gations of the group properties of the differential equations of the quantum mechanics.
This method essence in that the system of differential equation is first transformed
to the diagonal or Jordan form and then the invariance algebra of the transformed
equation is established. The explicit form of this algebra basis elements for the starting
equations is found by the inverse transformation.

The main distinguishing feature of this method from the intensively developed duri-
ng last years classical Lie method [7, 8] is that the basis elements of the invariance
algebra of the corresponding equations do not belong to the class of the differential
operators, but are as a rule integrodifferential operators. The new invariance algebras
of the Dirac [1, 2]', Maxwell [2], Klein-Gordon [3], Kemmer-Duffin-Petiau (KDP)
and Rarita—Schwinger [4] equations have been found just in the class of integrodi-
fferential operators.

The aim of this note is to establish the Dirac and the KDP equation invariance
algebras in the class of differential operators. The theorems given below (which es-
tablish new group properties of the Dirac and of the KDP equations) are proved with
the help of the canonical-transformation method.

To establish an invariance of the equation

0

— i
oxH

L(P07P17p27p3)\1’(x0a93) =LY :0, Pu (1)

under the set of transformations ¥ — ¥/, = Q4¥ is to found a set of operators
Q = {Qa4} such that

[Lv QA}fql = 07 v QA S Qv (2)

where U is a function which satisfies eq. (1). Condition (2) may be written in the
operator form

[L,Qa]l- =F-L, (3)

where F' is some set of operators, which are defined in the space of equation (1)
solutions.

Theorem 1. The Dirac equation

L%\IJE(’pr“—I—m)\IJ:O (4)

Lettere al Nuovo Cimento, 1977, 19, Ne 9, P. 347-352.
IThe results of the work [2] have been generalized by Jayaraman (/. Phys. A, 1976, 9, 1181) to the case
of the equation without redundant components for any spin. See also [1].
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is invariant under the 16-dimensional Lie algebra Aig, whose basis elements are the
differential operators
1

RL:pu:i B

J/w =TuPy — TuPpu + VYo (5)

b
ozr’

Quv = Y + — (1 +iv4) (VuPr — YoPu), Y4 = Y0V17273- (6)

1
m
Proof. If one does not ask himself about the way to found the operators (6) (the
operators (5), whith form the P; 3 algebra, are well-known), the theorem validity may
be established by direct verification. Indeed, one obtains by direct calculation that
Q. satislies the invariance condition (3)

1
[Quua L%]— = F‘/fyL

1
2

1 7
5 F‘/fu - E(’Yupu - ’Yupp,) (7)
and form together with P,, J,, the Lie algebra

[P;L’PV}— =0, [PMJW]— :i(gA#P,,—gAl,Pﬂ), [PMQW]— =0,
[J;u/; J)\a]f = i(guAJVU + guUJu)\ - guUJuA - gu)\Jp,a)a (8)

[Q;wa Inol- = %[Qum Qxol- = i(guAQuo + GuoQur — GuoQua — guAQuU)~

But such calculations are very cumbersome. A more elegant and constructive way,
which shown the method to obtain the operators (6) is to transform eq. (4) to the
diagonal form. After such a transformation the theorem statements become obvious
ones.

Such a transformation may be carried out in two steps. First eq. (4) is multiplied
by the inversible differential operator

1 1 _
W=1- Emp“ - ﬁ(l + iv4)pupts

1 1 9
W=1+ —aup” — 55 (1= iva)pup”.
As a result one obtains the equation
WL =0, (10)
which is equivalent to the starting eq. (4). Then with the help of the isomeric operator
V =exp [ﬁ(l + z'm)wp“} =1+ ﬁ(l + i) P (11)

one reduces eq. (10) to the diagonal form
Ld=V(WL)V1d = {)\er + )\;(p#p“ —m?) | ®=0, (12)
2 m
where @ = VU, A\* = (1 +ivy).

Equation (12) is equivalent to the starting eq. (4) and contains the only matrix 4,
which may be taken in the diagonal form without loss of generality. So it is evident
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that the matrices @, = iy,7, commute with the operator L!. These matrices

satisfy the commutation relations of the Lie algebra of the SU22® SUs group and
satisfy the relations (8) together with the generators P, = VP, V' = P, and
=V IV = Ju.
To complete the proof it is sufficient to find the explicit form of the matrices
., in the starting W-representation. Calculating Q,, = V'@, V, one obtains the
operators (6). The theorem is proved.

Corollary 1. If one makes in (4), (9)-(12) the substitution

ie
VP! = Y = (P — €Au) Vs pupt — m T — E’Yu%Fuw

where A, is the vector potential, and F},, is the tensor of the electromagnetic field,
the transformations (9)—(12) establish the one-to-one correspondence between the
solutions of the Dirac and of the Zaitsev—Gell-Mann equations [9].

Corollary 2. The above founded operators (), may be used to find the constants of
motion for the particle interacting with external field. For instance the operator the
Q = eavcQoe(m)(H, — iE,) is the constant of motion for a particle moving in the
homogeneous constant magnetic field H and the electric field E(Qp.(7)) is obtained
from (6) by the substitution p, — m,.

Corollary 3. In theorem 1 the invariance condition of eq. (4) is formulated by the
language of Lie algebras, i.e. on the infinitesimal level. The natural question arises:
what sort of finite transformations are generated by @, ? Using the explicit form of
the generators (6), one obtains these transformations in the form

U(z) — U'(2) = expliQapbap) ¥ (z) = (€08 Oup — Yayp sin Oap) ¥ (2)+

oV(z)  0¥(z)
8xb Vo 8% ’
U(z) — ¥'(x) = expliQoabap) ¥ (z) = (cosh Oy, — isinh 0paV0Va) ¥ (x)+

+ i(1 + i74) sinh g, <fyo 0%(z) — Ya 8\I/(I)) ,
m 0x, Oxg

1
+ _(1 + 274) sin aab (’Ya
m

(13)
. . 1 . .
x, — x:L = exp[iQabbab) Ty exp[—iQapbar] = z,, + E(l + iy4) sin Ogp X
X ('Yagub - 'ng;m)(cos eab — Yab sin 0&b)7

x, — x:L = exp[iQoaboal Ty exp[—iQoaboa] = =, + E(l + 174) sinh g, ¥

X (’YOg;m - ’Yag,uo)(COSh Ooa — i'YO’Ya sinh 00a)a

where 6, = —0,,, are the six transformation parameters (there is no sum by a, b).
Transformations (13) together with the Lorentz transformations form the 16-parame-
ter invariance group of the Dirac equation.

In the quantum field theory not only the Dirac equation (4) but the system of two
four-component equations for the two independent functions ¥ and ¥ is considered
usually. Such a system is equivalent to one eight-component Dirac equation

(Tup” +m)¥(zg, x) =0, (14)
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where T', are (8 x 8)-dimensional matrices, which satisfy together with I'y, I's, T's
the Clifford algebra (one can see details e.g. in [5]).

The system of eq. (14) has the higher symmetry in comparison with the four-
component Dirac equation. It is shown in [5] that the additional invariance algebra of
eq. (4) (apart from P 3) is the Lie algebra of the Og-group. This result admits the
following strengthening:

Theorem 2. Equation (14) is invariant under the 40-dimensional Lie algebra Ayp.
The basis elements of this algebra have the form

.0 i
P,=p,= z—axu, Juw = xupy — Ty + §FHFV7
Omn = il + — (1 +i06)Tln — Tply),  myn=1,2,...5, (15)
m

an = FG + %(]— + iFG)PupM an»

where, by the definition,

Z@‘I’(.’EQ,%)

=0.
ama+3

Pa+3¥(z0,®) = —
Proof may be carried out in full analogy with the proof of theorem 1. We only draw
attention to the fact, that @, satisfies the Lie algebra of the group SU,.

Let us now consider the group properties of the KDP equation, which describes
the particles with spin s = 1. This equation has the form

qu’(fo,ﬁ) - 07 Ll = 6#‘1)” + m, (16)

where 3, are the ten-row KDP matrices.

[t follows from the above that the KDP equation has to possess the more high
symmetry then eq. (4) do. This conclusion is supported by the following
Theorem 3. The KDP equation in invariant under the 26-dimensional Lie algebra

Agg, basis elements of which belong to the class of differential operators and have
the form

.0 .
PN:p#:Zax/La JyV:x,upu_l'up,u"'Z[ﬁuvﬂu]*a
Ao = [Cabvcacha Aat+3 = Cpe, A7 = —i[012023031 — C23C31C12],
)
Ag = —ﬁ(012023031 + c23€31C12 — 2€31C12C23), As+a = CabCob; (17)
Allita = iCoq, A5 = (C12€23C02 — €23€31C03),

Mg = %(012023802 + C23C31C03 — 2031012001)7
where

. 1
Cp,l/ = Z[ﬁ;uﬁlj]— + E(aupl/ - aljpu)7 (a'a b7 C) - CyCl (15 273)7

o= 55, Bul -+ i By = 2By

(18)
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Proof. First we shall show, that the operators A satisfy the invariance condition (3).
By direct verification one obtains
i
e Ll = FlyL =1, Fly = (L1 = 2m)— (Bupo — Bupi). (19)

It follows from eq. (19) that the operators c,, (and hence all Ay) satisfy eq. (3).

The operators (17b) satisfy the commutation relations of the Lie algebra of the
SUs @ SUs group. This fact may be verified immediately, but the more simple way is
to make previously the transformation A — VA,V =1 = X,, where

V =exp [%aup“} , Cpy = Cpyy = Ve, Vo =i[B., 8- (20)

By means of eq. (20) it is not difficult to make sure that the operators A’ and
P, =Vp,V ' =pu, J,, = VI,V = J, form the Lie algebra. The theorem in
proved.

In conclusion let us note that the main part of the theorems 1, 2, 3 (i.e. the
invariance of egs. (4), (14), (16) under the corresponding algebras) may be proved
also by the transformation Ly — VL,V =1, where V is the integrodifferential operator

V =exp {z% arctg %} exp [Sa;pc arctgh %} ) (21

The preference of this transformation is that it may be easily generalized for the case
of an arbitrary spin, but the basis elements @, of the new invariance algebra have
to be integrodifferential operators (as like as (21)). Thus for the Dirac equation one
obtains

Qab = 1vam + —(7aPb = WPa) (L +748),  Qoa = 1€Qse
where ¢ is the integrodifferential operator of energy sign

. HP _
¢ = = (Y0YaPa + yom)(m? +p?) =2
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O rpynmnax MHBapMaHTHOCTU OJHOTrO KJjacca
CUETHOU CUCTeMbl YPaBHEHUU MEepPBOro
nopsiika C YaCTHbIMM NMPOU3BOIHBIMU

B.H. ®YU[HY, C.I1. OHYPPHHYYK

B pa6orax [1-3] mpemsiokeH MeTol KaHOHHUYECKHX MPe0OPA30BAHUE [IJii H3YUEHHS
TPYIIOBBIX CBOMCTB NU((epeHUHAIbHbIX yPABHEHUH KBAHTOBOH MEXaHHKH, KOTOPBIH
OTJIMYaeTcs OT KJaccuueckoro Metofa Jlu. OcHOBHOe OTJIMYME COCTOMUT B TOM, UTO Oa-
3UCHble 3JIeMeHThbl aJare6pel HHBAPHAHTHOCTH TOrO HJIM HHOTO YPaBHEHMs MOTYT ObITh
UHTerpoauddepeHHaNbHBIMUA ONepaTOPaMH, B TO BpeMs Kak B MeTofe JIu Takue ore-
paTophbl He MOTYT BO3HHMKATh 10 CaMOH NOCTAHOBKe 3a1auH.

C nomolbio KaHOHUYeCKHX Mpeo6pa3oBaHUU YCTAHOBJIEHbl HOBble TPYMIbl HHBapH-
AHTHOCTH, OTMHYHble oT rpynn Jlopenna u Ilyankape, mast ypaBHeHH#H MakcBensa u
Hupaka [1, 2, 4], Kneitna-Topnona [3] u Kemmepa—Iadduna [5]. Bee atu ypaBHeHus
MOXKHO NPEICTABUTh KaK KOHEUHYIO CHCTEMY ypaBHEHHH NepBOTO MOPSiKA B YACTHBIX
TNPOU3BOJHBIX BHAA

Aﬂp“\I}(t7x17x27x3) +B\I/(t,$1,$27.’173) :07 (1)

rie mo mosTopsiolleMycst HHIeKey p = 0,1,2,3 nogpasymeBaercs CyMMHpOBaHHe; A,
B — KoHeuHble KBaJpaTHble MaTPHLbl, yIOBJETBOPSIOLIME ONpPeLeJieHHbIM CBOHCTBaM;
U — BekTop-cTosbel TOH XKe pa3MepHOCTH, uTo U A, B;

po = i0/0t, Do = —10/0xq, a=1,2,3.

Ilenb HacTosilel paGOTHl U3YYUTh METOAOM KaHOHHUYECKMX NpeoOpa3oBaHUH IpyT-
noBble CBOMCTBa ypaBHeHMH THna (1) B ToM caydae, Korga Koadduuuentsl A,, B
ABJISAIOTCS GeCKOHEYHOMEepPHBIMU MaTpULAMM ClellabHOro BUAa. BynyT ycraHoBJeHB!
HOBBIE TpYyMIbl (aare6pbl) HHBAPHAHTHOCTH AJsi OecKOHe4HOH cucTembl THma (1), KoTo-
pble OMHUCHIBAIOT PeNIATHBHUCTCKYIO CUCTEMY C GeCKOHEeYHBIM YHMCJOM cTerneHed cBOGOIbI
(Mo CIMHOBBLIM HHIEKCAM).

Hanee 6ynyT paccmarpuBaThest Takue GeckoHeuHble cucTeMbl (1), K03(hhHIIHEHTHI
KOTOPBIX SIBJSIIOTCS KBaAPATUUYHBIMU (QYHKIHUSIMH OT OMepaTopoB (MaTpHLL), YAOBJIETBO-
PSIOLIMX KOMMYTALMOHHBIM COOTHOLUEeHUsIM anre6psl [efizendepra

[daadb]— :icaba a7b: 1a2a"'a8a (2)

rae Cab — MaTpHU4YHbI€ 3JIEMEHThI BOCbMI/IpH[LHOIZ MaTpHULbI

1000

_( Os L o100

C‘<—14 04)’ Lh=19010| ®)
0001

Jokaansl Akanemuu nayk CCCP, 1977, 235, Ne 5, C. 1056-1059.
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XopoIo H3BECTHO, YTO TepecTaHOBOYHbIE COOTHOWIeHHs [eiizeHbepra (2) MoryT
OBbITb peasM30BaHbl MO0 B BUIe GECKOHEUHBIX MATPHIL, JUOO B BUIE ONEPATOPOB yMHO-
JKeHHsI Ha He3aBHUCHUMYIO TlepeMeHHYI0 U orepaTopoB AuddepeHIHpoBaHus. B nmepeom
clydyae NPUXOAMM K mNpeiacTaBjeHuto [efizen6epra, Bo BTOPOM — K IPeLCTABJEHUIO
Hlpenunrepa. Tak kak padotaTb ¢ 6eCKOHEUHBIMH MaTpUllaMH KpaliHe HeYyHoOHO, B
JajbHeHIIeM HCroJb3yeM npenctaBieHue lpenunrepa. 9To 03Ha4yaeT, UTO BEJUYHMHBI
A,, B B (1) ecTb HexoTOpblE (PYHKIMH OT HEKOMMYTHDPYIOLIUX ONEPATOPOB (q.

PaccMoTpuM ypaBHeHHe MepBOro MopsiaKa B YaCTHBIX MPOU3BOAHBIX C ONEePaTOPHBIMU
Kos(pdureHTaMu (MM GeCKOHEYHBIMU MaTpPULLAMH) BHJA

OV(T,1,q)

i = (Bup" + F55) (7,2, 9), (4)

rfe onepatopHele Ko3(QhHUHEHTb! [, ABJAIOTCS CIeIYIOLHUMH QYHKIHUAM OT (g

1, R . R R . . R
Bo=7 (67 + a3+ G5 +d5 — 65— a3 — 47 — G3)
1, . . R R . R R
b= (G =3 — G5+ a5+ 65— a3 — 47 +G3)
1, . . . .
Bo = 5 (—G1G2 + G3dGa — 456 + Gvds) , ()
1, . . .
/%=§@%+@m+%m+%%%

s = — s + oo + dnds + i),
T — CcoOCTBEHHOE BpeMsi, ¢ — MPOU3BOJIbHEIE Mapamerp, x = (g, Z1, Ta,L3) — TOUKa
B 4-MepHoM mnpocTpaHcTBe MHUHKOBCKOTO, ¢ = (¢1,42,4¢3,q4), —00 < ¢ < 00, & =
1,2,3,4; ¢; — coOCTBeHHble 3HaYeHHs ONEPaTopoB ¢;. B nasnbHelimem “KpbILIKY” Hax
orepatopamu g, O6yaeM OomnycKaTb.

YpaBHenue (4) siBasercs 06001IeHUEM H3BECTHBIX PEJNSITUBUCTCKUX ypaBHeHHH Ma-
fiopana [6], Hamby [7], dupaxa [8], onuchiBalolIuX QU3NYECKHE CUCTEMbI C GeCKOHe-
YHBIM YHUCJIOM CIIHHOBBIX M MacCCOBBIX COCTOSIHHH.

YpaBuenue (4), Kak 1 ypaBHeHue MaiiopaHa [6], HHBapHAHTHO OTHOCHTEJIBHO Tpe-
o6pasoBanuit u3 rpynnsl [lyankape P(1,3). BoisscHum Temepb Tako# BOMPOC: Cylie-
CTBYIOT Jiit GoJiee MIKMPOKHe (MK APYTHe) TPYIIbl HHBADHAHTHOCTH ypaBHeHUs (4), yeMm
rpynna P(1,3)? [TonoKuTenbHEI OTBET Ha 3TOT BOMPOC HaeT

Teopema 1. Ypasnenue (4) unsapuanmuo omuocumervio 16-meproil areebpor Jlu,
basucHole anemermol. KOMOPOL 3a0arOMmcs Onepamopamu:

Pu =Pu = iguua/axw JNV =TuPy — TPy + S;u/a (6)
Luu = S,uu + 77;w(P)7 (7)

2de g,, — MempuuecKull men3op ¢ KOMNOKEHMAaMU Goo = —gi1 = —ga2 = —¢33 = 1,
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Guv = 0, ecau | # v; Komnonernmo. MeH30PHLLX ONepamopos S, PasHbi

1 1
So1 = 5 (@105 — 4206 — 43a7 + qads),  Soz = 5(—d1d6 — 4205 + 4sds + 4aqr),

1 1
Sos = =(q1q7 + @248 + @395 + q1G6),  S12 = = (—q196 + 4205 — 9395 + quqr), (8)

2 2

1 1
Sis = §(q1q7 — G248 — 4395 + Gaqs), Sa3 = 5(—q1qs — ¢297 + 4396 + q4Gs5),

(L — ) 1
Nuv = L—L%(p,usuppp *pus,uppp) - Z(pus&/ - puS@L)a (9)
L = (p,p" + )2, (10)
Lo = (pup™)*/2. (11)

Joka3arenbctBo. Eciii He cTaBUTh BOMPOC O TOM, KAKHUM CIOCOOOM HaHIeHBI ornepaTo-
pel (7), TO B CIpaBeNIMBOCTH TEOPeMbl MOXKHO YOeIHUThbCs HENOCPeNCTBEHHOH MpoBep-
Koil. OmHaKO 3TO CJAMIIKOM TPOMO3JKO W yTOMHUTENbHO. Dojiee KOPOTKHMH KU KOHCTDY-
KTHUBHBIH MYTh, YKA3bIBAIOLIHMHA CNOCO0 HaX0XKIeHHs onepaTopoB (7), COCTOHUT B TOM,
yTOOBI, KAK ¥ B CJIydae KOHEUHOMEpPHBIX ypaBHeHH# [1-5], mpeobpasoBaTh ypaBHeHHE
(4) k KaHOHHUeCKOMY (mHaroHaJbHOMY) BHAY. Takoe mpeoGpa3oBaHKe OCYIIECTBJSETCS
IpY MOMOLLM YHUTAPHOTO Oreparopa

0
W_exp{iWG}, @:arctg@, (12)
LO x

r7le KOMIIOHEHThI BEKTOPHOTO oneparopa S, UMeT BH[

1
SsozZ(qf+qg+q§+qi+q§+Q§+q?+q§),

1
551=Z(Cﬁ—qi—ﬁﬂﬁ—q§+Q§+q?—q§),

X (1)
Ss2 = 5(—611612 + ¢394 + q596 — q73s),
1
Ss3 = 5(¢]1Q3 + G296 — 4597 — 464s)-
[Tocsie npeo6pasoBanns (12) ypaBHeHue (4) NPUBOAUTCS K BHLY
O0P(T, x,
PCLD o rareg), B = W), (14)

Tak kak omepaTopsl Sy, KOMMYyTHPYIOT C ONlepaTopoM (5, To ypaBHeHHe (14) nHBa-
PHAHTHO OTHOCHTEJIBHO Npeo0pasoBaHMi, reHepUpyeMblX omepaTtopaMH Sy,. Has 3a-
BepLIeHUsA NoKa3aTeJsbCTBa OCTACTCA TOJBKO HaWTH SIBHBIH BUJ OIlepaTopoB S;uz B W-
npencrasneHuu. Boluucasis Ly, = W15, W, nonysaem oneparopst (7).

3ameuanue 1. Onepatopsl (6), (7) ynOBJIETBOPSIOT KOMMYTALIMOHHBIM COOTHOIIEHHUSIM

[L/Ll/a L[)G’]— = i(g/LaLy/) + gl/pL/LO' - g,upLz/o - gunL/Lp); (15)
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[Juzz; Jpa]— = i(guaLup + gupLua - gupLua - gVO'LMp)' (16)

3ameuanue 2. Eciu B ypaBHeHUH (4) MOJOXKUTL » = 0 U Ha QYHKIHIO U HaJOXKUTh
nyaHKape-HHBAapHAHTHOE YCJIOBHE

0U(T,2,q)
’ or

rie m — (QUKCHPOBaHHBIH Mapamerp, TOo cucTeMa ypasHeHuit (4), (17) coBmamaer c
0600111eHHbIM ypaBHeHHeM Maiiopana B gopme Hamby [7]. Teopema 1 coxpaHsieT cuay
U B 3TOM CJyyae.

Ecnn ke Temeps omepatopwl 3, S,, BBIOpaTh B mpeiactaBienud Jlupaxa [8], To
13 cucrembl ypaBHenud (4), (17) mosyunm obeiuHoe ypaBHeHne Matiopana B dopme
Hupaka [8]

(Bup! —m)¥(x,q1,q2) = 0. (18)

Hcnonbsyst pesynbTathl padot [1, 4], MOXKHO 10Ka3aTh CAedyIOllee YTBEpPKIEHHE.

=m¥(r,z,q), (17)

Teopema 2. Eciu Ha mHoxcecmso peuienuil ypasuenus (4) Haroxncumo OONOAHU-
meabroe ycaosue p,p*¥ > 0 (uau p,pt < 0), mo makoe ypasHerue ¢ 0ONOAHUMENb-
HbIM YCAOBUEM UHBAPUAHMHO OMHOcumenrvHo arcebpol Jlu epynnot SO(1,5) (uau
S0(2,4)).

W3 13/102KEHHOTO BbIIIE SICHO, YTO METOJ, KAHOHHYECKUX TPeoOpa3oBaHUil, KOTOPLIH
mupoko ucnosb3oBancs H.H. Boronto6oBbiM npu mocTpoeHUU TeOprui CBEPXTEKYy4YeCTH
U CBepXmpoBoguMocTH [9], BecbMa 3QQeKTHBHO pabOTaeT W MPH HCCJIENOBAHUU TPYI-
MOBBIX CBOHCTB AH((epeHLHaIbHBIX YPaBHEHUH.

B 3akJouenne XoTuM BeIpasuTh GsaropapHocts A.I. HukutuHy 3a mosie3Hsle cose-
Thl U TUCKYCCHH.
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O HoBoOIl ajqredpe MHBAPUAHTHOCTH

cBoOonHoro ypaBHeHus Illpexunrepa
B.H. ®YLIHHY, I0.H. CETEJIA

B [1, 2] ycraHoB/€HO, YTO MaKCHMaJbHOH KHHEMATHUeCKOH TpyNIod WHBapHaHTHOCTH
cBobonHoro ypaBHeHus lllpenunrepa

z% o pa:_Z%’ a=1,2,3, 1)
sBJsieTcst 12-mapaMeTpuueckast HeKOMINIaKTHast rpymma JIu, comepxxaiiasi B KadyecTBe
noarpymnmel rpynny lanunes. BasucHble aneMeHTsl anre6psl JIu 3ToH rpynnsl MHBapH-
AHTHOCTH (MaKCHMaJslbHOH KHHeMaTH4yecKo# anreGpel HHBAPHAHTHOCTH) SIBJSIIOTCS AU(-
(hepeHLMANILHBIMU ONepaTopaMu 1-ro mopsiaxa.

B [3] naiimena anre6pa HHBapHaHTHOCTH ypaBHeHHs (1) B kjacce nuddepeHLH-
aJIbHBIX ONIepaTopoB 2-TO MOPSIIKA, COEPIKaIast, KpOMe 3JeMEHTOB MaKCHMaJIbHOH KH-
HeMaTHUeCKOH anreOpbl HHBAPUAHTHOCTH, €lle CHUMMEeTPHUHble KBaApaTHUHble (HOPMBI
OT 3JieMeHTOB anre6pnl lanuses. B cBsisu ¢ 3TUMU pe3ysbTaTaMd BO3HHUKAeT ecTe-
CTBEHHBIH BOIMPOC: CYLIECTBYeT JM ajrebpa UHBApDHAHTHOCTH ypaBHeHus (1) B mpyrux
KJlaccax onepaTopoB?

OnHMM M3 aBTOPOB HACTOsILIeH 3aMeTKH MokasaHo [4-6], uto ypaBHenusi Makcses-
Ja, Mupaxka u Knelina-T'oproHa o6safaoT AONONHUTENbHOH HHBApPHMAHTHOCTBIO, OTJIH-
YHOHU OT JIOPEHILI-WHBApUAaHTHOCTH. [IpyU 3TOM Ba:KHO MOLUEPKHYTb, YTO GA3UCHEBIE 3Jle-
MEHTbl 3TOH HOBOH ajre6pbl HHBAPUAHTHOCTH SIBJSIOTCS UHTerpoauddepeHIHaNbHbIMHU
orneparopaMu. DTOT pe3y/bTaT F'OBOPUT O TOM, UTO HMeeTCs BO3MOXKHOCTb MCKaTh HO-
ByI0 anre6py HMHBapHaHTHOCTH ypaBHeHHsi (1) B Kiacce HHTerpoau¢gepeHIHATbHBIX
OIepaTopoB.

Huxe naH nosoxKuUTe/bHBIH OTBET Ha MOCTABJEHHbIH BhILIE BOIPOC.

3ajaua 0 HaxOXKAEHHH ajareGpbl HHBAPUAHTHOCTH ypaBHeHHsi (1) cOCTOMT B omuca-
HHUH U SIBHOM NOCTPOEHHH BCEBO3MOXHBIX (B TOM HJIH MHOM KJacce) OmepaTopoB (4,
YIOBJIETBOPSIIOIIHUX YCJIOBHIO

[i% — H, Qa} i U(t,x) =0, (2)

2
= HU(t,x); H=2e :

rae {A} — HEKOTOpOoe MHOXKECTBO MHIEKCOB.

Teopema. Aseebpoii unsapuarnmuocmu ypasnenus Llpeduncepa (1) sersemcs aree-
6pa Jlu, uzomopprasn areebpe Jlu epynnot Jopenya SO(1,3).

Hoka3arenbcTBo. Kak yxke yrnomMuHasoch, yc/aoBusi (2) BHIMOJIHAIOTCSA A/ Oa3UCHBIX
3J1eMeHTOB anre6psl JIu rpynnsl lannnes

. .0
P():Z&, Pa:pa:_za—xa7 Jab = TaPb — TbPa;
G = tpa — Mg, M =mE, [xavpb] = i0qb, a,b=1,2,3,

E — envHU4YHBIA opepaTop.

Jokaansl Akanemuu nayk CCCP, 1977, 232, Ne 4, C. 800-801.
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PaccmoTtpuM Takoll HHTerponr¢epeHLHaIbHEIE oepaTop

~ 5 ap + p)
a 2xap pxa? (3)

Do =pap/m;  p= () = (p? +p3+p3)Y2

1
JOa:2

7(pGa + Gap) =1p
m

HernocpencrBeHHO! MpOBEpPKOM MOXKHO yOeIHTHCS, 4TO onepatopsl {Jup, Joo} yIOBIIE-
TBOPSIFOT KOMMYTALMOHHBIM COOTHOIIEHUsM anredpsl Jlu rpymnnet SO(1,3):

[Jaba Jc ]7 = Z‘(5ac=]bd - 5chad + 5bd<]ac - (Sadec)v
[Jaba JOC}— = i((SaCJOb - 5chOa)7 [']Oaa JOb]— = _i']alr

Tak kak ycsoBusi (2) BBIMOMHSIOTCS [J151 ONIEPATOPOB P, W A5 onepatopoB G, 04eBH-
JIHO, UTO OHO OyNeT BBIMOJMHATbCSA U IS QYyHKUHH Jo, OT 3THX ONepaTopoB. YCTaHOB-
JIeHHeM 3Toro (pakTa M J0Kas3aHa TeopeMma.

[TprBeneHHBIH pe3yJbTaT, KOHEYHO, He O3HA4aeT, YTO ypaBHeHMe (1) MHBapHaHTHO
OTHOCHTEJIbHO OJHOPOAHBIX TpeoOpasoBaHuil Jlopena. OH 03HayaeT JUIIb TO, UTO HA
MHOXKECTBE pellleHHi ypaBHeHHs (1) peasnnayercs Kakoe-TO NpejcTaBjeHHe anredpel JIn
rpynnsl SO(1,3), 6asucHble 3JeMeHTH KOTOpo 3apatorcs popmyamu (3). [Nocaennuii
(aKT BBITEKaeT M3 TOTO, UTO ONepaTopbl Jy, MOPOXKIAAIOT KOHEUHble MpeoOpa3oBaHUA
KOOPIAUHATBl U UMIyJbCa, OTJIMYHbE OT npeobpasoBanuil Jlopenua. [lelicTBUTEBHO,

zl, = exp(iJopty) To exp(—idoche) = T4 — (NXT)NG+

- n n 1
L [Pampa (P )/p+ (p )na] L1 {(nm)nap/+p/(na:)na 7
m mp m 2 D P

zy =1t =t, Pl = pngsh@ + (pn)n, ch o,
p' =pchf+ (pn)shé, (pn) = *p,

rie ng = 0,/6, 0 = (02)'/2, n2 = 1.
Asropel 6narogapat A.T. HUKMTHHA 32 TOJe3HBIE JUCKYCCHH.
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O HOBOM MeTOfe HMCC/iefOBAaHUS TPYMIIOBbIX
CBOUCTB cucteM nuddepeHIaTbHBIX
YpPaBHEHU!M B YACTHBIX MPOM3BOAHBIX

B.H. YLIHY

In this work there have been described in details a non-Lie method of the investigation
of symmetry properties of the systems of partial differential equations. Conditions which
are required for arbitrary system of differential equations to be invariant under the group
U(2) are found. Dual symmetry of the Dirac and Maxwell equations is established.
These equations have shown to be invariant under the transformations that don’t change
a time.

Beenenue

[Toutn cTo JletT Haszan BbAaIIMiCT HOpBexcKUU Matemathk Codyc JIu cospman
TEOpPHIO HelpepblBHBEIX rpynn. OH »Ke MPeAJIoKUJ OCHOBHBIE HIEH U METOIBI TEOPETHKO-
TPYNINOBOroO aHa/ju3a AW(QepeHIHaNbHbIX YPaBHEHUH.

He craBs nepen co6oii 3agauu 06 uccae0BAHUH I'PYNINOBLIX CBOHCTB TH((pepeHIH-
anbHbix ypaBhenud, I. Jlopenn [1] u A. Ilyaukape [2] noayunin omuu u3 HauGoJee
(pyHIaMeHTaJbHBIX Pe3yJbTATOB B 3TOH 00JACTH, ChIFPABLIMN PEBOJIIOLUOHH3UPYIOLLYIO
posb B usuke. Mmenno I'. Jlopenu B 1904 r., He 6ynyuyu 3HAKOMBIM C TOJBKO YTO CO-
3nanHoi Teopuedt C. JIu, Hales npeo6pa3oBaHUs, OTHOCUTEJIbHO KOTOPBIX ypaBHEHUS
MakcBesiia HIHBapUAHTHBI B C/Jydae OTCYTCTBHS 3apsiioB ¥ TOKOB.

[yankape [2, 3], o6o0iiast u HomosHsAs pe3dyibratel JlopeHia, mokasas, 4To ypas-
HeHUs1 MakcBessia U B c/ydae TPUCYTCTBUS 3apSiIOB H TOKOB WHBAPHAHTHBI OTHOCH-
TEJIbHO TeX K€ NMPeoOpa3s0oBaHUH, €C/H MPH 3TOM IJIOTHOCTH 3JEKTPHUECKUX 3apsiloB U
TOKa NpeodpasyloTcsi COOTBETCTBYIOLIMM 00pa3oM. MiMeHHO B aTux craTbax [lyankape
BIIepPBble YCTAHOBUJ Y AETAJbHO M3YyUHJ ONHO M3 CaMbIX BaXKHbIX CBOHCTB 3THX Mpe-
00pa3oBaHUil — TPYMIOBYIO CTPYKTYPY, Ha3BaB 3TH Npeobpa3oBaHus uMeHeM JlopeHUa.

M3 aToro pesysbrata C/JIeAYIOT BCE OCHOBHBIE 3aKOHBI COXpaHeHHs! (DOPMYJbI peJisi-
THUBHUCTCKOH MeXaHUKU ([PABUJIO CJIOKEHHsS] CKOPOCTeH, (hOPMYJbl [Jis SHEPTHU U UM-
nyJabca U T.0.). 30eChb YMeCTHO MONUepKHYTb, YTo B pabortax [lyaHkape BrepBble Obla
NpelJ/oXKeH TeOPeTUKO-TPYNNOBOH MOAXO AJs IOCTPOEHUS U aHa/au3a (PU3UYEeCKoH Teo-
puu. B paborax Jlopenua, Ilyankape, DiHIITel HAa TOCTPOEHB! OCHOBBI HOBOH MeXaHUKH
¥ HOBOH 3/1eKTPOIMHAMUKH'.

Betitmen [4] u Kynunram [5] B 1909 r. mokasa/nu, 4to ypaBHeHHs1 MakcBesia HHBa-
PHUAHTHBI OTHOCUTEJNbHO KOH(OPMHOHN rpynnsl Cy, colep:Kallel B KauyecTBe MOATPYIIIbI
rpynny Jlopenua. CoBceM HeflaBHO OBLJIO [T0KA3aHO, YTO 3Ta I'PYIINa SBJSETCS MaKCH-
MaJibHOH Tpynnoil nHBapuaHTHOCTH B cMbicyie C. JIu. (O coBpeMeHHOM pa3BUTHH WMl
1 meronoB Teopud Jlu cm. kuuru JI.B. Oscsinnukosa [6] u H.X. M6parumosa [7] u
LUTHPYEMYIO TaM JIUTEPATypy).

TeopeTuko-rpynmnoBele MeTonbl B MateMaTHyeckoi ¢usuke, C6. Hayd. Tp., OtB. pen. I0.A. MurponoJsb-
ckuil, B.1. ®ymnu, Kues, Un-1 marematnku AH YCCP, 1978, C. 5-44.

Mpunuun otHocutenbHocTH, C6. paGoT Knaccukos penstuBuama / Cocrasutenp A.A. Tankud. — M.
Aromusnar, 1973. — 480 c.



HccenenoBanus rpynnoBeIX CBOMCTB CHCTeM AU(QepeHLHaNbHbIX YpaBHEHNH 405

B pa6orax [8, 9] nss1 ucc/ienoBaHus TPYNIIOBLIX CBOKCTB AHU((epeHIHaNbHbX YPaB-
HEHMH DeNSTHBUCTCKOM KBAaHTOBOM MeXaHHKH IIpe[JIoxkKeH HesnneBcKHil MeTox. C ero
MOMOLIBIO yIaJM0Ch 0OHAPYKUTb paHee HeM3BECTHYIO ponosuutensuyw SU(2) @ SU(2)
— TpyNNy HHBapHaHTHOCTH ypaBHeHH# MakcBessa (cM. [10]). dror meron mosyuun
JlanbHellllee pa3BUTHE W MpuUMeHeHHe B pabortax [11-23]. Bo BTOpoii cTaThe HacTos-
mero c6opHrKa pesysabtaThl belitmana [4], KyHunrama [5] ¥ TOJIBKO YTO YNOMSIHYTHIN
pesynbratr [11] o6benHHEHBl U YCHJEHBI, T.€. J0KA3aHO, UTO I'PYMNOH MHBAPHAHTHOCTH
ypaBHenusi Makcgesia siBasiercst rpynnaCy @ GL(2) ® GI(2).

s panbHelillero Ba)KHO Cpasy »Ke yKas3aThb Ha OrpaHHueHHOCTb Mertona C. Jlu.
Kak n3BecTHO, OH OCHOBaH Ha MH(pHUHHUTE3UMAJbHOM NOAXOJE, O3TOMY ajnreépa UHBa-
PHAHTHOCTH TOTO WJIM MHOTO IH((epeHIHaIbHOIO YPaBHEHHS HILETCS TOJNBKO B KJacce
OIepaTopoB I[epBOro Nopsjka. Y3 cKa3aHHOro SCHO, YTO AJiS OTHICKAHMS HOBBHIX aJl-
re6p, a 3HAUUT W HOBHIX TPYII, WHBAPHUAHTHOCTH ypaBHEHWH, KOTOpble B MPHUHIHUIIE
He MOTYT ObITb HalJeHbl C TMOMOLIbI0 Kjaaccuueckoro merona C. Jlu, Heobxomumo cy-
IIECTBEHHO PaCIIMPUTb KJacC ONepaTopoB nepBoro nopsiika. Ha ocHoBe 3ToH upeu u
OBIIM TIOJTyYeHBl HOBble pe3ynbTaThl [8-22] mjsi MHOTHX CHCTeM AH(¢epeHIHaTbHBIX
YpaBHEeHHH.

JanHas pabora aB/seTcsl AajbHEHIIMM pa3BUTHEM U 0000lleHHeM HeJHeBCKOIo
nonxofa K cucreMaM M depeHLHAbHBIX YPaBHEHHH, BCTPeUAIOLIUMXCSl B KBAHTOBOH
MexaHHKe. B He#, B yacTHOCTH, JOKa3aHa TeopeMa, yCTaHaBJWBAWOIlas MPH KaKUX
YCJIOBHSIX TIPOM3BOJIbHAS OJHOPOAHAS cHCTeMa AH(epeHLHabHbIX yPaBHEHUH B 4a-
CTHBIX MPOU3BOJHBIX HHBapHaHTHa OTHOCHTEBHO rpymsl GL(2).

Bosbiioll vHTepec mpeacTaB/iseT Takxke 3afaua, B HEKOTOPOM CMbIc/e oOpaTHas K
paccMaTpUBaeMOil B HACTOSILIEH CTaThe: OMUCATh BCe yPAaBHEHUs HHBAapUAHTHbIE OTHOCH-
TeJIbHO 3aJaHHOU rpymnbl. B crnucke juTepaTyphl, HauMHAasi CO CChUIKH [29] mpuBeneHbl
HeKOTOpble paboThl, BhiMoNHeHHble B MHcTUTyTe Matematuku AH YCCP, kotopeie mo-
CBSILIEHBl ONUCAHHUI0 AU (epeHIHaIbHBIX U HHTerpoau(hepeHIHaNlbHbIX yPaBHEHUH,
MHBapHAHTHEIX OTHOCHTEJBbHO TPYII JIBHXKEHHS PEJSATHBHCTCKOH M HepeJsiTHBHCTCKON
KBAHTOBOH MeXaHHKH.

§ 1. HenmeBckuii metop,

B sTom naparpade chopMysHpoBaH HENHEBCKHUE aJrOPUTM BbIYHCJEHHS anaredp HH-
BapHaHTHOCTH /IS IMHEHHBIX CHCTEM AH((pepeHMaibHbIX YPaBHEHHH B YaCTHBIX POHU-
3BOJIHBIX.

1. BoJsIbIIMHCTBO ypaBHEHMH MareMaTH4ecKoH (M3MKH HUMeeT BHJ 1 yPaBHEHHH c
k neusBecTHbIMU (pyHKUMAMH Pq(x), Uo(x),..., Ur(z). B npuioxeHusx, 0ocoGeHHO B
KBAaHTOBOH TEOPHH, YacTO BCTPEYAIOTCsS ONHOPOAHbIE JHHEHHblE CHCTEMBI MMEPBOrO H
BTOPOTO MOPSIAKOB, KOTOPble MOIYT ObITh 3aMUCaHbl B BUAE

L(z,p)¥(z) = {Au (2)p"p” + Aa(2)p” + B(x)} ¥(x) =0, (1
rae A, (z), Aa(x), B(x) — KBazpaTHEe MaTpHlbl nopsaka k; x € R™, p,, = ig"” 82,,’

g"¥ — meTpuueckuii TeHsop ¢ KommnoHeHTamu ¢ = —gll = —¢?2 = ... = —g"" =1,
TI0 MOBTOPSIIOLIMMCS HHAEKCOM IofipasymMeBaeTcss cyMMupoBaHue ot 0 1o n.

Bynem npenmonarate, 4To 3jeMeHTH MaTpull A, B U KOMIIOHEHTHl BEKTOPa-CTOJO-
ua ¥ = {0y, V,,...,9,} ssasworcs GeckoHeuHo AU(dEPeHLUPYEMBIMU (DYHKLHSIMH,
npuHagiexamumu C5°(R™).

Tunuyneim npuMepom ypaBHenus Buna (1) sisasieTcs cucrema [lupaka

L(p)¥(z) = (up" —m) ¥(z) = 0. (2)
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3nech € R* — mpoctpanctBo Munkosckoro, W(z) — BEKTOP-CTONOEN € YETHIPbMSI
kommonertamu ¥ = {Uy, Uy U3 U,}, 3aBucawnmu ot & = (xg, 1, T2, T3); M — MO0-
CTOSIHHBIH KO3()(HULHEHT, Y, — YeTblpe MaTpHLbl, yA0BJeTBOpsIoWHKe anrebpe Kand-
topna—Hupaka

Yu Vv + YoV = 29,ul/a V= O; 17 2a 37 47 (3)

Y4 = Yoy17Y27Y3s — AHTHUIPMHUTOBA MaTpHULa, yyp — IPMHUTOBA MaTpPHULA.
JList oThICKaHUst aareGpbl HHBAPHAHTHOCTH ypaBHeHHUs (2) ymnoOHO MpecTaBUTh €ro
B LIpeAUHTepoBOH (popme

,a\Ij(t,.’L'],.TQ,fE?,)
S b

at :7:[<]§)\I/(t7x17$2,$3), (4)

H(D) = YoYaba +Y07am,  a=1,2,3. (5)

OOuienpuHATHIA raMUIbTOHHAH Jlipaka moJydaeTcsi U3 raMU/bTOHHaHA (5) ¢ momo-
111bI0 YHUTApHOTo npeo6pa3oBaHus

. - ) 1
HP = UH@GU' = v07aba +70m, U= —=(1 7). (6)
V2
lamunbTonnan [dupaka (5) siBjsieTcsi SpMHUTOBBIM (faxKe CYLIECTBEHHO CaMOCONPSIKEH-
HBIM) OMepPaTopoM B rubGepToBoM npoctpanctBe H = (L?(R3))*, roe kBampar HOpMbI
BEKTOpa 3ajaetrcs (popMmyJoH

4
lw)* = / V(@)Pde, (@) = V(@) U(2) =Y 1T
i=1

Onpenenenue 1. Ypasrnenue (1) uHBAPUAHMHO OMHOCUMENbHO HEKOMOPO2O MHONCE-
cmea onepamopos QQ = {Qr} = {Q1,Q2,...,QN}, ecau 8o1noaHAOMCA YCAOBUS

L(z,p)Qa¥(z) =0, A=1,2,3,...,N. (7)

B sTOM ompenesieHNH, KOHEUHO, NIPEANOJaraeTcs, YTo 06/1aCTh 3HAYEHHH ONepaTopoB
Q 4, 3a/aHHBIX Ha MHOXeCTBe BCeX pewleHui ) ypaBHenus (1), IpHHALIEKUT 06JaCTH
onpeneseHus oneparopa L(x,p). Yenosue (7), KOTopoe B faibHefleM GyieM HA3bIBATh
YC/IOBHEM WHBApPHAHTHOCTH ypaBHeHus (1), 03HauaeT, 4To omepaTopsl (4 OTOOPAKAIOT
OJHO pelleHHe B APYroe, T.e. MHOXKeCTBO {} MHBAPHAHTHO OTHOCHTE/IBHO OIEPaTopoB
Qa.

HHorna yno6HO yci0oBHe WHBAapHAHTHOCTH MPEACTABUTH B BHAE KOMMYTatopa HJH
aHTHUKOMMYyTaTopa:

[i’(xvﬁ)’QA]—\Il :Oa (8)
[L(z,p),Qa)+ ¥ =0, (9)

rae ¥ — npousBosibHOE pelleHue ypaBHeHus (1).
B onepatopHoii dopme ycaoBue (8) MOXKHO 3amucaTh B BUIE

[i(zvﬁ)aQA]— :BAE(xvﬁ)a (10)
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rae B4 — HeKOTOpBIH omeparop.

Onpepeaenune 2. Ecau cosokynnocmos onepamopos {Q 4} obpasyem sexmopHoe npo-
CMPAHCMBO C AUCBCKUM 3AKOHOM YMHOJNCEHUs, mo bydem 2080pums, 4mo ypasHe-
Hue (1) unsapuanmno omnocumenvro areebpol Jlu.

Ecsn onepatopel {Q) 4} siBAsiioTCS 6a3KCHBIMH 3/€MEHTaMH aare6pbl HHBApHAHTHO-
CTH, TO 9TO O3HA4YaeT, YTO BBLINOJHAKTCS COOTHOLICHHUS

[Qa,QB]- = fapcQc, (1)

rae fapc — CTPYKTypHble KOHCTAHTHI ajreOpHl.

Tenepnb 3amauy oThICKaHHUS JIMEBCKOH aire6pbl MHBAPUAHTHOCTH ypaBHeHHH THma (1)
MOXHO C(OPMYJHPOBATh OYeHb MPOCTO: TpebyeTcs onucath (M0 BO3MOXKHOCTU Haubosee
mupoKoil) Kaace onepatopos {Q 4}, yrosnersopsiomx cootHomexnusm (8), (11).

B nanpHelilieM ryiaBHBIH YIOp [esiaeM He Ha I'PYIIbl HHBAPHAHTHOCTH ypaBHEHUH,
a Ha anreOpbl HHBAapUAHTHOCTH. [pynny HHBapUAaHTHOCTH OTBICKHBAeM I10 HaHAeHHOH
aqrebpe.

2. B uHduHUTesnMambHOM KaaccuueckoM noaxone C. JIu ata 3amava cBogutes K
OTMHCaHMIO OTepPaToOpPOB MEPBOro MOPSiAKA BHIA

Qu =0, 0) L 4 (a,w)

w=0,1,....n; r=0,1,...,k, (12)
oz,

0
ov,’
yIoBJAETBOPSIIOIIKUX cooTHOoteHusM (8), (11), T.e. K OMHCAHHIO COOTBETCTBYIOMIUX (DyH-
Kuuit £ u 0.

B Hacrosllliee BpeMsi 3TO HampaBJieHHe TPYMNOBOrO aHaiu3a AU(QepeHlHanbHbIX
ypaBHeHu# (J1Y) mosyumso cyliecTBeHHOe pa3BUTHe B padorax JI.B. OBcsiHHHKOBA U
€r0 YUYEeHHKOB W mocjenoBateseld. FiMu paspaboTaHbl W MPUMEHEHBI aJTrOPUTMbl BBIYHU-
CJIeHHsl TPYNN WHBAPUAHTHOCTH MJSI MHOTMX YpPaBHEHHH MeXaHHWKH CILIOLIHBIX Cpem.
[TocsienHue mOCTHXKEHHs B 3TOH 06JIaCTH MOAPOOHO OXapaKTepH30BaHbl B KHUTe [6].

3. B nonxone JIu OCHOBHOH aKLEHT fAeJaeTcsi Ha IPYIMIOBOH CTOPOHe 3aay, Mo-
CKOJIBKY CYLIECTBEHHO HCIOJb3YIOTCS HHPUHUTE3UMAaJbHbEE peobpasoBanus. Hac Oy-
JIeT UHTepecoBaTh, Npexie Bcero, airebpandyeckas CTOPOHBI Bolpoca. Takoe cMellleHHe
AKLEHTOB M3 TPYIIBl HA aire6py Mo3BoJjsieT 0OHAPYKHUTb OrPAaHMYEHHOCTh MOCTAHOBKH
u Metona C. JIu. OrpaHHUEHHOCTb €ro B CJEAYIOLIEM.

Bo-nepBbix, JIY MoxeT ObITh HHBAPMAHTHO OTHOCHTEJNBHO HEKOTOPOH COBOKYITHOCTH
onepatopoB {4}, KOTOpble a priori He TMpUHAL/EKAT KOHeuHol anrebpe Jlu. Hanpu-
Mep, OHH MOIyT 0GpasoBbiBaTh anre6py Kmmddopna, Hopnaua, cymepanrebpy u T.1.
Bo-BTOpBIX, UCKOMBIE OTIEPATOPHI Qa B tdopmyne (11) He Bcerma mpencTaBUMbI B BHIE
(12).

Ortciona sicHO, uTO 3amadyy 00 HCcJelOoBaHHM ajiredpanueckKux cBOHCTB J1Y MOKHO
0000IIKTb MO MeHbIIEH Mepe B TaKHUX ABYX HampaBJeHHUsiX: 1) oTKaszaTbcs OT Tpebo-
Bauusi (11), T.e. OT ycJ/i0BHsi, 4TOGBI OMEPaTOPHI {QA} npuHannexanu anreépe Jlu;
2) CyLIECTBEHHO PACLIMPUTH KJACC MCKOMBIX ONEPAaTOpPoB ()4, YAOBJIETBOPSIOLIUX CO-
otHowienusim (11), T.e. McKaTh pellleHHss KOMMYyTalMOHHBIX cooTHomenui (10), (11),
HanpuMep, B Kjacce nceBaoauddepeHInaNbHbIX HIX HHTErponnddepeHLHalbHbIX Olle-
paTopos.

VmeHHO B aTOM MOCJeHEM HalpaBJeHHH, KOTOPbIE Mbl HA30BeM HEJHEBCKHUM TOA-
XOIOM, ¥ OBl MOJyUYeHbl TIePBble pe3y/bTaThl A5 ypaBHeHHH Jlupaka u MakcBedsa.
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[laBHBIE ¥ caMblil TPYAHBIH BOTPOC, BO3HUKAIOUIMHA B CBS3M C HEJUEBCKHUM TOA-
XOIIOM K HCCJIeIOBAHHUIO ajre6panyeckux cBOHCTB Y, COCTOMT B ciepyiolleM: KakKuM
CIOCOGOM KOHCTPYKTHBHO OMHCATb (BBIYMCJHTB) OMEpPaTOphl (4, He SIBJSIOLIMECS Orle-
paTopamM MepBOro Mopsiika, OTHOCHTENbHO KOTOPBIX MHOXKECTBO pelleHHH Y ocTaercs
MHBapUaHTHEIMK? To eCTh, HEOGXOAMMO yKa3aTh METOJ BbIYMCIEHHs onepatopos {(Q4}.
OueBupHO, uTO anropuT™ JIK 171 3TUX LeJiell HeNPHUTOJeH.

HenneBckuii MeTon uccief0BaHHs TEOPETHKO-TPYINOBEIX CBOHCTB cucTeM Y B ua-
CTHBIX TPOM3BOAHBIX TpemJokKeH B padore [8, 9]. OH COCTOUT M3 CJIEAYIOLIUX 3TAIOB!
1) cucrema JIY ¢ MOMOIIBIO HEBBIPOXKAEHHOTO MPeoOpPa30BaHHS MPHUBOAUTCS K KaHO-
HHuecKoMy (MJIM AMAaroHaibHOMY) BHAY, T.€. NPOBOAMTCS MaKCHMasbHOE paclierJe-
Hue cucreMbl JIY Ha He3aBHUCHMbIE (aBTOHOMHBIE) MOACHCTEMBI; 2) HaXOOUTCs aaredpa
unBapuantHoct (AU) mpeoGpasoBaHHOro ypaBHeHHs:; 3) ecau omepatopsl {Qa} AU
YIOBJIETBOPSIIOT KOMMYTALHOHHBIM cooTHolleHUsiMH (11), To ycTaHaBiaMBaeTcsl, Kakoe
TNpencTaBeHue aire6psl JIM peanusyloT 3TH ONepaTopel B MPOCTPAHCTBE pelleHHH; 4)
C MOMOIIbI0 06paTHOro mpeoOpa3oBaHusi HaxonuTess AWM ucxomHoro ypaBHeHHSs; D) MO
AW Buluncasiercst rpynna uuapuantHoct Y.

4. B ocHOBe c(hOpPMYyJHPOBAHHOTO aJTOPUTMA JIEXKHT OflHA M3 JIPEBHHUX M, BHIHMMO,
CaMbIX MJIONOTBOPHBIX U 3(P(PEKTUBHBIX HeH B TeopuH AU (depeHLHabHBIX YpaBHEHUH
— mnpeobOpa3oBaHHsl HE3aBUCHUMBIX W 3aBHUCHMBIX MepeMeHHbIX. [IpuBenem moppobHoe
ONMCaHUe 3TOrO aJrOpPUTMa.

[ns Hamwux Lesed BaxHYK poJb OyIeT WUrpaTh IIOHSITHE CHMBOJIA OllepaTopa
L(x,p). CumBosom onepatopa L ypasrenus (1) siBaseTcs MaTpuua BHAa

L(z,p) = A (x)php” + Aa(z)p® + B(x), (13)

3aBHCSLLAs OT MepeMeHHbIX & = (Zg,Z1,...,Zn), P = (Po,P1,--.,Pn). B Gosee 06-
eM CJydae CUMBOJ orepaTopa L 0GBIUHO OMpe/essieTcsi ¢ MOMOIIBI TPeodpasoBaHust
®Oypbe (MogpobHO O CHMBOJAX CM., Hampumep, B [24]):

Lo, p)U(z) = (2m) /2 / L(z, p)ei@P T (p)dp, (14)
D(p)

rie ¥ € C°(R™), ¥(p) = F¥(x) — Dypbe-obpas ¥(zx), F — YHUTapHBIH Onepatop
dypbe, 0TOOpaxkawIIKE BeKTOp M3 TuiabGeprToBa mpoctpaHctBa H B H; U(p) € H;
D(p) — obnacTb UHTErPUPOBAHHUS;

ng

(2,p) = ¢" zupy = g%20po + g 21pr + - + g TP

Casi3b Mexkay cumMBosioM L(z,p) u ero omepatopom L(z,p) 3ameercst hopMmyaamu
L(z,p) = F~'L(z, p)F, (15)
L(z,p) = FL(z,p)F~". (16)

Dopmynwt (15), (16) ykasbiBaioT MyTh peajdsaldy MepBoro iiara aaroputma. [led-
CTBHUTEJIbHO, NOCKOMBKY L(x,p) nas ypaBHeHusi (1) siBasieTcss mepeMeHHOH MatTpule,
TO 3afaya O paclieryieHud ypaBHeHHs (1) Ha MakCHUMaJsbHOE YHCJIO He3aLemJIsioLnXCs
ypaBHEHHH peayuupyercs K Caeiylollell MaTpuuHOH 3ajade: MOCPEACTBOM HEKOTOPO-
ro HeBBIPOXKJEHHOro npeodpa3oBaHusi W NpuBeCTH K JHAroHaJbHOH WJH »KOPIAHOBOH
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dopme marpuny (13) s mpousBosbHbIX p u3 D(p). M3BectHo, uTO mAuaroHasu3anus
NPOM3BOJILHON TIOCTOSIHHOM MaTpHUlLibl — 3TO O4eHb TPyAHas mpobjema, MMelollas pe-
[IeHHe TOJBbKO [JI CHEelMaJbHOTO KJjacca MaTpull. B ciaydyae mepeMeHHOW MaTpHLbI
npo6Jema NPUBOAUMOCTH MaTPHLL K KaHOHMYECKOMY BHAY CYLIECTBEHHO YCJOXHSETCS.
Kpome Toro, mns oTbICKaHHSI SIBHOT'O BHMJa OINeEpaTOPOB {QA} HaM HeoOXOIMMO 3HaTb
SABHBIA BUA omepatopoB W u W‘l, JHaroHaJJ Hu3UuPYIOLIIHX (nm NMPHUBOJAILIUX K BHLY
Kopnana) marpuny L(x,p).
YcnoBre UHBapUaHTHOCTH (7) B TEPMHHAX CHMBOJIOB HMEET BHI

L(z,p)Q.¥ (p) = 0, (17)
Qu=FQaF L. (18)

[Ipu 3TOM, KOHEUHO, HYXKHO NpPEeAINoaraTh MJH JOKa3biBaTh, 4TO QA\T/(p) € H, ecau
U e H.

PacecMoTpuM ciydail, Koria CyllecTByeT HeBbIpOkKIeHHOe npeoGpasosanue W (x,p),
HpI/IBOLLHLU,ee ManHU,y K ILHaFOHaJIbHOMy BI/II[y:

fi(z,p) 0 0
e R P (19
0 0 coo fulz,p)

B aToM ciydyae MPUXOAHM K TAaKOMY pe3yabTaTy: ecad (GyHkuuu fi(z,p), fa(z,p),. ..,
fn(x,p) ONHOBPEMEHHO HHBApHAHTHBI OTHOCHUTEJbHO MPeoOpa3oBaHMi

o =o(x,p), P =ep(x,p), (20)

obpasytouux rpynny Jlu, To ypaBHeHus (1) MHBapHAHTHBI OTHOCUTEJIBHO TOH 2Ke T'pyT-
TbI.

[TpeoGpasoBanus Buaa (20) Gynem Ha3bIBATb FeOMETPHYECKUMH NPe0Opa3OBaHUSIMH.
[TomMHMmo reomeTprueckux npeobpasoBanuil ypaBHenue (17) MoxeT ObITh HHBAPUAHTHBIM
OTHOCHUTEJIbHO UHCTO MaTPUYHBIX Npeo6pa3oBaHMi, T.e. NpeoOpa3oBaHHUU Han KOMIIO-
HeHTaMM BekTop-dbyHKIHH W(p). YC/IOBHS, KOTA TaKas MHBapHaHTHOCTh BO3MOXKHA,
JanTcs clefyoleld TeopeMoH.

Teopema 1. Ecau mampuua L' umeem Osyxpamrnoe cobcmsentoe 3uauerue, mo
ypasrerue (1) uHBaApUAHMHO OMHOCUMEALHO YemblpexmepHol arzebpol Jlu epynnol
GL(2).

HokasarenbcTBo. He ymansis o6mHOCTH, MOXeEM CUHTaTh, 4TO fi; = fo, TOrma c Mma-
tpuued L'(z,p) KOMMyTHPYET CJEYIOLHE HaGop YeThipex He3aBUCHMbBIX MATpPHIL:

_ g1 0 o (o) 0 _ g3 0 _ (o)) 0
Q1_<0 0)5 Q2_(0 0)7 Q3_(0 0)7 Q4_<0 0>a (21)
rae o9 — eIMHWYHAs IBYyXpsifHas MaTpuua; o, (a = 1,2,3) — NBYXpSAHbIE MATPHILBL,
YIOBJIETBOPSIOLIME KOMMYTAIIMOHHBIM COOTHOIIEHHUsIM aire6psl JIu rpynmet SU(2):

[Uaa O'b} = 2i€qpcOe,

€abc — AHTHUCHUMMETPHUYHBIA TEH30D, €123 = 1.
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Ornepatopsl () 4, KOMMyTHpYIOLLHe ¢ onepatopoM L(x,p) ucxomHoro ypasrenns (1),
BBIYUCJIAIOTCS 110 (hopMyJiaM

Qo= F ' (W 'QuW)F = (WF)™'Q.WF, (22)
Qa=W1Q W, W=F'WF (23)

OueBuaHO, YTO omeparopbl 1, Q2, @3, Q4, MOCTpoeHHbIE MO MaTpuiiam (21) ¢ momo-
w0 hopmya (22), (23), ynoBJIETBOPSIIOT KOMMYTALMOHHBIM COOTHOLIEHHSM ajreGpbl
GL(2):

[Qaa@b]f = 2i5aba@67 [Q4;Qa]f = 0) a,b,c = 17273' (24)

3ameuanue 1. [Ipu npusenenun cumBosa L(x,p) K OUAaroHaJbHOMY BHIY H MpHMe-
HeHUd (opmyn (22), (23) HeoO6XoOMMO YUHUTHIBaTh chaenyoiiee. B cumBosmax L(z,p),
W (z,p) nepeMeHHble T U p SIBASIOTCS KOMMYTHUDPYIOLIMMH BenudnHamu. st omepa-
TOpPOB, BCJIEICTBHE HEKOMMYTATHBHOCTH I W P, CUTyallHsl CYIIECTBEHHO OCJIOXKHSIETCS.
DTOro ycJ0XKHEHHs MHOrAa yhaaercs H3bexarb, eC/H ONepaTop HCXOAHOrO ypaBHEHHs
MOXHO MPeICTaBUTb B BUAe (pOPMasbHO CUMMETPUUHOrO ofepatopa

o a, o Sura
K = L(z,p) + L*(p, v).

OueBugHo, 4To ecad L He 3aBHUCHUT OT x, TO TaKHe YCJIOXHEHHS He BO3HHKalOT. B

JanbHeilieM GyAyT paccMaTpuBaTbCs onepaTopbl L, He 3aBUCALIME OT .

3ameuanue 2. Eciu matpuua L’ nmeer Gosiee ueM ABa KpaTHHIX COOCTBEHHBIX 3Haue-
HUs, TO anreOpa MHBAapUaHTHOCTH ypaBHeHus (1) Gymer wupe anre6pel GL(2). VHaue
roBopsi, 4eM GoJibllle KPATHOCTh COGCTBEHHbBIX 3HAYEHHE MaTpulbl L', TeMm Iuupe asre-
6pa MHBapHaHTHOCTH ypaBHeHHs (1).

3ameuanne 3. B Tom cayuae, korna marpuua L(z,p) He MoxKeT ObITh PHBELEHA K [IH-
aroHaJIbHOMY BHAY IMOCPEACTBOM HEBBIPOXKIEHHOT'O Npeo0pa3oBaHHUsl, ee CJAedyeT MpHu-
BecTd K (hopme 2KopnaHa. [IpumeHeHUe 3Tol (hOpMBI CyllecTBEHHO obJieryaer 3anady
OTBICKAHHS ajre6pbl UHBAPUAHTHOCTH.

3Hasi anre6py MHBAPMAHTHOCTH, MO (OpPMyJ/IaM
), = exp{iQuba}z, exp{—iQpoz}, w=0,1,...,n, (25)

' () = exp{iQa04} ¥ (z) (26)

HaXOAUM NPeoOpa30oBaHUs IJisl 3aBUCHMbIX U HE3aBUCUMBIX NT€PEMEHHBIX, OTHOCHTENBHO
KOTOPBIX ypaBHeHHUs (1) WHBapuUaHTHBI. 31eck 6,4 — MapaMeTpsl IPYINBl HHBAPUAHTHO-
CTH.

3ameuanue 4. Teopema 1 ocraeTcst BepHOH H B TOM cJjydae, Korma maTpuia L'
UMeeT KOPAAHOBY (opMy, OOUH U3 GJIOKOB KOTOPOH SIBJISETCS NUaroHaslbHOH MaTpullel
C IBYMS COBMNAAAIOLIMMH 3JeMeHTaMH.

[IpuBeneHHbIH aNropuTM MOXKET ObITb YCIELIHO NPHUMEHeH U K HEeKOTOPBbIM HeJIMHeH-
HBIM YPaBHEHHUSIM, eCJ/ld MOCJ/eHUe C [IOMOLLbIO 00paTHMOro peo6pa3oBaHUsl CBOASTCA
K JMHEeHHbIM ypaBHEHHSM.
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Yame Bcero L(z,p), BCTpeyawuiecss B 3a1adax KBAHTOBOH MEXAHUKH, SIBJSIOTCS
MaTpULlaM{ BBICOKOTO TMOPSIAKa M CONEp:KaT MaJjioe UHUCJO HeHyJeBbIX 3jeMeHTOB. [lo-
TOMY UMEET, BUAMMO, CMBICJ CO3[AaThb BbIYMCJHUTE/bHBIE POTPAMMbI AJISi PUBENEHHS
TaKHUX paspexeHHBIX MaTpPHULl K KAHOHHYeCKOH (opme.

B 3akqioueHue cienyeT oTMETHTb, YTO NIPUMEHEHHEe W MOJIHAs peasu3alusi ONHUCaH-
HOT'O aJrOpUTMa K KOHKPETHBIM CHCTeMaM Au(QepeHLHaNbHbIX YPaBHEHHH B UaCTHBIX
MPOU3BOMHBIX, BCTPEUAIOLIUXCS B MaTeMaTHUeCKOH H TeopeTHUeCKOH (DHU3HKe, NMpecTaB-
JsieT cob6oH OTAeNbHYIO, HHOTJA BeCbMa TPYAHYIO, 3a1ayy.

§ 2. TeopeTuko-anredopanueckuii aHaau3 ypaBHeHus Iupaka
[TprMeHUM OMHUCAHHBIN aJTOPUTM K ypaBHeHHYIO (4). JleTanbHoe paccMOTpeHHE 3TO-
ro ajropuTMa JJjisi ypaBHeHus [lupaka CylleCTBEHHO HJif HAC MOTOMY, UTO €ro H3J0oXKe-
HHe COJIEPIKUT BCE 3JIEMEHTEHI, NMPHUCYIIHe ypaBHEHHUSM U GoJiee 0OMIero BUAA, HUCCIE0-
BaHHBIM B HacToOsIeM COOPHHKeE.
1. Ilpexxne Bcero mpuMeHUM TeopeMy 1 K ypaBHeHHI0 (4). CHMBOJ raMHJbTOHHAHA
Hupaka

H(p) = v0(YaPa + Yam), —00 < pg < 00, (27)

He 3aBHUCHUT OT IepeMeHHOH x. DTO 00CTOATENbCTBO 3HAUUTENBHO YIIPOLIAeT 3afady
peasuM3alUy MepBOro Llara ajJropuTMa — IpHBefeHHe MaTpulbl H(p) K OHAroHaJbHO-
My Buny. IlockosbKy Marpuupbl <y, Mexay co60H He KOMMYTHPYIOT, TO HEBO3MOXXHO
MPUBECTH MUX OJIHOBPEMEHHO K IHaroHa/JbHOMY BHAY. MoxXXHO, KOHeUHO, BEIOpATh SIBHOE
npeacraBjaeHue Aas Matpul Jdupaka u, 3anucas H(p) B BHIE ONHOH MaTpPHLbI, NONBITA-
TbCSl IPUBECTH €e K IMaroHaJbHOMY BHAY. DTO NEHCTBHUTEJNbHO HETPYOHO CHeJaTh, HO
MBI NTOCTYIHM HHaYe.
BocmnosbdyeMmcsi cBOHCTBOM CHMBOJIa raMMJ/bTOHUaHA JlMpaka, a MMeHHO:

2 2 2\ 7
H(p) = (p; +m?) I, (28)
rie | — eIMHHMuYHAs YeTBIpeXpsIHAs MATpula. B cuay spMuToBOCTH Matpuiel H(p)
IJ1sT IPOM3BOJIBHBIX JTeHCTBUTEJBHBIX P, U yCJI0BUs (28) ¢ TOMOIIBI0 HEKOTOPOTO He-
BBIPOXKIEHHOT0 MpeobpaszoBanus W (p) maTpuua H NPUBOAMTCS K TUATOHAJIBHOMY BHAY

H'(p) = W(p)H(p)W ' (p) = 10 E, (29)
rage
10 0 0
w={o o 0 o | E=Getsem (30)
00 0 -1

[punrmasi Bo BHUMaHHe siBHYIO CTPyKTypy H'(p) u ucnosb3ys Teopemy l, mpuxomum
K CJeYIOIIEMY pe3yJbTaTy.
Teopema 2. Ypasrenue (4) unsapuarmno omrocumenrvno areebpol Jlu epynnot GLQ
GL(2) D SU(2) ® SU(2).

[IpuBeneHHOe KpaTKOe 10Ka3aTeNbCTBO OLHOTO M3 pesynabraToB padoT [8, 9] ob.a-
IaeT TeM HeIOCTAaTKOM, YTO SIBHO He yKasdaHbl Matpuibl W (p), a 3HAYUT K OnepaTopsl
W (p), ¢ mOMOLLbIO KOTOPBIX HaxonsiTcsl 6asucHble 31eMeHThl {4} anre6pel JIu rpynmsl
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GL(2). Imeercst MHOTO MaTpHll, PUBOASIIKX H(p) K mAuaroHanbHOMY BHIy. Bocmosb-
30BABILINCh MPENBIAYIIEH TEOPEMOH, JIETKO OMHUCATh LEJBIH KJIaCC HEBBIPOKAEHHBIX Ma-
TpHULL, NpUBOIAWNX H(p) K LHArOHAJILHOMY BHAY.

O6o03HauuM yepe3 V(p) Kakylo-TO OLHY W3 MHOXKECTBA MaTpHL, IHArOHAJIH3HDPYIO-
uux H(p).

Teopema 3. [Ipoussosvroe Hesvipoxcdenroe npeobpasosarue W (p), npusodsuyee
H(p) x sudy (29), sadaemcs popmyroil

W(p)=V-T, w-t=71"1y-1 (31)
30eco T — npou3sosbHAs HEBLIPONCOEHHAA Mampuya, npuxadsexcaw,as airzebpe
GL(2) ® GL(2).
HokasatenbctBo. [lsi 10KasaTenbCTBa AOCTATOYHO 3aMeTHTb, 4to GL(2) ® GL(2)
SIBJISIETCST MAKCHMAJIbHOH a/re6poi, KoMMyTupyouleit ¢ marpuueit H(p).

3ameuanue 5. Bce u3BeCcTHBIE B JUTepaType MpeoOpa3oBaHUs (B TOM UHCJE H HUCTO-
pudecku nepBoe npeobpasoBanue [Ipafica—Pomau—Boyrxoiisena [25, 26] u mHorue
Ipyrue), AHaroHaJu3upyollie raMmuabToHuan Jupaka, umMmeor ctpykrypy (31).

2. Kak mpuMep Takoro npeo6pa3oBaHHsl MOKHO BEIOpATh MepeMeHHYI0 MaTpUIy BHIA

(cMm. [8, 9]):
IV@%=Wp{§%§9X}=5%(L+%§), (32)

E # 0 pist Bcex —00 < p, < 00. [To dopmyse (15) HaxomuM yHHTapHOE MHTErpasbHOe
npeobpa3oBaHue

b — 1 H(p)
Wp)=F 'Wp)F=—7<S1+%=="/, (33)

) V2 E(p)
rae E(ﬁ) = (pi +m2)1/2 — mnceBnonudepeHIHanbHBId onepaTop. Beuay Toro, uto

cumBos W (p) He 3aBHCHT OT x, (hopmynaa (33) mosyuaercss u3 (32) mpocTod 3aMeHOH
NepeMeHHBIX P, ONEePaTophl P, = —i%.
a
HeiictBysi oneparopom W (p) creBa Ha ypasHerue (4), mosiydaem

O0D(t, 1,22, 3)
;22\ T, T2, T3)

o = H' (p)®(t, x1, 22, T3), (34)

H (p) = WEHHEW ' (5) = nE®P), (35)
D

o(t.7) = WD) = | o2 |. (36)
Dy

YpasHenue (34) mpencrasisieT co60 pacllenJeHHY0 CHCTEMY YeThipex nceBroaudge-
peHLIMaJIbHBIX yPaBHEHUH BHUIA

22D - B d, a=12,
0P " t, T 37)
i22e208) _ e 17),  a=12

ot
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OueBuzHO, uTo ¢ onepatopoM H'(P) KOMMYTHUDPYIOT TakHe BOCEMb MATPHIL:
i
4

Atu MaTpULbl YAOBJETBOPAIOT KOMMYTAalUlMOHHBIM COOTHOLIEHUAM

Skl = (’Yk’Yl - ’Yl’Yk)a kvl = 172a3747 SO5 = "0, SOO = j (38)

[Skla Snr]— = Z(gkrsln - gnkSlr + glnSkr - glrSnk)7

(39)
[Ski, S50]— =0, [Sk1, Soo]— = 0.

Marpuusl Si; o6pasytor 6asuc wectuMepHoit anrebpsl Jlu rpynnsl O(4) ~ SU(2) ®
SU(2). Belurcasisi cob6cTBeHHble 3HaueHusi onepatopoB Kasumupa anre6pol O(4), He-
TPYIHO MOKA3aThb, YTO ITH MATPHIIBI PEaH3YIOT CIeyollee MpecTaB/IeHHe:

D (;o> ®D <o, ;) : (40)

BasucHble 3JieMeHTH {QA, A=1,2,...,8} = {Skl(ﬁ), 5’50(15), 300} asnre6psl GL(2)
@®GL(2) D O(4), oTHOCUTENBHO KOTOPOH MCXOMHOE ypaBHeHHe (4) HHBAPHAHTHO, BBIUK-
CJIAI0TCS 10 popmyJie

Ski(p) = WHP)SuW (B) = Sk + S (D),

Sup) = (Sept — Saupr) { E7(9) — 20855, E72(5) } m

Sos() = ==,  Soo=1,  kil,r=1234

Wz dopmyabr (41) BuaHO, YTO Ga3uCHBIE 3JIEMEHTHI aareOphbl SIBJASIOTCS MHTETPOAU-
(epeHIHaIbHBIMU OrlepaTopaMu. Besi wHTerpanbHocTb B hopmysaax (41) comepkutcs B
oneparope E(p), KOTOpbIi ABASETCS KOPHEM KBAAPATHBIM U3 MONOMKHTEILHOTO OMepa-
topa B2 = p2+m?. E(p) MOXKHO 3a1aBaTh KaK ¢ OMOIIBIO CHMBOJIA, TaK U C TOMOIIBIO

(hopMyJIBl
E(p)U(x) = (2m) " / e (52 4 m?) 2 W(y) dpdy.

HOILI)ITO)KI/IM BCe CKa3aHHOE B BHUAE CJ/EAYIOIIEro YTBEP2KIACHUS.

Teopema 4. Aseebpoii unsapuarnmuocmu ypasrenus Jupaka s8iaemcs 80CoMuUMep-
Haa anrecebpa GL(2) ® GL(2), 6asucHolie asemermol KOmopol 3adaomeca urmeepo-
Jugpepernuuaroroimy onepamopamu (41).

3. XopolIo H3BECTHO, YTO ypaBHeHHe Jlupaka MHBapHMaHTHO OTHOCUTEJbHO aJre-
opol [lyankape P(1,3), 6asucHble sneMeHTsl {Qa} = {P,,J. } KoTopoil 3ajawrcs
IrddepeHIHaNbHEIMH OllepaTOPaMy MePBOro MOpsiaKa:

P,u:]aﬂ:_iguy ) :U/vl/:Oa]-v2,37
O | (42)
(3

J;w =TuPy — TPy + S/u/a S;w = Z[’ypn%/]*'

HeTpynHo mpoBepuTb, YTO COBOKYMHOCTb omepatopoB (41) u (42) ne oGpasyer asre-
6py Jlu.
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Hrak, ypaBHeHue Jlupaka oGsajfaeT AByMsI THIIaMH CHMMETPHH: C ORHOH CTOpO-
HbI, UMEETCSI HHBAPHAHTHOCTb OTHOCHTENbHO 10-MepHo#t anre6pul P(1,3), obycJ/oBieH-
Hasi MTHBaPHAHTHOCTbBIO OTHOCHTEJBbHO MTPOCTPAHCTBEHHO-BPEMEeHHBIX NPeoOpa3oBaHuii, ¢
Ipyrol, — NHBaPHAHTHOCTb OTHOCHTEJIbHO 8-MepHO# anre6prl (41), ofycioBneHHast HH-
BapUaHTHOCTBIO OTHOCHUTEJBHO MPeo6pa3oBaHUN KOMIIOHEHT BeKTOop-¢yHKUMH U(zx).

BosHukaer ecTecTBeHHOe XesnaHHe OOBEIVHHUTH 3TH JBe CHMMETpPHH, T.e. HalTH
18-MepHyt0 anrebpy G UHBapHAHTHOCTH ypaBHeHHUs (2), comepxKallyl B KayecTBe MO-
nanre6ps! anredpol P(1,3) u GL(2) ® GL(2). B paborte [19] Takoe o6benuHeHHe ocy-
LLIECTBJIEHO.

Teopema 5 [9]. Asrcebpoii unsapuanmuocmu ypaswenus Hupaka seasemcs 18—mep-
Has areebpa Jlu, 6asucHoie aremenmol Komopol 3adaromcs Oudgeperyuarvroimu
onepamopamu (42) u unmeepodugpeperyuarvHoLmu onepamopamu

Qab = Sap + Ean(P),  a,b=1,2,3, Qoa = 1505(P) Qb (43)

~ 1 R . ) N .

Eab = E(%pb — Wha){1 + i72505(P) }- (44)
ﬂOKaSaTeJ’IbCTBO 9TOI‘/JI TeOpeMbI OCYUIECTBJIAECTCA C ITOMOIIbIO KOHerTHOﬁ peaJm3a-

LMK YKa3aHHOTO ajroputma. MHTerpasbHbId omepatop, pacUIemsiomuid cucremy (2)

Ha 4YeTbipe HE€3aBUCHMbIX YpPaBHEHHs, UMEET BUJ

1 S4aPa p SabPe D
W (p) = exp {z 4Ap arctg 2} exp zzp arctg P
b m p E(p)

)

b= (p? +p3+p3)2

Bce npuBeneHHble Bl pe3yabTaThl BepHbl M AJsI MPOU3BOJBHOTO IMyaHKape-UH-
BapuaHnTtHoro MY, onuceiBamoliero cBo6ogHOe ABHUKEHHE YACTHULbl CO CIUHOM § > %
Cyl1ecTByeT TOJbKO OIHO MyaHKape-UHBaPUAHTHOE ypaBHEHHe NBUXKEHHS 1Jis YACTHLBI
¥ aHTHYACTMLBl C HYJeBOH MacCOil M CIMHOM S = =, a HMEHHO JBYyXKOMIOHeHTHas

57
cuctema Beias

oxt.x) » _( x
ZT - Uaan(tax)a X = X2 ’

He 06Jafanlas JonoNHUTe bHOH cummMerpueit SU(2) ® SU(2).

YpaBreHune MakcBesia (B Bakyyme) AOMNOJHHUTENbHO MHBAPHAHTHO OTHOCHTEJBHO
rpynnel GL(2) ® GL(2).

CopmynupoBaHHbIe BBILIE TEOPEMBI MOXKHO MePEHeCTH (M YCHJHUTB) H Ha CHCTEMBI
Gosiee 00IIErO BUA, HATIPUMED CUCTEMbBl YPABHEHHH C MOCTOSTHHBIMH MaTPHLAMH

(Sn+1,,u.ﬁu + Sn+1,n+2) \I}(x) = 07 H= 07 17 s (45)

rae MaTpUUbl Syii1u, Snti,nt2 BMECTe C MaTpPULAMH Sy, Sy nt2 PeanusyloT MPOHU-
3BOJIbHOE KOHEYHOMepHOe mpefcraBjeHue anre6pel Jlu rpynmer O(1,n + 2). B kaacc
ypaBHeHH# Buaa (45) BXOIMT cucTeMa ypaBHeHHH MakcBessa B (1 4+ n)-MepHOM mpo-
cTpaHcTBe MUHKOBCKOIO:

OF,,(x) N OF, o () N OF () E,.

Oz, oz, oz, 0, oz, 0, a A (46)




HccenenoBanus rpynnoBeIX CBOMCTB CHCTeM AU(QepeHLHaNbHbIX YpaBHEHNH 415

[nsi 6eckoHeuHol cuctembl 1Y Buna (45) omucaHHBIE anropuTMm paboTaeT Tak Ke
spdekrusno (cm. [18]).

4. YpaBuenusa Hupaka u Maxcsesa IpUHALNEKAT K THIIEPOOJUIECKUM CHCTEMAM.
OHu, Kak Mbl noKasanu, obaanaoT O(4)-cuMmmerpueil. BeisicHuM Tenepb Tako# Bompoc:
00/1alal0T JIM TAKOH Ke CUMMeTpHel yJabTparunep6o/nieckue U 3JJIUNTHYECKHE CHCTe-
Mbl ypaBHEHUH?

Paccmorpum ypaBHeHust Tuna Jlupaka B ueTblpeXMepPHOM IIpocTpaHCTBe MUHKOB-
CKOTO, TJe JJIMHA BEKTOpa 3anaercsi popMyJIoi

2 =ak -t — 2l 42l 9 = t. (47)

B sTOM mpocTpaHCTBe ypaBHeHHe THMa J{Mpaka MMeeT BUJ
(YoPo — MP1 — Y2b2 — iv3D3) V(x) = m¥U(z). (48)

Cucrema (48) , kak u o6biuHble ypaBHeHus: Jupaka u Makcsesia, 3aganuee B (14n)-
MEpPHOM MpOoCTpaHCTBe MUHKOBCKOr0, 00J1alaeT TeM Ba’KHBIM CBOHCTBOM, UTO W3 Hee C
MIOMOLIbI0 UCKJ/IIOUEHHsS] HEM3BECTHBIX (DYHKLHH TOIydaeM OIHO U TO ke AU(depeHLH-
aJibHOe ypaBHeHHe BTOPOTO MOpsiiKa AJIs1 BceX KOMIOHEeHT Wy BeKkTop-(pyHKUHUH W:

(B3 — BT — 93 +93) Wi (x) = m* Ui (). (49)

HmenHo 3T0 cBoHcTBO ypaBHeHHH Tumna Jupaxka u MakcBessa siBJaseTCS HCTHHHON
NepBONPUUHHON fononHNUTeNbHOH O(4)-cMMMeTpUH. B Apyrux TepMHHAX 3TO 03Hauaer,
YTO XapaKTepHCTHUeCKHe MHOroo6pasust ((opMbl) OOHH U Te e [Jsi 000X THIIOB
YpaBHEHHUH.

Teopema 6. Ypasnenue (48) unsapuanmuo omnocumenvio arcebpor O(4).

JlokazaTesnbCTBO He NPHUBOAMM, TaK KaK OHO aHAJOTHYHO NOKAa3aTesNbCTBY Teope-
mbl 4. Oriepatop HeBBIPOXKIEHHOTO MpeodpasoBaHus, pacllensonil cuctemy (48) Ha
YyeTblpe He3aBUCHMBIX MCeBAOAH((epeHIHaNbHbIX yPaBHEHUS

R R ) o 1/2 . R
V4 (p% — p? — p% —|—p§) / O(t,7) = m2<I>(t, ), (50)

HMeeT BHUI

- 1 Bo — V1P1 — V2P — 3P o .
W) = 541t DB SEe(7) = W (5) W (,3). (1)
(p5 — 1 — P53 + P3)

QuuunTtudeckas cucrema 1Y Buzma
(YoPo — im1P1 — iy2p2 — iy3p3) ¥ = m¥ (52)

obsiafiaeT TOHM e CHMMETpPHEH, YTO U ypaBHeHHe (22).

Ecnu u3 cucrembl (52) HalTH ypaBHEHHs A/ KOMIIOHEHT BeKTOp-(QyHKUMH ¥, TO
MOJy4YUM MAJs KaKooH KoMroHeHThl Wy ypaBHeHHe [ejbMroJiblla B UYeTBIPEXMEPHOM
IIPOCTPAHCTBE

(5 + P} + D3 +P3) Wi(z) = m?Up(2). (53)

Bxparie pes3ioMHpoBaTb CKa3aHHOE B 3TOM IIyHKTe MOXKHO Tak: ypaBHeHHs (2),
(48), (52) yHBapHaHTHBEI OTHOCHUTEJBHO PA3JMYHBIX MPOCTPAHCTBEHHO-BPEMEHHBIX (re-
OMEeTpPUUECKHX) TIpeoOpa3oBaHKi, HO BCe OHUM 00JafaloT OfHOH U TOH Ke (HereoMeTpu-
yeckoit) O(4)-cuMmeTpHei.
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PaccMoTpeHHbBle HAMU CHCTEMBI SIBJISIOTCS YPAaBHEHUSIMH THIEPOOIUIECKOTO U IJJTH-
ntudeckoro tumna. CyuiecTBylOT U napabosnudeckue cuctembl Y, obnaparoue O(4)-
cummerpued (cM. [26]).

HertpynHo Beimucate cuctemy Y, koTopast He 06/alaeT HUKAKOH reoMeTpUYecKOn
CUMMeTpHel, HO 00/1aflaeT HEreOMeTPUUECKOH CUMMETpHEH.

JlJ1s1 MOMIHOTBl yIIOMsIHEM, UTO HEJHEeBCKUH alropuTM OblJl NPUMEHEH K 6oJjee CJjo-
JKHBIM CHCTeMaM, yeM ypaBHeHus [lupaka.

PaccmoTpuM cucteMy ypaBHeHUH MepBOro nopsiika BHAA

(Bup" —m) ¥ (t, &) =0, w=0,1,2,3, (54)
r7le IOCTOSIHHBIE MaTpHLbl 3, YIOBJAETBOPSIOT anredpe

6#51/6)\ + Buﬂ)\ﬂu = ﬂugu)\ + BugA,u- (55)

Cucrema (H4), usBecTHast B JuTepaType Kak ypaBHeHusi Kemmepa-JIedpdrna—Iletne
(KAIT), npencraBnsieT co6oi cHCTeMy NSITH ypaBHEHHH, eCIH HENPHUBOIUMOE TIPEACTaB-
JieHHe ajre6pel (55) peann3oBaTh MaTPULAMH 5 X 5, JTUOO CHCTEMY HECSATH ypaBHEHHH,
eC/ld HEeNpUBOAMUMOE MpeAcTaBjeHue anredpel (55) peannsoBath marpuuamu 10 x 10.
Matpuuel (8, BBIpOXKIEHH U 06/1aal0T GOJIBIIMM YHCJIOM HYJeH.

Oneparop L = BuD, B TOM cilydae, KOTa MaTpuLbl (3, peaiMsyloT MSTHMepHoe
npefcTaBieHne anre6psl (55), UMeeT TpexXMepHOe HYJb-POCTPaHCTBO. Eciy MaTpHIbl
L peanusyior 10-MepHOe TpeACTaBIeHHe, TO OepaTop L MMEET YeThipeXMepHOe HYJIb-
IPOCTPAHCTBO.

B pa6ore [14] nokasaHo, uto ypaBuenue KJII obnanaer SU(3)-cuMmerpueti.

5. B 3akstoueHue 3Toro naparpacga ykaxkeM Ha HECKOJIbKO ypaBHEHHUH, /151 KOTOPBIX
MHTEPeCHO U BaXKHO (C (DU3MYECKOH TOUKH 3pEeHHs) IPUMEHHUTb OMUCAHHBIH aJTOPHTM.

1. ¥YpaBHeHusi MakcBesia B pa3iinyHbIX Cpeiax.

2. YpaBHeHHUs TeOpPUH TPaBUTALIUH.

3. YpaBHeHHsl CTAaTHCTHYeCKOH (hU3MKM — ypaBHeHUs1 Dosbimana, @oxkepa-Ilnan-
Ka, Bsacosa, Boroswo6oBa.

4. YpasHenue Jlame.

5. YpaBHeHHe, ONHCHIBAIOIIEE PACIPOCTPAHEHHE BOJH B KPHCTAJLIE:

O (t,7) 0%V, (t,7)

Skinm(¥) 5 = PO

6. YpaBHenus tuna Jlupaka ¢ moTeHLUHAlaMU, HapuMep
{vup* + v (1 + Azqz®) — m} ¥(z) = 0,
{9uP" = M T T + Xacpvap ™ J*P 1 0 (2) =0,
A1, A2 — HEKOTOpble mapaMeTphl.
7. UHTerpo-nuddepeHunanbHoe ypaBHeHHe BUAA

S, G

0V (L,T) -
i———= =< a1(SP) + az 2 +a 5

ot

U(t, 7),

R . o o\ 1/2
PU A0,  p= (I +p3+p3) .
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Eciu B 3aTom ypaBHeHuH Matpuusl S = (S1,S2,S53) peanusyioT npeicraBieHHe
D(1,0) ® D(0,1) anre6pet Jlu rpynmer SU(2) ® SU(2), a; = 0o — marpuua [layiau
pasMepHOCTH 6 X 6 U az = az = 0, TO Takoe ypaBHeHHe COBNAJaeT C ypaBHEHUeM
Makcsesna. [IpencraBisieT Tak ke HHTepec HCCIeIOBaTbh ypaBHeHHe THHa MakcBesia
C HeJIMHEHHBIM YJIeHOM

oV =2,
ZE = UQ(SP)\II + )\(\I’+\I/)\I/,
rie U — BeKTOp-CTONGEL, KOMIOHEHTAMH KOTOPOTO SABJISIOTCS BEKTOPA JIEKTPHUECKOr0
E v maruntHoro H moseii, U+ = (E1, Eo, E3, Hi, Hy, H3) — BeKTOp-CTPOKa.
8. Cucrema ypaBHeHUH

OV (T) P+ P5+ P

o v +ao(S} + S35 + S3) + a1 (S1p1 + Sap2 + Saps)+

+as(S1p1 + Sap2 + S3p3)® + az(S1p1 + Saps + S3p3)? pU(t, T).

ATy cUCTeMy MOXXHO pacCMaTpHBaTb Kak oOlpeneseHHOoe 0600lieHHe H3BECTHOIO CKa-
asipHoro ypaBHeHus llpenuHrepa, onuCHBAIONIIEr0 ABHXKEHHWE YaCTHULbl CO CIIMHOM B
HepeJIITUBUCTCKON KBAaHTOBOH MexaHHKe. Ec/M MOJMOXKHTE MapamMeTpsl ag = a1 = Gy =
a3 = 0, Takoe ypaBHeHHe coBmajgaet ¢ ypaBHeHueMm llpenuHrepa, onuchBAKLIUM [BHU-
JKeHWe 6eCCIMHOBOM uyacTHlbl. B KBaHTOBOW MexaHMKe, MOCTPOEHHOH Ha OCHOBe 3TOH
CUCTEMbl ypaBHeHUH, 9Heprust cBOOOAHOH YacTULbl, 06afaolleldl CIMHOM S, ONpefes-
eTcsl (popMyJIoH

2
E(p,s) = f—m + apS? + a1 55 + aa(55)? + as(57)°. (56)

Jns 6eccnrHOBBIX yacTull s = 0 3Ta (hopMyJia cCoBNafaeT ¢ OOLIENPUHATOH (popMysnon
IJ151 9HepPruM 4acTHULbl B KBAHTOBOH MeXaHHKe

~2

Ocobennoctb (popmysbl (56) COCTOUT B TOM, UTO CIIHHOBBIE S U UMIIYJbCHBIE Tepe-
MeHHbIE [ BXOASIT B Hee Ha PABHBIX MPaBax, T.e. UMEETCS CHMMETPHUS MEXKIY UMITYIbCOM
1 cnvHoM. O6LienpuHsTas GOpMyJIHPOBKA HEPEJNSITHBUCTCKON KBAHTOBOH MeXaHHUKH He
ob/1afiaeT Tako# cHMMeTpHed. Ecay CNHUH yacTHLbl, KaK 3TO NPHUHATO CUHTATbh, €CTb
Takas ke cTeneHb cBOOOABI, KaK M KOOpAMHATA 4YacTHLbl, TO (opmysa (56) oTpaxkaer
3TOT (PaKT.

9. Cucrema ypaBHEHHH BTOPOro MOpsiKa

2 62 2 (9 2
{0 (@) s + 40 () o+ B ) 00 = 1 (0,

rie Ay, (2%), A, (2%), B (2?) — KBaipaTHble MaTPULEI, 3aBUCsLHe 0T 22 = 2 — 2} —

23 — 23, f (2?) — 3anaHHas BeKTOP-DYHKIHSI.
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10. Cuctema 1mecTy 0ObIKHOBEHHBIX YpPaBHEHHH 4eTBEpTOro Nopsiika

)\d4fl d*7y P (q L diy dTy d*T d2952>,

—_— = Ty, Lo, ——, —— —_
dt Lar2 DI T a2 dee

dtt dt? TS At dt T dt? 7 dt?

ATy cucteMy cJenyeT paccMaTpUBaTh Kak 0000leHHe ypaBHeHU# HbroToHa nmasi nByx
B3aUMOAEHCTBYIOIMUX YacTUL. CHCTEMBl TAKOTO THUIIA MOT'YT ObITh IOJyueHbl U3 06006-
lIeHHOro ypaBHeHus1 Dusepa—Jlarpanxka, BrnepBble npeasoxenHoro M.B. Ocrtporpan-
ckuM [28]. dynkuns Jlarpanxka B Mexanuke OCTpOrpajicKkoro 3aBUCHT OT TIPOH3BOAHBIX
IIPOU3BOJILHOTO MOPSIAKA.

[eomeTrpuueckas rpymnna UHBAPHAHTHOCTH ITOH CHUCTEMbl yPaBHEHUH, NOPOXKAEHHAs
npeoGpasoBaHusAMH B npocTpaHcTBe E(3) ® F(1), sHauuTe/1bHO WHpe rpynnsl [annmes
— JlecsITUTIapaMeTpPUYecKoll TPYMIBEl ABHKEHHH KJacCHYecKOH MeXaHHKH. Kpome To-
ro, 3Ta CUCTeMa ypaBHEHHH MNpH omnpeneseHHbX Fy u Fh objafaeT HereoMeTpHUeCKON
TPYIIONH MHBAaPHAHTHOCTH.

11. BeckoHeyHas Llenoyka JHHEHHBIX OOBIKHOBEHHBIX NU(pQepeHLHaNbHbIX ypaBHe-
HUH BTOPOro MOpsiKa

d*7, R -
1= = (a1 + a2)T1 + axds,
dt
>z,
L) AnTp—1 + (an + an+1)xn + Gnt1Tn+1,
n=123,...; my,m,ai,as,...,a, — INOCTOSHHbIE BEJUUUHDI.

12. Cucrema oObIKHOBeHHBIX JIY

k xo(t)
ZAk d;t(k() flxy, @, ... ), X(t) = 2, ,

Ay (t) — nepeMeHHBle MaTPULBL.
13.

8
"ot

14.

(t, ) = {)\’yom + M52+ g (1153 + Y23 + 'ygﬁg)} U(t, &) + A0,

—a

i=—U(t,T) = {m + 2— + A (71P2P3 + Y2pap1 + ’Ysplpz)} U(t, &)+

+)\2\If+’yg\1’ + )\3\I/+\I/,
{vopg + V2po (Y11 + Y2p2 + Y3p3) + iwpﬁ} W(t,&)—
—m2U(t, Z) — AT = 0.
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15.
(Y085 — Pt — 7203 — 3p5) U(t, F) = m* U (L, 7) + ATy 0.
16.
{Foﬁg —T1p7 — Taps — Tsp3 — V2 (Daprpz + Tspips + F6ﬁ2ﬁ3)} W(t,7) =

=m2U(t,7) + AU T 0.

3neck 'y, I'y, ..., I's — GasucHble asneMeHTH anre6pel Knndodopra. Huxaiiee He-
IPUBOIMMOE TpeNCTaBJIeHHe 3TOH a/jredpbl peasusyeTcss BOCbMUPSAHBIMH MaTpULAMH.
B atom ciyuae ¥ — Bekrtop-cTosiber; ¢ KomnoHeHTaMu {Wq, Us, ... Ug}. [lpu A = 0

3Ta CHCTeMa He 3JUIMIITHYecKasi, He mapabosudecKass U He THIepOosHUecKas, T.e. 3TO
CHCTeMa ypaBHeHHH mpoMexyTodyHoro tuma. OHa WHBapuaHTa, Kak H cucrema (19),
OTHOCHTEJ/IbHO HereoMeTpHUeCKUX mpeobpa3oBaHuil, obpasyowux rpynny U(2) @ U(2).

17. YpaBHeHus A7 creluatdbHbIX (yHKUUH. /s uccienoBaHUs T'PYMIOBBIX CBO-
HCTB NMPOU3BOJILHOIO OOBIKHOBEHHOTO NH((epeHHaIbHOr0 YpaBHeHHs (B TOM 4HCie U
ypaBHEHUH [JIs CMelUaNbHbIX (PYHKUMH) CAeyeT MOCTYMUTb CAeNyOIUM 00pa3oM: 3a-
MEHHUTb OJHO OOBIKHOBeHHOe AH((epeHlHabHOe YpaBHEHNE BBICOKOTO MOPSIAKA IKBU-
BaJIeHTHOH cucteMoi J1Y mepBoro mopsiaka

dxl-
dt

3aTeM BOCIOJb30BATbCSl TeM HM3BECTHBIM (DAKTOM, 4TO CHUCTeMa OOBbIKHOBeHHBEIX Y
5KBHUBaJIeHTHa OfHOMY JHUHelHOMY [1Y ¢ yacTHBIMM NPOH3BOAHBIMH M€PBOro MOpsAKa €
nepeMeHHBIMH KO3((HUIINEeHTaMH

6@(13,3?1,;?,...,9071) + Fi(t,z1,22,...,2Tn) oz, =0.

['pynnoBble cBOHCTBA 3TOr0 ypaBHEHHS B YAaCTHBIX POM3BOAHBIX MOKHO HU3YUYUTb C
TIOMOLIBIO JINEBCKOT'O MJIM HEJHEBCKOIO MeTOJa.

OTMeTHM TakKe, UTO, BOCIOJb30BABLINCh YKA3aHHOH 3KBHBAJEHTHOCTHIO, MOXKHO
pelIuTb ¥ OOpaTHyI 3ajauy TPYyINIOBOrO aHa/jHM3a, OMHUCATb BCEBO3MOXKHBIE CHCTEMBI
00bIKHOBeHHBIX 1Y, HHBapHaHTHbIE OTHOCUTEJIbHO IPYMI JBHKEHHH HEpeNATHBUCTCKOM
U peNATHBUCTCKOM MexaHuKu (rpynn [anuses u [lyankape). [lpu peleHun oGpaTHoi
3aJlaud MOXKHO HCII0JIb30BaTh MeTOAbl padoT [28-46] . Bosee mogpo6HO Bce 3TH BOMpo-
CBl OYIYT pacCMOTPEHBl B APYTHUX HAIIUX MyOJUKALUSX.

18. MuTterpo-nuddepeHinanpHas cuctTeMa BUaa

:Fi(tv‘rlvm%"';xn); 1=1,2,...,n,

8<I>(t,x1,ac2, ce ,.’Iin)

9B _ ay 1ot E + ag\/P2E, oD _ by rot H + by/p2H.
ot ot
Ecau B aTOoM YPaBHEHHH MOJIOKHUTb Qg = by =0, a1 = —1, by =1 u no6aBUTH ycJo-
e divD =0=divB, B=H, D = E, 10 0HO COBIageT ¢ ypaBHeHHeM Makceesina B
BakyyMe. B 3Tom cayuae, korna a; = by =0, ag = by =1, B= uH D=c¢E, ypaBHe-
HHe MHBapHaHTHO oTHocuTenpHO 10-MepHOi anre6psl [lyaHkape(reomerpudeckasi CUM-
meTpusi) u anre6psl Jlu rpynnel U(3) ® U(3) (Hereomerprueckasi CHMMETPHS).
C/ieyeT OTMETHTb, UTO [IJsI UCCJIENOBAHUS TPYIINOBEIX CBOHCTB TaKOH MceBIOAU]-
(bepeHLHANBHON CUCTEMbl COBEPLIEHHO He MPUTOEH JIMEBCKUH METOI, HECMOTPS Ha TO,
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YTO ypaBHeHHe 00JiaflaeT OUeBHIHOH CHMMETPHUEH OTHOCHUTENBHO TPYIMIbl TPeXMEPHBIX
BpallleHW# U CIBUIOB.
19. Cucrema ypaBHEHHH YeTBEPTOro MOPsIKA

ﬁoE = aoﬁ —+ 00E —+ a1 rot Ii_i —+ C1 rot E+
~2 77 2 7 212 77 ~2\2 3
+a2paH + C2paE + a4(pa) H+ c4(pa) Ea
ﬁoﬁ = boﬁ—i—doﬁ—Fbl r0tE+d1 rotﬁ—i—
+bop2E + dop? H + ba(p2)*E + da(p?)*H,
rae a, b, ¢, d — MOCTOSIHHBIE BEJWYMHBI UM (DYHKIUH OT HHBAPHAHTOB 3JIEKTPOMAarHu-
THOro moJisi 21 = FH W 2o = F2 — H2. K atum YPaBHEHHUSIM MOXKHO N0OaBHUTb yCJOBHS
tuna div H = 0 uiu npyrde rpaHUYHBIE YCJIOBUS, AUKTyeMble KOHKPETHOH (pU3HUYecKOn

3ajlauei.
20. Cucrema ypaBHEHHH BTOPOTO MOpsiIKa

(92 — p2) E = fi(z1,22)E + fo(z1,22)H,

(92 — p2) H = g1 (21, 22)E + go(21, 20)H.
21. YpaBHeHust

PEE=0, piH =0,

CO BCEBO3MOXKHEIMH JIONIONHHTEIbHEIMU yeIoBHsIMU (Hanpumep, tina div H = div E),
TP KOTOPBHIX BCSl CHCTeMa ypaBHEHHH OyleT COBMECTHA M MHBApUAHTHA OTHOCHUTEJbHO
KOH(OPMHOH Tpymnsl, WAK Tpynnsl JlopeHua, uau Apyrux rpynn mnpeo6pasoBaHUil B
4eTblpeXMepPHOM MPOCTPAHCTBE.

22. YpaBueHnue [lupaxka B KPUBOM IPOCTPAHCTBE

’y“(m)V,ﬂI’(t, .’I}) = m\I/(t,x), [’Yu(m)v’yl/(x)]-‘r = 29;11/(‘1‘)'

Sameuanue x 3adaye 4. C MOMOILIbIO HEJHEBCKOTO METONA MOXKHO MOKa3aTh, UToO,
B CJyd4ae OTCYTCTBHS MacCOBBIX CHJ B ypaBHeHHH Jlame, anre6poil MHBApHAHTHOCTH
ero siBasercs: 10-mepHas anre6pa [lyankape. Ha camoMm nese 3To ypaBHeHHE HHBapH-
AHTHO OTHOCHTEJIbHO 6oJiee IIHPOKOH anre6pbl — 15-MepHOH KOMQOPMHOH aireGpsl.
[Ipu sTOoM 6a3ucHble 37eMeHThl COOCTBEHHO KOH(QOPMHOH Mofanre6phl sBJSIOTCS HEKO-
TOpPBIMH (PYHKUHUAMH 6a3UCHBIX 3jeMeHTOB anredpwl [lyankape. Bosee moppo6Ho sToT
BoIpoc OyzeT OCBellleH B APYroM MecTe.

3ameuanue Kk 3adaue 17. YpaBHeHHs IJisl ClELHAJbHBIX (DYHKUHH — YypaBHEHHs
BTOporo mnopsinka. I[loatomy BecbMa 3(p(eKTUBHBIM CIOCOOOM YCTAHOBJIEHUS ajre6p
MHBAPUAHTHOCTH TAKUX yPaBHEHUH MOXeT CJAYXHUTb HAes (DakTopu3aLud orepaTopa
BTOPOT'0 MOpsiiKa B BHMEe MPOH3BENEHHs] ABYX OINepaTopoB (OMepaTopoB POKIEHHs U
YHHUUTOXKEHHS1) MepBoro nopsiika. OKasbiBaeTcs, YTO B OOJIbIIMHCTBE CAyUaeB 3Ta UAesi
KOHCTPYKTHBHO paboTaeT W JaeT MPOCTOH aJrOpPUTM BBIYMC/EHHS HEeTPUBHAJBHBIX aJ-
re6p MHBApUAHTHOCTH YPaBHEHHH 1Jis CleLHUAaNbHBIX (DYHKLIHH.

[l BCECTOPOHHEro H3yueHHs TEOPeTHKO-TPYINIOBBIX CBOHCTB IepeyrcJeHHBIX
ypaBHEHUH eCcTeCTBEHHO BOCIIO/Ib30BAThCS KaK JHMEBCKUM, TaK U HEJHEBCKUM METOIOM.
Takoll cHHTe3 0coOeHHO MJIOLOTBOPEH 115 cucTeM AH((epeHLHalbHbIX ypaBHEHUH.
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§ 3. JIBoiicTBeHHas NHBAPUAHTHOCTh ypaBHEHHUI
PeJATUBUCTCKON KBAHTOBOM MEXaHUKH

B pa6orax [11, 12, 17] ycranosjeHo, uto ypaBHenusi Makcsesaa, Jupaka, Kneiina—
Topnona—®oxa (KI'®) u mHorue apyrie ypaBHeHHs pesISTUBHCTCKOM KBaHTOBOH Mexa-
HUKHU HHBapHaHTHbl OTHOCHTEJbHO MPOCTPAHCTBEHHBIX U BPEMEHHBIX Npeofpa3oBaHU,
He COBNAJAWIIUX ¢ Mpeobpa3oBaHusiMU JlopeHua. BaxkHo moguepkHyTb, YTO NPH 3THUX
npeoGpa3oBaHUsIX BpeMeHHas KOOpAHHAaTa He u3MeHsiercs: t' = t. Hike paccmoTpum
nogpo6HO 3TY HEJIOPEHLIOBCKYI0 MHBAPHAHTHOCTh AJs ypaBHeHHH KI'D.

1. UsBecTHO, uTo ypaBHeHue (KI'D)

Lo(z) =0,  L=p}—p}—p3—m? (57)

WHBAapUaHTHO OTHOcUTesbHO rpymnmnel [lyankape. B tepmunax anre6per Jlu 310 3HAUUT,
urto a5 gecsiTh onepatopoB {Qa} = {P,, Ju,} yIOBIeTBOpsieTCs ycJOBHe HHBapHaH-
THOCTH (7). DTH GasucHble 3/eMeHTH anrebpsl P(1,3) UMEIT SIBHYI0 CTPYKTYpY:

0
ox?’

Omneparopet (58) mopoxkaaioT npeodpaszoBanus JlopeHua:

Pp{ = p, = ig"” Jiy = 2,Py — TPy, wv=20,1,2,3. (58)

T, = exp{iJapbaste, exp{—iJ 50,5} = Ay,
(59a)

z), = exp{iPyaq}x, exp{—iP,a,} = z, + ay,

p:/, = eXp{ZJOIﬁeaﬁ}p/L exp{iiJOﬂsaaé} = A/VLplh ,LL, v, a, ﬂa 77 5 = Oa 17 25 3 (596)

3nech 0,3 — LIeCTb AeHCTBUTENbHBIX MapaMeTPoB, 3afaolIKX obllee Mpeobpa3oBaHue
JlopeHua; a, — 4eTblpe HeHCTBHUTENbHBIX NapameTpa, 3afalollUX IPYNNY TPaHCAALUH
B 4-MepHOM npocTpaHcTBe MUHKOBCKOro; Aj — ssieMeHThl Matpuusl Jlopenua A.
KBsanpatuunble ¢opmbl B KoH(urypamuonnom R*(z) u umnyabcrom R*(p) npo-
CTpaHCTBax
S(t,8) = @} — a2 = (a)” - («})° = (&), (60)

S(po, D) = pg — v = (p6)” — (0},)* = S(ph, p) = m? (61)

WHBapHaHTHBI OTHOCHUTENBHO MpeoOpaszoBaHuil (59).

BbisicHUM Tako# BOMpocC: CyILecTByeT /M ajirebpa HHBapMaHTHOCTH ypaBHeHuss KI'PD
, KoTopasi Obl 1Jis1 TPOCTPAHCTBEHHBIX & = (X1, T2, ¥3) U BPEMEHHOH NepeMeHHOH xg = t
TNOpOK/aJia TeOMeTpHYeCKHe PeoOpa3oBaHus, OTJINUHBIE OT npeobpasoBaHuil (59a)?

Ha nocraBieHHBIH BONMPOC MMeeTCsl OTPULIATENbHBIH OTBET, €CJU anredpy WHBapH-
AQHTHOCTH ypaBHeHHs (D7) MCKaTb B KJacce OMEpaToOpOB MEPBOro MOpsIKa. DTO 3HAUMT,
yTto B moaxoje JIu Takas asnreGpa He MOXeT ObITb HaiijieHa. OpHako B GoJjee 06lIEM
nonxome (cm. § 1), Korma uiercs anare6pa MHBaPHAHTHOCTH B KJjacce MHTErpoaud-
(hepeHLMANBHBIX ONEpPaTOPOB, CYLIECTBYeT IMOJOXKHUTEJbHBI OTBET Ha IOCTaBJEHHBIH
Borpoc (Teopema 7).

C nomolbl0 CTAHAAPTHOH 3aMeHbI

ﬁo@ = %1/% Y= 11[}27 ﬁo@ 7é 07 (62)
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TIe » — TOCTOSIHHAs BeJHYMHA, BBeIEHHAs U3 Pa3MepHOCTHBIX COOOpaKeHHH, ypas-
Herue (57) CBOOUTCS K KBUBAJEHTHOM CHCTEMe JABYX YPaBHEHHH MepPBOro MOpsioKa
OTHOCHTEJIbHO BPEMEHHOH MPOU3BOLHOM:

Po(t, 7) = (2, 7), w=<$>7 (63)
’}:l(ﬁ) = i (E2 + %2> 01 — 109 (EQ — %2) , E= (ﬁi + m2) 1/2, (64)

(01 (0 —i (1 0
=\ 10) 227\ i o) 7(o0 -1 )
Teopema 7. Ypasrenue (63) unsapuarnmno omuocumeroro 10-meproii areebpor Jlu ¢

6A3UCHBIMU FNEMEHMAMU:

POII = 7:[(]5); PaII = Pa, Jébl = Jab = TaDb — ToPa,

1 A A
17 __ ~ ~ ~ II/ A~
Joa = ToDa — 5%71(1)) +H(P)ra + & (D), (65)
_H(p)
17 _ —
€ - Pa 2E2 ’ a,b,c-1,2,3,

Komopas nopoxcoaem HeAOpeHy06CKue npeobpasosanus
z, = exp{iJapbob }xa exp{—iJocOoc} # A, (66)
t/ = exp{iJObGOb}t eXp{—iJOCQOC} =t. (67)

HokasartenbcrBo. Dopmysbl (65) 3anaiT siBHYIW CTPYKTYpy omepatopoB {Qa} =
{P{E, P JH JETY ) nosTomy B cripaBenMBOCTH MepBOi 4acTH TEOPEMbl MOXKHO yoOe-
IUThCSl HEMOCPEACTBEHHOH nmpoBepkod ycnoui (7) u (11). YcaoBHe MHBAPHAHTHOCTH B

JaHHOM CJiydae UMEeT BU[

{iiﬂ(p)@fl} Pt @) =0, A=1,2,...,10. (68)

Bonee mpocToil u 3/eraHTHBIA MyTh H0Ka3aTeNbCTBa, YKAa3bIBAIOLIMH METON HaXo-
XKIeHHs1 orepaTopoB (65), cocToUT B peasnusaunu aaroputma § 1 ass ypasHenus (63).
C moMOIIbI0 HEBHIPOXKIEHHOTO MpeobpasoBanus (cm. [12])

S B )
W) = s |14+ 0s 2| (69)
VI Ep)
ypaBHenue (63) npeoGpasdyercst K IByM He3alEJIsOMMMCs YPaBHEHHUSM
00(t, & “r -
228D e, x) (70)

H(p) = o3 E(p), W@wzéz(%). (71)
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YcnoBHe WHBapUaHTHOCTH 1151 ypaBHeHus (70) umeet BUL

i @2 oo (72)

Tenepe sierko y6ennThbCsi, 4YTO ONEPATOPbI

PP =H@p)=03E, PP =ps,  JL = Ju,
(2) - 1 (s (s (73)
Joa = TqPa — 5{55(17'[ (p) +H (p)xa}» To=1

yIOBAETBOPSIOT yeaoBuio (72) u obpasyior 10-MepHyto anre6py [lyankape. SIBHas cTpy-
KTypa omnepaTopoB (65), yIOBJEeTBOPSIOIIMX, OUEBUIHO, YCcaoBHIO (68), mosydyaercs us
oneparopoB (73) ¢ oMo Gopmyasl (23), T.e.

A qn 2 Tr— 2)1%
P —Www, PH=p® =g gy gBh (74)
OcTanoch MoKasaTh, UTO onepaTophl (65) MOPOKAAIT HEJOPEHIOBCKHE MPeodpaso-
BaHus (66), (67) 1 uTO MpPU THX TpeoOpa3oBaHUsAX BpeMsi He uaMensercs. [locnaenHuit

CpaKT ABJISIETCA CJIeACTBUEM COOTHOIIEHUH
[xOV J({(f]* = 07 [xav J({bl]f 7£ _igabm(% (75)

3zech xe cpasy 3aMeTHM, UTO aHAJOTMUHBIE ONEPaTophl U3 aire6psl (58) npHBOAST
K COBEpILIEHHO APYTUM COOTHOLIEHHUSAM:

[.’L'()7 J({a]* = iP¢{7 [l’a, J({b}f = _igabx[)' (76)

CoorHotuenusi (76) roBopsiT 0 TOM, uTo omepaTopbl (58) MOPOKIAT JOPEHLOBCKHE
npeobpa3oBaHus, P KOTOPBIX BpeMsi, KOHEUHO, U3MeHsieTcsl. Teopema 7 noKasaHa.

Caencteue 1. Kanparuunas ¢opma (60) HenHBapHaHTHa OTHOCHUTEJNBHO TIpeoOpa3oBa-
Hui (66), (67).

CaenctBue 2. Ecau ¢ nomotueio onepatopos (65) HaliTH COOTBETCTBYMOLIHE (HOPMYJIBI
MpeoGpa3oBaHus 15 SHePrHM F M MMIy/ibCa f, YaCTHI, TO TaKHe MPeoGpasoBa-
HHSI COBNANYT C OOBIYHBIMU NpeoOpa3oBaHUAMH JIopeHIa, a 3HAUUT OTHOCHTEJBHO HUX
¢opma (61) nHBapHaHTHA.

W3 npuBeneHHOro cjenyeT Takod oOWMiH BeiBoA. YpaBHeHHe KI'®D, kak u Bcsikoe
IyaHKape-HHBapUaHTHOe ypaBHEHHe MJIs1 CBOOONHOH uyacTHLB! ¢ (PUKCHPOBAHHOH Mac-
coél (MM HyJeBOH), obsafaeT NBOHCTBEHHOH (myaJsbHOH) MHBapHaHTHOCTbIO. C OfHON
CTOPOHEI, OHO MHBAapHAHTHO OTHOCHTEJBbHO NpeoOpa3oBaHuil JlopeHma, cOXpaHSIOIINX
KBajzipaTHuHble POPMbI Kak B KoH(urypauroHHom (60), Tak u B ummysascHom (61) mpo-
crpaHctBax. C npyroél ctopoHbl, ypaBHeHHs KI'® uHBapuaHTHB OTHOCHTEJBHO Ipe-
obpasoBanuit (66), (67), koTopsle H e coxpaHsitoT ¢opmbl (60). [Ipuunna Taxko# my-
anbHOCTH (57) 3akJ/ioueHa B IBOMCTBEHHOH NPHpOAE olepaTopa i%' B npocrpaHcTBe
L?(—00,00) OH 06/1agaeT CIJIOLIHBIM CIEKTPOM, JeXalluM Ha BCel AefCTBUTEJbHOM
ocu. OnHAKO B MPOCTPaHCTBe pellleHHH ypaBHeHHs (D7) wuau (63) OH UMeeT TaKoH xXKe
criekTp, Kak u orneparop H(p). Crexrp omeparopa H(p) JEXKHUT Tak e HA AEHCTBH-
TeJIbHOH OCH, HO HMeeT JIaKyHY Ha HHTepBaje (—m,m).
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[TpumMepoM pesIATHBUCTCKOrO YpaBHEHHS, He 00J/aJalollero JBOHCTBEHHOH CHUMMe-
TpUeH yKa3aHHOT'O THIA, MOXET CJAYXKHTb ypaBHEHHe ¢ COOCTBEHHBIM BpeMeHeM (CM.

[12]):

O%o(1,t,1)
or?

B (77) omepatop pg BXOOMT “Ha paBHBIX MpaBax’ C OMEpPaTOpPaMH P,, a 3HAYMUT
BpeMeHHasi MepeMeHHas NEHCTBUTENbHO HHUKAaK He BbIeJeHa MO CPaBHEHWIO C Mpo-
CTPAHCTBEHHBIMH TepeMeHHBIMU. YpaBHeHue (77), B otnnune ot KI'D, He omucbiBaet
JBHXKEHHEe YaCTULbl ¢ (DMKCHPOBAHHON MaccOi, MOCKOJbKY CIEKTp omeparopa pa — p2
CIJIOILIHOW M JIEXKUT Ha BCel JIeHCTBUTeNbHOHU OCH.

= (95— P2) o(7, 1, 2). (77)

3ameuanue 6. YpasHenue (70), kpome ajirebpel (73), WHBAPHAHTHO OTHOCHUTEJBHO
anrebper (58).

Jlist ycTaHOBJIEHUSI N1yasbHOHM MHBapHaHTHOCTH ypaBHenusi [upaka (4) (Teopembl
THNA 7) HYXKHO JOCJIOBHO MOBTOPUTH JOKa3aTeNbCTBO TeopeMbl 7. IIpu 3ToM Heo6-
XOIMMO BOCIOJIb30BaThest mpeobpasoBanueM (33) u ypaBHeHueM (8). OueBHAHO, UTO
ypaBHeHHe (34) HHBapHAHTHO OTHOCHUTENbHO anreGpsl (73), B KOTOPOH clesiaHa 3aMeHa
IBYXMepHOH MaTpHULBbl 03 Ha YeTEIPEXMEPHYIO MaTpPHLY 7o. B KBaHTOBOI TeopHuu yacto
paccMarpuBaioT, KpoMme cHcTeMbl (34), elle ¥ COMpsiKEHHYIO K Hedl cucremy. AsireGpoi
MHBapHAHTHOCTH TaKOH 8-MepHOH CHCTEMBI SIBJSIETCS, Hampumep, aare6pa Jlu rpymimsl
O6)>DU(2)@U(2) [8, 9, 19].
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O rpynne MHBapuaHTHOCTU KBa3u-
PeJITUBUCTCKOTO YPaBHEHMS IBUIKEHUS
B.H. @YLIHY, A.I. HHKHTHH

B pa6ote [1] Gblia mocTaBsieHa 3agada 0 HaXOXKAEHWH TPYMINbl MHBAPHAHTHOCTH AU(-
(hepeHHLaJbHOTO yPAaBHEHUS B YaCTHBIX POM3BOLHBIX YETBEPTOrO MOPSLKA

.0 a a
i5 V(@) = H(p)¥(t,x),  H(p)=ao+ fpz + ﬁp‘ﬂ (1)

roe aj, a2, a4 — NOCTOSHHbIE KO3(P(PULIUEHTHI,

0
0xy

YpaBuenue (1) siBasieTcsi ectecTBeHHbIM 00001uieHHeM ypaBHeHus Lllpennurepa ais
CBOOONHON yacTHLbl (COBNanas ¢ MOCJENHUM NpH ag = a4 = (), YACTHUHO YUYHTHIBAIO-
LIMM peJsiTUBHCTCKHE 3(dekThl. HeTpynno y6enurbcs, 4To 9T0 ypaBHeHHe He WHBapH-
aHTHO HY OTHOCHUTEJIbHO IPyNmbl [ajnuses, HU OTHOCHTeNbHO rpynnbl JlopeHla.

B nacrosiliell ctatbe ycTaHOBJ/IEHA JBajllaTHIapaMeTpudeckas rpynmna Jlu, gomnycka-
eMmast ypaBHeHueM (1); HaiineH siBHbIH BUA npeoGpa3oBaHuil BosHOBOM (yHKUuH U (t, x),
octaBssioUKX (1) MHBapHaHTHbBIM; BbiBefieHa (hopMyJia, yCTaHABIUBAIOLLAs 3aBUCHMOCTD
Macchl 4acTHLbl OT €e CKOPOCTH; NPEeJIO’KEHO ypaBHeHHe [BHXKEHHUS MJISi YaCTHLBl C
NIPOM3BOJIbHBIM CIIMHOM, HHBapHaHTHOE OTHOCHTE/bHO HaWJeHHOH I'DYIIbL.

O6Gosnaurm uepe3 {4} GasucHble s/MeMeHThl anre6psl Jln HekoTopod rpymnmbl G.
Ypasrenue (1) MHBAPHAHTHO OTHOCHTEJIBHO Ipymnibl GG, €C/IH BHIIOJIHSIOTCS yCI0BUs [2]

p’=pi=pi+p3+p3, p'=0)’ po=—i

i - 1) Q4] wta) =0 @

niist Bcex Q4 € {Qa}, {A} — HekoTOpPOE MHOXKECTBO MHJEKCOB.

Teopema. Ypasrenue (1) unsapuarmno omuocumenrvro 20-meproti areebpol Ju, 6a-
3UCHbLE dAeMeHmbl KOMOPOU 3a0AH0MCS ONepamopamu

0 0
P =7 — Pa = Pg = — ) R I7
T P =
Jab = TaPb — TpDa, a,b=1,2,3, Gq =tVy — x4, (3)
. 1 1
Vll = Z[H(p)’ "Ea], = Pa <a2 + 50,4]?2) ) Pab = —a4 <papb + §5abp2> )

ede I — eduHuuHblil onepamop.
Joka3aTeabcTBO. BoCro/b30BaBIINCh TOXKIECTBAMH

HELVl- = |ig| =0

Jokaansl Akanemuu nayk CCCP, 1978, 238, Ne 1, C. 46-49.
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HENMOCPEeICTBEHHOH MPOBEPKOH HeTpPyoHO YyOeNHTbCs, UTO Bce omepaTophl (3) ymoBJe-
tBOpsitoT ycsoBuio (2). Onepartopst Py, P, Pay, Vi, I KOMMYTHPYIOT MeXAy CO00#
U COBMECTHO C omepatopamu Jup, G, YIOBJETBOPSIIOT CJAEAYIOIIUM KOMMYTAMOHHBIM
COOTHOIIIEHUSIM:

[Jabs Jed] - = i(0acdbd + Obdac — dadTbe — Obead) [Jab, Po] - = 0,

[Jab, Ge]— = i(0acGb — 6cGa), [Pa, Gy]— = i6an 1, (Ga, Gyl - =

[Jabs Pe] - = i(0acPo — b)), [Va, Gb] - = i(Pap — dapazl), (4)
[Po, Gal- =iVa, [Jabs Pea]— = 1(dacPod + 0paPac — OpcPad — OpaPac),

[Jab, Vel - = 1(6acVo — 0bcVa), (Ga, Poc] - = ias(3abPe + 6pcPa + 0achs),

T.e. o6pasyiotr anarebpy JIu. Teopema nokaszaHna.

[TonuepkHeM, 4TO reHepaTophl (3) MpUHALJIEXKAT Kiaaccy NUPQPepeHIHaNbHbIX OMepa-
TOPOB TPETBETO MOPsIAKA. DTO 03HAUAET, UTO HalileHHast HaMU anreOpa HHBAPHAHTHOCTH
ypaBHeHust (1) He MOXKeT ObITh MOJIyYeHa B KJaCCHUECKOM nomaxozne JIu, B KOTOPOM, Kak
XOPOILO H3BECTHO, ()4 3anarorcs nuddepeHIHANbHBIMU ON€PaTOPAMU NE€PBOr0 MOPSA-
Ka.

Hcnonbsyst stBHBIN B (3) HafineHHBIX onepaTopoB Qa, Qa D Py, Pu, Py, Ga, Jub,
Vo, MOXKHO HalTH TPyIy MHBapuaHTHOCTH ypaBHeHusi (1), T.e. HaliTu mpeoGpasoBa-
HUsI KOOPAMHAT x, uMmyasca P, u BosHOBOU (yHkuuu ¥ (¢, x), octaBasmomue (1) uu-
BapuaHTHBIM. He BnaBasicb B jeTanu AOBOJBHO TPOMO3AKHMX BbIUHCJIEHWH, MpHBeNEM
OKOHYATeJbHBIH Pe3y/bTaT:

PaHPé:WPaW_lzRabe"’_uaa (5)
Ty — :L'; = Wan—l = Ropxp + (Va/ — Rab%)t— (6)
—bgq — a2\q + RapReqaRpg e — a4 (Rabe/\cc + 2)\abRbcPc)a
Vo = Vi =WVoW ™" = Ry Vi — RacRpaReaus+
1 2 2 (7)
+asu, + §a4 [Rabeuc + 2ug Rpe Poup + uauc] ,
U(t,xy) = W't zq) = WU(t, z4) = explif(t, )] x
1
X exp [iRabRchbd <§tuauc + UgAe + Aacﬂ X
X expliRap Vi (tug + Ag) — tag Rap Ppig ] X )
X W (t — a, Rapry — by — tasug —
1
—ay {2tuau + Ug Aoy + 2AapUp + UgUpAp + = )\ U ])
7
=exXp| 3 abeab> - exXp Z‘Pab>\ab X
<2 (HFaar) 9

X exp(iVaAq) - exp(iGatty) - exp(iPpby, — iFPoa),
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rae Bap, Aab, Ua, b, @ — TPOU3BOJBbHBEIE NEHCTBUTE/bHbBIE TTAPAMETPHI TPe0Opa3oBaHHUS,
Rqp — Omeparop TPEXMepPHOro MOBOPOTA,

1

.eab . Gacecb 2 1/2
Rap :§ab+l7 sin 6 + 2 (cosh — 1), 0= <§0ab )

f(t,x) — {as3oBbiil MHOXHTEb
1 2 1 242
flt,x) = —zquq — iaQtua - §a4t(ua) +C,

C — npou3BoJIbHAsH MOCTOSIHHAS.
L5t BOIHOBOM (DYHKLHH B UMITY/IbCHOM MpOCTpaHCTBe mnoJdydaeM u3 (9) 3akoH mpe-
06pa3oBaHus B BUIE

' (k,w) = /d3x dt exp(iwt — ikyxy) V' (t, x) = 0

= exp(iklb, — iw), +iC)P(k',w'),

rue

K = Rapky + ey o = %ag(kgf + %a4[(k;)2]2. (11)
Dopmyast (5)—(11) mpu Ay = Aap = a4 = 0, as = (2m)~1, u, = mv, 3anawT
npeoGpasoBanue [anues, a B caydae MPOU3BONBHBIX Ag, Agp, A2, G4 MOTYT PaccMaTpu-
BaThCsl KaK OMpe/e/ieHHble 06001eH st 5Toro npeodpasoBanus. CyliecTBeHHOe OTIHYHE
npeobpasoBanuil (5)—(11) oT nmpeobpasoBanuil 'anuses coCTOUT B TOM, UTO OMEPATOP
x!, BbIPa)KAeTCsi He TOJIBKO Yepe3 OMEepaTop &, U COOTBETCTBYIOLIHE MapaMeTphl Ipe-
06pa30oBaHusi, HO TaKXKe M 4yepe3 OMepaTop CKOpocTH uacTHubl V. DPopmyssl (5), (6),
(8), (10) ykasblBaloT Ha SIBHYIO HECHMMETPHIO MEXAY MMIYJIbCHBIM U KOOPAMHATHBLIM
MPOCTPAHCTBOM.
[IpuBenem npruMmep ypaBHEHHS, HHBAPHAHTHOTO OTHOCHUTEJBHO ajiredpsl (4) u omnu-
CBIBAIOLIEr0 [BUXKEHHE YACTHIILI C IPOU3BOJIBHBIM CIIHHOM. DTO ypaBHEHHE MMeeT BHJ

)
i5 V() = H(s,p)¥(t, @), (12)

, _ a a
H(s,p) = 0100 +2055p — (01 — io2)(a0) "' 2(Sp)* + 5p* + 51",
rae (¢, x) ecTb 2(2s+1)-koMIOHeHTHast GYHKLUSA, S, = 361 SO , Sq — MaTpHLB,
a

peasusyioliye HenprBoaumoe npencrasiaexne D(s) anre6per O(3), o, cyTb 2(2s + 1)-
psnable matpuubl [laynu, kommytupytowue ¢ S,. Onepartopel P,, Py, Pap, Jab, Ga,
yhoBseTBopsiolne anredpe (4), Ha MHOXKeCTBe pellleHHE ypasHenus (12) sapmatorcs
thopmyaamu

0
Py =i Pa =Pq = —1 ) Ja = LaPb — a Sa )
0= 150 p Za:ca b = TaPb — TpPa + Oab
1 2 1 2
Va =DPa | a2 + §a4p ) Pab = —ay4 | PaPy + iéabp )

Ga = tva — Zq + (0—2 - Z‘Jl)(ao)ilsa'
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B 3aksiouenve npuBeneM (hopMyJibl, YCTAaHABAHBAIOIIME CBSI3b MEXAY HUMITYJIbCOM U
CKOPOCTBIO YaCTHIIbl, OMUChIBaeMo# ypaBHenueM (1) B cayuae asay > 0. U3 (3) umeem

a
Va = a2pq <1 + _4p2) .
2a2

Pewas 310 KyO6uuyeckoe ypaBHeHHe OTHOCHTEJbHO P, MOJyUaeM

Pa = mVy, mmoisin{

1%
—arctg ——— |,
3 ST —v2]

1 3\*"? a -
= — — — = — /2
mo=——, V <2> SV V=D

(13)

Dopmyna (13) maeT 3aBHCHMOCTb MAacCChl YaCTHLBI 772 OT CKOPOCTH.
CootHowenus (13) onpenenens aas 1 — V? > 0, oTKyna 3ak/i049aeM, 4TO CKOPOCTh
YaCTHIIBI B KBAaHTOBOH MexaHHKe, Gasupyioleiicss Ha ypaBHeHnuu (1), moykHa ObITb Or-

3
a
2
OTMeTHM, 4TO MOJy4YeHHbIE pPe3ysbTaThl 00001Ia0TCs HA caydall nuddepeHLHab-

HBIX ypaBHeHHH Buaa (1) mpou3BONILHOrO KOHEYHOrO MOpPsIAKa, KOraa

3/2
Qy .
panuueHa ycjaoBueM V < <§> —— (B ecTecTBeHHOU cucTeMe equHuI /i = ¢ = 1).

N
H(p) = asp™, N <oo.
n=0

1. ®yuuu B.M., B ku.: [Ipo6ieMbl acMMITOTHYECKOH TeOpHH HesMHeHHbIX KoJebanuil, Kues, Hayxosa
nymka, 1977, 238-246.

2. ®yuwwmu B.U., Teop. u mam. ¢us., 1971, 7, Ne 1, 3-12; JAH, 1976, 230, Ne 3, 571-573,;
Hukutun A.T., Cerepa I0.H., ®ymwmu B.U., Teop. u mam. ¢us., 1976, 29, Ne 1, 82-94.
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On the non-relativistic motion equations
in the Hamiltonian form

W.I. FUSHCHYCH, A.G. NIKITIN, V.A. SALOGUB

The Galilean-invariant equations for particles with arbitrary spins have been obtained,
which describe properly the spin-orbit and the Darwin interactions of a particle with an
external field. The Hagen—-Hurley non-relativistic equations have been reduced to the
Hamiltonian form.

1. Introduction

It has been noted in many books and papers (see e.g. [2, 8§, 10, 12, 13, 16])
that the Galilean invariant non-relativistic equations for particles with spins do not
give the complete description of the particle movement in external electromagnetic
fields, because such equations (of Pauli, or Levi-Leblond [16], of Hagen—-Hurley [10,
12, 13]) do not take into account the spin-orbit and the Darwin interactions. It is
generally accepted to think [16] that such interactions are truly relativistic effects,
and, for instance, if the particle spin s = 1/2, only the Dirac relativistic equation
describes them naturally. In our just published paper [7] this widespread opinion has
been refuted, i.e. the Galilean invariant equations for the particles with the lowest
spins s = 1/2,1,3/2 had been derived, which lead to the spin-orbit and to the Darwin
interactions by the standard substitution p, — 7, = p, — eA,,. In [6] the analogous
equations have been obtained for a non-relativistic particle with any spin.

Peculiarity of such equations is that they have not redundant (unphysical) com-
ponents unlike other known non-relativistic equations for arbitrary spin particles [10,
12, 13]. The wave function in the equations [7] has only 2(2s + 1) components, and
the energy operator has both positive and negative eigenvalues.

The present work has the two principal aims: first, to obtain the Galilean invariant
equations for the particles with any spin in the Hamiltonian form without negative
energy eigenvalues, which naturally describes not only the dipole, but also the spin-
orbit and the Darwin interactions; and secondly, to establish the Hamiltonian form of
the non-relativistic Levi-Leblond—Hagen—Hurley (LHH) equations.

2. The Hamiltonian form of the equations with redundant components
Galilean-invariant first-order wave equation for the particle with spin s = § had
been obtained by Levi-Leblond [16]. Then Hagen and Hurley [10, 12, 13] have obtai-
ned such equations for arbitrary spin particles.
It is convenient for our purposes to write the LHH equations [10, 12, 13] in the
form

[ﬂup/t + (1 = Bo)2m] ¥(t, ) = 0,
d d (2.1)

1% 5 Ly Ly Iy DPa Zaxav Do Zat7

Reports on Mathematical Physics, 1978, 13, Ne 2, P. 175-185.
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where W(t,Z) is the (6s+1) component wave function, and 3, are the matrices having
the following structure:

I 00 ) 0 S, KJ
Bo=| 00 0], B.=- S. 0 o |, (2.2)
00 0 S\ K—-a 0 0

and I is the (2s+1)-dimensional unit matrix, S, are the (2s+1)-dimensional matrices,
which realize the irreducible representation of the algebra O(3), K, are the matrices
with (2s — 1) rows and (2s + 1) columns, satisfying the condition

SuSy + K Ky, = iseqpeSe + 520ap. (2.3)

The peculiarity of equations (2.1) in comparison with the Dirac relativistic equation
is that even for s = 1/2 the matrix (3 is singular. Therefore some difficulties arise in
reducing the LHH equations to the Hamiltonian form. The analogous problems take
place also in the relativistic Proca, Kemmer-Duffin, and Bhabha equations [1, 11, 15,
18, 19].

In works [1, 11, 15, 18], the Kemmer-Duffin equation

(Bupy +m) w =0, (2.4)

where (3, are (10 x 10)-Kemmer-Duffin matrices, has been reduced to the form

iD= mw, 1= (o fulh) pat o, (2.5)
(1= 3)m+ Gupai| ¥ =0, a=1,23, (2.6)

where H is the Kemmer-Duffin particle Hamiltonian, and (2.6) is the subsidiary
condition, which removes the redundant components of the wave function W.

The form (2.1) of the non-relativistic equations [10, 12, 13] shows that the methods
of works [1, 11] may be used to reduce the LHH equations to the Schrédinger form

0
za\ll =HU. (2.7)

Our task is to find the exact form of the Hamiltonian H.
The matrices By and (1 — By) are the projectors on the subspaces of upper and
lower components of the wave function W. They satisfy the conditions

ﬂg = 507 (1 - ﬂO)ﬂa = ﬁaﬂo- (28)

In order to reduce equation (2.1) to the form (2.7) we first multiply (2.1) by (1 — ).
Using (2.8), one obtains

_ BaPa

(1 =50V = Bo¥, (2.9)
m
or after the multiplication by pg,
(1—Bo)poV¥ = —ﬂapaﬁopo‘lf- (2.10)

2m
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On the other hand, multiplying (2.1) by [y, one obtains

Bopo¥ = —BoBapa¥. (211)
Substituting (2.11) into (2.10) and adding the result to (2.11), we come to the equation

0 (Bapa)®

i V= (1_%)W = Bapa — (1 = Bo)2m | V. (2.12)

Equation (2.12) with the additional condition (2.10) is completely equivalent to (2.1).
Thus we have reduced the LHH equations to the Hamiltonian form.

3. Transition to the diagonal representation
Equations (2.12), (2.10) as well as equation (2.1) are invariant with respect to
the Galilei group G. Indeed, on the set {¥} of the solutions of these equations the
following representation of the algebra G is realized:

0 .
POZPOZZ—’ Pa:pa:_l Jab:xapb_xbpa+sab7

ot 0x,’

. (3.1)
Ga = tps — mxq + A, Aa = —%5(1507

where the matrices S, realize the direct sum D(s) @ D(s) ® D(s — 1) of the algebra
O(3) representations. One can readily see that the generators (3.1) are non-Hermitian
with respect to the usual scalar product

(Uy,Wy) = /d% wlw,. (3.2)

The aim of this section is to transform equations (2.12), (2.10) and the operators
(3.1) to such a form that the wave function ¥(¢, &) has only 2s+1 non-zero components
and the generators of the Galilei group representation are Hermitian with respect to
(3.2). It is achieved by the transformation to the new wave function

V¥ =V, V =exp <—2&> ) (3.3)
m

The transformed generators (3.1) take the form
P, =VPV~ oy = VIV = Jap, (3.4)
Py =VP, V1 =py, Gl = VGV = tp, — mag. '

These operators are apparently Hermitian in the scalar product (3.2). Equations (2.12),
(2.10) after the transformation (3.4) have been reduced to the diagonal form

2
Pa g1 _ 2 ’
Pogi—ilw, (3.5)
(1 Bo) ¥’ =0, (3.6)

It follows from (3.6), (2.2) that the wave function ¥’ has only 2s + 1 non-zero
components. Thus condition (2.10) (which is equivalent to (3.6) serves to remove 4s
redundant components from the (6s+ 1) component wave function ¥(t, Z).
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One can use the operator (3.3) to construct the positive definite scalar product on
the set of the solutions of equations (2.12), (2.10). Indeed, it follows from the hermitici
of the operators (3.4) with respect to (3.2) that the generators (3.4) are Hermitian
with respect to

(Uy,Uy) = /d% UMW, (3.7)
where
e o N3 - (N
M=viv=1-"¢ ﬁ_)\TﬁH_LQ(p), (3.8)
m m

For the case s = 1/2 the transformation operator (3.3) and the metric operators
(3.8) have the form

2 = =
I o I(1+p—“2> TP
V= _ ., M= m mo, (3.9)
B I

where o, are the usual Pauli matrices.

[t follows from the above that the transformation (3.3) may be considered as the
non-relativistic analog of the Foldy—Wouthuysen transformation [3].

Equation (2.10) is not the only Gallilean invariant condition which can be added
to (2.12) in order to remove the redundant components of the wave function ¥. For
instance, one can use for this purpose the subsidiary condition of the form

- . 97 —1/2
1_% (H‘(iij +m>,{<H_(iz;3 +m>] W=0. (3.10)
+

Equations (2.12), (3.10), as (2.12), (2.6), are Galilean invariant and can be reduced to
the diagonal form (3.5), (3.6) by the unitary transformation
_ 2m + (1 - Qﬂo)ﬂapa

4m? + (ﬁapa)2

On the set of the solutions of equations (2.12), (3.10) the Galilei group generators
have the form

U U, U (3.11)

0
Py=1i-, P, =pg = —1 s Jab:xapb_xbpa+5ab>
07 "ot Oz, (3.12)

G, =tp, — mX,, Xaza:a—l—[UT,xa]_U.

The generators (3.12) are Hermitian with respect to the usual scalar product (3.2)
but, in contrast to (3.1), are non-local (integral) operators.

4. The Hamiltonian equations without redundant components
In this section we obtain new (different from (2.1)) equations for arbitrary spin
particles, which are invariant under the Galilei group G. The main property of these
equations is that the wave function of a particle with spin s has 2(2s+1) components.
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It allows to establish the direct connection between our equations and the relativistic
equations without redundant components.
We shall start from the following representation for the generators of the Galilei

group

Jab = ZqPb — TbPa + S’aby

0
P0:7;_7 Pa:pa:_i

ot 0xy’

- (4.1)
Ga:tpa_mxa+5\aa S’ab: ( OC S ) 5 (a,b,c):(1,2,3)7

where the matrices S, realize the irreducible representation D(s) of the group O(3),
and A, are arbitrary numerical matrices which have to be such that the generators
(4.1) satisfy the algebra G. It can be shown that the most general (up to equivalence)
form of the matrices \,, satisfying such a requirement, is

~ 1 N
Aa = k(ol + i02)5a7 So = §5abcsbca (42)

where o1, o9 are the 2(2s + 1)-dimensional Pauli matrices which commute with S,
k is an arbitrary constant.
To obtain the Galilean invariant equations in the form

L®(t,©)=0 (4.3)
we must find the operators L satisfying the conditions
[RL}LS]— = [J(vaLs]— = [Ga7LS]— = O (44)

Thus our problem has been reduced to the solution of the commutation relations (4.4).
In order to solve relations (4.4) we reduce the generators (4.4) to the diagonal
representation

0
Pi=VPRV ' =i,  P,=VpV '=p,,
0 0 ot p b (4.5)

Ty = VIV = 2apy — 2P + Sab, Gl =VG V™ =tp, — ma,.

The transition operator V' has the form

V =exp (z&) . (4.6)
m

We require that the wave function of the spin-s particle has, in the diagonal
representation (4.5), 2s + 1 non-zero components. This requirement may be written
in the form of the Galilean invariant condition

(1+03)®" = 0. (4.7)

Another natural assumption is that each component of @' satisfies the non-relativistic
Schrédinger equation

.0 P2
—P' = 29, 4.
Z@t 2m (4.8)
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One can write (4.7) and (4.8) in the form of the single equation

e — |1 : 9 _pm\, 1, _, '
Lo = {2(014—202) (lat o + 2(01 i02)2m| ® = 0. (4.9)

Equation (4.9) is Galilean invariant inasmuch as the following relations are satisfied
[L;,PL]_ = [LL, Jw]- = [LL,G}]- = 0. (4.10)

To obtain equation (4.9) in the representation (4.1) it is sufficient to use the transition
operator (4.6). Making the transformation

- d=V"1d, L. - L,=V7ILV, (4.11)

one obtains equation (4.3), where

i (12 PR 2 S
Ls—i(‘”“@)(ﬁ‘%*k 2m

> + (01 —io9)m + o3k(SF).  (4.12)
Thus we have found the Galilean invariant equation (4.3), (4.12) for the 2(2s+ 1)-
component wave function. For s = 1/2, k = 1/s ((4.3), (4.12)) coincide with the
Levi-Leblond equation [16].
Equations (4.3), (4.12), as well as equation (2.1), may be reduced to the Hamil-
tonian form. Indeed, multiplying (4.12) by ics, one obtains from (4.3), (4.12) the
following expression:

BoB — Baba + (1 — Bo)2m| @ =0, (4.13)

where

. b= 1(1 tos), o= —koiSe  (4.14)

The matrices 3y, (3, satisly thereby relations (2.8) as the By, Sa. Repeating the
computations (2.9)-(2.12) one easily obtains from (4.13) the equations

) P2 . 3. _
is®=H,  H=20_ G55 % + Bapa — (1 — fo)2m, (4.15)
(1—Gp)® = — ﬁ(‘p“ﬂ . (4.16)

The system of equations (4.15), (4.16) is completely equivalent to (4.3), (4.12).

Thus we have obtained Galilean invariant equations (4.15), (4.16) for a particle
with arbitrary spin s, moreover, the wave function has 2(2s 4+ 1) components. As in
Section 2, the subsidiary condition (4.16) is not the only one which can be added
to (4.15) in order to remove the redundant components of the wave function ®. For
instance, it is possible to postulate that the wave function & satisfy instead of (4.16)
the following equation

~ ~ 2y ~3
R L1 pa | (kSP)? pa | (kSP)?
=07 =—KkKH- 4% +~—7 H - - .(4.17
c rfT 9 { 2m + dm ’ 2m + dm ( )

+
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Equations (4.15), (4.17) are Galilean invariant. On the set of the solutions of these
equations the following representation of the algebra G is realized

Pozpozi%7 Pa:pa:_iaxa’ Jab = TaPb — ToPa + Sab,
G, = tpg, — mX,, Xy =24 + [UT,2,]U, (4.18)

U= (1 + 545) (2 + Buf+ 554)71/2 . Ba=20 1.

The generators (4.18), as (3.12), are Hermitian with respect to the usual scalar
product (3.2).

5. The non-relativistic particles in an external electromagnetic field

It is known from the relativistic equation theory that the equation of motions
which are mathematically equivalent in the case of a free particle, leads to different
physical consequences after the introduction of an interaction. It means that various
mathematically equivalent representations for the equations are physically non-equi-
valent. The classical example of such a situation is the equation for an electron in
the Dirac and in the Foldy—Wouthuysen (FW) [3] representations. If one introduces
the minimal interaction into the free equation in the Dirac representation, the result
is obtained which is in a good accordance with experimental data. If, however, one
introduces the interaction into the free equation in the FW representation, any sensi-
ble result will not be obtained. Another example is the Kemmer-Duffin equation
which does not lead to the spin-orbit and to the Darwin couplings by introducing
the minimal interaction into the original free equation, but describes these couplings
if one introduces the interaction into the mathematically equivalent equation in the
Hamiltonian form [9].

It turns out that the analogous situations takes place also for the non-relativistic
equations. We shall see, that equations (2.12), (4.15) in contrast to (2.1) and (4.3),
(4.13), lead to the spin-orbit and to the Darwin couplings.

First we consider equation (2.12). After the replacement p, — m, = p, —eA, one
obtains

.0 o (ﬂaﬂ'a)Q
i ¥ = H(m)V = {(1 - ﬂo)W

In order to obtain from (5.1) the equation for the 2(2s + 1) component wave
function it is necessary to remove the “odd” terms B,m, in (5.1), i.e. to diagonalize
the operator H (7). In the presence of the interaction such a problem may be solved
only approximately as in the relativistic case [3]. We shall solve this problem up to
terms of order 1/m? with the help of a set of successive unitary transformations.
After the first transformation

— BaTq — (1—ﬂ0)2m—|—eA0}\I'. (5.1)

Uy = exp <—54 %;T) ; Ba=2Fp—1 (5.2)
one obtains
H (1) (= _ s\t (@ﬂra)z . _ _
H(7®) - HWY(7) =U,HmU{ = (1+ ﬂ4)74m m(1l — B4) + eAg
. . (5.3)
1 1
_%64(5(1Ea) - ;%[ﬂaﬂ-aaﬁbEb]— + W(ﬁaﬂ-a)g + 0 (ﬁ) )
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04y O0A,

Oz, Ot

B, =

where O(1/m?) possesses the terms of a power 1/m3.
After the second transformation

U2 = exp (- 3 (0,1 6.4

the operator H?) (%) becomes

2
H®(7) = U, HO(R)US — (1+ @)M —m(1 — fB4) + eAo+
4m (5.5)
1 5 e 1 '
+W(ﬁaEa) - W[ﬁaﬂ-a;ﬁbEb]— +0 (ﬁ) .
At least, with the help of the operator
1 3
Us = exp {247713 Ba(Bama) ] , (5.6)
one obtains the final form of H®)(7):
2
H®(7) = USH(Q)(ﬁ-')U;: =1+ @L)M_
dm
| 1 67
ie
—(1—=Ba)m +eAo — w[ﬂaﬂ—avﬁbEb]* +0 (ﬁ) :

It follows from (2.2) that the Hamiltonian H®)(7) is a completely even (commuti-
ng with 34) operator. On the set of ¥, satisfying the condition

%(1 +B)Ut = Ut (5.8)

the Hamiltonian H)(7) has the form

H(g)(ﬁ)\ll+ {;T_T(;L —€W+€A0—
8;:28§~(Exﬁﬁxﬁ)ri2divﬁ}\ll+, (5.9)
)
Ha = _§€abc[7rb77rc]—~

Thus, starting from the non-relativistic equation (5.1), we have obtained the

approximate Hamiltonian (5.9) which describes not only the dipole <—e;—H>, but
ms

also the spin-orbit —L§(ﬁ x E — E x #) | and the Darwin (—L div E) inte-
8m?2s 8m?

raction of a charged particle with an external electromagnetic field. For the spin
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s = 1/2 particle the Hamiltonian (5.9) coincides with the one, obtained by Foldy and
Wouthuysen [3] from the relativistic Dirac equation.

Now we appeal to equation (4.15) and introduce to it the minimal interaction
P — Ty It leads to the Hamiltonian

[ 2 > Na a 2 = gﬁ ~ ~
H(7) = 22— f, (Bama)” _ Bok? == + Bama + (1 — B0)2m + eA,. (5.10)
2m 2m 4m

This Hamiltonian, as well as (5.1), cannot be diagonalized exactly. By the analogy wi-
th (5.2)-(5.7), one can diagonalize (5.10) approximately with the help of the operator

U = exp(iB3) - exp(iB2) - exp(iBy), (5.11)
where
~ ~a/7'ra ~ ~
Bi= T faf 1, (512)
m
BaEa
By = —¢ PR (5.13)
By= o =2 Ba(Buma)® — [Buma, w2]
3 = 8m3 L 4\PaTa aTasTq|— (5 14)
ek? - ek? - ~ '
_T[ﬂaﬂ'aastb]— - T[(ﬁaﬂ'a)vﬁ4(5be)}— .
As a result one obtains
2 - (kSR k2 - eSH
H® ()= Ta _ 2 _ > —
(F) = 3% = 5= A 4 S+ ) -
€ 95, a2 1 '
—(1 —ﬁ4)m+eA0 — %k [ 7T,S ], +O (—3)
On the set of ®+ = 3,®* this Hamiltonian takes the form
2 37 2
@) (2)p+ — d Ta _ 2,00 ik ez R +
HY (70 {Qm k e +eAo ZSmQ[ T, SE|_ ; ®T. (5.16)
Using the identity
I ; E
($7,SE]_ = —é(:’)[sa,sb]+ — 26s(s + 1))% a_
, , o (5.17)
—%s(s +1)divE — %g(ﬁ x 7 —7x E),
one can rewrite equation (5.16) in the form
2 7 2
@) (7)pt — d Fa _ 250 _ Ko 0Fa_
H(@)® {2m ek 4m +edo 24Qab oxy
(5.18)

2
—24;2k25(s+1)divE— Z S(E x 7 — 7 x E)}<I>+,
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where
Qub = %{3[&1, Spls — 20u5(s + 1)} (5.19)

is the tensor of the quadrupole interaction.

Thus the non-relativistic equation without redundant components (4.15) allows us
to obtain the description of a motion of the spin s particle in an external electromag-
netic field. Such a description is in a good qualitative accordance with experimental
data. For s = 1/2 (5.18) coincides with the FW Hamiltonian if one puts an arbitrary
constant k = 1/s.

6. Conclusion

So we have demonstrated that the non-relativistic Hamiltonian equations (2.12),
(4.15) give the consistent description of a charged particle of any spin in external
fields. Thus we have shown that the spin-orbit, the Darwin and the electric quadrupole
interactions are not the truly relativistic effects but may be considered within the
framework of the non-relativistic mechanics.

It is interesting to compare the obtained results with the ones predicted by the
relativistic theory. One can make sure that there is not only the qualitative but
also the quantitative accordance between them. We have demonstrated this fact for
the case s = 1/2. If one puts into (5.18) k = £2, the resulting equation completely
coincides with the one obtained in [5] from the relativistic equations for arbitrary spin
particles without redundant components [4, 17, 20]. In the particular case k = +2,
s =1, equation (5.18) possesses all terms, predicted by the Kemmer-Dufifin equation
[9], but additionally takes into account the quadrupole electric interaction of a particle
with a field. At least, if one puts into (5.18) k = 1/s, the coefficients in the terms
representing the spin-orbit, the Darwin and the quadrupole interactions are the same
as calculated in [14] starting from the Feynman—Gell-Mann relativistic equations.

Note, that equations (4.15) and equation (2.12) with the redundant components
lead to different physical consequences (see (5.9) and (5.18)). The analogous situation
takes place in the relativistic case [9, 14].
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Ilyankape-uHBapuaHTHbIe ypaBHEHUS
ABUKEHWUS YacTHL MPOU3BOJBHOr0 CIIMHA
B.H. @YLIHY, A.I. HHKHTHH

“Dusuueckue ssaeHus, no-eudumomy, nepecmarom noo-
YUHAMbCS 3AKOHAM, KOMOPble MONCHO 8blPA3UMb C NOMO-
upto ougeperyuaroHblx YpasHeHull, u amo, 8eposmHo,
camoe b6oavwioe u camoe eayboKoe nompacenue, KOmopoe
ucnoimana gusuxka co spemer Horomona”.

A. IMyankape

ITonyueHsl ¥ noapo6HO HCcaeJOBaHbl TPH KJacca MyaHKape-UHBAPHAHTHBIX ypaBHEHHH,
OTHCBHIBAIOLIMX CBOOOJHOE [BHKEHHE YaCTHIbl MPOM3BOJIBHOIO crnuHa. Ha ocHoBe BbiBe-
JIeHHBIX YPaBHEHHUH MOJY4YeHO HeNpPOTHUBOPEUHBOE ONUCAHME NOBEJEHUS 3aps’KeHHOH 4a-
CTHULBl BO BHELIHeM 3/1eKTPOMarHUTHOM IoJlie. YCTaHOBJIEHB! TpPaHC(OPMaLHMOHHbIE CBOM-
CTBa ONEepaToOpOB KOOPAHHATHI U CIIHHA.

The three classes of Poincaré-invariant equations, which describe a free motion of an
arbitrary spin particle, have been obtained and studied in detail. The consistent descri-
ption of the charged particle behavior in an external electromagnetic field have been
obtained in the frame of the equations derived. The transformation properties of the
position and of the spin operators have been established.

Beenenune

[TonBeka Haszan, B 1928 r., lupak OTKpbLI ypaBHeHHE [Js1 YACTHLB CO CIIMHOM 1/2.
D. Maiiopana [2] 6bla1 mepBBIM, KTO CHOPMYNHPOBAJ ¥ YaCTHUHO PELIMJ 3ajady o Mo-
CTPOEHHHN PENTUBUCTCKHUX YPAaBHEHUE ABHKEHMs AJIST YaCTHIBI IPOM3BOJIBHOTO CIIHHA.
Pemasi 3Ty 3amauy, MaiiopaHa “monyTHO” OTKpBLI, 3a 15 JieT 10 MaTeMaTHKOB, YHHUTap-
Hble GeCKOHEUHOMepHbIe MpelcTaBieHusi ogHoponHo# rpymnmel Jlopenua O(1,3). C tex
nop 3To# mpobseMe MOCBsIIEHO orpoMHoe ukcao (okoso 1000) pabor (HauGosee mos-
HBIH CIMCOK JIUTEPATYpbl MO PEJSTUBUCTCKUM ypaBHEHHSM MOXKHO HaHTH B padoTax
[3-17]). Takoii GosblLIOH MOTOK CTaTell Ha 3Ty TeMY TOBOPHT O TOM, YTO HCCJENOBa-
HHUSI 110 YPaBHEHHSIM IJIs1 YACTHI C BEICOKMMH CITMHAMH B CBSI3H C 3KCIIEPHMEHTaJbHBIM
o6HapyKEeHHeM Pe30HaHCOB CO cnuHamu 1,3/2,5/2,...,11/2 BbllIM AaJE€KO 38 paMKU
YHUCTO aKaJeMUYeCKOro HHTepeca.

Ho pa6oter Posnnu [18] B OCHOBHOM HCCIENOBasUCh — C KCMOJb30BAHHEM TeH-
30pPHOTO M CIIUHOPHOT'O aHA/H3a M KOHEUYHOMepHbIX MpenctasieHu# rpymnsl O(1,3) —
SIBHO KOBapHaHTHbIE PeJSATHBUCTCKHE YPaBHEHHs [JIs1 YaCTHIL C MPOU3BONBHBIM CITHHOM.
OO6BIYHO SIBHO KOBapHaHTHBIE YPaBHEHHUS MPeACTaBJSIOT coO0i cructeMy auddepeHIH-
aJIbHBIX YPaBHEHHH MEePBOro TOpsiiKa OTHOCHTEJNBHO TPOM3BONHBIX MO IPOCTPAHCTBEH-
HBIM WU BpeMeHHOH nepeMeHHBIM. OCOGEHHOCTBIO 3TUX ypPaBHEHWH SBJSETCS TO, YTO
BOJIHOBas (DYHKILHS 1J8 YaCTHLbl M aHTHYACTHULB! C (DUKCUPOBAHHOH Maccod m U CIH-
HOM $ > 1/2 ¢ HEOOXOZHMOCTBIO MMEET KOMIIOHEHT GOJiblie, YeM UYHCJI0 BO3MOXKHBIX
cocTostHUU [paBHOe 2(2s + 1)].

®dusnka s1eMeHTapHBIX YacTUL, U atoMmHoro siapa, 1978, 9, sem. 3, C. 501-553.
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@osnu [18], omupasick Ha pesysnbTaThl Burhepa mo mpexcrasieHusM rpymnms [ly-
ankape P(1,3) [19, 20], npoBes1 TeopeTHKO-TpYyNNOBOH aHa/nu3 ypaBHeHuit [upaka u
[Tpoka. MM ke yCTaHOB/IEHO, YTO ypaBHEHHE [JIsi YACTHLBI [POM3BOJLHOTO CIIHHA MO-
XKHO TPEACTABHTDb B LIPEIHHIEPOBCKOH (opMe:

0¥ (t,x)/0t = HyU(t, ), 1)

roe
1(25+1) 0(2s+1)
— ). (s) _ .

Hs =~y E; Yoo T\ sty qesty ) (2)
1s+1) y s+ _ cooTBeTCTBEHHO eNMHMYHAA M HYJEeBAas MaTPHLbl PAa3MEpPHOCTH
(2s+1) x (2s 4+ 1);

E=@2+mH)Y?  p,=—id/dx,. (3)

YpaBuenue (1), B OT/IHUME OT SIBHO KOBAPUAHTHbBIX, SIBJISETCS HHTErPO-AH(depeH-
UMaNbHEIM (MM nceBRoAM(GhepeHHaNbHBIM), TaK KakK onepaTop E — KBaapaTHbIH
KopeHb W3 Au(depeHLHanbHOro oneparopa. I'py6o roeopsi, 3T0 — ypaBHeHHe 6ecCKo-
HEYHO BBICOKOTO IIOpsifIKa MO MPOCTPAHCTBEHHBIM IIPOM3BOAHBIM H B HEM OTCYTCTBYeT
sIBHAsl CUMMeTpHUSl MeX1Y NPOCTPAHCTBEHHBIMH Y BPEMEHHBIMH NepeMeHHbIMHU.

B paborax [21-24] 6blio 0GHApy»KeHO, Y4TO €CJH B SIBHO KOBapHAHTHBIE ypaBHe-
HHS [JIs1 4aCTHLL co cnuHamu | U 3/2 BBECTH pesISTUBHCTCKH-HHBapUAHTHBIM CIOCOGOM
B3aUMOJeHCTBHEe C BHEIIHMM 3/eKTPOMArHUTHBIM MOJIeM, TO YacTHLbl, OMHCBIBaeMble
TaKMMH ypaBHEHHsMH, OyLyT ABUIaThCsl CO CBEPXCBETOBOH CKOPOCTBIO; SHEPrusl TaKUX
YaCTHL, CMOXKeT NPHHHUMATh J0Oble JeHCTBHUTeJbHbBIE U KOMILIEKCHble 3HaueHHs. Baii-
T™MaH [73] mokasas, 4TO Ha)ke MATHKOMIIOHEHTHOe ypaBHeHHe Kemmepa-Iladduna-—
Iletbe assa yacTuubl co cnuHoM s = 0 obsagaeT TeMH ke cBoiicTBamu. Hekoropele
SIBHO KOBapHaHTHble ypaBHeHHs 1Js s > 1/2 mnocjie BBeLeHHs B HUX B3aUMOIEHCTBHUSA
MHHHMAaJIBHBIM CIIOCOGOM CTAHOBSITCS MPOCTO NPOTHBOPEUHMBBIMU [26].

K nacrosiliemy BpeMeHH eIMHCTBEHHBIM IBHO KOBADHMAHTHBIM YpaBHEHHeM, He UMelo-
IIMM YKa3aHHbIX MaTOJOIMYECKUX CBOHCTB, fiB/seTCs ypaBHeHHe Jlupaka A/ 4acTHLbI
co cruHoM 1/2.

OcHOBHasi NMpUYMHA BO3HUKHOBEHHS YKa3aHHBIX TPYyLHOCTEH COCTOUT B TOM, UTO
BOJIHOBble (DYHKLHMH B ypaBHEHHSIX [EPBOro Mopsiika mJsi dacTtuu co crouHom O, 1, 3/2
UMeIOT JiMiIHKWe (HeH3HyecKHe) KOMIOHEHTBI, YTO MO3BOJISIET BBECTH TaKHe B3aHMO-
JeHCTBHS, KOTOpble MPUBOAAT K HexKeJaTeJbHbIM (DH3HUECKUM CJAeACTBUAM. TaKUMH
Ke He(M3HUeCKHMH CBOHCTBaMH 00/afialoT M Pe/ISTHBUCTCKHE ypaBHEHHMs, B KOTOpPbIe
BXOJISIT MIPOU3BOJHBIE [0 BPEMEHH Bblllle MepBOro nopsiaka [27].

Uro6bl NIpeofoseTb yNOMSHYThle TPYAHOCTH, €CTECTBEHHO NOMNBITaTbCs HAUTH TakKue
ypaBHEHUS MABHKEHHs [J/1s1 CBOOOJHON uYacTHLbl, BOJHOBAas (YHKLHUS KOTOPOH HMesa
Obl TONbKO 2(2s + 1) KoMnoHeHT. YToOb! (DYHKLHMS, YAOBIETBOPSIIOLLAS TAKOMY ypaBHe-
HHUIO, JI0IlyCKaJsa CTaHAAPTHYI0 BEPOSATHOCTHYIO UHTepIpeTalulo, YPaBHEHHe [BUKEeHUS
JOJKHO MMeTb LipenuHrepoBy ¢opmy (1). IIpu 3TOM pensiTHBUCTCKHI raMHJbTOHHAH
CBOOOJHON YaCTHLb NOJKEH SBHO 3aBUCETb OT CIIMHOBBIX MaTpHL. B mpoTHBHOM ciy-
Yyae OH He HeceT HHUKaKOH HMH(OPMAalMH O CIHHOBBIX 3(deKkTax (CIHH-opOHTATbHON
CBSI3H, IUIONBHOM M KBaJPYyTOJbHOM B3aHUMOJEHCTBHUH U T.I.), KOTOPBIE JOJIKHBI HIMETh
MeCTO IIPH BBeJeHHHU B3aUMOAEHCTBUS C 3/1€KTPOMArHUTHBIM IOJIEM.
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[TocTpoeHnio ypaBHEHUH NBUKEHHS 1JIs1 CBOOOAHBIX YaCTHI[ ¢ (PUKCHPOBAHHOH Mac-
COH m ¥ CIHHOM S, YIOBJIETBOPSIIOIINX NPHUBEIEHHBIM YCJIOBHSM, TOCBSIIIEHB PAGOTHI
[28-44]. PasHble aBTOpbI, UCXOAsI U3 PA3JHUYHBIX KOHKPETHBIX MaTeMaTHUeCKHX [0CTa-
HOBOK 3aJauM, MOJY4HJHU ypaBHEHHs, OTJIHUAIoIIdecss APYT oT Apyra. TeM He MeHee
MeX/Jy ypaBHEHHUsIMH [/ CBOOOAHBIX YACTHIL, MOJNYYEHHBIX BO BceX paborax [28-44],
MOXHO YCTAHOBHTb B3aHMHO-OHO3HaUHYIO CBf3b. OfHAKO (PU3HUECKH 3TH ypaBHEHHS
COBEpIIEHHO DA3JIMYHEl, TaK KaK NPHU BBEJEHHH B HHUX B3aHMONEHCTBHS C MOMOILIBIO
CTAaHIAPTHOH 3aMeHbl p, — 7, = P, — €A, OHH CTaHOBATCS HEIKBHUBAJEHTHHIMHU H
IPUBOISAT K PA3JUUYHBIM (PU3UUECKUM CJIEICTBHUSIM.

Buep, Xammep u I'yn [28], a 3ateMm Metbio3 ¢ cotp. [30-35] BbiBesqU ypaBHEHHs
Buaa (1) mus 4acTHLl NPOM3BOJIBHOTO CIHHA, HHBApHAHTHBIE OTHOCHTEJBHO JIOKAJbHBIX
npeo6GpasoBanu#i us rpymnnsl [lyankape P(1,3). lamunbronnansl H, Busepa, Xammepa,
['yna u Metbioza (BXI'M) IBHO 3aBHUCSIT OT CIIMHOBBIX MATPHII, a BOJHOBHIE (DYHKIIHH
UMEIOT MIPOCTHIE TpaBUJia peobpa3oBaHus. Bee 3TH raMU/IbTOHWAHEBI IPENCTABJISIOT CO-
6ol HHTerpo-An(depeHLHaNIbHbIE ONIEPATOPHl B IMIbOEPTOBOM MPOCTPAHCTBE BOJHOBBIX
¢yuxuns {U(¢, )} co ckaaspHbIM NPOH3BeLEHHEM

(P1,05) = /\Ilf(t,as)Ms\IIQ(t,as)d3x, (4)

rie My — HEKOTOPbIH MEeTPUYECKHH TOJIOKHUTEJbHO ONpeleseHHBIH HHTerpo-audde-
peHLMaJbHBIH onepaTop. 3aBUCUMOCTb METPUUECKOTO ollepaTopa OT UMIYJAbCa U CIHHA
CUJIBHO 3aTPYAHSET 3aauy onucaHus Ha ocHoBe Teopud BXI'M noBeneHus 3apsi:keHHOH
YaCTHUIbl BO BHELIHUX 3/E€KTPOMArHUTHBIX MOJAX.

B Hacrosite#i cratbe, sBJSIOLIENCS B OCHOBHOM 0630poM Haiiux padot [36-41,
45-48], nocTpoeHbl MyaHKape-WHHBAPHAHTHbBIE YPaBHEHUS [ CBOOOMHBIX YaCTHIL, [10-
MyCKawIlHe HeNPOTUBOPEUHUBOE OMHUCAHHE NBHXKEHHS YacTHLl BO BHeWHHUX mnojsx. [lo-
JIlydeHHble YPaBHEHHS MOXKHO PaslesuTb Ha CJelylollde TPU KJacca.

1. UHTerpo-nu¢pepenuranbHble ypasHeHus B ¢opme (1). B otanume ot mopxona
BXTM, ramusibToOHHaHb B ypaBHeHHH (1) ompenesieHBl B rHJbOEPTOBOM TPOCTPAHCTBE
¢ 00ObIYHO NPUHATHIM B KBAaHTOBOH MeXaHHKe CKaJ/SpHbIM IIPOHU3BeJeHHEM

(U, 0y) = /\Iff(t, x)Ws(t, ) d’x. (5)

AtoT (axkT Mo3BOJMJA HaM OOGOOLIUTL HalJeHHble YpaBHEHHS Ha CJydadl B3auMojeh-
CTBUS YacTHIl ¢ noseM [38, 39] B MpeAnoJoKeHHWH, YTO HMIYJIbChl YAaCTHIL MaJjbl MO
CPaBHEHMIO C MX MacCaMH, U BBHIYUCAUTD 3JEKTPOMArHUTHbIE MOMEHTBl YACTHIL C MPOU-
3BOJIbHBIM criuHOM. B paborax ['yepruna [43, 44] pesyabratel pabot [36—41] nonyunin
HHTepecHOe 0600lIeHHe Ha cayuail ruabOepToBa MPOCTPAHCTBA C UHAE(DUHHUTHOH Me-
Tpukoi. Ilpu aToM MeTpudeckuii onepatop M, sBasieTcs, KaK U A5 ypaBHeHUH Tamma—
Cakarbi-Takeranu (TCT), maTpuuei, He 3aBUCSIIEH OT UMIYAbCA U CIIHHA YaCTHIIbL.

2. Cucrema 2(2s + 1) nuHedHbIX DU pepeHLHaIbHbIX YPaBHEHUH BTOPOro MOpsii-
ka Buga (1). ITocTpoeHbl Bce BO3MOXKHBIE (¢ TOYHOCTBIO IO MpeoOpa3oBaHUil MOnOOus,
3a[aBaeMblX YMCJOBBIMH MaTPULAMHU) IyaHKape-MHBapUAHTHbIE yPaBHEHHsI BTOPOro MO-
psiiKa, OMUCBHIBAIOILME [BUKEHHe CBOOONHOH YacTHLbl C NPOU3BOJBHBIM CIIMHOM H HE
MMeOLIHe JHIIHUX KOMIOHEeHT. B ciydae s = 1/2,0,1 mosyyeHHble ypaBHEHUs COBIa-
natot ¢ ypaBHenusMu upaka u TCT [49, 50]. B xauecTBe msaThl 3a HU(QepeHu-
aJbHOCTb TaMHUJbTOHHAHOB B 3TOM IOAXOJlE€ MPUXOAUTCS WMETh [eJ0 C WHAE(HHUHUTHON
METPHKOH MJIH C METPHKO# (4).



[Tyankape-vHBapHaHTHblE YpAaBHEHHUs IBHKEHHS YACTHLL MPOM3BOJNBHOrO cnvHa 445

3. Cucrema nuddepeHIIHaNbHEIX YPaBHEHUH MepBoro mopsiaka Buna (1) mms gacTu-
bl TPOKU3BOJIBHOTO CIIMHA. DTH YpaBHEHHs MIPEACTABISAIOT co00H cucTeMy 8s ypaBHEHHUH
tuna Jlupaka ¢ KOBapHAHTHBEIM JAOMNOJHHUTEJNbHBIM YCJOBHEM, YCTPAHSIOLIUM JHIIHHE
KOMIIOHEHTBl BOJIHOBOH (DYHKLMH. YpaBHEHHS HMEIOT NOCTATOYHO MPOCTYIO (opMy, KO-
TOpast He YCJIOXKHSIeTCS C POCTOM CIIMHA, U He NPUBOAMT K NPOTHUBOPEUHSIM NPHU 0006-
I[eHUH Ha coy4ail 3apsiKeHHBIX YaCTHI[ BO BHEIIHEM 3JEeKTPOMAarHUTHOM IOJIE.

JLJ1st TIOJTHOTBI M3JIO’KEHHSI B PAMKax Pa3BHBAeMOro IMOJAXOfA PACCMOTPEHBI ypaBHe-
HHSI /IS YaCTHIbl C HYJeBOH Maccod mokosi. B [45, 46] mokasaHo, 4TO AJisi YaCTHILBI
M aHTHYaCTHULBl C HYJeBOH MacCcod W MPOU3BOJILHBIM CIHMHOM S CYLIECTBYET TPH THIIA
IyaHKape-HHBapUAHTHBIX ypaBHeHUH. OnHO U3 TAaKUX HEJOKaJNbHBIX ypaBHEHUH 1BHKe-
HUs He MHBapHaHTHO AaxKe oTHocuTesbHOo PCT-mpeobpasoBanus [45]. 3a mocienHue
Tofibl OBIJIO TIPE/JIOKEHO 6OJIbIIOe YHCJIO YPaBHEHHH (He Bcerga HeSKBUBAJEHTHBIX) IJIS1
yacTul, ¢ HyJaeBod maccoit [51-b4]. Okasasoch, UTO BCe OHU MPUHAJEKAT K yKa3aH-
HbIM TpeM TumaMm [47]. Bo BTOpOM paspesie, ¢ HCHO/Nb30BAaHUEM pE3YJbTAaTOB PabOT
[45-48], HaiileHbl BCe BO3MOXHble (C TOUHOCTBIO MO 3KBHBAJEHTHOCTH) MyaHKape-
WHBapHaHTHEIE YPaBHEHHUs AJIs1 6€3MacCOBBIX YaCTHI[ U M3yueHbl HX CBOHCTBA OTHOCH-
TeJIbHO JUCKpeTHbIX npeobpasoBanuit P, C'u T.

[Tpy BEIBOZE PENATUBUCTCKUX ypPaBHEHHH IBHKEHHUS] OOBIUHO HCIOJIb3YIOT TaKHe I10-
HSTHSI, KAK TEH30p U CIIHHOP OTHOCUTebHO rpymnimbl Jlopenua O(1,3). B nanHoit pabore
L7 TOJy4YeHUs U aHajlu3a ypaBHEHHUH ABUIKEHHs 3TH MOHATHUS HUIZE He HCIOJb3Y-
10T. Bce uanoxkeHue BefeTcss Ha ajirebpanueckoM si3biKe, pa3BUTOM B pabotax [30-43,
45-48, 55-57]. TeopeTHKO-rpyNIOBOH aHANH3 ypaBHEHUH NPOBeleH He B TPagHIMOH-
HO HCIOJIb3YeMbIX TepMHHax npeacrasieHnit rpynmsl Jlopenua O(1,3), a B TepmuHax
npexncrasieduit rpynnsl [lyankape P(1,3) [19, 20], comepxkaiue#i B kadecTBe HTOATPYII-
ool rpynny Jlopenua O(1,3). IlpuurHa BOSHUKHOBEHHsS] TAKOrO B3Lisga HA ypaBHEHHS
IBUKEeHUS 00yCJIOBJIEHA TeM, YTO K HACTOsLIEeMY BPEMEHU TOJBKO MHBAPUAHTbI IPYIIEL
[Tyankape P(1,3) [a He unBapuanTh ee moxarpynnsl O(1,3)] UMelOT ueTKyo (usHde-
CKYIO MHTEpIpeTalnuio. B ¢BS3M cO CKa3aHHBIM BhIlIEe BOBHHKAET €CTECTBEHHBIH BONPOC:
KaKue e npencrasienns rpymnnsl Jloperua O(1,3) peanusyroTcs Ha MHOXECTBE pelie-
Huil {U} BhIBeIEHHBIX ypaBHEHHH.

Ha ator Bompoc MOXKHO gaTh Takod oTBeT. Tak Kak Ha MHOXecTBe pemteHuit {U}
peajusyeTcs, Kak NpPaBUJO, NpsiMas CyMMa HECKOJbKUX HeNpUBOAMMBIX O€CKOHEYHO-
MEpHBIX [HO KOHEUHOMEpHBIX OTHOCHTEJbHOH Maso# (crmuHOBOK) rpymnsl SU(2)] yHu-
TapHbIX MpencTaBieHu# rpynnel P(1,3), 9T0 03HaYaeT, YTO Ha ITOM K€ MHOXKECTBE
— us-3a Bkiawouenus P(1,3) D O(1,3) — peanusyercss GeckOHeyHast npsiMast CyMMa
(TouHee MpsSIMOH HHTErpaJj) HENPUBOAWMBIX GeCKOHEUHOMEPHBIX YHHTAPHBIX MpeACTaB-
Jgenu# rpynnsl Jlopenua.

B 3ak/oueHHe OTMETHM, UTO HM3JO0XKEHHBIH METON HCCJENOBaHHS PEJISTHBHCTCKUX
ypaBHeHHH NPUMEHNM U Il OCTPOEHHS] YPaBHEHHUH [BHXKEHHS YACTHI NIPOU3BOJIBHO-
ro CIIMHA, UHBAPUAHTHBIX OTHOCHUTEJBHO I'PYIIbl ABHKEHHH HepessTHBUCTCKOH KBaH-
TOBOH MexaHWKH — rpynnbl [anuges [58, 59]. OTMeTHM Takxke, YTO €CJH PE30HAHCHI
C BBICOKHMH CIIHHAMH OIMCHIBATb KaK CJOXKHYIO CHCTEMY, COCTOSIILYIO, HAlIPUMED, U3
IBYX 3JeMEHTapHbIX CTaOUJIBHBIX YACTHIL CO CIIHHAMH, TO M B 3TOM CJlydyae NpUMeHHMa
Hala MetTonuka [57].
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1. Ilyankape-uHBapuaHTHbIE YpaBHEHUS
0e3 JUIIHUX KOMIIOHEHT

ITocraHoBka 3agaun
Hatinem ypaBHeHHs ABUXKEHHS CBOOOAHOU PENSITUBHUCTCKON YACTHIBl C TPOU3BOJIb-
HBIM CIIMHOM B TaMHJbTOHOBOH ¢opme (1) B mpocTpaHCTBE (YHKIHE CO CKaJSPHBIM
npoussenenreM (4) u (5).
Bynem roBopuTb, UTO ypaBHeHHe Buaa (1) myaHKape-WHBAapHaHTHO W OMUCHIBAET
YaCTHIBI C Maccod m W CIHMHOM s, ecau reneparopel P(1,3)-rpynnet P,, J,, ¥ ra-
MUbTOHHAH H, ynOBJETBOPSIOT KOMMYTAllUOHHBIM COOTHOILEHHSIM:

[Po, Po]- =0, [Py, H]- =0,  [Jap, Hs]- =0; (6)
[Jabs Jed] - = i(0actbd + ObdJac — dadTbe — Obedad); (7)
[Jabs Joe| - = i(dacJob — dbeJoa); (8)
[Pa, Job] - = 0apHs; [P, Joe]— = i(0acPy — dap Pe); 9)
[Joa, Job] - = —iJab; (10)
[Hs, Joa| - = Py, a,b,c,d=1,2,3; (11)
P,P" = H? - P2 =m? (12)
W, WHEE(t, ) = m?s(s + 1)U(t, x), (13)
e BBeneHo oGosHaueHue [A, B]. = AB — BA, a
W, = epprJ P P72 (14)

— BekTop Jliob6anckoro—Ilaymu.

3ajaua MoCTpoeHUsl MyaHKape-UHBAPUAHTHBIX YPABHEHUH IBHXKEHHS YACTHIIBI MPO-
M3BOJIbHOIO CTKHA OYET pellleHa B TPeX PA3JHUHbIX MOAXOHaX. YpaBHEHHSs, MOJNyUeH-
Hble B MIEPBOM W TPETbeM MOAXOHaX, OKa3bIBAIOTCS YIOOHBLIMU [JIsi PUMEHEHHs HX K
3ajayaM KBaHTOBOM MeXaHHKH, a YpaBHEHHUsl, MOJyUeHHble BO BTOPOM MOAXOIE, MOXKHO
YCIIEIIHO HCIO0Jb30BaTh B TeopHHU moJs [31].

B mepBom nonxone (I) 3amaua cBomutes K Cneﬂy}omeMy: HaHTH BCe BO3MOXKHBIE (C

TOUYHOCTBIO [0 SKBHUBAJEHTHOCTH) TAMUJIbTOHHUAHEI H , Takue, 4To omepatopsl [36, 37]
Po HI Pa = Pa = —i@/axa, J(ILb :wapb_xbpa+sab;

1 I I I I (1)

§[£Ca,Po]+, [Ta; Pol+ = zaFo + Fya

ynoBaeTBopsitoT anredpe [lyankape (6)—(13). 3mech S, — MaTpulbl, peasu3yloLIe

OpsSIMYI0 CyMMY ABYX HENMPUBOAMMBIX mpencraBienusi D(s) anre6pol O(3):

J(I)a =tpa —

Sw=( % ), (abe) — waka (1,2,3). (16)
0 S
Bo Bropom monxone (II) 3amaua dbopmynupyercs caenymoumm o6pazom: HalTH Bce
Takue ramu/bToHMaHbl HY, uTo coBokynHocTh onepaTopos [28-35, 38]
p'=HY  Pl=p,=-id/0z,, (7
ng = ZaDb — TvPa + Sab, J(I)Ia =1pg — xaPéI + 1038,
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ynoBnetBopsiet anre6pe [lyankape. 3mech 03 — 2(2s + 1)-psigHast Matpuua [laymu:

@:<g§). (18)

B Tom uactHOM ciyuae, korna cnud s = 1/2, npencrasiaenus (15) u (17) coBmaaator,
IOCKOJIBKY

Hi,,=H)y =01m+2038 - p (19)
u

1 .

§[H{/2, Zaly = gcaH{I/2 + 1035,. (20)

Omneparop (19) — 3T0 X0poIIO U3BeCTHBIE ramuabroHuan Jupaka. [last qpyrux sHaue-
HUH s, Kak OyleT MmokasaHo Huxe, npenctasieHus (15) u (17) He coBmapaiT. BeiGop
CTPYKTYpHBI mpenctasienuit anreépsl P(1,3) B dpopme (15) u (17) obycnosien Tem, 4to
Ha MHOXeCTBe pelleHH# ypaBHeHusi [lupaka reHepatopel rpynmsl [lyaHkape MOXKHO
npenctaBuTh B (opme uau (15) uau (17). OcHoBHOe oT/iHuMe TpenctaBieHus (15) ot
(17) coctout B ToM, uTo omepatopbl (15) mpu BcexX 3HAUEHHSX S IPMUTOBBI OTHOCHU-
TEeJIbHO OOBIUHO MPUHSATOrO B KBAHTOBOM MEXaHHKe CKaJIsipHOro mpoussefeHus (5), B TO
BpeMsi Kak omeparopsl (17) npu s > 1/2 He3PMUTOBEL OTHOCUTENBHO (D), HO SPMHUTOBLL
B CKaJ/ISIPHOM IPOHU3BeneHNH (4) ¢ HEKOTOPLIM MeTpudeckuM ornepatopoM M = M (p,).

Ha muoxecrse {¥} perienuil ypaBHeHusi (1) ompemesum onepaTtopsl AHCKPETHBIX
npeoOpa3oBaHUi:

PU(t,x) =r1P(t1, —x),
TYU(t,x) = roU(—t, x), (21)
CU(t,x) =rsU*(t, ),

rape ro, — MaTpUlbl, KOTOPbIE, HE yMaJisd 06LU,HOCTPI, MO2KHO BbI6paTb B BHJE:

N 4:f:<é 2), I
(22)
I I A0
ry=rl = A um 7Y =034, ry=rll = oA, A= 0 A )
A’ — maTpHIla, OfHO3HAYHO ompejessieMas ypaBHeHUsIMH [18]
A's, = —siN, (A")? = (—1)%. (23)

Onepatopnl P, C, T u renepatopsl P, J,,,, rpynnel P(1,3) 10MKHBI yI0BIETBOPATH
COOTHOUICHHUSIM:

[PvPO}— = [P’Pa]+ = [P’Jab]— = [PvJOa]-‘r =0,
[T, Po)- = [T, P.)+ = [T, Joa]— = [T, Jap)+ =0, (24)
[C, Pul+ = [C, Juw]+ = 0.

[TorpebyeM, 4ToOb ypaBHeHHe (1) 6BIO HHBapPHAHTHEIM OTHOcHUTenpHO P-, T-, C-
npeo6pasoBanuil. [Ipu stom K anrebpe [lyankape (6)-(13) HeoOxomumo n0OaBUTH CO-
otHomeHust (24). TakuM 06pasoM OKOHYATEJBHO MOJYUHM, YTO 3afadya O HaXOXKAEHHH
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nyaHKape-WHBAPUAHTHBIX FaMUJIbTOHOBBIX yPaBHEHWH 6e3 JIMIIHUX KOMIIOHEHT /ISl ua-
CTHILL C MPOM3BOJBHBIM CIUHOM cBomuTcs B noaxonax I u II kK oTbickaHHIO omepaTopoB
Hy, ynoJjerBopstioiiux cootHoirenusm (6)—(13), (24).

[Tonxoms! I 1 Il mo3BONAIOT MONYUHTh FaMUJBTONOBE! YpaBHEHUS 6€3 JUIIHUX KOM-
TIOHEHT JJIsl YaCTHIBl C MPOU3BOJBHBIM CITHHOM, KOTOpBlE, ONMHAKO, HE BKJIIOYAIOT ypaB-
nenudt TCT [49, 50] nnst yactuy ¢ s = 0 u s = 1. YpaBHEHHUS IBUKEHHsI, BKJIIOUYAOI[HE
npu s = 1/2 ypasuenne [dupaka, a npu s = 0,1 — ypasuenne TCT, Gynyt mosyue-
Hbl B TpetheM moaxone (III), B KoTopom 3amaua cTaBUTCS CAeNYIOMIUM 06pa3oM: Ha#TH
BCe BO3MOXHbIe (C TOYHOCTbIO 10 3KBHUBaJEHTHOCTH) N depeHLHaIbHbIE OMEPATOPLI
Broporo nopsiaka H!, Takue, uTo6bl COBOKYMHOCTb OMEPaToOpoB

P = [, P = p, = —i0/0z,,
11 11 1 (25)

Jb = TaqPb — xbpa'i_sabu J _tpa_ 2[3;117130 ]++)\a
ynosJetBopsiia anrebpe P(1,3). 3mecs A\, = A(S,p) — HekoTOpeIl omepaTop, Ha

SIBHBI BHJ KOTOPOT'O MBIl He HaKJaJblBaeM @ priori HUKAKUX OrpaHUYeHUH.

CyuiectBenHoe otauuue noaxoaa Il ot mogxomos 1 u Il coctout B TOM, 4TO MBI He
(uKcupyeM IBHBIH B reHepaTopoB JiU u He TpeGyem mHBapuanTHOCTH ypaBHeHHs (1)
OTHOCHUTeNbHO npeobpasoBanuil P, C, T. I HaX0XIeHHUs SBHOIO BHJA raMUJbTOHH-
anoB B noaxozne 11l mocratouno motpe6osaTh, uto6el H!' npunannexan xnaaccy aud-
(hepeHIMaIbHBIX OTEepPaTOPOB BTOPOTO MOPSIKA.

[pencraBnenus Buaa (25) ucrnonb3oBanuch B paborax [43], rie Takxke ObLIH MOJIY-
YeHbl TAMUJIbTOHUAHBI [J151 YACTULl POU3BOJBHOIO CIIMHA S, coBmanamiiye npu s = 0, 1
ramusnbronranaMd TCT. Onnako npu s > 1 ramu/bToHUaHB! [43] SIBASIOTCS HHTErpo-
JU(phepeHINaNbHEIME ONIePaTOPAMH.

ABHBIA BUJ ONEPaTOPOB H;
3nech pelieHa 3anada I, T.e. HaiineHsl Bce Te onepaTopsl H!, KoTopele ymoBJeTBO-
psAT cucteMe cooTHouweHU# (6)—(13), (24) B cayuae, Korna mnpenctaBjieHHe anreGphbl
P(1,3) umeer Bun (25).
Pa3/iox1M HCKOMBIH omepatop H' 1o mosiHO#H cucTeMe OpTONPOEKTOPOB

H! = Z (di(p) + 019, (p) + o2l (p) + Ugle(p)) Ay, (26)
!
rze
S, =1 S - 1/2
l:Hp—,7 Sp:—pa p= (p1+p2+p3) / )
l—1 P
1A (27)

LI/ =—s,—s+1,...,s,
di(p), gi(p), hl(p), f}(p) — HenssecTHBIE DYHKUHMH, 3ABUCALIKE OT P.

HerpynHo yGemutbest, uto omepatopbl (27) sIBASIOTCS OPTONPOEKTOPAMH Ha COO-
CTBeHHble MOANPOCTPAHCTBA ONEPATOpPa Sy, T.€. YAOBJIETBOPSIOT COOTHOLIEHHUAM

AlAl/ = 5”//\5, Z Al = 1, Sp = Z lAl (28)
l=—s l=—s
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Onpe/e/uTh SBHBIH BUI raMUJbTOHHAHOB H! 03Hauaer Tenepb HaliTH Bce 3HAYEHHs
Ko3(ppuunentos di(p), gi(p), hi(p), f/(p), MpK KOTOPBIX BBHIMOMHSIOTCS COOTHOLIEHHS]
(6)-(13), (24). Ioncrasasis (26) B (24), nonyuaem

dy=h; =0, =1, g=4d, em =1,
1= l l 1 l 1 (29)

I I I I 1 I
dy=h =0, fi=—1- g =9_;, ecam r;=o07.

Yenosue (12) nanaraer Ha GyHKUMH fi, g} monosHMTeIbHOE OrpaHHueHHe

2 2

(f)"+ (a1)" =p* +m?® (30)
MoxHO yOenuThCsl HEMOCPEACTBEHHON TPOBEPKO#H, uTo cooTHolenus (6)-(9), (11), (12)
00palllaloTcsl B TOXKAECTBO, ecyd BhinosHsoTes (26), (30). Takum obpasom, ocTaercs

TOJIBKO MOTPe6OBaTh, UTOOH! BbIMOJHsAMNUCE cooTHoeHus (10) u (25), KoTopbie U ompe-
IeJIAI0T OKOHYATeIbHO CTPYKTYpY onepatopoB H., T.e. sIBHBIH BUI KO3(D(MUIMEHTHBIX

bynxumit fl, gl
Coornomenne (10) nnst oneparopos (15) moxHo npuBectd K Buny [36], [37]

[[H;,J}a],, [H;,.’L'b],] _ = —4iSa. (31)
[Toncrasus (26), (29) B (31), ucnosnbayst Toxaectso [36, 37]

1

1
Sa D A1+ A —2A
b b( -1 1+1 l) 9

[.Ta, Al], = ﬁ

(Sa - %Sb) (Ai—1 = A111)(32)
¥ MpUHKMasi BO BHUMaHHe COOTHOLIeHHs (28), mosydaeM cielyroliye ypaBHEHHs AJst
Nk

99101 + [l = m® = p*. (33)
Cornacro (30), pynkuuu f}, g} MoxkHO mpeacTaButh B BHAe

fi = Esingy, gl = Ecos ¢y, E=p*+ m2)1/2. (34)
[ToncraBus (34) B (33), MpUX0OAMM K peKyppeHTHOH (opmyiie

11 = 1 £ 26", ' = arctgp/m. (35)

Dopmyasl (34), (35) Mo3BOIAIT OMpenesuTH BCe KO3(ppUUMEHTHI g, fi omeparo-
pa (26), ecau u3BecTHa XOTsl Obl OnHAa (QyHKUMs U3 Habopa f] (uau gi). DTy Hayasb-
HyI0 (QYHKLUHIO MOXKHO HaiiThH u3 coortHouenudt (29), (35), xortopbie ¢ yuyerom (34)
NPYHUMAIOT BUJ

_ =T
o1 = { R (36)
—p mis =0
s (35), (36) monyuaem
wo =0, P12 = o',  ecau rll =07. (37)

Ecau xe 7} = I, To njst noayuesasix s yciaosust (35) u (36) HeCOBMECTHBI, a IS S
1
LeJbIX (o MOXKeT ObITh MPOHU3BOJIbHON (DYHKLHEH OT D:

po=p(p), ri=1 (38)
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Hcnonb3ys ToxkaecTsa
1 _ gl I
Wa:[Hs)Sa]+/27 WOZP'S,
HeTpPyAHO y6equThes, 4To cooTHOIeHHe (13) 3aBeoMO BBIMOMHSIETCS], €CJIH UMEET MECTO

(31). Takum o6pasoM, MPUXOAUM OKOHYATEJbHO K CJEAYIOILIEMY pPe3yJbTaTy.

Teopema 1. Bce 8oamosncrosie (¢ mourocmoro 00 3K8UBANEHMHOCMU) eAMUALIMOHUA-
noL H, ydosaemsopsiowue coomnouenusm (6)—(15), (24), sadaromes opmyramu
(26), (29), (34), (35), (37), (38). Ypasnenue (1) ¢ eamuromonuarom H! unsapu-
anmHo omnocumensro noiroii epynnet Iyankape P(1,3) u onuceieaem cs0600Hoe
dsusicene wacmuLbl ¢ NPOU3BOALHbIM CIUHOM S U MACCOL M.

[TpuBemeM mpocTefllive perleHUs] CHCTEMBl PEKYypPPEHTHHIX COOTHOLIeHHH (35),
(36), (38):

1
[+ — Qg monyuessx s,
(e = (—)M0, N =4 T2 ! (39)

[ 1 Uesbx s,
(01)2 = 216" (40)
[Moncrasasis (39), (40), (34), (29) B (26), nonyuaem [36, 37, 39]:

(H), =oum+osp > (~1)MA, (41)
l
(HY),=EY_ {o1cos (210") + ossin (216") } A, (42)
l

Bri6upasi npyrue peleHus cucteMsl (35), (36), (38), mpUXoAHUM K TaMUJIbTOHHAHAM, KO-
TOpBIE YHUTAPHO KBUBaseHTHH (41), (42), HO oTaM4aoTest OT HUX 1o (opme. Mcnosb-
3yst (35), (37), HETPYAHO MOACUHUTATH, UTO UKCJIO BOSMOXKHBIX TaMHJbTOHHAHOB H}g
paBHo (mpu r} = o1) 25712 nag nonyuenbix s u 2571 A9 HeaBIX .

Bhinuiem siBHBe BhIpakeHus omepatopos H! B Tepmumax S -p nas s < 3/2.
Hcnonbsys (41), (42), (27), nonyuaem [39]

s s =0 (Hp), = oxm + o3p, (Hp), = 01 E;
s s =1/2 (H{m)l = (H{/Q)Z =o1m+ 203(S - p);

s s=1  (Hp), = (H)), —203(S-p)’p !,
I
1

43
— iyt Loy(S P - 4(S )7 @)

= H{/2 + {a’l[EQ +p2 +2(S'p)2]m—|—

+o3 {%pz(Sm) - g(S - p)?’} }Ez-
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U3 (43) Buano, uto oneparopsl H! MoxHO Bhipasuth yepes H! . Takum oGpasom,
BHJ TaMHUJIbTOHHAHA /1 TIPOU3BOJILHOTO CIIHHA TIOJHOCTBIO ONPEeNseTCss FaMUIbTOHH-
anamu masi s = 0,1/2.

ABHbli BuA oneparopos H!

[pusenem 3nech pemenue 3agauu 11, T.e. othimem Bce omepatopsl HY, ynoenetso-
psiroiine cucteme cootHotenud (6)-(13), (25), korna mpencrasienue anre6psr P(1,3)
umeet ctpyktypy (17). Briepsole ramusbronuansl HI nonyuunu Busep, Xammep u Tyn
[28], a 3aTeM, B GoJjee obieit mocTaHoBKe 3agauu, Metbios ¢ cotp. [30-35].

[o ananoruu ¢ H. vwem H! B Buze

HI = Z (019" + o3 £/") Ay, (44)
l

rle HeusBecTHble (QyHKuMH g)', fi!, 3aBuCsAKMe OT p M m, 06JAAAIOT CJIEAYIOLIKMHU

CBOHCTBAMHU:

P==r al=dl, m=a (45)
P=—f,  g'=—d", =03 (46)
M+ 9 =p* +m? (47)

HenocpenctBeHHOH mpoBepkoil MOXHO yOenuthbesi, uto ycmaoBus (6)-(13), (24) myan-
Kape-MHBApUAHTHOCTH ypaBHeHHs (1) BBIMOJHSIOTCS, €C/d UMEIT MECTO COOTHOLIEHHUS
(44)-(47) u (11). Hcnoabays o6wuit Bup (16) reneparopor rpymnnel P(1,3), npuso-
nuMm (11) K BURLY

—[HY 2] HY +iS, [HY 03] +i[HY,S.]_ o3 = ipa. (48)
[oncrasasisi (44) B (48), ucnonbays Toxaectsa (32) u
[A,,S]- =px[A,,x]- (49)
¥ YYMTbIBas JMHEHHYIO HE3aBUCHMOCTb CJIaraeMbiX, MPUXOAMM K CHCTEMe ypaBHEHHIi:
M+ atal = E 4+ (A - 1Y)
gl (fl+p) =gl (f' = p) 91 091" /0p — 10" /0p = 2Ip.

Onyckasi 10OBOJIbHO 'POMO3JKHe BBIKJAIKU, MPUBENEM pelleHus: cucteMbl (45)—(47) u

(50):

(50)

("), = Eth (200", (g1"), = Esech (210"}, = A; (51)

(fI), = Ecth (210"),  (gV'), = iE cosech (2161),

(52)
ril = o3, O" = Arthp/E.
OtmetuM, uto pemteHus: (51) onpenesieHsl mJsT POU3BOJBHBIX s, a (52) — TOJBKO 1JIsl
MOJyLleIbIX 3HaYeHWH CMHHA, MOCKOJbKY TpH LeJbiX s ypaBHeHus (46), (47), (50)
CTaHOBSITCS HECOBMECTHBIMH.
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[oncrasassa (51), (52) B (44), mosyyaem sBHBIH BHI raMuJbTOHMaHOB H.l njs
npencrapjerus (16):

(Hil)l - EZ {0y sech (21911) +o3th (21911) } A (53)
7

(H]),=E Z {ioy cosech (210") + o3 cth (210")} A, (54)
1
rie raMmuibToHuaH (53) COOTBETCTBYET BRIGOPY T = A W onpesesieH JJist POM3BONBHBIX
3HaueHHH cruHa s, a onepatop (54) cOOTBETCTBYeT 74 = d3/A W onpefesieH TOMbKO /s
nonyueabx s. IlocjenHee o6CTOSATENBLCTBO OCTalOCh He3aMeuyeHHBIM B pabotax [31,
33], rme (54) uHTepHIpeTHpPYETCS KaK TaMUJIbTOHHAH AJIS YaCTHL[ C LeJbIM CITHHOM.

BbipasuM ramuabTonnanbl HY nns s < 3/2 yepes oneparopsl S - p. Cormacho (27),
(53), (54) umeem

st s =0 Hi =o1E;
s=1/2 (H{1/2)1201m+203(S'P)7
(H{Iﬂ)Q = —2E(S - p)(iocym + 03 E)p~2;

s=1 HY=g,E+2E(S-p)lo1(S p)—osE] (B2 +p?);

5=23/2 (Hiif/z)1 = {01 B (4B +7p%) — 2(S .p)ﬂ m+

(55)
+03 {(S . p)% (20p2 + 6E2) + 2(5 -p)?’} } (E2 + 3p2)71 ,
E 1 E?
(), :{alm? [g (355~ 13m%) ~ 45 (S p)Q] +
+i03%2 {(53—';'” (20E% + 6p*) + si—;(s : p)?’} } (> +3E%) "

3ameuanne 1. Pemenue sanaun 1, mpuBemeHHoe B paGorax [32-35] mosydeHno mnpu
HECKOJIbKO 6oJiee clabblX YCJOBMSAX, HajlaraeMblX Ha BUI ramuabTonuanos HI. B pa-
6ore [33] mokasaHo, 4TO raMuJbTOHHAHB! (35), (36) MOXKHO MOJNYyYHTh, HE Tpebys P-,
C-vHBapuHaHTHOCTH ypaBHeHus (1), a B paGore [34] ramusbronuansl (53), (54) mno-
JIy4eHbl B MPEATONOXKEHNH, YTO ypaBHeHue ABHKeHHs (1) MHBapHAHTHO OTHOCHTEJNBHO
npeobpasoBannit u3 rpynnsl P(1,3) u npeobpaszosanus © = C'PT. Mbl He NPUBOIUM
3J1eChb JleTaJeld 3THX HCCJeIOBaHUH.

3ameuanue 2. Pemenne 3agau [ u I maiimeno B paborax [38, 39] B Gosee oOGuiei
[OCTaHOBKe, KOra MaTpulibl S,p, BXOLsIiHe B onpeneneHue (14) reHepaTopoB TpyIIIbL
P(1,3), sBsoTcs sneMeHTaMu npeacrasiaenus D(j, 7) anre6per O(4). B takoit nocra-
HOBKE IOJyYeHbl ypaBHEHHs IJisl YACTHIl C MepeMeHHbIMH CIIMHOM M Maccoi, mpuueM
BO3MOXKHBIE 3HAaUEHHsl CIIMHA $ JIeXKAT B MHTEpBaJe

li—7<s<j+m, (56)
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Tie j U T — MPOU3BOJbHBIE Liesible WJK MoJyLesble YHc/aa, 3afaiolliie HelpUBOAUMOe
npexncrasaenue rpynnsl O(4).(4). Tlpu stom macca yacTuibl Wiv (GUKCHPOBAHA, WU
3afiaeTcsi ONHOU U3 (popMyJ

m=aj; +bis(s+1) HITH m? = a2 + bis(s + 1), (57)

rie ai, az, bi, bs — npousBoJibHBIE NOCTOsHHBIE uMcaa. bosee moppoGHoe paccmo-
TpeHHe ypaBHEHHH [Js YaCTHI C MepPeMeHHBIMH CIIHHOM H MacCOH BBIXOIHUT 32 PaMKHU
HacTosiero o63opa.

fIBHb1it BuA oneparopos H!

Pemnm 3apauy III, T.e. HaiineM Bce BO3MOXKHBIE (C TOUHOCTBIO IO Mpeobpa3oBaHUM
5KBUBaJEHTHOCTH) NH(hepenuatbhbie onepatopbl HI conepskaliue npoussoaHse Mo
NPOCTPAaHCTBEHHBIM MepeMeHHbIM He Bblllle BTOPOro MOPSAKA H YIOBJETBOPSIOLIHE COB-
MeCTHO ¢ (25) KOMMyTalHOHHBIM cooTHoleHUsIM (6)—(13) anrebper [Tyankape.

Uckombiii ramuabronnan H' npencrasuM B BHie passosKeHMsi MO CIMHHOBBIM Ma-
TpuLaM u 2(2s + 1)-psiaHeiM Matpuuam [laysmu:

HY = 1m + 1 + 2 Jm, (58)
rae

hés) = aff)a”, hgs) = bif)a“(S -p), hés) = CELS)O'H(S -p)? + dﬁf)a”pz, (59)
0, — 2(2s + 1)-psaguele Marpuusl [laynu, kommyTtupyomue ¢ Sg, (16); aff), bff), cff),

dff) — HeusBecTHbe K03(duunentsl. [lo moBTOpsiIONIEMYCS HHIEKCY (4 MOAPA3yMeBae-
TCcsl cymMmupoBaHue ot 0 o 3.

Teopema 2. Bce so3moocHble (¢ mourocmoio 00 dK8uUBaLeHMHOCMU) Oudeperti-
anvrble onepamopsl 6mopoeo nopsoxa HM, yoosremeoparoujue (6)—(13), (25) sada-
romcs. Qopmysamu:

1 .
H;H = 01m+03k1(S p) + %(0’1 720’2)[})2 — k%(S’ ‘}))2], s = 0, 1/2, . 7(60)

2

‘ S - p)? ‘

H = g1m + [202k2 + o3/ ka(ks — 1)} % + (01— 102)5_7%3 (61)
1 P’ (5-p)°

H{" = oym+o3ks3(S -p) + m(ffl —i03) + om [—k301 +i(2 — K3)o2]:(62)

Jrey P’ ks JE -1 63
s = \mE g ) T o028 i )

2

Hyjy = 01 [ + 2p—m - k?(S'P)Q] + 03ks(S - p)—

_t 5.2 o2 (k22,2
2m02 [<4k5 1)(5 D) (4k75 4>p )

ede k; — npoussonvroie napamempot, 1 =1,2,3,4,5.

(64)
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HokasatenbcrBo. Vcrnonbays siBHbil Bua (25), (16) reneparopos rpynmsl P(1,3) He-
TPYIHO YOeouTbCsl, UTO raMUJbTOHHAaH (58) ymoBJeTBopsieT cooTHolleHUsM (6) Tpu
[IPON3BOMBHBIX 3HaueHUsIX Kodhduumentos ayf’, biy), ¢\, df).

[ToTpebyeMm, uToOB raMuabTOHUAH (D8) ynoBaeTBOpsa ycaoBuio (12), KoTopoe 3amu-
eM B CJeyIOUleM BUIE:

(HM)? = p? + m?. (65)

[oncraBasis (58) B (65) u mpupaBHHBas KOd(D(UIHMEHTHl MPU JUHEHHO-HE3aBUCHMBIX
cJaraeMblX, MPUXOAHUM K CHUCTEMe ypaBHEHMH:

(hgs>)2 —1, [hg”,hg”L =0, (h;s>)2 =0,

(5) 1,(s) ) | [, p) (©9
O] =0 () [ R] =t
{ o M| 1 0 M2 | b
BBuay /MHeliHOl He3aBUCHMOCTH CIIMHOBBIX MaTpul S, u Marpul [layau o, cucre-
Ma cooTHoueHH# (59), (66) sKBHBaJeHTHA CHCTeMe ypaBHeHHH s KO3(P(HUIHEHTOB
a,(f), b,(f), c,(f), d;(f). Pewenne cuctembl (59) u (66) m18 MPOU3BOJIBHBIX 3HAYEHHH S
3anaetcs caenytoued hopmynoi [40, 41]:

W =01, Y =03k (S p),  hY) = (o1 —ioy) [p° — K3(S - p)?] /2,(67)

rie ki — Mpou3BOJbHOE KoMIiekcHoe uucao. Hasi s = 1 u s = 3/2 momumo (61)
CYILLECTBYET ellle 110 ABa He3aBUCHMBIX PEILeHHs:

h =a1, KV =0,
hél) = (0’1 — iUg)pQ/Q —+ [k‘giO’Q + o3 ]4}2(]62 — 1):| (S.p)Q;
WYV =0y, Y =osks(S - p),

WY = oulp® — K(S - p))/2 + ioal(2 — K3)(S - )? — 7]/

W — g, (68)

h? =0,

B = {o1p? +ioakal(S - p)? — 5% /4] + o3 /RE — 117} /2

h(()s/z) — o1, hg3/2) = o3ks(S - p),

hy''? = S [(iké - 1) (5-p)° ~ (Zké - i) pﬂ +o1 [P — K3(S - p)’] /2,
rne ko, ks, k4, ks — TIPOH3BOJIbHBIE KOMIJIEKCHBIE YHCJIA.

Dopmynel (67), (68) 3anaioT Bce BO3MOXKHbIe pellieHUsi cuctembl (59), (66) ¢ TouHo-
CTBIO 110 MPe0OpPa30BaHUH SKBUBAJEHTHOCTH, OCYIIECTBISEMBIX UHCJIOBBIMUA MaTPHIAMH.
[Toncrasus (67), (68) B (58), mpuxonumM K ramuabToHHaHaM (60)-(64).

Jlist 3aBepIIeHHs] OKA3aTeNbCTBA TEOPEMbI OCTAJOCh TOJBKO yKa3aTh SIBHBIH BHUIL
OTepaTopoB \,, BXOISIIKX B onpefeseHue (25) reHepaTopoB Jy,, IPU KOTOPOM OIeparo-
pel (25), (60)—(64) ynosaersopsitoT cootHoirenustM (8)—(11) u (13). MoxHo y6enuThest



[Tyankape-vHBapHaHTHblE YpAaBHEHHUs IBHKEHHS YACTHLL MPOM3BOJNBHOrO cnvHa 455

HeHOCpeﬂCTBeHHOﬁ HpOBepKOﬁ, YTO 5THU COOTHOIIEHHSA BBITIOJHAKTCA, €CJIH ITOJO2XKHUTDL B

(25)

i .
)\a - <1 - 21> |:Z.0—1Sa - %&zbcpbsc (69)
B cayyae, Koraa ramuabtronnan HI umeer sun (60), u
o= [Sabth;H]Jr Z-pa(QE + Bs) — [CbaUlvH}eII] _i[sabpbo'lvH}eH]+
“~ T 2E(E +m) 2E?B, 2EB, 2E+m)B,

By=2E+[H" o]y, A=iH" AL

B cayyae, Korfa ramusabronuan HI' sanaercs onmoit us dopmyn (61)—(64). Teopema
JI0Ka3aHa.

U3z (60)-(64) BumHo, uto ramuabTonuans H!' ompenenenb ¢ TouHOCTBIO 70 TMO-
CTOSTHHBIX KOMILJIEKCHBIX uuces k;. MoxXHO Tokasatb, uTo ypaBHeHue (1), rne Hy —
orepatop, 3agaBaeMblit ofgHo# U3 (opmya (60)—(64), HHBAPHAHTHO OTHOCHTEJBHO Ipe-
o6pa3oBaHus “cuspHoro orpaxeHus” © = CPT, HO He WHBapUAHTHO OTHOCHTEJBHO
P-, C- u T-npeobpasoBanuii. FlHBapraHTHOCTb ypaBHeHHs (1) OTHOCHTENBHO JIOGOrO
M3 3TUX NpeoOpa3oBaHUU MOXKHO 00ecrnedyuTh CrelHabHbIM BeiGopoM uuces k;. Tak,
ecan B (60) mosmoxute s =0 u s =1/2, ky = 1/s, a B (61)—(64) monoxkute kg = 1,
ks =0, ks = 1, ks = 0, To nonyuum C-, P-, T-uHBapUaHTHble TaMUJbTOHHAHB! BHAA

H(I)II =0 (m + p2/2m) — ioep? /2m; (70)
H{I/I2 =oym+ 2038 - p; (71)
H" = o1 (m+p?/2m) + 02i/2m [2(S - p)* — p?] ; (72)
Hél/lz =01 (m+p*/2m) + 02i/2m [(S - p)* — 5/4p°] . (73)

Oneparop (71) coBmamaer ¢ ramusibroHuaHom Jupaka, a omepatopel (70), (72) — c
ramusnpronnanaMmu TCT [49, 50] mns uvactui co cnuHom s = 0,1. Oneparop (60)
s s = 1/2 paccmarpuBaiscs paHee B [44]. [IpeoGpasosanus P, C' u T Ha MHOXe-
cTBe petieHuit ypaBHenus (1) ¢ ramuabronudanamu (70), (72), (73) MoxKHO OnpenesuTh
dopmynamu (14), rue

rlln =1, ’I“I2H =0y, rg = 09.

Herpynno y6enntbest, uto ramusbTonuansl (60)—(64) B obiiem ciydyae HEIPMUTOBbI
OTHOCHTEJIbHO CKaJ/IsipHOrO mpousBefenus (5). OnHako Bcerga MOXKHO Mogo6paTh Takue
3HaueHUs Ko3(P(HIHEHTOB k1, 4yTo6hl onepatopbl H ' 66111 3pMUTOBb B MHAEDHHUTHOH
MeTpHKe

(U, 0y) = /d% Uo 0y, (74)

a UMeHHo, onepartopsl (60)—(64) 3pMHUTOBH OTHOCHTEJBHO (74), eciut k; YIOBJIETBOPSIIOT
CJIEYIOIIHAM YCJIOBUSIM:

kT = _kh kE; = _kS? k; = _k57 k; - k27 |k2| <1
ko > 0, k} = ka, |ka| < 1, ky > 0.
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Tamusbronuansl H!' npu npoussosibHbIX 3HaUeHUsAX KOI(D(PUIMEHTOB k; 3PMUTOBBI Ta-
KJKe OTHOCHTEJIbHO CKaJISIPHOTO MpousBeneHus (4), rue

= [ ] o

a UM — onepatop, cesisbiBatoumii npencrasienue (25) ¢ KAHOHHYECKUM TIPeJCTaBJIe-
nuem [lupoxosa—-@onnu [18, 20]. Asubiit Bua onepatopos UM npusenen nuxe [cM.
(133), (134)].

OTMeTHM ellle, YTO He TOJNBKO raMujbToHHMaH (60), HO U Bce ocTajbHblE TeHepa-
Topel (25), (69) npuHamnexart kaaccy auddepeHUHANIbHEIX onepatopoB. [lpu k3 = 2
omepaTtopbl A, (69) ToKIeCTBEHHO paBHBI HY/IO U reHepaTopbl Jy, (25) mpHUHHUMAOT
BH]L

JU — tp, — [xe, HM /2, (75)

coBnagatomui ¢ (15).

Takum 06pa3oMm, 31ech MONyUYeHbl BCe BO3MOXKHbBIE (C TOYHOCTBIO 10 9KBHBAJEHTHO-
CTH) peJIATUBHCTCKHE FraMubToHHaHbl H ! yacTHIIBI ¢ TPOM3BOJILHBIM CIIMHOM S, BKJIIO-
yaollre MPOU3BOIHbIE He Bhille BTOPOro nopsinka. OKasanoch, 4TO TaKHe FraMUJbTOHHA-
HBI CYLIECTBYIOT AJIs JI0OBIX 3HaUeHUH s U 3anatotcs popmynamu (60)—(64). Bosuukaer
€CTECTBEHHBIH BOTPOC: CYLIECTBYIOT JIH MyaHKape-WHBApHaHTHbIE TaMUJIbTOHHUAHBI [J1s]
YaCTHIL C TPOM3BOJIBHEIM CIIMHOM B KJacce NU(QepeHIHaNbHbIX ONEePAaTOPOB TE€PBOr0O
nopsiika? 3ajaya ONUCAHUSl TAKHX TaMHUJIbTOHHAHOB pelLlaeTcsi HHUXKe.

duddepeHnmnanbHble raMUJIbTOHOBBI YpaBHEHUS NEPBOro MOpPsaKa
[lo ananornu c Tteopuedt Jupaka AJsi 3JeKTPOHA IMOCTYJIHPYEM, YTO TaMUJbTOHH-
aH peJATHBUCTCKOH YaCTHLBI C MPOU3BOJIbHBIM CIIHHOM fiBJsieTCss U depeHInalbHbIM
OIepaTopoM, BKJIOYAIOLIMM [TPOU3BOAHBIE 10 TPOCTPAHCTBEHHBIM IIEPEMEHHBIM HE BBILLE
nepBoro nopsinka. O6LME BU Takoro oneparopa 3anaetcs (opMyJsioH

H, = f((f)pa + f‘és)m, Do = —10/0xq, (76)

e Fff) — HEKOTOpbIE YHCJIOBbIE MATPHUIIHL.
[eHepaTopsl npeacTaBaeHus rpynmnbl [lyaHKkape, KOTOPOe peasu3yercst Ha PelIeHHsIX
ypaBHenust (1) ¢ ramuabToHHaHOM (76), BbiOepeM B BUJIE:

POZH57 Pa:pa:_ia 6ma>
/ (77)
Jab = TaPb — TpDa + Sab, Joa = ToPa — TaPo + Soa,

rae Sy, — MaTpHubl, ofpasylollde KOHEUHOMEepHOe MNpejcTaB/eHHe (B oblieM ciayuae
npuBonnmMoe) anre6psl Jlopenua O(1,3). @opmyasl (77) 3anaoT caMmblil 00LIKH BUJ re-
HepaTopoB rpymmsl P(1,3), COOTBETCTBYIOLIHMH JOKaJbHBIM Pe06pa3oBaHHUSIM BOJTHOBOH
(bYHKLMH NIPU Tepexofie K HOBOH MHepLHa/bHON CUCTEMe OTCYeTa:

U(z) — U'(2) = D(A)U(A~1z —b),
¥’ =Ar+b,  x=(v0,71,T2,73),

rie A — marpuua, 3agamomias npeobpasosanue Jlopenua; D(A) — npou3BoNbHOE KOHE-
YHOMEepPHOE TIpelCTaBJeHHEe 3TOrO Npeodpa3oBaHusl.
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Onpenesnth Bce BO3MOXKHbIE TaMUJBTOHMAHBI Buia (76) osHauaer HalTH Takue
matpuubl Ay, u Sy, uto oneparopsi (76), (77) 6ynyT ynosiersopsth anredpe [lyankape
(6)-(13).

[ToTpe6yem, uToOb ramuabTOHHAH (76) yIOBJETBOPSJI cOOTHOIIEHHIO (12):

H? =p* + m>. (78)

[oncraasisi (76) B (78) u mpupaBHHBas JTUHEHHO-HE3aBUCHMbIE CJlaraeMble 3aKJII0UaAEM,
YTO MaTpHULBI F,(f) JOJKHBI yIOBJETBOPSATh anrebpe Knuddopna

v =0,1,2,3. (79)

PP) 4 POTs) =
DD + DT =26,

[TpencraBnenus anredpsl (79) xXopollo M3BEeCTHH M 3aJAIOTCS MaTPHLAMU pasMep-

HocTH 2" X 2™, n=2,3,.... [Ipu 3TO0M MaTpuLbl
Ty = LTS 2, moq = i) /2 (80)

peanusyior 2" 2-KpaTHO BbIpOXkIeHHOe npeacTasienue D(1/2,0) & D(0,1/2) anre6psi
0(1,3).
Onpegennm Tenepb MaTpuubl Sy, U3 (77). IIpencraBasem ux B Buue

S;uz = Tuv +jul/7 (81)

rie j,, — HEeM3BeCTHble MaTpHLBI, nojsexamue onpenenenuio. Ioncrasus (76), (77),
(81), (80) B (6)—(13), monyyaem, UTO MaTPHLbL j,,;, AOJAKHEl yIOBJACTBOPATE CJCAYHOLIAM
COOTHOILIEHUSIM:

[j,umjAp]— = i(gupjuA + guAjup - gp.)\jl/p - gupj,u)\), (82)
X 0, p#v,
[juz/a F&S)]— = [jupr)\]— =0, uv = 13 p=Vv= 07 (83)
_17 w=v 7£ 07

T.e. MaTPULBl j,, JO/DKHB Dean30BaTh KOHEYHOMEDHOe MpejcTaB/eHHe anreGphl

O(1,3) 1 KOMMYTHPOBATh C fff).

PaccmoTpuM ciydail, korma j,, 00pasyioT HempuBoguMoe mpeicTas/ieHue D(j,0)
anre6pul O(1,3). dTo 03Hayaert, uTO

jab = ijca jOa - Z'jaa (abc) — LHKJ (17 27 3)7 (84)
Gas dol— = ije,  J2 =30 +1).

Torzna us (81), (83) no Teopeme Kiebma-TopaoHa 3aki/iodaem, 4To MaTpuubl S, H0J-
JKHBI PeaJjii30BaTh MpeacTaBJeHre
[D(1/2,0)D(0,1/2)]®D(4,0) = D(j +1/2,0) ®D(j — 1/2,0) & D(3,1/2).(85)

[Tpu penykuuu (85) mo mpeacranenusim moarpynnel O(3) C O(1,3) mosmydaem mpen-
CTaBJieHHe

D(j+1/2)eD(j+1/2)@D(j—1/2) ®D(j —1/2), (86)
4TO COOTBETCTBYET ABYM BO3MOXCHBIM 3HaUEHHSIM CIIHHA

s1=s=j+1/2 U sa=s—1=j—-1/2. (87)
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HeprI[HO INOACYUTATb, YTO PA3MEPHOCTb MAaTpPUIL S,“/, BXOOAUIUMX B TIpencTaBJe-

Hue (85), paBHa 8s X 8s; TaKOBa K& N0JKHA ObITb PAa3MEPHOCTh MAaTPHIIL f‘ff) us (80),
(81). Ilpu arom BosuoBasi (yHkuusi U(t,x) ynoaerBopsitouiasi ypaBHeHuo (1) ¢ ra-
MHJIBTOHHAHOM (75), HMeeT 85 KOMMOHeHT. MoXKHO MOKa3aTh, YTO €CJIH MaTPHIb .
u3 (81) ob6pasyioT HempuBoguMOe mnpenctasiaenue D(jy, jo) anredpul O(1,3), rae j; # 0
U jo # 0, WJIU NPUBOOUMOE TIpPelCTaB/eHHe 3TOH aareOpbl, TO NpU 3aJaHHOM (PUKCHPO-
BaHHOM S Pa3MepPHOCTb MaTpul S, Bcerna Oyfer GoJblle, 4eM 8s X 8s.

Takum o6pasom, ramunbroHuan (76) u rexHepaTopbl (77) yHOBJETBOPSIOT YCJIOBHSIM
nyaHkape-uHBapuaHtHocTH (6)—(14), a BosmHoBas (yHkuusi V(¢, ) UMeeT MUHHMAJb-
HOe YMCJIO KOMIIOHEHT TOrIa M TOJIbKO TOrJa, KOTAA MaTpHLbL fif) B (76) peanusyioT
8s-panHoe mpencTasiaeHne anare6pel Kmuddopaa (79), a marpuusl S, B (77) nmeior
Bun (80)-(84), rme j =s—1/2.

Ypasuenue (1) ¢ raMusbTOHHaHOM (76) ONMHCBIBAET YACTHILY, CIIMH KOTOPOH MOXKET
npuHuMarh nBa 3Hadenns (87). Huisi Toro 4ToOBI MONYYMTH OMMCAHKE YACTHIH C (DH-
KCHPOBaHHBIM CITHHOM §, Ha BOJIHOBYIO (yHKIMIO U(t, &) clenyeT HAJOKHUTb yaHKape-
MHBapHaHTHOE [OTMOJHUTENbHOE YCJOBHE, HCKJIOYalollee JHUIIHIHE KOMIIOHEHTbI, KOTO-
pble COOTBETCTBYIOT 3HAUEHHIO CIHHA So = s — 1. Takoe [MOMOJHHUTEJbHOE YCJOBHE
BCerma MOXKHO BblOpaTh B Buae (13):

W, WHE(t,x) = m?s(s + 1)U (t, ). (88)
DKBHBaJIEHTHOH (opMOH 3amucH ycaoBus (88) cayuT (opmyJa
Py =0, (89)

rie P, — omepaTop MPOeKTHPOBAHHUS Ha MOANPOCTPAHCTBO, COOTBETCTBYIOLIEE (DUKCHU-
POBaHHOMY CIHHY:

. 1
P, = % {%WHW“ —s(s— 1)} ) (90)

HMcnonb3ys siBHBIH BUL reHepatopos P, J,,, (77), noaydaem npoekTop P, s thopme
pg:11-+(1—1ﬁ”)[rﬁhw,P4 /2m, (91)
TIe BBeJIeHbl 0003HaYeHHs
O R R i taly )
> (92)
P, =—[8% —2s(s—1 52, = SabSap-
s [ ab s(s )]7 ab a;l b ab

Takum o6pasoM, moJyueHbl YpaBHEHHS [ABHXKEHHS CBOOOAHOH peJSATHBHUCTCKOH
YaCTHIIBl C TPOHU3BOJBHBIM CIHHOM B BUIE:

9 )ma(s ]
i5, V= H.V, H, =TT p, + T8 m, (93)

P =, (94)
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OtmMeTuM, uTo BhipaxeHus (93), (94) MoxxHO 3amucaTh B SIBHO KOBapHaHTHOH ¢op-

me [39]:

(P —m)w=o, (95)

(Fff)p“ + m) (1 + rEﬁ) [, 8" — ds(s — 1)] ¥ = 16msW. (96)
Ypasaenue (95) nosydaercss u3 (93) mpocThiM yMHOXKEHHEM Ha F(()S), a ypaBHeHue (96)
cBoguTcst K (94), eciv MPUHSITH BO BHHMaHHE TOXAECTBO

14T Py= (14T) [S,,5 — 4s(s — 1)] /8s. (97)
(1+19) P = (14197) 5,

[TosrydeHHBIE pe3yJbTaTEl MOKHO C(HOPMYJHPOBATH CJIEAYIOMIHUM 00pa3oM.

Teopema 3. Cucmemor ypasnenuii (93), (94) u (95), (96) nyankape-urnsapuarmrbl
u onucsigarom ceo600Hoe d8uncerue YACMULbl ¢ PUKCUPOBAHHBIM CUHOM S U MAC-
coil m.

Cucrema ypaBHenuidl (95), (96) uMeeT psii MpPeUMYIIEeCTB Tepel OPYTUMH H3Be-
CTHBIMH YPaBHEHHSIMH JIJIsi YACTHIL C TIPOU3BOJIbHBIM crivHOM [3-17]. JleficTBuTEMBHO,
ypaBuenus (95), (96) uMeOT DOCTAaTOYHO MPOCTYIO POPMY, KOTOPasi HE YCJOKHSIETCS C
poctom cruna (anre6pa I-marpuil, 6€3ycJ0BHO, MPOIE aare6pbl MATPHIL, BXOASAIINX B
IpyTHe U3BeCTHbIe B JIUTepaType ypaBHEHHs [Jis1 BBICIIMX CIMHOB); MpefesbHbIN mepe-
xon m — 0 nosBoJisieT nmonyuuth u3 (95), (96) ypaBHeHHUs [Jsi 6€3MacCOBbIX YaCTHIL
(cM. pasn. 2), B To BpeMmsi kKak ypaBHeHus: Kemmepa—Hedduna n baba He momyckaroT
takoro mepexona [60]; HakoHel, kKak OyneT MokasaHo HHxke, ypaBHeHus (95), (96) mo-
IyCKAIOT HENIPOTHBOPeUHBOe 0600LIeHHe AJIs1 UaCTHL, B3aHMOIEHUCTBYIOIMX C BHELIHUM
3JIEKTPOMArHUTHBIM IOJIEM.

OtmMeTuM, uto B pabortax [61, 62] Takxke mpeasaraiuch 8S—KOMIOHEHTHbIe TU]-
(epeHLMANbHBIE YpAaBHEHHs TMEPBOTO MOPSAKA, OMUCHIBAKOIIHE [IBHXKEHHE CBOOOIHOH
YaCTHIBl C MPOWU3BOJBHBIM CIIHHOM S W Maccod m. ONHAaKO CHCTEeMbl ypaBHEHWH, T0-
JydeHHble B paborax [61, 62], HecoBMeCTHBI MPU y4eTe B3aUMONEHCTBHS YaCTHULBI C
BHELIHUM MOJIEM.

Koneunbie npeoGpa3oBaHus onepaTropoB KOOPAWHATHI M CIIMHA
3ananve SBHOTO BHAa reHepatopos @Q; 3 {P,, Ju} (1 =1,2,...,10) rpynns Ilyan-
Kape OIHO3HA4YHO oIpejesieT 3aKoH Npeobpa3oBaHKs BOJHOBOH (pYHKLHH MPH Tepexosie
K HOBOH WHEpLMAJbHOH CHCTeMe KOODAMHAT:

U(t,x) — V'(t,z) = exp(iQ,0,)¥ (¢, ), (98)
rie ¢; — mnapametpsl npeo6pasdoBaHus. [Ipy 3ToM omepartopbl (hU3HUECKHX BeJHUHH
(KoOpAMHATHI, CMIHHA, UMITYJIbCA U T.I.) IPe0OPA3YIOTCS CJAEIYIOUIUM 06pa3oM:

N — N’ = exp(iQi0;) N exp(—iQi0,). (99)

Dopmyna (99) B NMpUHLIKIIE AaeT HCUEPIBIBAIOIIMN OTBET O CBSI3U OMEPATOPOB AHHA-
MUYECKHX TTePEMEHHBIX B CTApOH U HOBOK CHCTeMax KOOPAHHAT U B C/Iydae, Koraa ree-
paropsl P, J,,, IMEIOT JIOKalbHO-KOBapPHaHTHY1O (popMy (77), KOHKPETHbIe BHIUHMCIEHHS
¢ ucrosib3oBaHueM (99) He BBI3BIBAIOT HUKAKWX 3aTpynHeHWH. OnHaKo B TpencTabJe-
nusx tuna (15), (25), xorna reneparopsl Jo, He HMEIOT BUAA CYMMbl KOMMYTHPYIOLIHX
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“criHOBOHU” U “opOHTasNbHOM” yacTel, BbIUMC/IEHHe IBHOIO BUJA IpeoOpa3oBaHHbIX Olle-
patopo N’ siB/IsieTCs HeTPUBHA/IbHOH 3amadeil [76].

B sToMm paspnesie mosydeH 3akoH npeoGpa3oBaHHUs ONEPAaTOPOB KOOPAHHATHI M CIIMHA
YacTHLEl, FeHePUPYeMBIX orlepaTopaMu Jo, Brja (74). Tem caMbiM, B IPUHIMIE, pellleHa
3ajaya [ TPOU3BOJBHOTO MpeAcTaBieHus Buna (25), (69), MoCKOJbKY reHepaTophl
(94) u (25) cBsisanbl npeoGpasosanuem skBuBasenTHocTH JI — VMV =1 e
S-p
2m
Vol Z 1= (01— i0a)(2 — k)P

2m

Haiinem cHauana B ssBHOM BHIe 3aKOH KOHEUHBIX npeoOpasoBanuit (99) mns onepa-
Topa x,. /s aToro Bocmnosb3yeMmcs ToxaectBom Xaycnopha-Kambesna:

V=1+ (0’1 —iO’g)(Z — kl)

(100)

— {4,B}"
xp(A xp(—A) = _—
exp(A)Bexp(—A) nz::O T (101)

{A,BYy" = [A{A,B}"'_, {AB) =B

[TpuHuMas Bo BHUMaHHe TOT (DaKT, YTO reHepatopsl Jo, (75) Ha MHOXKeCTBe pellle-
Hui ypaBHeHu# (1), (60) MOXHO TpencTaBUTh B opme

JOa = ZoPa — TaP0 T Na- (102)

rae

1 1
o = —=[HM 2,]_/2 = io3S, + — (01 — i02){iP, — 2i[S,, S - :
7 5 s al-/2 = 10350 + 5 (01 —i0o2){d i[Sa, S - pl1} (103)
Po = 28/8950 = ia/at,
u nosarasg B = x,, A = iJopvs, The Jop — reHepatopnl (102), a v, — mnapameTphl
npeo6pazoBaHus JlopeHua, nosydaem 1o WHAYKLHUN

{A, B}Y" = vazpupv" 2 — (io1 + 02)(—va Spupv™ 2 + Dy,) /m,

(104)
n = 2k, k=0,1,..., v:(v%—l-v%—i—v%)l/z,
{A, B} = mou, 0" + % (vgv" ! = 2D,,), n=2k+1, (105)
rae
D, = [Sbvba,Dn—l]—i-a D, = [Sbvbasa]+~ (106)

[Toncrasasisi (104)—(106) B (101) u Kcmosb3ysi TOXKIECTBO

3 i,Dn = {sa cho 452l ”“S;’”b (chv — 1)} exp(2S,0p) — S, (107)
= nl v v

noJsqiydaeM 3aKOH Hp€O6p330BaHI/IH Tq B BHIE

VaLpVh

Tl =1z, + (chv—1)+

; S
(cho— 1) + 202 sho + 1 + 0 {'Ua Vb
v

v2 m v?2
. i (108)
+;)—Z shv+ S, — [Sa chv + z'gabcv bY% shoy — Uavé)vb (chv — 1)] exp(QSbvb)}.
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I[J'IH To HaXOOHWM aHaJIOTMYHBIM croco6om

101 + 02 28y

x( = xochv + 0% hy — exp(2Spvp) — chv — shv| . (109)
v

Hs (108), (109) BugHo, uTO 2, Npeobpa3yloTcs N0 3aKOHY, OTIHYHOMY OT Ipeobpa-

soBanuii JlopeHua s 4-BeKToOpa; NPU 9TOM MHTepBal z,z" = 3 —x2 He coxpaHsercs.

CaeioBaTesibHO, &, HeJlb3sl BEIOPATh B KayecTBe OMepaTopa KOOPAMHATHI YaCTHLBL.
UroObl onpenesuTh KOBAPUAHTHBIN OrepaTop KOOPAWHATEHI, epeiaeM K MpeacTaBJe-
HHUIO, B KOTOpPOM reHepatopsl Jo, (102) UMeT JI0KaibHO-KOBAPUAHTHYIO (POPMY:

Joa = ToPa — TaPo + Soa Soa = 10354, (110)
YTO JOCTHUTAeTCsl MOCPEACTBOM MPeobpasoBaHust
Joa = Joa = VJoaV 1, (111)
rae
o1 — 109 o1 — 109
2m 2m

B npencrasnenun (110) koBapuaHTHBIH OmepaTop KOOPAHHATH MOXKHO BBIOPATb B
BUJE

V=1+ (25 -p — po), vl=1- (28 -p — po). (112)

X, =, (113)

Hcnoneays (112), momy4yaeMm SIBHEIE BHA 3THX ONEPaTOPOB B HCXONHOM MpPeNCTaBJEHHH

(102):

101 + 09

XM = VﬁlXHV =x,+ glu §a = Sa, §o=1. (114)

I1pu nepexone K HOBOH HHepLHMAJbHON CHCTeMe KOODAHHAT onepaTtop X, npeobpasyercs
Kak 4-BeKTop:

X

X1 = X, 4 X0 gy 4 sh,
v v

v (115)

X, =Xochv+—= HKove) shv
v
[Ipu 3TOM, OUEBHIHO, BBIMIOJHSETCS

X3 - X2 = (Xp)? — (X)) (116)

Onepatopsl X, y10B/IETBOPSAIOT KAHOHMYECKHM IePeCcTaHOBOYHEIM COOTHOLIEHHSIM
Pu, Xo]- =g, (X, X,]-=0. (117)
[Ipu atom, ogHaKO
X, = —[EM [HY X)) #£0.

B cnyuae s = 1/2 onepatopst (114) npHHUMAIOT SIBHO KOBAapHAHTHYIO (OpMY

)
X, = —(1 118
n =Tyt 2m( +'Y4)'Y;u (118)
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rae
Y4 = 03, Ya = —2i025a, Yo = 01 (119)

— Matpuusl dupaka.

B cuny usnoxenHoro Boille onepatop (118) MoxkHO BEIGpaTh B KauecTBe KOBapHaH-
THOT'O OllepaTopa KOOPAHWHATHl AWPAaKOBCKOH UYacTHULEL. VMHTEpEeCHO OTMETHUTb, UTO ITIPH
TaKOM OIpefie/IeHUH OMepaTop CKOPOCTH

Xo = —i[Hy2, Xa]— = (1+ 74)v0pa/m (120)
(rme

Hi/o = v0%aPa + Yom (121)

— raMuabTOHHAH JlMpaka) UMeeT CIJIOLIHON CIEKTP.

[TonuepkHeM, 4TO MosyueHHbIH onepatop (118) MpUHUMNIHAIBHO OTIHUYAETCS OT Ofe-
paTOpPOB KOOPAMHATHI, MpemnokeHHbX HbioTonom u Buruepom [63] u Poanu u Bo-
yry#zeHoM [64]. DTo oTinuue 3akaodaercs B ToMm, uto omepartop (118) sokasen u
npeo6pasyercss KaK KOBapUAaHTHBIH 4-BEKTOp, B TO BpeMsi KaK ONepaTopbl KOOpIHHA-
Thl, MpelJIoKeHHble B pa6oTax [63, 64], npuHaniexKaT KJaccy HeJOKaJbHBIX HHTErpo-
ouddepeHIMaIbHBIX ONEPATOPOB C HEKOBAPUAHTHBIM 3aKOHOM I1peo6pa3oBaHUs NpH Ie-
pexolle K HOBOH MHepLMasNbHOH cHCTeMe OTcyera.

[IpuBenem 6e3 noKasaTe/bCTBA 3aKOH NpeoOpa3oBaHUs OnepaTopoB Sg, U SBHBIH
BHJl KOBapPHAHTHOI'O OIepaTropa CIIMHA Y, 4acTHLbl, ONHCbIBaeMOl ypaBHeHUAMH (1),
(60) [40, 41]:

JOan - JObva

o,
Sy = Japchv+ %(Chv— 1)+ fshv—x;pg—i—mépg, (122)
o1 +
Yap = Sab + %Scdpd,
S (123)
. io1+o
Yoa = i03Spe — %[(QSdpd —D0), Sbel+
rae
, VaTpUp Va 1 1
Pg = Pa + 5 (chv—1)4+ —pgsho, Jqg = —€abaJab, Sia = =€abdSab,
v v 2 2

rae z,, Jab, Joa, Sap — omneparopsi, onpenesnennsie B (108), (25), (26), (102). Ilo
anasoruu ¢ (110)—(115) moxHO nokasaTk, uTo oneparop 3, (123) npeobpasyercs, Kak
KOBapHaHTHbIA TEH30p BTOPOrO paHra.

IIpeoGpa3oBaHue K KAHOHUYECKOMY IPEACTABJIEHUIO
[eneparoper P, J,, rpynnel P(1,3) B kaHoHH4YecKOM npexcrasjenun lllupoxosa—
Qonnu [18, 20] umeroT caenyONHE BHAI:

)

P} =H"=0,E, PF=p, = —ia—,
a X S (124)

k k k 019abPb
Jap = TPy = Topa + Savy,  Joa = tPa — glwa, Fole —



[lyankape-vHBapUaHTHble YPaBHEHHUS ABHIKEHHS YaCTHULL IPOU3BOJNBHOrO CriMHa 463

[Mpencrasnenue (124) peannsyercss Ha MHOKeCTBe 2(2s + 1)-KOMIOHEHTHBIX BOJIHO-
BbIX (yHKUKH P(t,x), yIOBIETBOPSIOLMX ypaBHeHHIO [18]

i%fb(t,m) = H"®(t, ). (125)

[TockosibKy Ha MHOXecTBaX pelleHHH ypaBHeHus (1) u ypaBHenus (125) peanusyercs
OIHO U TO Xke npenctasienue DT (s) @& D~ (s) anre6psl P(1,3), To MeXK1y BOJTHOBBIMU
¢yHKUMAMH ¥ u ® no/1KHaA CyILeCTBOBATh CBA3b

O(t,x) = USU(t, x), a=11I, III, (126)
roe US — HekoTOpbll 06paTUMBIH oNepaTop, YAOBJAETBOPSIOUINKA COOTHOLIEHHUSIM

a o a\y—1 k
U (US) ™ =1,

o Uf‘Pﬁ‘(Ug) 1:P;]f~ (127)
[TpeoGpasosanue (126), (127) MoxkHO paccmMaTpuBaTh Kak 0000IIeHHe Mpeodpaso-
Banuss Qosnnr—Boyryiisena [64] mas ypaBHenus [lupaka B cjaydae pPeJSITUBHCTCKUX
ypaBHEHUH AJI YaCTHL, POU3BOJIBHOIO CIIMHA.
B pa6otax [30, 37, 40] Haiimen siBHbI# BHA omepaTopoB Us 1Js TpeacTaBJeHUH
(15), (17), (25). Hdnsa ypaBHeHHH, MOJyueHHBIX B moaxome I, aToT omepaTtop 3amaercs
dopmyJoi [37, 39]

1
Uy = exp [5022601/\11 ; (128)
1

rie Ko3QPUIHEHTHI ) OnMpenesiioTest cooTHomenusmu (35), (37), (38); A; — oneparo-
pel mpoekTHpoBaHus (27). B caydae, Korna ramMu/bTOHHAH YACTHLBl C MPOU3BOJIBHBIM
cniiHoM uMeeT BuA (41), onepatop (128) mpunumaer popmy [36, 37]

Ul = (E+0,H)/\/2E(E +m), (129)

a [ raMUJIbToHHaHOoB (42) omepartop (128) umeer BuI

Ul = exp <ic72 S];p arctg %) . (130)

[Tpu s = 1/2 oneparopst (129) u (130) cosnamator ¢ oneparopom Posngu-Boyryiize-
Ha [64].
[Tepexon ot mpexacraBienuss (17) K KaHOHMYECKOMY OCYIIECTBJISETCS C MOMOLIBIO
u3omeTpudeckoro onepatopa [30]
g = £ [
m P

oh™ = \/%{ch [%9”} +io [sh (Sp—gp)e“} } (132)

IS cyyasi, Korna ramunabTonuan HI sanaercs dopmymnoir (53).
Hakonew, ns npencrasienus (25) onepatopbl U, HMeIOT B

(U;‘)‘l}+ sech [2M9“] : (131)

Ul = ViV, (133)
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Vi =exp <01 S-p Arcth p> ,
D m

Vo= 5 [B(L+ 03) + (1 - o5)(m — 205 - p)],

. S -
Va=1+ (0'1 - ZO’Q)(kl — 2)2—Tnp

nas HM us (60) u

UM = (B + oy HY) /2B (E + o1, HY), /2) (134)

nisi ramusbToHHaHoB (61)—(64). B cayuae s = 1/2 oneparopsl (131)-(134) rtaxxke
COBMAAAT ¢ omepatopom npeobpasosanus Ponnn-Boyryiizena [64].

Huddepenuuabhble ypaBHeHUs MEPBOTO MOPSAKA [Jis YACTHULbBL C MPOU3BOJBHBEIM
CIIMHOM, TMOJIyYeHHbIE BbIlle, U TeHepatopsl rpymnnsl [lyankape (76), (81) B cBoio oue-
pelib MOXKHO MPHUBECTH K KaHOHHUecKok dopme (124), (125). 1o nocturaercs npeobpa-
30BaHHEM, OCYIIECTBJ/ISIEMbIM OIIEPATOPOM

2 F((IS) a F(S) 'a a

U, —exp | 2 Pa arctg P exp [ 20d9Pa ppetn ) (135)
2p m p E

Ypasuenust (93) u (94) B pesysnbrare npeobpasobanus (126), (135) npuHUMaloOT caery-

LYo popMy:

z’%@ =T\Ed, d=U,0, (136)
1
Po=& o 28 =s(s+1)P, (137)

rie Py, — mpoekTop, onpenenennsiii B (92). s (137), (86), (87) caemyert, uto BoJHOBas
dyukuus O (¢, ) umeer 2(2s + 1) OTIMYHBIX OT HYJsI KOMIIOHEHT.

[IpeoGpasosanus (126) u (127)-(135) MOXHO HCIOJNB30BaTh, YTOOBI OMPEAEJUTh
OTepaTopbl CpPelHeHd KOOPAMHATHL M CPeNHero CruHa [64] s yacTHIB ¢ TPOU3BOJIb-
HbIM CIIHHOM. Jle#iCTBUTENbHO, B KAHOHHUYECKOM mpeacTaBieHud (124) stu mapamerpol
MOXHO BBIOpaTh B Buue [64]

Xk =2, 8% =S, (138)

C nowmouieto npeobpazoBanus, odpaTtHoro (126), mosydaem 3TH omnepaTopbl B NpeCTaB-
aennsx (15), (17), (25), (76):

Xo=U 20Uy, Sap = U7'S,Us. (139)

[puBenem siBHBIHA BUI 0epaTopoB X, U Sgp, COOTBETCTBYIOLUIMX raMuibToHnaHam (41),

(42), (93):
A~ 1 .
(X(Il)l =4+ E? {ESabpb [E — 01 (Hi)l] + ipgm [01 (Hi)l — m]} ,

(H), S (H3),
B + Pe 2 1=

(140)

(S(Ilb)l :Ulsab 1—0

)
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ESappy —i02p.S - p

. S,
(o), = ot mag +

E E2(E+m) ’
, (141)
(S ) _ S +o Scdpd pcS P — Sabp .
ab 2 ab 2 E E(E + m) )
5 Hgt, Ja jabpr - i02pa(P . .7) ETabpb - Z'pa('r ' P)
Xa = Lq — = 5
et E TR EY T BErm mE(E + m) 14
- HTeqpa jeaba  Pe(d - P) — jaD® | Pe(T D) — TarD?
Sa - Sa - 9
pEow T Ty YT T EEYm) | mE+m)

rie So = She, Ta = Toes Ja = Jber (@, b,¢) — unka (1,2, 3).

B 3aksioueHHe cienaeM ClefyIOliHe 3aMeyaHusl.

1. B pa6orax [65-67] ofHapyxeHa [BOHCTBEHHAass HWHBapHAaHTHOCTb YpaBHEHHH
Maxkcgenna, upaka, Kneitna-Topnona. C onHa CTOpPOHBI, 3TH ypaBHeHHsI WHBapHaH-
THBl OTHOCHTEJIbHO MpeoOpa3oBaHuil JIOpeHIa, COXPAHSIIINX KBaApaTHUHYIO (GopMmy
KaK B KOH(HTyPaLHOHHOM MPOCTPaHCTBe

§%(z) = 2§ — af = $?(2) = (x0)* — (24)?, (143)

a

TaK U B UMIYJIbCHOM MPOCTPAHCTBE
S*(p) =p§ — i = S*(') = (0p)* — (pl)* (144)

C npyroil cTOpOHBI, 3TH ypaBHEHHs JOMYCKalOT HeJloKaslbHble MPeobpasoBaHus AJS KO-
opavHat (He coBmanaolire ¢ npeobpasoBaHus JlopeHla) U JOKalbHble TPe0GpPa30BaAHUS
JlopeHLa 1J1s1 UMITY/IbCOB, OTHOCHTEJILHO KOTOPBIX coxpaHsiercs ¢opma (144), Ho He co-
xpaHsieM Qopma (143). BakHo moguepkHyTb, UTO NPH 3THX NpeoOpa3oBaHHUAX BpeMs
He u3MeHsietcst (x{, = ). DTOT MOCAeIHMH (PaKT, a MMEHO HHBAPHAHTHOCTb ypaB-
HeHMs1 [lMpaka OTHOCHTENBHO Npeo6pa30oBaHWU KOOPAMHAT, He M3MEHSIOIIUX BpeMs U
He COXpaHsIOUX KBaapaTHuHylo dopmy (143), aBisercs ciepctBueM Toro [67, 68],
4T0 omepaTop ¢d/0t B mpocTpaHCTBe pelueHUi ypaBHeHHUs (1) MMeeT TakoH XKe CIEKTP,
Kak ¥ ramusapToHHaH Jupaka (121). Crextp oneparopa (121) nexkuT, 3a HCKIIOUeHHEM
uHTepBasia (—m,m), Ha Bcell MeHCTBUTENbHON OCH.

AHasornuHas CUTyauusi UIMeeT MeCTO M B Cilydae ypaBHEHHH JBHKEHHs 1J1 YaCTHLL
TNPOHU3BOJILHOTO CMHA. BbiBeileHHble HaMu B nmogxoaax [ u Il ypaBHeHust HHBapHaHTHBI
OTHOCHTEJIbHO NpeoOpa3oBaHHil KOOPAHHAT U UMIYJIbCOB, KOTOPBIE coxpaHsioT (144), Ho
He coxpaHstoT (143). duddepeHunanbHble YpaBHEHHsI EPBOrO MOPSIAKA, BbIBEIEHHBIE
BhbILIe, MHBAPUAHTHBL OTHOCHTE/BHO TpeobpasoBanuit (143) u (144), coxpansmomux ode
(hopMBI.

2. Bo MHOTHX CTaThsiXx MO PENSTHBUCTCKUM YpaBHEHHSIM IBHKEHHS] BCSAKHH orme-
paTop, AMAroHaJM3YIOIKH TaMHJbTOHHAH JlMpaka WM JApyrue TaMHJIbTOHHAHBI MJIs
YacTHIL CO CIIMHOM s > 1/2, HasbiBaloT 06001eHHBIM onepaTopoM Ponan—-BoytyiizeHa.
Takoe HasBaHMe He BIIOJIHE TOC/ENOBAaTebHO, W HaM MpelcTaBJjseTcss GoJee JIOTH-
YHBIM Ha3blBaTb NpeobpasoBaHusMu THna Pongu-BoyTyiizeHa Tonbko Takue npeobpa-
30BaHMs, KOTOpble NMArOHa/NH3YyIOT FaMMJbTOHHAH M OJHOBPEMEHHO NpPHUBOIAT oONepa-
Topel anre6pnl Ilyankape P,, J,, k npeiacrasienuro Ponmu (124). Ecan sto mocse-
JIHee yCJIOBHE He HaKJaJBIBAETCs, TO CYIIECTBYET OUeHb MHOTO (KOHTHHYYM) OIepaTo-
pOB, KOTOPBEIE MOXKHO HCIIOJIb30BATH AJIS1 AMArOHa/NH3alMu raMuIbToHHaHa. OnepaTopsl,
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npuBefeHHble Hamu B (128)-(135), sBasiorcs o6oOuleHHBIMH onepatopamu Ponnu-
BoyTyiideHa B yKazaHHOM BHIIle CMbICJIE.

[IpumMepom omeparopa, AHATOHAJIU3UPYIOIIETO raMUJIbTOHUAH J{Hpaka, HO He TPUBO-
Isliero reHepatopsl J,, K popme Ponnn-Illnpokosa, MoxeT cayKUTh oneparop [68]:

V = |1+~0Hp/(Hp)"?| /V2, Hp = 0Yapa + y074m.
B stom cioyuae
Jy =VIaV ™! = zapy — Topa + Sap,
Joa = VJoaV ™" = xopa — y0(xa B + Ex4)/2 + y0(Sasps + S1am)/ E,
Sia = 1Y4Ya/2-

2. YpaBHeHusd a1y 6€3MacCOBBIX YaCTHUIL
YpaBHeHHSIM [JIS YaCTHI[ C HYJEeBOH Maccod TOCBSIIEHO OOJIbIIOE KOJHYECTBO pa-
60T, onyGJAHKOBaHHBIX B MocaeaHue roasl [51-54]. B atux paborax Gblau MpeasoKeHsl
pas/iMuHble YpaBHEHUS AJIl TAKHX YacTHUL U B TO 2Ke BPeMsl OIIUCaHbl He BCe BO3MOXKHbBIE
He3KBHBaJIeHTHblE yPaBHEHHS TAKOro KJacca. 31ecb, OCHOBBIBAasICh Ha pe3y/ibTarax pa-
6ot [45-48], omuiueM Bce HeIKBHMBaJEHTHbIE B paMkax rpynmsl [lyaHkape ypaBHeHUs
115 6€3MacCOBBIX YACTHL U UcC/enyeM ux cBodcTaa npu P-, C- n T-npeo6pa3oBaHUsX.

YpaBHeHne Tuna Beilna nisa yacTUi, IPOU3BOJBHOTIO CIIHUHA
Xopollo U3BECTHO, UTO ypaBHeHue Beinsa njs He#iTpuHo [69] sKBUBa/NeHTHO ypaB-
Hennio Jlupaka (¢ m = 0), ecqu Ha pelleHHs MOCJEIHEr0 HANOXKHUTh NyaHKape-HHBa-
pUaAHTHOE JIONOJHUTEJbHOE YCJ/IOBHE

(1 - rff)) v =0. (145)

3mech mosy4ynMm ypaBHeHue THMa Beiiist 1/l yacTHIl MPOU3BOJBHOrO CIMHA, UCXOAS M3
ypasHenui (95), (96).
Cucremy ypaBrenuit (95), (96) mast caydas m = 0 MOXKHO 3amUcaTb B BULE

i%\lf =TT p, W,
(146)

<i% - rg‘”rgs)pa) (1 + rEﬁ) (8,8 — 4s(s —1)] T = 0.

W3 sBHoro Bupma renepatopoB rpymnbl P(1,3) (77), (80), (82), (83 caemyer, uro
npu m = 0 oneparop (1 —Fff)) KommyTHpyer ¢ P, J,, H, CIeI0BaTeNbHO, ypaB-
Henue (145) myaHkape-WHBapHaHTHO AJsi JOGOro 3HaueHHsi cnuHa. JloGaBasist ycJjo-

Bue (145) x ypaBHenusi (146) u BoIGHpasi MaTpPHIIbI I‘,(f) B BHJE

) (0 I sy (1T 0 (s) _ s 0 27,
FO_(I o>’ F4_<o g ) =iy, o ) D

rie I u 0 — 4s-psfHble efMHUYHAsA U HyJeBass MaTpULbl, T, — 4s-psoHble MaTPHULE,
YIOBJETBOPSIIOIINE COOTHOIIEHHUSM

[Tar )= = i€abeTe, DT =3/4, (148)

a
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NpUXoouM K CHUCTEME ypaBHeHI/Iﬁ

iao(t,m) = 27 pilt, ). (149)
B , .
Z& — 27 p [Sab - 28(5 - 1)} Sp(ta m) = Oa Sab =Jc+ e, (150)

rae ¢ — 4s-KOMIOHEHTHast BOJIHOBasi (DYHKIMSI, CBsi3aHHast ¢ ¥ COOTHOLIEHHEM
o= (1 n rﬁﬁ) v/2. (151)
Martpuust Sy, Bxogsiune B (150), cornacto (82), (83) uMerOT ClenyOLYI0 CTPYKTYPY:

Sap = Je + Te, [jca'ra]f =0, (152)

rae MaTpulbl jc C TOYHOCTbIO 10 npeo6paaoBaHI/1131 3KBHWBAJIEHTHOCTH 3aJal0TCd COOTHO-
MeHHUusAIMH

[a» Jo] - = i€abejes Zya— (s—1). (153)

Ypasuenue (149), oueBHIHO, OMKUCBIBAET YACTHIILI C HYJEeBOH Maccod mokost. Henpu-
BoLMMble Npefcras/enus rpynnel [lyankape Il kaacca (mia P,P* =0, P, # 0) D*(\)
3a1aloTcsl COOCTBEHHBIMH 3HAUEHUSIMU £ M \ HHBapUAHTHBIX ONepaTOpPOB 3HaKa SHEPruu
€ = Py/|Py| u cnupansioctd A = > Ju,P./P.

a#b#c

[TokaxeM, uTo cuctema ypaBHeHu# (149), (150) onuceiBaeT yacTUIly CO CIHUpPaTbHO-

cTbio A = 5. O603HaUNM

%Sgb —-s?=g. (154)

[Toncrasasisi (154) B (150) u ucnosab3ys (149), mosyuaem mocje HeCAOXKHBIX Tpeobpa-
30BaHUH

9 d
i Y = li=—9 =[g. 21 - D]_0. 1
(Zat T p> ge {lat T py} o =19,21-pl_¢p (155)
HpI/IHI/IMaH BO BHHUMaHHE TO2KOEeCTBa

lg,7-pl+=S-p, g¢*=s5>  [f,S-pl-=0, (156)

nosnydyaem u3 (155)

S - pp = 2sT - py. (157)

Wz (149), (157), (148) 3aksouaem, 4TO OmepaTtop 3HaKa HEPruu € = 27 - p/p UMe-
eT Ha MHOXecTBe pemieHuit ypaBHenudt (149), (150) smauenust ¢ = +1, a 3HayeHus
omepatopa crupanbHoctd A = S - p/p npu atom A = +s. CienoBaTesbHO, Ha pelle-
Husix ypaBHeHu# (149), (150) peanusyetcs npsimasi CyMMa HENMPUBOAUMBIX TpeaCTaBJe-
uuil DT (s) @ D~ (s) rpynnel [lyaHkape W uX MOXKHO PaccCMaTpuBaTh Kak 00600IIeHHEe
ypaBHeHMH Beliss Ha ciyudail yacTHIl ¢ NMPOM3BOJIBHBEIM CMHOM. Hiuke mokaxkem, uTo
ypasuenus (149), (150) C-, P-, T-unBapuanthsl, Ho C-, P-HeHHBapPHAHTHBI.
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Paccmorpum npumepsl ypaBaenu#t (149), (150) nas s = 0,1/2,1,3/2,2.
a) s = 1/2. B arom cayuae, cornacto (152), (153),

Sa = Ta, Ja =0, (158)

rie 7, — MaTrpHULbl pasmepHocTH 2 X 2, ymoBiaerBopsioiiue (148). Iloacrasass (158)
B (149) u (150), y6exmaemcsi, uto ypaBHenue (150) obpaiaercss B TOXKAECTBO [eCJH
umeeT mecto (149)], a (149) coBmanaet ¢ ypaBHeHueMm Befins:

pupto(t,z) =0, (159)
rae p, — MaTpuusl Ilaynu:
Pa = 2Tq, po=1. (160)

6) s = 1. B aTom cayuae mMaTpuubl 74, Jp, YAOBJIeTBOpsitone (148), (152), (153), He
yMaJisisi OOGLIHOCTH, MOXKHO BBIOpaTh B BHIE

0 0 0 i 0 0 i 0
1] 0 0 =i 0 1o o 0 i
=51 0 i 0 of> ™73 = o o o0 |’
i 0 0 0 0 —i 0 0
0 —i 0 0 00 0 —i
114 0 0 0 1[0 o0 =i o0
=310 0 o0 i|° *T3lo i 0o o |’ (161)
0 0 —i 0 i 0 0 0
0 0 i 0 0 —i 0 0
1[0 00 —i 1[0 0 0
2=51 i 00 0o | BT3lo0o 0 0 —i
0 i 0 0 0 0 4 0
O6o3Hayas
¥Y1
(2]
_ 162
® s (162)
Y4

u noxctaeasis (161), (162) B (149), (157), npuxoouM K CUCTeMe ypaBHEHHH IJis ¢
rot ¢ = O /0t, dive =0, 4 = const, (163)

Tle KOHCTaHTY (4, HE yMaJisis OOLIHOCTH, MOXKHO NMPUPABHATb HYJIIO.

[Tonarast 8 (163) p = H —iE, rne H u E — BeKTOpbI HAMPS)KEHHOCTH MarHUTHOTO
U 3JEKTPUUYECKOI0 MOJeH, NPUXOAUM K ypaBHeHHsM MakcBessa 1 3JeKTPOMarHu-
THOTO T0JIS B BakyyMe. Takasi ¢opMy/aupoBKa ypaBHeHMH MakcBessa Gblia BriepBble
npeasioxkeHa B padorax [70, 71].

B) s = 0. YpaBHeHHUs 11 OeCCIMHOBBIX M 6€3MAacCOBBIX YaCTHL MOXKHO INOJYYHUThb
us (149), (157), (161), ecau mosoxuth Tam s = 0. Mcnosnbsys o6osHauenue (162),
NoJIyyaeM B 3TOM cJlydae CHCTEMY ypaBHEHHH

P4

) . O
d1vcp—zE, grad ¢, = v (164)
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YpaBHEHHsT HMEIOT pelleHusl BHaa
i(t, ) = kip(w) expli(kz — wt)], ks =w = +/k2, (165)

rie ¢(w) — Npou3BosibHAs (PYHKLHS, M OMKCHIBAIOT PACIPOCTPaHeHHe MPOAOJIbHOH BOJI-
HBbI.

r) s = 3/2. Beibupasi MmaTpuLbl 7, U j, B BUIE:

00 0 0 0 0 0 i 0 00
00 —i 0 0 0 00 0 00
1o i 0 0 0 . — 0 0 0 0 0
=100 0 0 0o | 271 0o o0 0 o0 i |’
00 0 0 —i 0 00 0 00
00 0 4 0 0 00 —i 0 0
0 —i 00 0 0 000100
i 0 00 0 0 00 0O0T10
. 00 00 0 0 1{oo0oo0o0o01
B=109 0 00 0| ™ 3l100000]| (169
0 0 034 0 0 010000
00 00 0 0 001000
000 — 0 0 100 0 0 0
000 0 —i 0 010 0 0 0
__Llloo0oo0 0 0 - _lloo 1 0 0 o0
279 i 00 0o o o | 3751000 -1 0 o0
0 i 00 0 0 000 0 -1 0
00 i 0 0 0 000 0O 0 -1
U TIPEeACTaBJsAs BOJHOBYIO (DYHKLHIO ¢ B (hopme
©a,
o= ( a1 ) va=1 2 |, a=12 (167)
©2 3
©5
nosyaaeM u3 (166), (167), (149), (150) u (157) ypaBHeHHe 1715 ©%
Pa
t =< 168
rotp, =i%2, (168)
(pu)aa’pﬂgoo/ = 0. (169)

Takum o6pasom, BosHOBasi (yHKIHs ¢ dacTuibl ¢ m = 0 U s = 3/2 ynoBJieTBOpsieT
ypaBHeHHi0 Tuma MakcBenna (168) mo BeKTOPHOMY MHAEKCY @ W ypaBHEHHIO THIA
Beifins (169) mo cnuHOpHOMY HHIEKCY .

I) s = 2. BolbepeM MaTpHUbl T, U j, B BUIE

“ A 1
Ja =Ja ®1, Ta = §I® Pas (170)
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rae j ul — ABYXpsioHas U 4YeTbIpexXpsaaHass €AUHUYHbIE MaTPHUILDBL;

0 ¥ 9 0 —¥ 0 0
12 0 2 0 12 0 -2 0
) 2 0 9 0 ? y J2 0 9 0 ? )

0 0 ¥ 0 0o 0 ¥ o0

3 0 0 0 (171)
1[0 1 0 o0 (01
B=31 00 -1 0o |° 701 0)

00 0 -3

(0 —i (1 0
pQ* 7/ O ) p3* O _1 bl

Bonnosas ¢ynkuus ¢(z) umeer, cormacho (170), (171), Bocemb KommoneHT ¢f; o =
1,2; k = 1,2,3,4, npuueM MaTpulbl j, HeHCTBYIOT TOJIbKO Ha MHAEKC k, a 7, — Ha
HHIEKC (.

Us (149), (156), (157) u (170) nonyuyaem ypaHenus aas o~ B Buje

2 ;L Opk
k . k .0Pq
(pu)aa’p#QD(x’ = 07 _(ja)kk:’pa@a =1 P

3 ot
KOTOpre U3 H3JI02KEHHOT'O BbIIIE MO2KHO I/IHTepHpeTI/IpOBaTb Kak ypaBHeHI/IH OJIA 663'

MacCCOBBIX HACTHIL] CO CIIMHOM 2.

(172)

Jpyrue Tunbl ypaBHEHUH [JIS YacTHI] C HYJIeBOH Maccod

Kak mokasaHo B pa6ote [45], ypaBHeHHe Belins He siBnsieTCs €IHHCTBEHHO BO3MO-
JKHBIM TyaHKape-WHBApUAHTHBIM [BYXKOMIIOHEHTHBIM YypaBHEHHeM MJisi 0e3MacCcOBBIX
yacTul, co cnuHoM s = 1/2. B paGorax [45-47] mosyueHbl BCe HEeIKBUBAJEHTHbBIE
ypaBHEHHS [/ TaKWX YacTHULL U HCCJAel0BaHbl MX CBOHCTBa OTHOCUTeabHO P-, C-,
T-npeobpa3oBaHuH.

AHanornuHasi CUTyaluusi MMeeT MeCTO M MJisi YacTHL IPOU3BOJBHOTO CIHHA, T.€.
ypaBHeHus (62), (63) He HCUepNBIBAIOT BCEX HEIKBUBAJIEHTHBIX YpaBHeHHH 1151 Ge3Mac-
CoBbIX yacTull. [lonyuum 31ech Bce BO3MOXKHBIE (C TOUHOCTBIO 10 3KBHBaJEHTHOCTH)
ypaBHeHHS /s 4acTul ¢ m = 0 U MPOU3BOJIBHEIM CITHHOM .

Bynem ncxonuth U3 cienymolell cucTeMbl 8S-KOMIIOHEHTHBIX YPaBHEHUMH:

0

za‘ll—a-p\ll, (173)
.0 A

<Zat —a- p> S2,0 =0, (174)

rie U(t, Z) — 8s-KOMIOHEHTHAs BOJHOBAsi PYHKIHS; (g M Sqp — MaTPHUIBI PA3MEPHO-
CTH 8s X 8s

y 0 —27, 5 ( Sa O
ao=if g o) Sw= (g ) (175)

a MaTpULbl Sgp, Tq, MO-TIPEXHEMY, OTpenestoTcs cootHoweHusMu (148), (152), (153).
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YpaBuenus (173), (174) nyaHkape-uHBapuaHTHBI. [eHepartopsl rpynnbl P(1,3) Ha
MHOXeCTBe pellleHHH ypaBHeHui (174), (173) umeror BUL:

R]:a'pv Pa:pa:_i Jab:xapb_$bpa+sabv

Oa (176)

) .
JOa = ToPa — TaPo t+ Eaa + Zﬁaa

A 0 =3 . (0 =1
ﬁazl(j ga>:F4ja7 F4:Z<I 0 )7 (177)

a MaTpHlb j, onpenenensl B (152), (153).
[ToBTOpsisi mouTH n0CAOBHO BhIKAanKH (154)—(157), HeTpynHo yOeauTbCsi, YTO ypas-
HeHHe (174) MOXHO 3amucaTh B CJeAYIOIIEH IKBUBAJEHTHOH (popMe:

rae

S-p¥ =Tysa-pV. (178)

U3 (176), (178) 3ak/aioyaem, 4TO Ha MHOXKeCTBe pelueHud ypaBHeHu# (173), (174) pea-
JIM3yeTcs npsaMasi cymMma

D (s)@D (—s) & D (s) @D (—s) (179)

HeNpUBOAUMEIX TpencTaBiaeHuil rpymnsl P(1,3). Takum o6pasoM, ypaBuenus (173),
(174) nesxsuBanentHsl (177), (178).

JLst ToTyueHus1 BCceX APYTHX HeIKBHBANEHTHBIX YpaBHEHMH 1Js1 6e3MacCOBHIX ya-
CTHI TIPOHU3BOJIBHOH CIHPAJBbHOCTH BOCIOJNB3yeMcsl TeM (akToM, 4To cucrema (173),
(174) He ucuepmbiBaeT BCeX MyaHKape-HHBAapHAHTHBIX YPaBHEHHH B MpPeACTABJIEHUH
(176). HeiicTBUTe/bHO, KaK U B caydae s = 1/2, momumo (174), Ha BOJHOBYHO (HYHKIHIO
U MOXKHO HaJIOXKHTb OLHO U3 CJEeNYIOLIUX MHBAPHAHTHBIX AOMOJHHUTENbHBIX YCJAOBUHI:

Liv=(1+elya-p+eTy+ec’a-p)¥ =0, (180)

LoW = (1 +eTy)¥ =0, (181)

L3V=(14ca-p)¥ =0, (182)

LV =(14elya-p) ¥ =0, (183)

LsV =(-3+eca-p+eTs+eeTya-p)¥ =0, (184)
rae

D=p/p, g,/ = +£1. (185)

YpaBuenus (180)-(185) myaHkape-HHBapHaHTHbI, MOCKOJbKY orepaTopbl < - p u 'y (a
3HauuT, U L1, Lo, ..., L) KOMMyTHPYIOT co BceMH reHepatopamu (176) rpymnet P(1,3).
C ZIpyroi CTOPOHEBI, 3TH yPaBHEHHs HMCUEPIEIBAIOT BCE BO3MOXKHBIE C TOYHOCTBIO JIO
5KBUBaJIEHTHOCTH MyaHKape-MHBaPUAHTHbIE JOTMOJHUTEJbHbIE YCIOBHUS, KOTOPblE MOXKHO
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Ha/loOXKUTh Ha pelieHus cucteMbl (173), (174). [elicTBUTebHO, omepaTopbl L, MOXHO
NPeNCTaBUTb B BUJE:

Ly =4PSPS | Lo =2P°, Lg=2F%,

, , , (186)
Ly =2 (PfP; L PPy ) . Ly=-4 (1 _PEPS ) ,
roe P; u PQE/ — orepaTopsl MPOEKTHPOBaHHsl Ha moampoctpaHcTea De(s) @ D(—s) u
Dt (e',s) ® D (¢/,8) COOTBETCTBEHHO:
prol(1p 2P p =L (14op, 2P (187)
= - e—r = - € .
1 2 » ) 2 2 4 p

Wz (179), (186), (187) cnenyer, urto Ha pemieHusix ypasHenudt (173), (174) ¢ omHum
U3 ponosHuTe bHBIX yeaoBui (180)-(184) peasnusyioTcs cjefyiollilde MpeacTaB/eHHs
rpynnel P(1,3):

D ('s) @ D% (—'s) & D (—¢'s), (188)
D<(s) @ D (—s), (189)
D5(s) & D~ (), (190)
Dt (—es) @ D™ (—es), (191)
DE(es). (192)

Hetpynxo y6ennthbest, uto dopmyast (179), (188)-(192) ucyepnbiBaioT BCe BO3MOMXKHBIE
HEBBIPOXK/JIEHHBIE TPSIMble CYMMBl HENPHBOAMMBIX MpeacTaBieHdd De(¢’s) rpynmbl
P(1,3), oTkyna u caenyer BeiBom, uTo ypaBHeHusi (173), (174) c¢ omHum u3 pomos-
HUTeJbHBIX ycaoBuid (180)-(184) (u Ge3 MOTMOMHUTEBHBIX YCJIOBHE) HCUEPNBIBAIOT BCE
BO3MOXHbIEe (C TOUHOCTBIO 0 SKBUBAJEHTHOCTH) PEJISITHBHCTCKUE YDABHEHHUs [Jist Ge3-
MAaCCOBOM 4aCTULBI C MPOU3BOJBHBIM CIIMHOM .

Hccrnenyem cBoHCTBa MOJy4YeHHBIX YpaBHeHHH oTHocuTenpHo P-, C- u T-npeobpa-
soBauui. JlJist 3TOrO BOCMOJIb3yeMes caenyomied cxemoi [46]:

DH(s) ¢ D (s)
P P Dt (e's) DTt (gs)
Dt (—s) o D~ (-s)

re CHMBOJ D*(s)iﬂ)*(—s) 03HaYaeT, yTo omepalys MPOCTPAHCTBEHHOH HHBEPCHH
npeoGpasyeT MPOCTPAHCTBO HempuBoguMoro De(s) mpencraBJjeHHs B MPOCTPAHCTBO
D~¢(s) npeacTaBieHUs] U T.J.

U3 (179), (188)-(192) 3akmawouaem, uto ypaBHenus (173), (174) P-, C-, T-unBapu-
aHTHbl; ypaBHeHus (173), (174) ¢ momonHuTenpHbIM ycaoBreM (180) T-UHBapHAHTHB,
Ho C-, P-, C P-ueunBapuanTHbl; ypaBuenus (173), (174), (181) T-, C P-uHBapuaHTHHI,
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Ho C'-, P-HenHBapuaHTHbI; ypaBHeHus (173), (174), (182) P-, T-unBapuanTHsl, Ho C-
HeWHBapuaHTHbl; ypaBHeHus (173), (174), (183) C-, T-vHBapuaHTHbB, HO P-HeWHBa-
pHaHTHBI, HakoHel, ypaBHenust (173), (174), (184) T-unBapuantHsl, Ho P-, C-, PC-
HeHHBapHaHTHBI.

OtMeTuM, uto ypaBHeHus (173), (174) ¢ omHUM U3 IOMONHUTENBbHBIX yeaoBuE (180),
(183) unu (184) nemnBapuantHbl oTHOCHUTeNbHO PCT- u PT-npeoGpasoBanHuil. DTOT
¢hakT He npotuBopeuyuT usBectHod C'PT-teopeme [laynn—Jliomepca, NocKoIbKYy 10MOJ-
nuresbhble yeaosus (180), (183), (184) B x-mpocTpaHCTBE HENOKANbHBI.

B 3aksoueHue 3TOro pasmesia MpUBEAEM SIBHBIH BHJ BCEX BO3MOXKHBIX HEIKBHBAJIEH-
THBIX YpaBHeHHH AJ1s1 6€3MacCOBBIX YacTHL, CO CIMHOM s = 1. Bblbupas MaTpuLbl T, U
Ja 13 (175), (152) B dopme (161) u npenacraBsis BOJHOBYIO QyHKIHIO ¥ B BHe

2
U = , 193
(X) (193)
rue
®1 X1
P2 X2
_ , — , 194
7 ¥3 X X3 ( )
P4 X4

@, U X, — ONHOKOMIIOHEeHTHble (DYHKLHH, NPUXOmUM, coryacHo (173), (174), (178),
ypaBHEHHUSIM /ISt © U X B (opme:

rot ¢ = —0x/0t, div ¢ =0,
/ (195)
rot X = 890/8t7 div X = 0, P4 = C1, X4 = C2,

TIe €1 U Co — KOHCTaHTBI, KOTOpbIE, HE yMaJsisi OOLUIHOCTH, MOKHO CUUTATh PABHBIMH
HYJIIO.

YpaBuenus (195) coBmagaioT ¢ ypaBHeHusiMM MakcBesa AJisi 3JeKTPOMarHUTHOTO
nossi B BakyyMe. HalineM Tenepb sIBHBIH BHJI HOMOJHUTENbHBIX ycaoBui (180)-(185),
KOTOpble MOXKHO HAJIOXHTb Ha pellieHUs1 ypaBHeHH# (195), He HapylIMB WX KOBapHaH-
tHocTH. [loncrasasis (152), (161), (175) B (180)—(185), monyuaem

p(p —ie'x) = —e rot (¢ — ie"x), (196)
p =iex, (197)
rot ¢ = iepx, rot x = —iepep, (198)
rot ¢ = —epe, rot x = —epx, (199)
p(—p +ic'x) = —erot (p —ic'x),  ple+ic'x)=0. (200)

Takum o6pasom, moMuMo ypaBHeHHi Makcsessa (195) a5 6e3mMaccoBbIX YacTHIL CO
CIIHHOM 1 cyllecTByeT ellle NATb THUIOB NTyaHKape-UHBAPHAHTHBIX ypaBHEHUH, KOTOpBIE
umetoT BUA (195) ¢ omHUM U3 nomoJHUTeNbHbIX yeaoBui (196)—(200). [TonuepkHem, 4To
BCe JOMoJHUTeNbHbIe yeaoBus (196)-(200), 3a uckarouenuem (197), B z-npocTpaHCTBe
UMeIOT (OpMY HeJsOKa/JbHbIX HHTerpoaudQepeHIanbHbIX ypaBHEHHUH.
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3. Yactua ¢ npou3BOJbHBIM CIIMTHOM
BO BHEIIHEM 3JEKTPOMATrHATHOM II0JI¢

YpaBHeHHUsI JBUXKEHHS] CBOOOAHBIX DEJSITHBUCTCKUX YaCTHUI[ MPeNCTaBJSIOT peaJib-
HbIH (PU3UYECKHE HWHTEpeC TOJbKO B TOM CJydae, €C/AM HX MOXHO HCIIOJIb30BaThb IJIsi
pellleHHs] KOHKpeTHBbIX 3anau (usuku. OQHOH M3 caMblX BaKHBIX SIBJIsS€TCSl 3afada O
JBUKEHUN 3apsKeHHOW YacTHLbl BO BHEIIHEM 3JeKTpoMarHuTHoM moJsie. Kak yxe ro-
BOPHUJIOCh, MHOTHE W3 IIHPOKO H3BECTHBIX PENSITUBUCTCKHUX YpaBHEHHH MPHUBOLST IPH
pellleHHH 3TOH 3afayu K GOJIbIIUM TPYAHOCTSIM.

B Hacrosiiem paszmesie 3afaya 0 OBHXKEHHWH YACTHILbl C MPOU3BOJIBHBIM CIMHOM BO
BHEIHeM 3JIEKTPOMArHUTHOM MOJIe pellaeTcsl ¢ MCIOJb30BaHUEM YpPaBHEHHH, MOJyUYeH-
HbIX Bbille. [Ipy aToM okasbiBaeTcs, uTo ypaBHeHHs (93)—(96) He MPUBOAAT K Hapylile-
HHIO IPUUHHHOCTH.

BBeneHne B3auMoaeiCTBUA B ypaBHEHUS (€3 JIMUIHMX KOMIIOHEHT
O60011eHHe YpaBHEHUH Ge3 JIMIIHAX KOMIIOHEHT, MOJYYEHHBIX BBIIIE, /s 3apsiKeH-
HBIX YaCTHI[ BO BHEIIHEM I0JIe MPEeICTaBJseT COG0H MOBOJBHO TPYAHYIO 3a1ady BBHLY
CJI0XKHOH 3aBHCUMOCTH raMusibToHuanoB H., H umnynbcos. 3neck 3Ty 3anady peuinm
B MPEAIOJNOKEHNUH, UTO UMIYJIbChl YaCTUL MAJbl 0 CPABHEHHIO C X MacCaMH.
Jns p < m ramuibTonuansl H (42) u HI' (53) MoxHO mpeacTaBuTh B BUE psiia
no creneHsM 1/m (KOMITOHOBCKOH AJHHBEI BoJiHbl) [38, 39]:

1
Ha:(s o da a a
s =01 m+4mazb: b(PaPb + Popa) | +

(201)
b L h® @) L
+o3 Zapa+m (p)| + 3
rape
a=1II, dap = 5ab/4 — 5.5, be = 28,,
hl (p) QhH Z S dbcpapbp67 a, b, c= 17 27 3. (202)
a,b,c

Kak BumHo us (201), ramunbronnansl H! u H! coBmagaioT ¢ TOYHOCTBIO A0 U/IEHOB
nopsifika 1/m u ABASIOTCS MOJHHOMAMH TI0 Dj.

Jlnst Toro 4To6Bl MEpPeHTH K ONHCAHMIO 3aPSPKEHHOH 4acTHIbl BO BHELIHEM 3J1eKTpPO-
MarHuTHOM mnogse, cienaem B (201) obbiuHyio 3ameHy p, — 7, = p, — €Ay, TIe e
— 3apfJl YacTHLbl; A, — BEKTOP-NIOTeHIHA/ 3JeKTPOMarHUTHOro moJs. B pesynbrare
MpUAEM K CJIe[ylolleMy ypaBHEHHIO:

HE (w)b(t ) = i 2t ),

ot
HO () = ™ 25 L5 H| +ea
Jmy=ormAt oo = (S m)" — S - H| +edot (203)

he () 1 2 2
+o3 [QS ™+ - ]+O(m3) ™ :Zﬂ'a,

a

rie H = rot A — BeKTOp Hanps2KeHHOCTH MarHUTHOTO IOJIS.
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MorkHO y6ennTbhCsl HENMOCPeNCTBEHHO, UTO COOCTBEHHBbIE 3HAYeHHs TaMHJbTOHHAHA
(203) moryT OBITb KaK MOJIOXKUTEJBHBIMU, TaK U OoTpuUlaTesbHbIMU. M3 (203) monyunm
ypaBHeHHUE [JI COCTOSTHUH C MOJIOXKHUTEJNbHOH 3HEpruel, mogqo6HO TOMY, KaK 3TO ObLIO
cnenano @osnn u BoyryiizeHoM [64] 0/ 1MpakoBCKOH YacTHLE ¢ § = 1/2. DTo DOCTH-
raeTcsi ¢ MOMOUIbIO CEepUH NPUOJMKEHHBIX YHHTApHBIX NpeoOpasoBaHUM, MPUBOASALIMX
ramusnbToHuaH (203) K BUAY, He coleprKalleMy “HeueTHBIX  (He KOMMYTHPYIOUIHX C 07)
YJIEHOB.

[TonBepruem ramusbToHuan HE(w) u BosHOByw ¢yHkuuio W(t, ) npeobpasoa-
HHUIO:

ou

UV =07, HY(m) — H.*(m) U™ — iEUJF. (204)
Hcnonbs3ys onepatop
Uy = exp(—ioeS - 7/m), (205)
nosyyaem
H.*(m) =04 <m+ ;—2 —eS.H> +eAg—
eS-E e

—iO’g

2 m3

la
S E.5 7 +os" (W)+O<i)7
2m m

(206)
WO () = h(m) — (2%, (S - m)] + [8 - HL8 ]y 4+ 5(S 7).
0A¢y 0A,

Oz, Ot

lamunbronnan H.*(w) siBasiercs “d4eTHbIM” C TOYHOCTBIO [0 YJIEHOB TMOPsIAKA
1/mY. B cBow ouepesb, YHUTAPHBIH OMEPATOP

E, =

- FE
Us; = exp <i036§m2 ) (207)

npuBonuT H.%(7) K ciepytoemy Buay (“deTHOMY” ¢ TOYHOCTBIO [0 YJIEHOB MOpSIAKA

1/m):

o 72 S-H 2
H! (7r):<71<m+%—e >+6A0+W[S~E,S-ﬂ']+
(208)
+0_ ih//a(ﬂ,)+0 i h//a(ﬂ_):h/a(ﬁ)+fg(SE)
S m2 m3 )’ 20t ’
Hakowern, ¢ momortubio onepartopa
h//a
Us = exp <—i02 (3")) (209)
m
nosnyyaem u3 (208) ramuabronuan [38, 39]
2 S-H e
H!(7) =0, (m—i—%—e >+6AO+W[S~E,S-77}_, (210)
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“geTHBIH” C TOUHOCTBIO [0 YJIEHOB MOPsIKA 1/m2.
Taxkum o6pas3oM, TPH MOCIEN0BATENbHBIX TPeobpa3oBaHMs, OCYILECTB/SEMbIX ONepa-
topamu (205), (207), (209), npuBonsit ypaBHenue (203) K BUILY

H" (m)®(t,x) = i%fb(t,w), B(t,x) = UsUsU U (¢, ). (211)

Oneparop H!' B npubauxennn 1/m? kommytupyet ¢ 1. Ha MHOXecTBe QyHKIME
Ut yIOBIETBOPSIOUIMX YCJIOBUIO

010" = o, (212)

ramuibrondan (211) mosoxuTesbHO ompeneseH u paBeH [38]:

2
H

H! (m)ot = {m + 27T—m — eSm +eAo+

(213)

e 0
+55[S E.S- ot = im0
Dopmyna (213) mpencrapisier coboil o6obiieHre ypaBHeHUs1 [laynu nsis dacTHIbl
co cruHOM 1/2 Ha ciy4all 4acTHLb! ¢ TPOM3BOJbHBIM CIHHOM.
Jlst TOro 4TOGH! BHISICHUTb (PU3MUYECKHUI CMbICH BXOAAWINX B (213) csiaraembix, Bo-
CII0JIb3YeMCs TOXK/ECTBOM

(&

s(s+1) divﬁ_
2m?

6rm? (214)
e

*WS‘(EXP*PX E); Qab = 3[Sa; Sp]+ — 20ap5(s + 1),

Coraacto (213), (214), kBa3upensITUBUCTCKHH ramuibTonuan H.' () yacTuusl ¢ npou-
3BOJIBHBIM CITUHOM BO BHELIHEM 3JIEKTPOMArHUTHOM [0JI€ BKJIOYAeT YJjeHbl, COOTBET-

1 E,
Qap Q) W CIIUH-
Bxb

e oE,
[S-E, S -7|_= 12m2Qab 9y e

 12m?2

OpOUTAJIBHOMY (—#S- (px E—E x p)) B3aMMOJEHCTBUSIM.

e
CTBYIOLIHE JHUIOJBHOMY (——S~H), KBaApyNOJbHOMY (
m

Takum 06pa3oM, HCIOJb3Ys MOJNyUeHHbIE BbIlEe YPaBHEHHUs 1Jisi CBOOGOAHBIX YaCTHIL
[IPOU3BOJILHOTO CIHHA, MOJMYUHUM KBa3HPeJsITUBUCTCKHE ypaBHeHust (213) nsis 3apsikeH-
HBIX YaCTHI BO BHELIHEM 3/JeKTPOMarHUTHOM moJje. B paccmarpuBaeMoM npub/nKeHHN
1/m? ramuabronuansl H'(mw) u H!(w) (203) skeusanentnn H!'(w) (213). Onna-
Ko omepatopbl H! onpenesienbl B ru/ib6epToBOM MPOCTPaHCTBE, B KOTOPOM CKaJsIPHOE
Npou3BelIeHHe HUMeeT CJOKHYI0 CTPYKTYpy (4), mosTomy ramuabTonuans H'(m) npen-
cTaBasiloTCs Goslee YIOOHBIMH 1151 OMUCAHHUS IBHXKEHHS 3apsKeHHOH 4aCTHLbl BO BHe-
LLIHEM TOJIE.

Hdnst s = 1/2 dopmyna (213) coBnanaer ¢ ypaBHeHueM, noaydeHHbiM Posnu u Bo-
yryitseHoM [64]. Tlpu s = 1 (213) nuMeeT Takyio Ke CTPYKTYpYy, Kak H ypaBHEHHE,
noJiydeHHoe B paGote [72], HO HOMOJHHTEBHO YUUTBIBAET KBALPYIOJIbHOE B3aHMMOMEH-
CTBHE YaCTHLbI C TOJIEM.

Beenenue B3aumoneiicTeus B audpepeHnaNbHbIE YPABHEHUS IBHKEHUS

[TonyueHHble Bbillle AU QPepeHIIHaNbHble YPaBHEHHS 1BHXKEHHST CBOOOAHBIX YaCTHIL
NPOU3BOJIbHOTO CITMHA NOMYCKAalT HEIIPOTHBOPEYUBOE 0606HIGHI/I6 OJis1 3apsi2KeHHBIX Ya-
CTHIl BO BHEILHEM 3JE€KTPOMarHUTHOM moJie. Huzke GyzmeT ocyiiecTBiaeHO Takoe 0606-
IeHWe W OyleT MOKa3aHO, UTO MPH ITOM He BO3HUKAET MapajioKCOB C HapylIeHHeM
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[PUYHHHOCTH, KOTOPHIE UMEIOT MECTO B APYTHUX PEJSITUBHCTCKHX YPaBHEHMSX IJIsI 4ya-
CTHUI CO CIIUHOM s # 1/2 [23, 24].

ByneM UCcXoouTh U3 CHCTEMBI YpaBHeHHH nepBoro nopsiaka (93), (94) nau (95), (96).
MoXHO 10Ka3aThb, 4TO BBeJeHHE MHHHUMAJBHOIO 3JIEKTPOMATHUTHOTO B3aWMOAEHCTBHUS
HernocpeACTBeHHO B ypaBHeHHs1 (93), (94) unu B sIBHO KOBapuaHTHYyW cucteMy (99),
(96) nmpuBomuT K TOoMy, uTo Kak ypaBHeHus (93), (94), tak u ypasHenus (95), (96)
CTaHOBSITCSI HECOBMECTHBIMU. UTOOB! MPEOAOJIETh 3TY TPYAHOCTD, 3amuiieM (93), (94) B
BUJIE €JHHOTO yYpaBHEHHUS

{PS (i% - H) t o (1 - PS)} U(t,z) = 0, (215)

Tle » — MNPOU3BOJIbHBIN mapameTp. DKBuBajeHTHOCTh (215) u (93), (94) cnenyer u3
COOTHOLIEHUH

|:Z§t - Hm]ss:| = Oa psps = ps- (216)

fIBHO KoBapuaHTHYyIO cucteMy (95), (96) Tak:ke MOXHO MPEACTABUTH B BHIE OXHOTO
ypaBHEHHUS

{BS (Fff)p“ - m) 4+ x(1-B )} U =0,
. (217)
B, = - (rgﬁ ) (1+r<*) [, SM — 4s(s —1)] ,
IOCKOJIBKY
{BS, (r;ﬁw - m)} V=0, B.B,=B, (218)

Cnenaem B (215) u (217) sameny p, — 7, = p, —eA,, rae A, — BeKTOP-NOTEHLHA]
3/IEKTPOMATHUTHOTO T0JIsI, U TMOKaXKeM, UTO TaKas 3aMeHa MO03BOJISIeT MOJYYUTb CHCTe-
My ypaBHEHHH MepBOro MOPsIAKA, OMUCHIBAIOUIMX ABHXKeHHEe 3apsiKeHHOH 4acTHLBI BO
BHEIIIHEM 3JIeKTPOMarHuTHoM mnoJie. [Tockosbky ypaBHeHus (215) u (217) mocsie 3ameHbl
Pp — T, B KOHEYHOM HTOT€ TIPUBOAAT K OAMHAKOBBIM Pe3y/bTaTaM, PaCCMOTPHUM TOJBKO
ypaBHeHHe (215), KOTOpoe NIPUHHUMAET BHJ

Py(m)[mo — Hy(m)] + 3 [1 - ]55(71')} U(t,x) =0, (219)
rue

Hy(m) =TT, + T m,  Py(x) = P+ (1 — Ty)[T,m,,, Ps]— /2m. (220)

Ymuoxkast (219) va Py(7) u {1 - ]53(71')} U UCIOJIb3Ysl TOXKAECTBA

s s 1 . .
= 08 (1=10) (380 = MR ) Pp ) @21

Py(7) - Py(m) = Py(), eF,, = —i[m,,m,)],
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NpUXoouM K CHUCTEME ypaBHeHI/Iﬁ

ZQ\IJ H, (ﬂ' WO)\II, HS(TI',TFO) — ng)l‘\((ls)ﬂ.a +Féé)m+

ot
. . (222)
tedo+ T (1-11) (;SW - irgﬂr(;)) i3
P, + (1 r“)) VAR U= (223)
S 4 2m - )

KoTopyto, Kak u (93), (94), MoxKHO 3amucaThb B 3KBHUBaJeHTHOH SBHO KOBapHAHTHOU
thopme:

1
rm s (12100 (L5 - irr) o w o, 224)

(m + r;fw) (1 +T S>) (S, 8" — 4s(s — 1)] U = 16msV. (225)

[TokaxkeM, uto ypaBHeHus (222), (223) [uau (224), (225)] He npuBOAAT K mapa-
JOKCaM C HapyllleHHeM NpU4YMHHOCTH. [lasi 3Toro mpeobGpasyem (224), (225) k Ta-
KOU (opMe, uTOObl KaxKA0e pelleHHe CHCTeMbl YAOBJETBOPSJIO ypaBHEHHIO 3alileBa-
Deitnmana-lenn-Mana [77], kotopoe, Kak usBectHo [12], onmuceiBaeT MpUUMHHOE pac-
IpoCTpaHeHHe BOJH. DTO NOCTHraeTCs MEePEeXOAOM K HOBOH BOJHOBOH (DYHKLIMH

U(t,z) = VO(t, ), (226)

roe V — obpaTuMblii onepaTtop:

A~ A~
V=14+>=Tr VvV 'i=1-"00rr A=
m m

l\:Jlr—\

(1 T >) (227)
[Moncrasasisi (226), (227) B (223), (224) ¥ HUCTONB3YsT TOXKAECTBO
2
(Fff)ﬂ“) = m, 4 ieDOTEO v 2, (228)
nosydaeM ypasaenus mist P(t, x):

1
{ﬁ (rfjw + ﬁSWF’“’ + Emﬂr“) - m} o(t,x) =0, (229)

1
P®=0 WK 3 2®=5(s+1)0. (230)

Hakonen, ymHoxas (229) cieBa Ha oneparop

e

2sm

s rad v 1 _
F=m+ (r;w — ——8,, F" — Ewr#) AT, (231)

rue

§ab = Saba S;Oa = iSbm (232)
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HpI/IXOﬂI/IM K ypaBHeHI/I}O
(Ww —m? - 23§WFW) o(t, ) = 0. (233)
S

Dopmynet (230), (232), (233) 3anator ypaBHeHue 3aiineBa—PelinmMana-lesn-Mana
IJIs1 YACTHILBI C TPOM3BOJIbHBIM CIIHOM. Peruenust ®(¢, &) 3TOro ypaBHEHHs! OMUCHIBAIOT
IPUYHHHOE PAaCMpPOCTPaHEHHEe BOJH C JOCBETOBOH ckopocThio [12]. TakoBsbl ke, oyeBH-
IHO, cBodcTBa pewtenudt W(t, ¢) ypaBHenuii (222), (223) u (224), (225), cBsizaHHBIX C
®(t, ) npeobpasoBaHHeM 3KBUBaseHTHOCTH (226).

K 3TOMy pesysbTaTy MOXKHO NPUHTH H ADYTHM IyTEM, BOCIOJb30BABIIKCh KPUTEPH-
em Baiitmana [25]. ¥Ymuoxas (224) na (', 7" + m) moayuaeM ypaBHeHHe

(pup" + B)¥(t,x) =0, (234)

roe B — nuddepeHInanbHBIA onepaTop, CoAepXKallui POU3BOAHbIE He BHIIIE MEePBOrO
TNopsAfKa U PaBHBIH B OTCYTCTBMe B3auMmogeiicTsus —m?. Kak nokasano B pabore [25],
3T0 03HayaeT, uto (¢, x) ONHChIBaeT paclpoCcTpaHeHHe BOJH C LOCBETOBOH CKOPOCTBIO.

Takum o0pasoM, MpUXOOUM K BHIBOAY: ypaBHeHus (224), (225) omnwuchiBaiOT OBH-
JKeHHe 3apsKeHHOH PeJISITHBUCTCKOH YaCTHIB! C MPOM3BOJNBHBIM CIIHHOM BO BHELIHEM
3JIEKTPOMATHUTHOM [10JIe U He MPUBOASAT K MapajokcaM ¢ HapylleHHeM MPUYUHHOCTH.

OTMeTuM ellle, uto ypaBHeHHs (95), (96) MOXHO MONYUHUTb W3 TIPUHLMIA MHHU-
MaJIbHOTO AeHCTBHUS, €C/IM MJIOTHOCTh JarpaHxkuana L(x) BeIOpaTh B BUE

!
_ O’ 4
L(z) = <m\IJ +za

3;11 f‘#) (1 +f‘ff)) X

a (235)
X [S, S — 4s(s — 1)] il OV Lom?sT'w
ny &m ’
rae W/, U’ — KOMIOHEHTHas BOJHOBas (DYHKIMSA:
W = ( ‘i’ ) = wit T (236)
1) 5, — marpuuel pasmepHocTH 165 x 165:
. (s) . (s)
F;{JS) = Fk (()s) , k=1,2,3,4, FE)S) = FO O(s) ’
0 T R
(237)

po _ (oo Ty SV:(SW ' )
5 1—\68) O ’ I 0 S,u,l/ ’

[pu stom nnsi dbyukuuu W(t,x) nonaydaem ypasuenus (95), (96), a mas x(¢t, ) —
ypaBHEHHsI, KOMILJIEKCHO-conpsizkeHHble ¢ (95), (96). Cnenas B (235) MHHHMAJbHYIO
sameny —i0/0x, — —i0/0x, — eA,, npugeM K ypaBHeHusiM (224), (225). Takum
obpasom, ypaBHeHus (224), (225) nomyckaioT JarpaHkeBy (pOpMYyJTHPOBKY.

3ameuanue. MoXHO MoKasaTh, 4YTo ypaBHeHUs (93)—(96) MHBapHAHTHBI OTHOCHUTEJBHO

ormepaunuu 3apsifoBoro conpsikennss C', HO He WHBAapUAHTHBl OTHOCHUTEJBHO OOpalleHHs
BpeMeHU T’ 1 OTpakeHHs MPOCTPAHCTBEHHbIX KoopauHat P. P-, C-, T-uHBapHaHTHbIE
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ypaBHEHHUs AJ YACTHI MPOU3BOJNBHOIO CIHMHA MOXKHO ToJy4uTh uU3 (95), (96) ymBoe-

HueM umcaa KommonenT u samenoit T — T cornacuo (237).

PasjoxeHne o crenensam 1/m

lamunbronnan Hg(m, mp) (222) MOXKET HMETb MOJOXKHUTEJbHbIE M OTPULATENbHBIE
cobcTBeHHble 3HaueHHs. C MOMOIIbIO CEPUU TOC/EN0BATEbHBIX MPUOIHKEHHBIX Ipe-
o6pasoBanuii, mono6ubx (204)-(213), nosyuum us (222), (223) ypaBHeHHe AT COCTO-
SIHUH C TOJIOKUTENbHOM dHepruei. [Ipd 3TOM raMHUJbTOHHAH YaCTHULbI POU3BOJBLHOTO
crnuHa GyfeT MpeACTaBJeH B BUAE Psifa MO CTeneHsAM 1/m, ynoOGHOM [Jis BbIYHUCJEHHH
0 TEOPHUH BO3MYIIEHHUH.

OcHOBHasi TPyIHOCTb MpPH NUaroHasu3aluy ypaBHeHHH (222), (223) cOCTOUT B TOM,
4TO HEeOGXOAUMO HaUTH MpeoGpa3oBaHusi, OMHOBPEMEHHO NPUBOASIIKE K JHarOHAIbHOH
dopme 1Ba pa3nuuHbIX ypaBHeHus. CHauasa qUaroHajn3yeM AOMOJHHUTEJIbHOE YCJIOBHE
(223), a 3aTeM, UCOMB3Ysl OMEpPaTOPbl, KOMMYTHPYIOLIHE C PeoOpa30BaHHBIM ypaBHe-
Huem (221), mpuBeneM K AHaroHasbHOM (opme ypaBHeHue (222).

[ToxBepruem BosHOBYI0 (hyHKumio W(t, x) u3s (222), (223) npeobpasoBaHuiO

U9 =V, (238)
rae V. — obpaTUMBblil onepaTop:

V=14 % (1 . rff)) (rgs)wa - FE)S)Safrah) 7

1
Vvl=1-——
2m

(239)
(1 — rf)) (rg%a - rgs>smk1) .

[MoznetictBoBaB onepatopoMm (239) caesa Ha (220), (221), nosyuyum ypaBHeHus s U’

0
Hy(m, Ag) 0" = i "
(777 0) Zat y

Hy(m, Ag) =T m 4+ b T(S - )+ (240)

iy (1 - rff>) % {7# — k(S m)? - %s- [H —i(1 - kls)E]} + eAy,

1
PS\I//’ _ \I/N WITH 55217‘1’// — s(s + 1)\111/, (241)

rne H, = —i[mp, 7] v E, = —i[mo, |- — HANPSKEHHOCTH MATHUTHOTO U 3JIEKTPH-
yeckoro noJjieit; Py — mpoekTop, onpeneseHubid B (92).

W3z (241), (84), (85) 3akJjouaem, 4To, He yMaJisisi OOIIHOCTH, MOXKHO CYMTATh, UTO
BosiHoBasi hyHkuust U umeer 2(2s 4 1) OTJIHUHBIX OT HYJs KOMIOHEHT. Matpuisl Sqp
¥ KOMMYTHPYIOIIHE C HUMH MaTpHIIbl Fés), Fff) Ha MHOXKECTBE TaKUX (DYHKIHMH Bcerna
MOKHO BBIODATh B BHJE

(S 0 s) (01 s) (1 0
Sab—< 0 Sc )7 F0 _Ul—(l O)? 1_‘4 =03 = 0 —1 a(242)
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rae S. — MaTpulbl, o6pasyorie npeacrasaedue D(s) anrepsl O(3); 1 u 0 — (2s+1)-
psiIHble eNWHUYHAS U HysneBasi Matpuubl. [loacrasnss (242) B (240), nosyyaeMm raMusib-
tounan Hg(m, Ag) B Buie

HS(TI',A()) = 01m+k1035’~7r+

1

+—(01 — iUg) {71’2 — k%(s . 71')2 — %65 . [H — i(l — kls)E]} + €A0(243)

2m

Dopmyna (243) o6obiiaeT raMUJIbTOHHAH CBOOOAHON YaCcTHIIBI MPOU3BOJBHOIO CITH-
Ha (60) npu B3auMOmeHCTBHH C BHELIHHM JEKTPOMArHUTHBIM MoJsieM. Takum o6paszom,
UCIOJIb3Ysl SIBHO KOBapHaHTHBIE ypaBHeHus (224), (225), moayuyuau pelent BBeleHHs
B3aUMoZecTBUSl B HU(depeHLHaNbHble yaHKape-UHBAapHAHTHbBIE ypaBHeHUs 0e3 JH-
IIHUX KOMIOHEHT, HaliJleHHble BBILIE.

3ajaua o nuaroHasuszauuu cuctembl (222), (223) cBomuTcs Temepb K mpeodpaso-
BaHMIO ramuibroHuana (246) k nuaroHanbHod Qopme. Kak u nns ypasHenust Ju-
paka [64], Takoe mpeoGpazoBaHWE MOXKHO OCYILIECTBHTb TOJbKO MPHOJHKEHHO, IJIs
7, < m. Mcnonb3sys A/ 3TOH Le/H CepHI0 Moc/e0BaTe/bHbIX peodpasoBaHHi

Hs(ﬂ-aAO) - V3V2V1 (ﬂ' AO)V 1V 1V_ H;(Tl',Ao), (244)
rae

Vi =exp {—wgkls : ﬂ) ,

m
Vo =exp 03L wz—kf(5~7r)2—es.H+ie 1—k: S-E|;,

4m?2 s s
245)

1 (

V3 =exp {—ZUZ {12(5 )34

—I—é {TrQ—k1(S-7T)2—eS.H‘FZ’@(l—kl)S'E?WO} ]}7
s s _

¥ npeHe6perasi yJeHamu nopsaka 1/m?, monyuaem

72 S - H e
Hé(ﬂ',Ao):O' (m+m€28m)+AOWS(EX7T7rXE)
1 OF
_247;;232 {EQ“ba—x: + s(s+ 1) div E} + (246)
i(2s —1)e H
i S (Hxm—7mxH)+ S 252Qab

3nech (Qqp — TEH30p KBaJPYMOJBHOIO B3aUMOIEHCTBHS, onpeueneHHmﬁ B (214).
[TpubnuxKeHHBIH raMUIbTOHHAH (246) B TOYHOCTH COBMAJaeT C MOJYyYEHHBIM B pa-
6ore [74], B KOTOpPOH B KauyecTBE HCXONHOIO HCII0JNb30BaJOCh ypaBHeHHe 3afiieBa—
Deitnmana-lenn-Mana (233) o npousBosbHoro cnuHa. das s = 1/2 (246) cosmna-
JaeT ¢ raMuJabToHHaHoM (210), SBJISIOMUMCS HEPEeNTHBUCTCKUM MPENeJOM TaMUJIbTO-
HuaHa [upaka nasi snektpoHa [64]. Ecau xe s # 1/2, to oneparopsl (246) u (210)
He coBnazgaT. CrenoBatenbHo, ypaBHeHus (42), (1) u (93), (94), 6ynyun matemaTude-
CKH 5KBHBAJIEHTHBIMM B CJyyae CBOOOMHBIX YaCTHIL, TTOC/e BBEIEHHS B3aUMOAEHCTBHS
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NPUBOIAT K Pas3/MUHBIM (PU3HUECKUM pe3yJbTaTaM. 1ak, coriacHo (213), mumosbHBINA
MOMEHT YaCTHIIbI TPOU3BOJILHOTO CuHA fis (Ko3dduunent npu eS - H /2m) pasen 2, a
u3 (246) moayuaem ps = 1/s.
PenaTUBHCTCKAs YacTULA C NIPOU3BOJBHBIM CIIHHOM
B OflHOPOJHOM MarHMUTHOM IoJe

PaccmotpuMm cucteMy ypaBHeHu#H (222), (223) mist yacTHIB B OXHOPOIHOM MarHH-
THOM noJie. He ymasnsifs o6IHOCTH, MOXKHO CUHTATb, YTO BEKTOP HAIPSIKEHHOCTH 3TOTO
noass H mnapansesneH TpeTbed NPOEKLHH HMIYJAbCa YaCTHLBl p3. DTO O3HAYaeT, UYTO
KOMIIOHEHTEl T€H30pa 3/1eKTPOMarHUTHOrO noJs F),, paBHbI

Foo=E,=0, Fos=H, =0, Fy =Hy=0, Fio=H;=H. (247)
M3 (98) caenyer, uTo 7, MOXKHO BEIOPATh B BUE

m =p; — eHxa, T = P2, T3 = p3, o = 10/ 0t. (248)
[ToncraBus (247), (248) B (220), (221), npungem K ypaBHEHHUSIM:

Hy(m)¥ = zg

\
ot ’

el 1 (249)
Hy(m) =TT, + T m + o (1 - rfﬁ) (irgs)rg") - gsm) H,

{ps + % (1 - rﬁﬁ) [, PS]_} U = Py(m)¥ = 0. (250)

[TpeoGpasyem Hy(7r) K TakoMy BHAIY, YTOOBI OH COHEPKaJ TOJbKO KOMMYTHPYIOLIHE
BeJIMYMHBI. DTO MO3BOJIUT HaM, He peluas ypaBHeHUH ABHkeHHUs (249), (250), ompene-
JIUTh CIIEKTP COOCTBEHHBIX 3HAUEHHH ramuybToHHaHa (249).

ToxBepruenm BosHOBYIO byHKuHO W, ramunstronnan H(7) u npoextop Py(7) mpe-
00pa30BaHHUI0

U =V, Hy(m) — H{(m) = VH(m)V!,

) ) ) (251)

Py(m) — Pi(m) = VP(m)V !,
ruoe

1 s - 1 . s

V=T N TP H (), VT = = (Me s H(mNTT >) :

é=(n?—eSiH/s+m?), 2 = (1:&1“4(;")) /2.
HCHOJIbSyF[ TOXK1eCTBa

—1(s) — s +\2 — &£ - —

ATTE =TEAT,  (AF)2=aE 0 At =0, (252)
noJiyyaemMm

H(w) =T (2 + m? — eSyoH/s) /2, (253)

1
PO =0 WU 55’317\1// =s(s+ 1)‘1//. (254)
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Bce oneparopsl, Bxoasiiye B onpenesenue (253) ramusapToHuana H. (), KOMMyTH-
PYIOT APYT C APYTOM H MMEIOT TaKue COOCTBEHHbIE 3HAUEHHS:

I =0/, e=41,
SlgH\If/ = SgI{\I/I7 83 = —S,—S—‘rl,...,& (255)
w0 = [(2n+ 1)H + p3] ¥, n=0,1,2,.... (256)

Dopmynsr (255) caenyioT HemocpencTBeHHO U3 (254), a cooTHoleHue (256) mpuBe-
JIeHO, HampuMep, B MoHorpaduu [75].

KBanpatr ramusbToHuana (253) u omepatopbl (255), (256) umeioT 0Oy CHCTe-
My co6cTBeHHbIX QyHKuMid W, . . OTclona 3ak/o4aeMm, 4T0 coGCTBEHHbIe 3HAYEHHS
ramusibToHHaHa (253) paBHbI

}1/2 (257)

Eensyps =€ [mg + (Qn +1- ﬁ) eH + p3
s

CoorHrotuenue (257) o606miaer uaBectTHyo hopmy.ay [75] mist ypoBHe# sHepruu sJe-
KTPOHA B OJHOPOJHOM MarHUTHOM MOJie [J/15 4acTHLbl C [IPOM3BOJIbHBIM CIIMHOM. Kak
BUAHO U3 (257), 3HaueHHst SHEPrHH TAKOH UYacTHLbl JeHCTBUTEJNbHBI NPH JIOObIX 3Ha-
4YeHUAX S, B TO BpeMsl KakK ypaBHeHHs1 Paputei-IlIBUHrepa Npu pellleHUH aHaAJOTMYHOH
3ajlau¥ TPUBOAAT K KOMIIIEKCHBIM 3HAUeHUsM SHepruu [24].

[TprBeneM 1715 MOMHOTE ABHBIA BUI COOCTBEHHBIX QYHKUMH Wy, p,. BbiOupas Ma-

TPHULBI I‘ff), Sap B BUIE

(s) 0 1 (s) 0 (s) 0 —Ta
ry’ = ( 10 ), ry’ = ( 1 >, r = 0 ,
(258)

S 0\ o (5% 6 :
ab = A & ) ab = “ A ) o = (€abeSe/2 — a27
(5 8) () et

> >

rie 1 u 0 — 4s-psfHble eIMHHUHAs M HyJeBas MATPUIbL, Sap, Si, — MaTPHIB U3
npencrasnedust D(s —1/2,1/2) anrebpsl O(4); Sﬁ;) u S‘((j) — MaTpHIbl, peasusyollye
npeacrasgenus D(s) u D(s — 1) anredpsl O(3) COOTBETCTBEHHO, MOJydYaeM

v,
/ 0
\pen33p3 = \I/npgv (259)
eWs,
0
rie WUy, — (2s 4 1)-koMmoHeHTHasi coGCTBeHHast (PYHKIMs orneparopa Sis, KOTOPBIH

BCerja MOXKHO BhIOpaTh B AMAaroHaJbHOH (popMe:

1 0

0 1 X
vo=| 0|, w0, o w.=| |, (260)
1
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0 — (25 — 1)-psinHble HyJeBbe CTONOIB U

Wnp, = exp(ip1z1 + ip33) exp [g (xz + %)1 H, [\/E (mz + %)} , (261)

H,, — nosuHoMbl DpMHUTa. FBHBIH BUI COOCTBEHHBIX (DYHKLUHH HCXOAHOTO FaMHUJbTOHH-
aHa (249) moxHo nosyuuth U3 (259)—(261) ¢ nomombo MpeoOGpa3oBaHusi, 06PATHOTO
(251).

YeThIpeXKOMIIOHEHTHOE ypaBHeHUE [Jisl 0€CCIIMHOBBIX YaCTHIL

B paGorax [37, 45, 55] HeomHOKPaTHO MOAYEPKHUBAJIOCH, UTO [Ji OTHO3HAYHOTO
OTBeTa Ha BOINPOC, KaKyI0 YacTHLy ONHCBIBAET [NaHHOE PeJSTUBUCTCKOE ypaBHEHHE,
HeoOXOIMMO 3HATh SIBHBIE B[ I'eHepaToOpoB mpencraBieHus: rpymnnel P(1,3), kKoTopoe
peasu3yeTcsi B IPOCTPAHCTBe ero pellleHUH. Ecju Ha MHOXKeCTBe pelleHHH 3aLaHHOIO
ypaBHEHUS MOXKHO OIpelesNUTb pasjauyHble MpeACTaBaeHUs rpynnsl [lyaHkape, To Takoe
ypaBHeHHE B TPUHLHMIE MIPUTOLHO JJIS OMHUCAHUS NBHKEHHS PA3JUYHBIX YaCTHL.

B [45] nokasaHo, uTO 0GBIUHOE YETHIPEXKOMIIOHEHTHOE ypaBHeHue Jupaka ¢ momnos-
HUTEJbHBIM NTyaHKape-UHBAapUAHTHBIM YCJIOBHEM B OTCYTCTBHE B3aMMOAEHCTBHS MOXHO
MHTEPIPETHPOBATh KaK YpaBHEHHE AJIsl 4acTHLL co criHOM s = (. OnHaKo X0poLlIo H3Be-
CTHO, YTO MOCJ/€ BBeJeHHs] MHUHUMAaJbHOTO B3aUMONEHCTBUS 3TO ypaBHEHHE OMHUCHIBAeT
IBHXKEHHe YaCTHIbl CO CMHHOM § = 1/2 BO BHeLIHeM 3jeKTpoMarHuTHoM mose. [Toka-
JKEM, YTO B3aMMOJEHCTBHE MOXKHO BBECTH B ypaBHeHHe [lMpaka TakuM oOpasoM, uTo
oHO OyHeT AOMyCKaTb WHTEPNpEeTalMio KaK ypaBHEHHe /s OeCCIIMHOBOH 3apsizKeHHOH
YyacTHLl BO BHellIHeM MoJje. PaccMoTpuM ypaBHeHHe

yum” —m + (14 ya)ieky, v Fu /4m] ¥ =0, (262)

rie 7, — YeTelpexpsiHble MaTpuuel Jupaka; m, = p, — eA,; A, — 4-BeKTOp-NOTeH-
uuan, F*” — TeH30p HaMpsKEeHHOCTH 3JeKTPOMATHUTHOIO MoJist; k — IMPOU3BOJbHAS
KOHCTaHTa.

YpaBHeHue (262) fIBHO KOBapHaHTHO W B caydae k = 0 coBmajgaeT ¢ ypaBHEHHEM
Jupaka 1Jsi 3JIeKTPOHA, B3aUMOJEHCTBYIOLIEr0 ¢ BHEIIHUM 3JIEKTPOMArHUTHBIM T0JIEM.
Cnaraemoe (14 4)ieky,y, F* /2m MOXKHO MHTEPIPETHPOBATh KaK BKJaJ OT aHOMaJlb-
HOro B3auMonelcTBus tuna [laymau.

[TokaxkeM, uto npu k = 1 ypaBHenue (262) MOXHO WCIIOJb30BaTb [Jis OMHCAHHS
IBUXKeHHUsT OeCCMHOBOH 3apsi2KeHHOH yacTHUBL. JI/1s 3TOro cHavyasna yMHOXHM (262) Ha
~o ¥ mojiyuuM ypaBHeHue B dopme Illpenunrepa

0

HY =iy
Yot

H = 797v,ma + vom + eAg — o (1 + va)iey, v, F* /4m.

(263)

[lonBeprast BonHOBYI0 (PyHKUMIO W U ramMu/ibToHHMaH H H30MeTpUUECKOMY NpeoOpaso-
BaHUIO
UV =VU, H—H =VHV ' —iV'gv/ot, 264)
V= exp[(l - 74)’7a7ra/2m] =1+ (1 - 74)Va77a/2ma

noJsqydaemM

H' = ~yom 4 v (1 + v4)72/2m + eA,. (265)
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Bbl6paB MaTpHLbl Yo U Y4 B BUIE

o 03 0 o 01 0
w= (5 o) =T ) (266)

rie o3 U 01 — ABYXPsiiHble MaTpuilbl [laysu, sanuiieM ramuibronuad H' B dhopme

H. 0 N
H’z( 0+ H)’ Hizagm—&—(ag:twg)%—&—e/lo. (267)

v
O6o3nauus ¥/ = VU = < \I]Jr ), rie ¥, — NBYXKOMIOHEHTHble (YHKIHH, TT0NyUaeM

g Wy, W_ 1Ba He3aUeN AIOLUXCS YPABHEHUS:

2

|:U3m + (0'3 + ’L.Ug)ﬂ—— + 6A()i| \I/:t = ié\I/i7 (268)
2m ot

comaznatoniie ¢ ypasHenusimu TCT [49, 50] masi 6eccniHOBON 3apsiKeHHOH YaCTHILbI

BO BHeILIHEM 3JIEKTPOMArHWTHOM IIOJIE.

PesynbTaT 3TOT, KOTOpHIH Ha MepBbIH B3MJISA KaXKETCS HECKOJIbKO HEOXKHAAHHBIM,
Ha caMOM JieJie SIBJISIETCSl CJeCTBHEM TOro, UTO ypaBHeHHe (262) (rme k = 1) Mo-
JKHO TOJYYUTb BBeJEHHMEM MHUHHMAJIbHOrO B3aUMOJEHCTBUS B ypaBHeHue Jlupaka c
nyaHKape-UHBAPUAHTHBIM JIOMOJIHUTEIbHBIM YCJIOBHEM

W, WHEE = m?s(s + 1)V, s =0. (269)

Takum o6pa3oM, TOJBKO ypaBHeHHe IBHXKEHHS COBMECTHO C IOMOJHUTENBHBIM YCJOBH-
eM (269) mo3BoJsisieT OMHO3HAYHO OMPENeNUTh CIHMH ¥ MacCy OMHMCBIBAEMOH YacTHIIbI.
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On the invariance groups of relativistic
equations for the spinning particles
interacting with external fields

W.I. FUSHCHYCH, A.G. NIKITIN

All relativistic free-particle motion equations, including the Dirac and Kemmer—
Duffin-Petiau (KDP) ones, are invariant under the Poincaré group P; 3. But such
a group does not exhaust symmetry of the relativistic equations. It has been shown
in [1] with help of non-Lie method, that any Poincaré-invariant equation for a free
particle with spin s > % has additional invariance under SU; ® SUs group. The same
invariance group is possessed by Maxwell equations [2].

It has been shown in [3, 4], that the free equations of KDP (for s = 1) and of
Rarita-Schwinger (for s = 3) have more extensive symmetry group than the group
SU; ® SUs. 1t follows from the results of these papers, that any relativistic equation
for a free particle of spin s > 1 possesses SUs symmetry.

In this note, which is an extention of the paper [4], the invariance groups of the
Dirac and KDP equations for the particles, interacting with an external field have
been established.

Theorem 1. The Dirac equation with the Pauli-type interaction

i ) y
LY =0, L =~y,m"+ %(1 + Ya) Y Y Y +m, (1)
where
) 0
Ty = Pu — eA;u Pu = ZgMVw’
A, is the vector potential of electromagnetic field, F,, = —i[r,,m,]_, is invariant

under the Lie algebra of the SU,® SU, group. This algebra basis elements @, have
the form

Quv = 1w + E(l =+ Z’Y4)(’YH7TV - ’7V7T/t)' 2)

Proof may be carried out in a way, which has been described in [4]. The theorem
validity, i.e. that the operators @, satisfy the invariance condition of eq.(1) [4]

)
[Q;wa L], = F,uva F;w = E(’Y,uﬂ—u - ’Yuﬂ—,u)
and the commutation relations

[Q;Lua Q)\U]— = 2i(gyAQl/a' + gan,u)\ - g,uUQl/)\ - gl/)\Qucr)

Lettere al Nuovo Cimento, 1978, 21, Ne 16, P. 541-546.
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may be established by the direct verification. Putting in (1), (2) A, = 0, one comes
to the invariance algebra of the free Dirac equation, which has been obtained in [4].

Theorem 2. The Dirac equation for a particle in a constant inhomogeneous magnetic
field

moyp = Hep, H = v0vaTa + Yom, (3)
where
o = Po, T3 = P3, 1 :p1*6A1(9317172)7 7F2:p2*6A2(I1,172)

is invariant under the Lie algebra of SUy ® SUsy group. The basis elements ¥y of
this algebra have the form

1370 a 5. _ a(ysm + pa)
2= 1= " >
"70’70471—04‘ (p% + m2) (4)
H
223 = i212231, 240, = _|H| Eba o = 1, 2, (a, b, C) s Cykl (1, 2, 3)

Proof. Let us use the canonical transformation method. Passing to the new wave
function 0"

V-0 =WU, H—H =WHW™!, (5)
where

&+ g3+ 17727 YT 1/2

W=WnWV, W=

£ = (m2 + T — i’}/l’YQH)

28(€ + q3)
1/2 .
7T2:7Tf—|—ﬂ'g—|—ﬂ'§, q3 = (m2+p223) / ) H:_Z[ﬂ'lvﬂﬂ—a
_ 1 . . aTa
Vo= V5t = o [T imama + (1 iama) |
2 ‘707(177@‘

—nt -
Va= (V3 1)' = (m+ g3 +73p3)[2q3(g3 + m)] /2
one obtains the equation
0
ia\lﬂ = i’Y1’YQ (m2 + 71'2 - i’yl’YQH)l/Q v, (6)
Equation (6) is obviously invariant under the transformations ¥’ — %7,¥’, where
/ Z / Z / Z / Z
Yl = 573 Yz =5 Xz = o3, e = 52Dk (7)

2 2 2 2

Operators (7) satisfy commutation relations of the Lie algebra of the Oy ~ SU; ®
SUs group. The exact form (4) of these operators in the initial ¥-representation one
obtains by the inverse transformation, ¥; = Wflﬁle. The theorem is proved.
Remark 1. An analogous theorem takes place also for the Dirac equation, which
describes the particle in alternating the electric field with the fixed direction (say, in
a field, which is directed along the third co-ordinate axis). Such an equation may be
written in the form (3), where

7o = po — eAo(t, z3), T = P1, Ty = P2, w3 = p3 — eAs(t,x3). (8)
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The exact form of the SU; x SUy-group generators is given by the following formulae:

s _iennmt o i(em+p)

Yo = , A=0,3
2T ] o (p3 +m2)'/? Y

i (Nt — yamy —m) <
livi (AT = yam2 — m)|
These operators as like as (4) ones, are integrodifferential operators, in contrast
with (2), where @, are differential ones.

Let us consider the KDP equation for a particle of spin s = 1 charge e and
the anomalous magnetic moment &, which interacts with the constant homogeneous
magnetic field H

Y3y = 1X12%31, Yo = be-

k
<ﬁ#7r” +m+ ;15#”1«““”> v =0, (9)

where
To = Po, m = p1 — e€Hwo, Ty = P2, T3 = p3,
Suu = i(ﬁuﬁu - /81//8#)7 S;WFHV =2S12H.

Theorem 3. Equation (9) and (10) have six independent constants of motion Q
which form the Klein group. If k = 1, eqs.(9) and (10) are invariant under ten-
dimensional Lie algebra Aig, which contains subalgebra Oy.

(10)

Proof. Let us reduce egs.(9) and (10) to the canonical diagonal form, for which the
theorem statements become obvious. Multiplying (9) from the left by

.55)\27)‘ m

Vi = exp [z 1/2
ps 2

:| 5 A= 0737 pPs = (p(2) 7p§) 3 (11)

gives the equation

(iB5p5 — BaTa + kwSia +m)¥' =0, U =V, w= %. (12)
This equation may be written in the equivalent form

Ps W' = [Ssata + i M — M Bamafls (Bama — M) | W/, N
(1+62) (ﬂawaJrM) V=0, M=m+kwS2, |kw|#m. "

With the help of the transformation ¥/ — & = VoV W/, where

‘72 = exp [‘Mﬁlﬁaﬂ'aﬂg} =1- Mﬁlﬂaﬂaﬁg’

E+ Hx

Va=1+p82|1+

b

\/E <2E + [Er,}m) (14)

3 E+ xH
Vil 14 2| 14 tx ,

\/E (2E+ 1A, %]+)
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H= i35 (ﬂaﬂ'aMilﬁaﬂ'a - M) 5 M =m+ wSi2,
E=|H|=VH?,  x=Su+i61-5%), |o#m,
one reduces eq.(13) to the diagonal form

ps® = H®, H¢ =519 (m2—|—7ri — 2wS1s +w2)1/2—|—

77127712l + 2k%w? 1/2 15
m2 — k20,2 ) (15)

—l—iﬁg)SlQ(k’ — 1)w + 05 (1 - S%Q) <m2 +

(1+p2)®=0, 72 =nr}+m3.

63

Equations (15) are obviously invariant with respect to transformations ® — Q4 ®,
where Q4 are arbitrary matrices, which commute with g5 and Si5. The complete set
of such matrices may be chosen in the form

Q1 =1ifs (1 + S12 + S%Q) ) Q3 = ifs (1 - S12 — S%z) )

Qé = Zﬂ5 (1 - 2552) ) Q/3+a = Zﬁ5Q;7 a = 15 273
The operators (16) obey the relations

[Qan QSB}* =0, (QfA)QCI) =9, Q;Q;) =@,

Qrra@iry = Qo Q4o = Qheer aFbFcHa,

i.e. form the six-dimensional Klein group.
If £ =1, there exist ten linearly independent matrices, which commute with H¢
and (5. These matrices may be chosen in the form

(16)

Nfz = (1 - 25%)51225§7 Nél - 1555122, Néz - iNélez,
N}, = 135512Nj,, By =if5 (1 - 5%), B, = Q3.

Operators Bj, commute with By, and with Nj,,, and the operators N/, form the
representation D (3,0)@D (0, 3)®6D(0,0) of the Lie algebra of the group SU>®SUs.
The exact form of the operators Q4, Nk, Ny in the original W-representation may be
obtained by the formulae

Qa=WQuW, Nu = W IN, W, B, =W 'B.W, (17)

where W = V,V,V5 and Vi, Vs, Vs given in (11), (14). The theorem is proved.

Remark 2. The analogous theorem may be proved for the KDP equation, which
describes the motion of a charged particle with anomalous moment in a constant
homogeneous elwctric field £. Such an equation has the form (9), where

mo = po — Bxg, 71 = Pp1, Tg = P2, T3 = P3, S " = —2ESp3.

Let us consider the equation for a particle with an arbitrary spin [5]

HU(t, ) = i%\l/(t, x), (18)
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where U(t,x) is a 2(2s + 1)-component wave function,

H; =oym+o3p Z (—DMA, + (1 + 01)p(t, ),

v=—s8

S - _ 1/2
AV=H(TP_”>(N—V) Lop= )
nAV

(19)

S,, are generators of the direct sum D(s)@®D(s) of the irreducible representation of the
SU, group, oy and o3 are 2(2s+1) x 2(2s+1)-dimensional Pauli matrices, commuting
with S,, ¢(t, ) is an arbitrary potential. If p(¢, &) = 0 eq.(18) coincides with the one
obtained in [5] and describes a free motion of a relativistic spin-s particle.

Theorem 4. Equation (18) is invariant under SUs algebra. The basis elements of
this algebra have the form

Ea = Obc = Ulsa + (1 - Ul)paS . pp—Q' (20)
Proof. Using the transformation

Hy - VHV ' =oim+o3p+ (14 01)p(t, x),

S

l+or+(1—01) Y (-1¥A,

vV=—S8

1
Y, - VE V=5, V=yv-l= 5

)

one reduces the Hamiltonian (19) and the operators (20) to such a form, that the
theorem statements become obvious.

For s = 3 eq.(18) coinsides with the Dirac equation with a semirelativistic potential
(1401)¢ = (1470)p. The SUs-invariance of such equation has been established in [6].

Theorem 5. The Tamm-Sakata—Taketani equation with a semirelativistic potential

Z%\IJ = [01 (m+ %) + 103 (% — %) +(1+0)plt,z)| T, 1)

is invariant under the Lie algebra of the SUy group. The basis elements A of this
algebra have the form

Ao = [Oap, Oacl+, A3+a = Ope, A7 = (023031012 — 012023031),

7
Ag = —%(012023031 + 023031012 — 2031012023),

where Oy, are given in (20).

We do not give the proof here. The analogous theorem may be formulated for the
KDP equation with the potential 8y(1 + Bo)p(t, x).

In conclusion we note that the obtained invariance algebrae may be used for

deriving of new solutions of the equations considered above, if certain partial solution
of these equations is known.
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Conformal invariance of relativistic equations
for arbitrary spin particles

W.I. FUSHCHYCH, A.G. NIKITIN

We show that any Poincaré-invariant equation for particles of zero mass and of di-
screte spin provide a unitary representation of the conformal group, and find an explicit
expression of the conformal group generators in terms of Poincaré group generators.

It is well-known that the relativistic equations for massless particles are invariant
under the conformal transformations. This was first established for the Maxwell
equations [1] and then for the equations describing the massless particles of spin
1/2 [2] and of any spin [3].

L. Gross [4] has demonstrated that the solutions of the Maxwell and of the Rarita—
Schwinger (with mass m = 0) equations provide a unitary representation of the
conformal group Cy. The proof given in [4] is rather tedious and in some sense
non-constructive, since it does not give an algorithm to obtain an explicit form of
Hermitian generators of the group Cy for any conformal invariant equation.

In this note, we shall formulate a theorem, which generalizes the results [1-
4] and give a simple and constructive proof of it. Without restricting ourselves by
any concrete form of equations for massless particles we show that any (generally
speaking, reducible) representation of the Lie algebra of Poincaré group P(1,3),
which corresponds to zero mass and discrete spin, can be extended to provide a
representation of the conformal group Lie algebra, and find the explicit expression of
the generators of the group Cj through the generators of its subgroup P(1,3).

Theorem 1. Any Poincaré-invariant equation for particles of zero mass and of
discrete spin is invariant under the conformal algebra C,', basis elements of which
are given by the operators P,, J,, and

1
DZE[POPG/PQMIOU,]JH a,b:1,2,3,
Ko = [I:JO/I:JQ?JOQJOa‘i‘AQ—(1/2)]_;'_7 (1)

Ko =5 ([Po/ P [Jov, Jav)+]+ — [P/ P2, JopJop + A% = (1/2)])

N~ N =

where P, and J,, are the basis elements of the Poincaré algebra P(1,3), p,v =

0,1,2,3, A = feqpeJa PPy P2 = P2+ P} + P§; [A, By = AB+ BA and D, K,

are the operators, which extend the algebra P(1,3) to the algebra Cj.

Proof. Inasmuch as the operators P, and J,,, satisfy, by definition, the algebra
[P;L;Pu}f =0, [J,U.llvp)\]* :i(gu)\Pp_gu)\PL/)v

. (2)
[Juua J)xo]— = Z(gll)\J;Lo + g;sz/)\ - gu)\Jlla - guaJ;L)\)

Letters in Mathematical Physics, 1978, 2, P. 471-475.
I'We use the same notation for the groups and for the corresponding Lie algebras.
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the theorem proof is reduced to the verification of the correctness of the following
commutation relations

[J;u/; K,\], = i(gVAKu - gu)\Ku); [K;u Pl/]f = Zi(guuD - JLLV)?

(3)
[Dvplt]— = iP;u [D,K;L]— = *iKu’ [KH?KV]— =0, [J[LLMD]— =0,

which determine together with (2) the algebra Cy4 (see e.g. [5]). It is not difficult to
realize such a verification, bearing in mind that, on the set of the solutions of any
relativistic equation for a particle of zero mass and of discrete spin, the following
relations are satisfied:

P,P* =0, W, WH =0, W, =AP,,
where W, is the Lubanski-Pauli vector

1
VV/L = igul/pnt]uppzr

So the formulas (1) determine the explicit form of the conformal group generators
by the given generators P,, J,,, of the group P(1,3). Let us note that the generators
K, and D are written in a transparently Hermitian form, from which follows that they
generate together with P,, J,,, the unitary representation of the conformal group. The
theorem is proved.

Let us demonstrate the constructive character of Theorem 1 by some examples.
First consider the Weyl equation

- ) 0
Uup“%@(l“ml") =0, Py = Zg;waT- (4)

v

On the set of solutions of equation (4) the Poincaré group generators have the form

0

Py = 04Pas Pa:pazfia )
La

(®)

)
Jap = TaPb — ThPa + Z[Jaa o’b},, Joa = ToPa — i[xaa PO]+7

where o, are the Pauli matrices. Substituting (5) into (1), one obtains the remaining
generators of the conformal group in the form

1 1
D= Slwu Py K= [ 2"l + 5 [P aua’] (6)

On the set of solutions of Equation (4), the generators (5) and (6) may be written
also in the usual differential form (see e.g. [5])

. 0 3.
P,=p,= WGy 5~ D = x,p' + b
12

) 1
J;w =TuPy — Typy + Z[O—,uvo'u]—a K, =2z,D — xulﬂpu - ixﬂ[o—uvav]—a

which however is not manifestly Hermitian.
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Taking P,, J,, in the Foldy-Shirokov form [6]

1/2
Po=p=(p§+p§+p§)/ . Py=pa,
(7)

1
Jab = TaPp — ToPa + Sab, Joa = Topa — 2_p[517a7 P0]+ - (Sabpb/p)7

we obtain from (1)

1 L1 L1 1
D= i[xuvpubra Klt = _[J,uwX ]++ 5 |:P;uXuX + 2_p <A2 + Z>:|+7(8)

where
XO = Xy, Xa = Tq -+ (Sabpb)/pz.

Using (1), it is not difficult to be convinced that (8) is a universal form of the
generators K,,, D for any representation of the conformal group, in which P, and Jg;
have the structure (7).

Lastly, if P, and J,, are the generators of the irreducible representation of the
Poincaré group in Lomont—Moses form [7], then the formulas (1) give the conformal
group generators in the form of Bose and Parker [8].

In connection with the above results, the following question arises naturally: Do
there exist Poincaré invariant equations, for particles with nonzero mass, which would
be invariant under the conformal group? A positive answer to this question may be
given only for equations describing particles with variable mass. As an example,
one may consider the relativistic equations with proper time, conformal invariance of
which has been established in [9].

It has been proposed in [10] to use the group of rotations and translations in five-
dimensional Minkowski space for the description of physical systems with variable
mass and spin. This group, which will be further denoted by the symbol P(1,4),
contains as subgroups both the Poincaré group P(1,3) and the Galilei group G(3).

The main property of P(1,4)-invariant equations is that they are constant also
under the conformal algebra C4. More precisely, the following statement is valid:

Theorem 2. Any P(1,4)-invariant equation is invariant under the Lie algebra of
the group SO(1,5).

Proof. Using the method proposed in [11], we consider the operator

1
2
where P, and J,, are the generators of the group P(1,4), u,v =0,1,2,3,4. The set

of the operators J,, and J,5 satisfy the commutation relations of the Lie algebra of
the group SO(1,5) (which is locally isomorphic to the Euclidean conformal group)

Jus = = (PP Y2(P" ], + Ju P, P,P" 20,

[J,ufn JV5:|7 = iJuw [J;LEM Ju/\]f = i(gou)\S - gu)\JUS)v
[r]uya JAJ]— = i(gv)\t]uo + gpoJl/)\ - guz\Jvo - guaju)\)-

In the case in which the Casimir operator P,P* = 0, the proof is reduced to that of
Theorem 1.
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I'pynnosbie cBolicTBa ypaBHeHu MakcBensa

B.U. ®YLUIHY, A.I. HHKHTHH

A theorem on the invariance of the system of Maxwell’s equations under the 23-di-
mensional Lie algebra, containing as subalgebras 15-dimensional conformal algebra and
8-dimensional Lie algebra of the group U(2) ® U(2) has been proved. An 8-parameter
family of transformations acting on E and H which generate group U(2)®U(2) is found
in explicite form. It is established that every Poincaré-invariant equation of motion for
mass-zero particle is invariant under the conformal group.

Beenenne

B pa6ore [1] cdopMmynupoBaHEl OCHOBHBIE HIEH HEJNHEBCKOTO METONA MCCJ/eOBaHUS
IPYIINOBBIX CBOMCTB NUddepeHLNaNbHbIX YpaBHeHUH. B naHHOH cTaTbe Mbl NpUMeHseM
3TOT METOJ [J/15 HaXOXKJeHHS HOBBIX TPy MHBAPUaHTHOCTU ypaBHeHHH Makcaedia.

HccenenoBanne cUMMETPUH ypaBHeHHE MakcBesisia HMeeT JOJTYI0 U CaBHYIO HCTO-
puto (cm. [1]). B cBsI3u ¢ 3THM BaXKHO OTMETHTb, UTO HEJHEBCKHE MOAXOJ MO3BOJSET
MOJIyYUTb HOBble Pe3yJbTaThl Jaxe HJif TaKUX XOPOLIO H3yUEHHBIX ypaBHEHUH.

CrpykTypa cTathu TakoBa. B nepsoM naparpacge o6cyxnaetcs KoH(OpMHAs HHBApU-
AaHTHOCTb ypaBHeHHH MakcBesa U NIPUBOAMTCS B SIBHOM BHJe 3aKOH Npeo0Opa3oBaHUU
BEKTOPOB HAMPSKEHHOCTH 3JIeKTPUYECKOr0 E v marsutHoro H moseii rog neiicTBHeM
KOH(opMHOH rpynnbl. Bo BTopoM U TpeTbeM maparpadax AaHO MPOCTOE N0Ka3aTeJb-
CTBO TOTO, YTO TaKHe NpeoOpa3oBaHUs SIBJSIOTCS YHUTApHBIMH B COOTBETCTBYIOLLEM
ruab6epToBOM MpocTpaHcTBe. JloKasaH aHaJOTMYHBIH pe3yabTaT U AJs NPOM3BOJIBLHOIO
IyaHKape-MHBAapDUAHTHOIO YPaBHEHHS, ONUCHIBAIOILEr0 CBOOOAHOE NBHIKEHHE YaCTHULLbI
C HyJIeBOH MacCcOM M AUCKPETHBIM CIIHHOM.

OCHOBHO# pe3yJsbTaT CTaTbU COLEPKHUTCS B maparpadax 4, b U 6, roe ycTaHoBJe-
Ha MHBapHaHTHOCTb ypaBHeHHWH MakcBessa ms 3JeKTPOMAarHUTHOrO MOJS B BaKyyMe
OTHOCHTEJIbHO BOCbMHUIIApaMeTPUYeCKUX HelpepblBHBIX NpeoOpa3oBaHUM:

G (B0 0E 00 O°E  8*H
— B = — e . ..
T Oy Oxy’ Oxq0xy’ Ox,0Th’
(0)
S o . - OE 9H 0*E  0°H
H—-H=§g|EH —, —, —— —— ..
- g\ & "0z, Oxg’ O0xa0xpy’ Ox,0xy’ ’

rie BeKTOP-(PyHKLHUU fyl g 3aBUCAT B 00IIeM Cjydae Kak OT E, ﬁ, Tak U OT 0eckKo-
HEeYHOr0 YMCJa MPOU3BOIHBIX OT BEKTOPOB HAMNPSIKEHHOCTH INOJeH. DTO O03HAUAET, YTO
npeo6pasoBanusi (0), BooOiie roBopsi, HeJoKaabHbl. COBOKYMHOCTb HaWfeHHBIX Ipe-
obpasoBanuil Buna (0) oOpasyeT KOMIAKTHYIO TPYIIY, COAEp:Kallylo, B YaCTHOCTH,
OfIHOTIapaMeTpHUeCcKy1o MOArPYNIy JOKaJbHBIX peodpasoBaHuil XeBucaiina—Jlapmopa-—
Paiinnua (XJIP) (cMm. [4-6]).

B § 6 nokazaHa WHBapHaHTHOCTb ypaBHeHHWH MakcBesla OTHOCHTENbHO 23-MepHOH
anre6pel JIu, comepxkaiieit B KauecTBe nogajreép 15-mepHyio KoHhOpMHYIO anre6py H

TeopeTHKO-IpyMMoBbie METOAB B MaTeMaTHueckoil ¢usuke, C6. Hayd. Tp., OtB. pex. 10.A. Murpomnoss-
ckuit, B.Y. ®ymnu, Kues, Uu-t marematuku AH YCCP, 1978, C. 45-80.
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8-MepHyto anrebpy Jlu rpynnsl U(2) ® U(2). DTOT pe3ysnbTaT MOXKHO pacCMaTpHBaTh
Kak o0befuHeHne pesyibratoB [2-6] u [17].

B nocnennem naparpade ycraHoBieHAa MHBAPUAHTHOCTb ypaBHeHHH Makcsessa oT-
HocuTesbHO 10-mapaMeTpuyecKux MpeoOpa3oBaHUH, MPU KOTOPBIX H3MEHSIOTCS Mpo-
CTPAHCTBEHHblE KOOPAMUHATH %1, X2, L3, HO BpPEMEHHAasi KOOpAMHATA T( OCTaeTcsl UHBa-
puanTHo#. [Ipu 3TOM He coxpaHsieTcsl KBaapaTH4Has opma

2 2_,2_ .2 2
S (2%) = af — o7 — a3 — a3,
XOTs pellleHHs] YpaBHeHHsl NpeoOpasyloTcsl Mo MpejcTaB/eHnto rpynnsl [lyaHkape.

§ 1. UuBapuanTHOCTh ypaBHeHHH Makcsesia
OTHOCHTEJBbHO KOH(OPMHOUN TPYIIIbI
YpaBHeHHs1 MakcBeJssia [IJisi 3JIEKTPOMAarHUTHOTO TI0JIs1 B BaKyyMe MMEKT BUIL

- oH . OF
E=—— H=— 1
rot . rot . (1a)

divE=0, divH =0, (16)

rae EFwH— BEKTOPbI HANIPA2KEHHOCTHU COOTBETCTBEHHO 3JIEKTPUYECKOr0O U MAarHUTHOTO

noJie.

YpaBHenust (1) MHBapUaHTHBI OTHOCHTEJbHO KOH(OpMHOH rpymnmbl. Konbopmuyio
rpynny o6pasyloT npeo6pa3oBaHUsl KOOPAHMHAT Z,, @ = 1,2,3, U BpeMeHU oy = t
CJIelyIOIero BUAA:

6 - 7) gz
— = _ » =
T—T =7+ 0z (cos @ 1)+—9 sinf — d, (22)
Ty — Ty = x0 — b,
XX 7 A
j:'—>f”:f+%(ch)\—l)+7’lxosh)\—d’,
- (26)
zoﬂzg:xoch)\+%sh)\—b,
x, — x| = ez, w=0,1,2,3, (2B)
v _ Ty — duxya” 9
T T 1 —2d,av + dyd z,zv’ (2r)
rae
0=(63+63+063)"7,  A=(+a3+23)"7,
z,2” = ak -t — a3 — a3, dyd> = d2 — d3 — d% — d2,

04, Aa, Qq, b, ¢, d;, — TIPOU3BOJIbHBIE NEHCTBUTEJBHBIE TTapaMeTpsl, a = 1,2, 3.
[Ipeo6pasosanus (2a), (26) ocTaB/sIOT MHBADHAHTHOH KBaApaTHUHYIO HOpMY
_ [ O AT _
(21 — @2) () —ah) = (1?1” xzﬂ)(l’l rot) =

= (&, — o) ¥ — o) = ino

3)
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M Ha3bIBAalOTCS HEONHOPONHBIMHU TpeobpazoBanusMu JlopeHua. @opmyasl (2B), (2r) 3a-
JaI0T COOCTBEHHO KOH()OPMHBIE MPeoOpa3oBaHUs.

MuBapuaHnTHOCTh ypaBHeHHH (1) OTHOCHTEBHO KOH(OPMHOU IPYMIbl 03HAUAET, UTO
npeo6pasoBaHusiM (2) MOXKHO OJHO3HAYHO CONOCTABHTDH TaKHe NPeo0pasoBaHusi BEKTO-
poB Eu H

E—-E., H-—H, (4)

KOTOpEIE 0GpasyloT MpeicTaB/eHHe KoOHYOPMHOM rpymmsl; mpyu stoM B’ u H' ynosie-
TBOPSIIOT HCXOMHOMY ypaBHeHHio (1).

[Ipo6neme KOH(OPMHOH CUMMETPUH ypaBHeHHH MakcBesJa MOCBsLIeHO 60JbLIOE
KoJin4yecTBO pabot. OnHAKO HACKOJIbKO HAM M3BECTHO SIBHBIH BHJ BCeX NpeoOpa3oBaHUU
(4), obpasymwomnx KOH(GOPMHYIO TPyIIy, HUTLE He NpUBeleH. MBI MOKaKeM HHXKe, UTO
3TH NpeoOpa3oBaHust MOTYT ObITh 3aMUCAHBI B BHIE

E(x) — E'(z) = E(2') + 6- Ba")) (cosf — 1) — b x B@') sin 6,
o | 6 , (52)
H(z) — H'(z) = H') + (952{(:10 ))(COSQ— 1) — 0 1;[(:3 ) sin 6,
Blo) = B"(w) = By + 24 'fz(‘”‘")) (1—cha)— 2% Ii(z") sh,
(Y (o N (ol (56)
(o) = A"(x) = A" + 2O 'i(f” D (1= ehny 4+ 2% f(x ) sh,
E(z) —» E"(z) = E(x),  H(z)— H"(x) = H(="), (58)
E(z) —» E™ () = E(z")(1 + exp(—4d,z"))+
LT [—iﬁ(x; OE2CA0) T & [EW)”— HE@) Gy
N3G [E(xf% L(CA0)| PN [E(am5 S (C0) 5
H(x) — H" () = H(z")(1 + exp(—4d,z"))+ o
Lt [ﬁWn); ZCEA0)) YO £ [ﬁ<xW27 B
N3G [H(x”g; L0 P [H(x”é —iBEV)] e
raoe
x = (o, 1, %2, T3), x' = (956795,1755/2’375)7
n=(+mB+m)"”,  =E@+8+8)""

1 1 1 1
Na = 3 apxq + §€abcab$c ) §o = 3 aola — §€abcabxc )
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’ "o v
ax,, r,, r, v, sajaorci popmynamu (2).

B paGore [8] mokaszaHo, 4To KOH(OPMHbIE NMPe0OPa30BaHHs MHOXKECTBa pPeLIeHHH
ypaBHeHU#l MakcBesiia 06pas3yoT yYHHUTapHOe MpeacTaB/eHHe KOH(DOPMHOU rpymnmnel. B
cefyolMX naparpadax NMpUBeleM MNPOCTOE A0KAa3aTeJbCTBO 3TOro (pakTa U 0606IIKM
pe3ysbTathl padoThl [8] Ha caydail MPOM3BONBHOrO MyaHKape-MHBAapUAHTHOIO ypaBHe-
HHUsl IBHXKeHHs 6e3MacCOBOH YaCTHIIHI.

§ 2. Marpuunasa ¢opma ypaBHeHus Maxkcsesia
Hns naneHefiero Ham 6yfeT yIoOHO MCIOJIb30BATh 3aMUCh ypaBHeHU# Makcsesia
B c/lefylolel sKBUBaneHTHOH dopme (cm. [9-11])!

0

LVv =0, Li=i— —a-p, (6a)
pt

Ly¥ = 0, Ly, = S4apa7 (66)
rae U — BOCBMHUKOMIIOHEHTHAas q)yHKU,I/IH,
¥ — cronbel (H1;H27H335017E17E23E37902)a (7)

a ag U Sy, — MaTPHULB! CAeNYIOLIEr0 BUAA:

. 0 —T S4 6
=2 L@ = A
Qg ? ( Ta 0 ) ) S4a ( 0 » ) )
0
0

0 0 0 4 0 ¢ 0
1|l 0 0 =i 0 1 0 0 i
79l 0o i 0o 0o T2l - 0 00|
- 0 0 0 0 —i 0 0
0 -5 0 0 0 0 0 4 (8)
1 1 0 0 O g 0 0 0 O
BT9lo 0 0o i "MT 0 00 0|
0 0 —i 0 - 0 0 0
0 0 0 0 00 0 O
A 0 0 0 =1 A 00 0 O
S2=19 0 00| "2 oo o il
0 - 0 0 00 —i 0
0 — ueThIpexpsHble KBafpaTHbe HY/eBble MaTpHIbl. MaTpuubl Sy, U
5vab = gabc(27—c - S'40)
obpasytor npeacrasienue D (1, 1) anre6psi O(4). Pacnincas (6) N0KOMIOHEHTHO, NPH-

XOIHMM K 0ObIYHOH (hopMe ypaBHeHu# Makcsesna (1) U ycaoBUSAM M5 @1 H 3!
1 = C1, p2 = Cy,

rie C1 1 Cy — KOHCTAHTHl, KOTOPBIE, He YMaJisis OOLIHOCTH, MOXKHO M0JI0KUTb PABHBIMH
HYJIIO.

Tono6Has dopmynnposka ypasHenuii Makcsesna (HO ¢ HCTIOMb30BAHHEM YeTHPEXKOMIOHEHTHOH BOJHO-
BOH (DyHKLHH H OTJHYHOrO OT (66) HOMONHHTENLHOrO yC/I0BHs) Oblyia MpefioKeHa paHee B padorax [12-13].
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[ToxaxeM, 4To ypaBHeHHs (6) HHBapHAHTHBI OTHOCUTEJNbHO HEONHOPOAHBIX Mpeobpa-
soBanust Jlopernua (5a), (56). Yc/i0BHe HHBAPHAHTHOCTH ITHX YPaBHEHUH MOXKET ObITh
sanucano B Buze (cm. [1])

[L1,Qa]- = f4L1 + f3Lo,

N N 9
(L2, Qal— = fal1 + f3Lo, ©

rie Qa4 — reHepaTopbl IPYMIbl HHBApHAHTHOCTH, f$ M f$ — HEKOTOpHIE ONepaTopl,
ompeesieHHbE B MPOCTPAHCTBE pellleHni ypaBHeHH#H (6).

[enepatopel (MH(pUHUTE3UMAJbHEIE OMEpPaTopbl) NpeobpazoBaHuil (Da), (56) mis
¢yuxuun ¥ (cm. (7)) umeroT BUA

. 0
P/J:Zguu— = Pu; Juuzxupu_xupu+suuv w,v=0,1,2,3, (10)

0z,
rue
Sab 0 1 0 Sbc
Sap = A A Soa = = c A A 3
ab ( 0 Sab >7 Oa 25ab (_Sbc 0
0 —i 0 0 0 0 i 0
R i 0 00 R 0 0 0 0
512 = 0o 0 0 0 | S = - 0 0 0 |’ (10)
0 0 0 0 0 0 0 0
00 0 0
R 00 —i 0
Ssi=1 194 0o o |
00 0 0

Onepatopel Py u P, reHepupyloT npeoOpa3oBaHUsi, XapaKTepu3yeMble mapaMeTpamu b
U aq, a Jgp U Jog, — MpeobpasoBaHus, 3agaBaeMble MapaMeTPaMU Eqpcle U Ag.
Hcnoabsys toxaecta (cM. [11, 18])

= N 2 - =
xS (S5 (g P SP)S5p
p p P D p

)1/2

rue

So=Sbes  p= (0} + D3+ 13

)

HeTpPYAHO 0Ka3aThb, YTO Ha MHOXKeCTBe pelleHud ypaBHeHu# (6) renepatopsl (10) mpu-
HUMAKOT CJIEIYIOUMH BUI:

0 1
POZO_Zﬁ: Pa:pa:_i y JOa:tpa__Xa7P0 )
dzq 5! + (11)
Jab = TaPs — ToPa + Sab = Xapy — XpPa + P,
raoe
X, =, — Z.paPO + SabPs A= laabcpaSbc Do = Pe

p? P 2 p 7 p
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Onepatopsl (11) ynoBIETBOPSIOT KOMMYTaLHOHHBIM COOTHOIIEHHUSIM, OTIPENESIOINM aJ-
re6py JIu rpynns Ilyankape:

[P;Lapu}— :07 [J,ul/ap)\]— :i(gy)\P,ufg,uAPu)v (12)
[Jul/; J)\O’]— = Z.(gu)\‘]uo + gMO’JI/)\ - guAJI/U - gV(TJM)\)7
U YCJOBUSIM MHBapuaHTHOCTH (9):
1
[LlaQA]— = 03 [LQaQA]— = [p7 QA]— = §L27 (13)

rie Q4 — Jwo6oi us oneparopos (11). enepatopsl (11) 3pMUTOBBl OTHOCHUTEJBHO CKa-
JISIPHOTO MPOM3BENEHHUS

d3 e~ o
(U, Ws) /2 3 /d3x exp [i ’)x]\llf'\llg. (14)
D10 03HauaeT, 4yTO npeobpaszoBaHus (da), (56) yHutapHbl. Huxxe Gyner mokasaHa yHH-
TApPHOCTb OCTaJbHBEIX Tpeodpa3oBanuit (5B), (5r) U3 KOH(MOPMHOH TPYMIIHL.

§ 3. fIBHO 3pMHTOBO MpeACTaBJIeHHEe KOH(OPMHOU aJredpbl
[TpuBenmeMm mpocToe W KOHCTPYKTHBHOE [OKA3aTeJbCTBO TOTO, YTO Ha MHOXKECTBe
pellIeHHH POU3BOJNLHOrO PEJIITHBUCTCKOTO YPaBHEHHUS [JIs YACTHIIB C HYJIEBOH MaccoH
¥ IUCKPETHHIM CITHHOM peajiM3yeTcsi YHUTAPHOE MPeACTaBIeHHe KOH(MOPMHON TPYIIIIHL.
YacTHbIM c/yyaeM TaKHX ypaBHeHHH siBasitoTcsl ypaBHeHHsi MakcBesnsa (1). Teopema,
JI0OKa3aHHasi HHUXKe, 060011aeT U3BECTHBIH pesynbTar [pocca (cM. [8]) u maer anemen-
TapHOe 10Ka3aTeJbCTBO YHHTAPHOCTH MpeodpasoBaHuit (58), (5r).

Omnpenenenue. bydem cosopums, 4mo ypasHerue NYaHKape-uHBaApPUAHMHO U Onu-
colgaem O0BUICEHUE YACMUYbL C HYAEBOU MACCOU U OUCKDEemHbIM CRUHOM, eCAl HQ
MHOJMCECmBe eco peulenutl MoxcHO 3adame yHumapHoe (8 obujem cayuae npu8oou-
moe) npedcmasaenue epynnel [lyankape, coomsemcmsyroujee HYLeBbIM 3HAUECHUAM
onepamopos Kaszumupa:

P,P* =0, W,W'=0, (15)
ede W,, — sexmop Jlwobanckoeo-Ilayau (cm. [14])

1
Wu = iguupajuupaa (16)

a P, u J,, — eenepamopo. epynnot P(1,3).

Teopema 1. [Ipoussosvroe nyauxape-unsapuanmmoe ypasreuue 05 6e3maccosol
yacmulbl OUCKPEMHO20 CNUHA UHBAPUAHMHO OMHOCUMENbHO aieebpol JIu KOHpOopm-
noti epynnet C4, b6asucHble asemenmo. Komopoti 3adaromes onepamopamu Py, J,.,
u

PP,

D= |: 7J0a:| )
2| P .

(17)
1 (1P P, P/, 1
K, = 3 {ﬁ7 [Jov, pr]+]+ {PQ , JObJOb]+ + 9 s <A - 5) ,
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ede cumson [A, B]; obosHauaem anmuKomMmymamop,
[A,B]+ = AB + BA,

AN — unsapuarmmbLll onepamop cRuUpPasbHOCMU,
1
A= _5achabPC7
2p

P, u Ju, — 6asucneie snemenmor arzebpor P(1,3)2, a D u K, — onepamopol,
donoansrouyue areebpy P(1,3) do areebpor Cy.

HMokasatenbcTBo. [Tockonbky onepatopbl P, ¥ J,, MO ONpeleaeHHI0 YI0BJIETBOPSIOT
anre6pe (12), nokasaTenbCTBO TeOpPeMbl CBOIUTCS K IPOBEPKE CIPABEIJIHBOCTH CJELY-
IOLIUX COOTHOILLEHHH:

[‘];wa ] = i(gv)\Ku - g;MKu)y [K;u Pz/]— = Z(ig;wD - J;w)v

18
[D,P,)_ =iP,, [D,K,-=—iK,, [K.K,)-=0, [J.,D_-=0, (19)

KOTOpLIe ompenessitor coBMecTHO ¢ (12) anre6py Cy. Takyio mpoBepKy HETpPyZHO OCy-
IeCTBUTL HENOCPeNCTBEHHO, IPMHMMAs BO BHUMaHHUe, 4TO reHepaTopel P, u J,, ynos-
JIeTBOPSIIOT cooTHoteHusim (cm. [15])
P
W, = FOAPM.

Takum o6paszom, dopmynsl (17) maioT siBHOE BLIpaXKEHHE TeHEPaTOPOB KOH(POPM-
HOU rpymnmbl yepes reneparopsl ee moarpymnnsl P(1,3). Ormerum, uto reHepatopst (18)
MMEIOT SBHO 3PMHTOBY (DOpMY H, CJIe[0BaTe/bHO, MOPOXKAAIOT COBMECTHO ¢ P, u J,,
YHHUTapHOEe MpeACTaB/JeHrne KOH(POPMHOH rpymnmnel. Teopema nokasaHa.

[TpopemMoHCTpUpyeM KOHCTPYKTHBHBIE XapaKTep NOKa3aHHOH TEOpeMBbl Ha MpUMepe
ypaBHeHUH MakcBesa. DTH ypaBHeHHUsS] NyaHKape-MHBAapHAHTHBI, FeHEPAaTOPhl TPYIIIbl
P(1,3) zanatorcs ¢opmynamu (10) U, KaK HeTPYAHO MPOBEPUTH, YIOBJIETBOPSIIOT YCJIO-
BusM (15). Ho torna, corsacHo Teopeme 1, ypaBHeHHs (6) HHBapHaHTHBI TaKXKe OTHOCH-
TeJIbHO KOH(opMmHO#H rpynmsl. [loactaBus onepatopsl (10) B (17), monydyaem reHepatopsl
D wn K,, 3To¥ rpynnsl B BUJe

1
D=~ 5%, Py,
(19)

v v P 2 1
K = [ X'+ [P XX = 1 (824 7).

Tenepatoper (19) spMuTOBH B cKassspHOM TpousBefeHun (14) U Ha MHOXKecCTBe pe-
1eHHH ypaBHeHH# (15) MOTyT ObITh MpeAcTaBjeHbl B 06bIYHON (opme (cMm. [16]):
D =z, p" + 21, K, =2x,D —z,2"p, + 2275, (20)

Otciona caenyet, uto reHepatopsl (20) Tak»Ke 3pMHUTOBBI OTHOCHTeNbHO (14), a 31O
03HaYyaeT, UTO MOPOXKIAeMble UMH NpeoOpa3oBanus (5B), (dr) yHHUTApHBL.

2Mubi HCIOJIb3yeM OfMHAKOBble 0003HAUEHHs AJIs1 TPYII U AJIsl COOTBETCTBYIOWIUX ajire6p Jlu.
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§ 4. UuBapuanTHOCTL ypaBHeHUlI MakcBeJia
oTHOcuTeasHO rpynmbl U (2) Q@ U (2)
Brime monpo6Ho 06CyxAanach MHBAPUAHTHOCTb YpaBHEHUH MakcBesiia OTHOCH-
TeJbHO KOH(OPMHOH Tpynmel. XOpOLIO M3BECTHO, YTO 3TH ypaBHEHHS HHBAPUAHTHBI
TaK»Xe OTHOCHTeJbHO NpeobpasoBaHuil Xepucaina—Jlapmopa [4, 5]

E—H,  H-—-E,
U OTHOCHUTEJbHO GoJsiee 00UIMX MpeobpasoBaHuit (cm. [6]):
E > E = Ecos@—l—ﬁsin@,

- . . o (21)
H — H' = Hcosf — Esinf.

[ToxaxkeM, 4TO CUMMeTpHsl ypaBHeHHH MakcBesia elle MUpe, a UMEHHO, 4TO ypaBs-
HeHusi (1) WHBapHaHTHBI OTHOCHTEJNBHO COBOKYIIHOCTH MpeoGpasoBaHuil, 06pasyolux
npexnctasienue rpynnsl U(2) ® U(2) u Bkawovaoumux (21) kak ogHonapaMeTpUUecKyo
noarpynmy. Teopema o Tako# NOMOJMHUTEJbHOH CHMMeETPHUM YypaBHeHHH Makcsesa
Oblia chopmynupoBana B pabore [17], roe mokasaHo, 4TO 3Ta rpymnmna MOPOXKAAETCs
He Npeo6pasoBaHMSAMH KOOpAMHATa x,, a npeobpasosanusmu Buaa (0). Ongnaxo B pa-
6ore [17] He GblLT HakineH siBHBIA BUI GYHKIHE f; U g; u3 (0).

Teopema 2. Ypasnenus Makceearra (1) unsapuarmrol OMHOCUMEAbHO Npeobpasosa-

HULL:
, 0 - A . 1.0
H, — H, = H, cos 3 + |iFwEy01 — capeDp(Heb3 + i FeqgEqf2) g Sing,
(22a)
0 A . 1
Eo— B, = Eycos 5 + [—z’Fabeel — cavein(Eofs + tideQQ)} Zsin z,
" __ A . A N 1 . A
H, — Ha = H,cos = — |i€apeDpFeaHa M + FapHp o — EgA3| — sin —,
2 A 2 929
A . . 1 A (226)
By — B} = Eqcos 5 + [igabcprchdAI — EpEh — HGAS} TsinZ,
H, — Hl/l// = H, cos ¢ + teqpcDpEe sin o, (225)
B
E, — E! = E, cos ¢ — icapeDpEesin g,
ede

A=) e=@r ) =
Aa, 0o u © — npoussoavrsie Oeticmeumenviole napamempol, (a,b,c) — yuxa (1,2,3),

Foq = [(p20% + p2P} — DEp?) 6ad + P1p203 (Pb0ed + Pedba — paba)] L7,

V2 2 2 2 4]1/2
L= |0 = 13)"ph + (o} = 3) " P+ (3 — 13) "l
[Ipeobpasosarus (22) cosmecmno ¢ MpusUQALbHbIM PA308biM NPeobpa308aHLEM
E — Eexp(in), H— I:_fexp(in) (23)

o6pasyrom npedcmasaenue epynnot U(2) @ U(2).
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Joka3zareabcTBO. MO0XKHO yOeIUThCSl HENOCPENCTBEHHO TMPOBEPKOH, UTO E', H' E",
H”, E", H" ynosnetsopsior TeM e ypasHenusiM (1), 4To u HenpeoGpasoBaHHEe [
u H, a un(UHATe3MMalbHbIE OMepaTopbl npeobpasoanuii (22), (23) o6pasyioT asre-
6py Jlu rpynner U(2) ® U(2). OnHako GoJjiee KOHCTPYKTHBHBIE MYThb (MO3BOJISIOLIHH
0600LIUTh MOJyYeHHble Pe3ynbTaThl AJs1 APYTHX NyaHKape-HHBAPUAHTHBIX ypaBHEHHI)
COCTOHT B TOM, YTOOBbl NpUBeCTH ypaBHeHMs (1) K TaKoH SKBHBaJEeHTHOH (opme, mJs
KOTOPOH YTBEpXKJEHHS TEOPEMBI CTAHOBATCS OUEBHIHBIMH.

Bynem ucxomuTe U3 MaTpU4HOH (opMBl ypaBHeHHH Makcsesia (6). DTH ypaBHeHHs
MOryT OBITb NMpPHBENEHB K KAaHOHHUECKOH NHAaroHasbHOH (opMe. Takyio puaronaamsa-
LMI0 Mbl OCYILECTBUM B [Ba 3tana. CHadajsa HUCIONb3yeM YHUTAPHLIN Omepatop

il
4’

rie og U, 1ajee, o1, oo — Matpuusl [laymu:

Uy = exp(og — l)Fgﬁ (24)

0 i o i
n=(145) w=i(%3) a=(5 %) (25)

In0— yeTbipexXpsaaHble KBaApaTHble €AMHUYHbIE U HYJI€Bble MAaTPUILbI,

F= { > (apd +riv; —pipl) (1= 82) +
a#b#c (26)

L2
+p1P2P3SaSePe — P1D2P3P [1 - (S : ﬁ) ] }L_l.

HpI/IHI/IMaH BO BHHMaHHE€ COOTHOILUEHUSA

~ —

N N oA\ 2 . N ~
F.-$-5=-55F F-($5) =F S-5F =55 S5 Sup.=0,
nosyyaeM u3 (6) CJAeYIOULYI0 S5KBHBAJEHTHYIO CHCTEMY ypaBHEHHH:
0 -
LW =0, L)=ULU =i=-8-5, ¥ =U7,

ot (27)
L/2\I// = 07 L/2 = [JlLQUfL = S4apa~

—

Crenyiomuil a3Tan COCTOMT B NPHUBEIEHHH K MaTPUUHOH (hopMe omepaTopoB S - p U
SiaPq. DTO NOCTUTAETCS MOCPENCTBOM Mpeobpa3oBaHus

- . 1
S'ﬁHUQS'ﬁU;—:A:%(Sl‘FSQ‘FSB),
) (28)
SiaPa — UsSiapeUs =X = —=(S41 + Saz + Su3),
4aP 204aPalg \/§( 41 42 43)
rie

Us = exp <z 5a~pa arctg p> ,

D P1+p2+p3 (29)

Pa=pb—De,  (a,b,c) —umka (1,2,3),  p= (p}+ps +p3).



[pynnoBsle cBoiicTBa ypaBHeHHEH Makcsesia 507

U3 (26), (27) cnenyet, 4yTo npeobpa3oBaHHUe
U —d=W7U, W = U,U, (30)
NPUBOAUT ypaBHeHHUs (6) K KBasuauaroHasbHoH (popme
0
L"®=0 L/ =WLWT=i=——A
1 5 1 1 Zat D, (31)
Li® =0, LY = WL,W' =Yp,

rie KOMMYTHUDPYIOUIME MeXIy c0o00# MaTpuubl A U X, He yMmassisi OOLIHOCTH, MOXKHO
CUMTATH AHATOHAJBHBIMH.
Ycnosue unBapuanTHocTH (9) nast ypaBHenu# (31) npuHumaet Gopmy

TR R .
15, Q4)- = P L+ P71
HerpynHo y6emuthes, 4to yc10BUaM (32) yIOBIETBOPAIOT MATPHILbI
1 1
Q/a = Zbc = EUaAa Q£’,+a = Z4(1 = EUQAQa
(33)

Q/7227:A, Q/8228:<é g), 0,21,2,3.

Hcnonbsys npencrasaenue (8), (10), (25), nns matpul o, U S,p MOXKHO T0KA3arTh,
4to (opmy.bl (33) 3amalOT MOJHBIE HAG0pP MATpPHLL, YIOBJAETBOPSIOIIKX YCa0BUsAM (32);
NpH 3TOM

’1 /2 £l £ 2
A =Jam=fa =fa”=0. (34)
Oneparops! (33) ynOBJIETBOPSIIOT KOMMYTAIHOHHBIM COOTHOLIEHHUSIM

[ ;clv E;nn}* =1 (5km22n + 6ln2;cm - 5kn2;m - 51771 ;cn) )

(35a)
[Z:"’)a ;cl]— = [2{77 ,Ilcl}— = [2/7’2/8]— =0
U YCJOBHUAM
2 1 2
She=10, S0 =9, a=T8 (356)

T.e. orepatopsl X}, oopasytor npeacrasierne D (1,0) @ D (0, ) anre6pst Jlu rpymnms

O(4) ~ SU(2)® SU(2), a ¥}, u X/, — COOTBeTCTBYIOLIee MpeJcTaBjaeHue anre6psl JIu
rpynnsl U(2) @ U(2). Otclona cienyer, uTo ypaBHeHHs (31) MHBapHAHTHbl OTHOCHTEb-
HO MPOM3BOJIbHBIX MpeobpaszoBaHuit U3 rpynmnsl U(2) @ U(2):

. . le
® — d' =exp {%E;lﬂcgabc} o = (cos& + i&:abCE;bgcsmT2> ®,
. lA
® — ¢ =exp {iX) N} P = (cosA + 21'22@/\(1%) P, (36)

d - " — eXp(’iZ/ﬂO)q) = (COS(,O + i2’7 sin QO)CD,
d — BTV = exp(iXfn)® = exp(in)d.
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BosBparuasich ¢ momotibio oneparopa, o6patHoro (30), k nexonHomy W-npexncrasie-
HHIO, TIoJy4aeM U3 (36) npeoOpas3oBaHusi, OCTABJSLIME HHBAPUAHTHLIM ypaBHeHue (6):

, ) sin %9
U — U = {cosf+ zsachabecT v,

. . sin%)\
v — U= cos/\+2124a>\aT v, (37)

U — U = (cosp + iXrsinp)¥,
U — UV = (cosn 4 iXgsinn)V,

e
+ 5 Vi ]- ~ ]. A
Y =ut X, Yo=u+X,u, Yo = isapav o3 = EUIF»
7 o 7 o 1 A R
Y31 = 5015apaF7 Xp = §U3SapaF7 Yy = _§U3F(Sapa)27 (38)
1

Yz = —502(5&32)2, Y5 = 0254Da, Y = 1.

[ToncraBus Bhipaxenus (38), (7) B (37), npuxonum K dopmysaam (22) u (23). Teopema
JOKa3aHa.

Takum 06pa3oM, Mbl HAlLJIM HOBYI0 BOCBMHIIAPAMETPHUECKYIO TPYIy CHMMETPHH
ypaBHeHu# MakcBesia, 3afgaBaemyio npeobpaszosanusimu (22), (23). OcobeHHOCT 3THX
npeoGpa3oBaHUi COCTOHUT B TOM, YTO B OTJIHUHe OT (D) OHU SIBJISIOTCS HEJOKAJbHBIMU.

[Ipeo6pasosanus (22), (23) yHHTapHB KaK OTHOCHTEJbHO MeTPUKH (14), Tak U OTHO-
CHTEJIbHO CKa/SIPHOTO MPOU3BEAEHHS

(U, 0y) = /d% U0, (39)

Toxcraasis B Gopmyay (39) sBubi Bun Gpyskuns ¥ (em. (7)) u Hanaras Ha E u H
yCJIOBHE SDMUTOBOCTH, MPUXOANM K BBIBOAY, 4TO MpeobpasoBanus (22), (23) coxpaHsioT
BEJIHUHHY

e = /de (E? + H?), (40)

KOTOpasi OIpeJessieT SHEPTHIO 3JEeKTPOMArHUTHOTO TOJIS.

[TonuepkHeM ere pas, uTo npeobpasoBanus (22), (23) He MMeT HUYEro 0OIIETO
C HEOMHOPOMHBIMHU MpeobpasoBanusimu Jlopenua (5a), (56), TOCKONbKY OHH peasu3yioT
YHUTapHOe KOHEUHOMepHOe Npe/cTaBIeHHe KoMnakTHo# rpynmnsl U(2) x U(2). B cnyvae
A1 = Ao = 0 dopmynsl (226) 3anatot npeobpasoBaHue XeBucalina—Jlapmopa—Paiinuua
(21).

OTMmeTHM Takke, YTO HCIOJb3Ys (hopmaau3M, paspadortanubiil B [9-11], pesynbratsl
TeopeMbl 2 HETPYAHO 000OIIUTb HA YpaBHEHHUs AJisi 6e3MacCOBBIX UACTHIL C MPOU3BOJIb-
HBIM CIIHHOM, MHBapHaHTHble OTHOCHUTEJbHO Tpynmnel IlyaHkape.
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§ 5. CummeTpud nepBoii napel ypaBHeHu# Makcpesia
Hccnenyem vHBapuaHTHOCTb ypaBHeHHH (la):

rotE:—a—H, rotﬁ:a—E
ot ot
6e3 NOMOJHUTEbHBIX ycaoBul (16).

HetpynHo yGenntbesi, uTo B oTauuue oT cucTeMmbl (1) ypaBHeHusi (41) HenHBapu-
aHTHBI OTHOCHTEJIbHO Bcex mpeobpaszoBanuil (5), (2), HO HHBaPUAHTHBI TOJBKO OTHOCH-
TeJibHO Tipeo6pasoBanuit (la), (18), (ba), (5B), T.e. OTHOCHTENbHO TI'PYIIIbI OBOPOTOB
U CIBHIOB TPEXMEPHOrO €BKJNAOBA MpocTpaHCcTBa F(3) U OTHOCHTENBHO MacIITaOHbBIX
npeoO6pasoBaHUH.

Takum o6pasom, 0TKas OT AOMOJHHTENbHBIX yCaoBHE (16) MPHUBOAHUT K TOMY, UTO
CHUMMETpPHSI CHUCTeMbl ypaBHEHHH OTHOCHUTEJIbHO JIOKAJbHBIX MpeobpasoBaHuil Buaa (2),
(5) cyxaercsi. [Ipu aTom, ofgHaKo, Kak OyneT MOKa3aHO HUXKe, PACIIMPSIETCss CHMMETpHS
OTHOCHTEJIbHO HHTEerpo-nudpepeHnnanbHbix npeobpasoanuii (0).

(41)

Teopema 3. Cucmema ypasnenuii (41) unsapuarnmua omHoOCUMENbHO COBOKYNHOCMU
npeobpasosaruil, sadasaemolx opmyramu

1 1
H, — H! = H, cos 59 + ipappHp (1 — cos 59) +
A . = 1 1
+ [ZFabEb‘gl — EabePo(Hc03 + ZchEd92)} —sin -0,
0 2
(42a)

1 1
E, — E! = E, cos 59 + iPapp B (1 — cos 59) +

« . 1 1
o+ [<iFurHyO1 = Caner(Eels + iFeaHab) | 5 sin 50,

1 1
H, — H! = H, cos 5)\ + PappHp <1 — cos §>\> +

N . 1 1
+ |:(Ea — PaDvEy) A3 — FopHp Ao — ifabcﬁchde)\l} ~sin - A,
A2 (426)

1 1
E, — E; = E, cos 5/\ + DaPvEb (1 — cos 5/\) +

~ A ~ . I 1 .1
+ [_ (Ha - paprb))\?) — FopEpAo + ZaabcprchdAl] X sin 5/\a

1 1
E, — E, cos 55 ~+ DaPvEp <1 — Cos 25) +

+ipapy [—Epés + Hy(&1 + i2)] % sin %5,
(428)

1 1
H, — H,cos 5{ + PadpHp (1 — cos 55) +

+%mW@+&@—@ﬂ$%g

1
3



510 B.1. ®yuuy, A.T'. Hukutun

E, — Eqcosx+ ﬁaﬁbEb(l — COS %) + (Ha - ﬁaﬁbe) sin s,
H, — Hg cos » + pappHy(1 — cos ) — (Ey — PappEy) sin s,
E, — E4cos w+ ﬁaﬁbEb(l — CO8 QP) — 1€abePpH . Sin 2
H, — Hgcosp + pappHp(1 — cos @) + icapeDpEe sin @,

E, — E,exp(ic), H, — H, exp(ic), (42r)
ede
1/2 1/2 1/2
E=(E+8+)", A=(+83+0)"7 o= +5+63)"”,

€a, Ao, B4, 3, p, ¢ — npoussosvHovie delicmeumensvrole napamempol. [lpeobpazosarus
(42) obpasyrom npedcmassenue epynnvt U(2) @ U(2) @ U(2).

Hoka3sareabcTBo. HBapuaHTHOCTh ypaBHeHUH (41) oTHOCHTeNbHO MpeoGpa3oBaHUH
(42) nerko MoxeT ObITH TpOBepeHa HeMocpeACTBeHHO. MeHee OueBHIHA T'PYIIOBas
CTPYKTypa 3THX TMpeobpa3oBaHHUH, KOTOPYHO TPOILIE BCETO YCTAHOBHTb, Mpeobpasys
ypaBHeH#ust (41) K IHArOHAJbHOMY BHILY.

3anuuem ypaBHeHHs (41) B MaTpu4HOH (opMe

= .0 5 .
LY =0, L= za — 0954 Pa, (43)

roe ¥ — [IeCTUKOMIOHEHTHAS (PYHKLIHS:

U — croabey (Hy, Ho, H3, E1, Es, E3),

VA o (S 0 (44)
2=\ 0 ) «=\ 0 s )

IS}

0 —i 0 0 0 i 00 0
Si=1 i 0 0], Se=[ 0 00, Ss=[00 —i ], @5
0 0 —i 0 0 0 i 0

I v 0 — TpexpsiHble KBajpaTHble eIMHUUYHEIE U HYJEBbIE MATPHIIbL.
Huaronanusupyem ypaBHeHue (43). Micrnonbays 1Js 9TOH LeJ M YHUTAPHBIN OTIepaTop

U =U,U0,U3Uy4,
= =T i = ~
Ul = exp (Z[Sl, S2]+Z) s U2 = exXp [ﬁ(SQ — Sl) al‘ctg \/§:| s (46)
-Saﬁa D ~ ~Z T
Us = —j—— arctg ———— |, Uy = —1)FS-p~|,
3 exp( i ; arc gp1+p2+p3> 4 = exp [(02 ) p4}

rie F' — omnepatop, nosnydeHHeiit U3 (26) 3amenoit S, — S,, NPUXOOUM K ypaBHEHHUSIM

L'd=0, L' =ULU =i(5,Ss + S251)Ssp — i%, d=UV. (47)
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Dopmynel (47) 3amal0T CHCTEMY He3aLEMJSIOUIMXCS YPaBHEHUH, MOCKOJBKY COTJa-
cHO (45)

1 0 O
0 -1 0 0
e A aa 0 0 O
’L(SlSQ + 5251)53 = ] 0 0 = Fo. (48)
0 0 1 0
0 0 O

s (47), (48) 3akJjtouaem, 4TO CYIIECTBYeT ABEHAATh JHHEHHO HE3aBUCHMBIX MaTpHIIL
Q A, KOMMYTHPYIOLIHX ¢ [y ¥ TeM CaMbIM YIOBJETBOPSIIOLIUX YCJIOBHIO HHBaPUAHTHOCTH
ypaBHeHUH (47):

[L1,Qa]-® = 0. (49)

[Tonnblit Habop TakUX MaTpHIl BeIGEpeM B BHIE

~ - 1 B ~ - 1 5 ~ -
Q:z = ch = §FOUQ’ Q;’)-ﬁ-a = Ezla = §Fgaa7 Q’IY = 2{7 = FO?
1

Q% = X% = b0, Qy=1-T2 Qbro==(1-T2)Ga, a=1,23,

w=(19) e

roe

O~
(e}

i (T
67 3_6_17

Oneparopsl X/, 3/ y/OBJETBOPAIOT KOMMYTAalMOHHBIM COOTHOLIeHUsM (35), T.e.
peasusyloT mpejcTaBaenue anredpsl Jlu rpynnet U(2) ® U(2). Marpuusl Qg ; opTo-
ronambHbl 3, ¥ u o6pasyior anredpy Jlu rpynns U(2). Otciona 3ak/iouaeM, uTo

ypaBHeHus (47) UHBapUAHTHBI OTHOCHTEJbHO MPOM3BOJbHBIX IPe0Opa3oBaHKil U3 Tpyl-
el U(2) @ U(2) @ U(2):

- 2 .
3 - ")/ F 2Q:19a Q_ -2Q;9a . Q x
d — exp (zQaﬁa) b= |1+ ( 7 oS 5 1)+ i—,—sing ®, (bla)

~, Ot

® — exp (iQ§+a/\a) o =

~ 2 ~ 516)
204 A, 204, A, N (
= 1+ (h) (COS% _ 1) + iM sin é CD,

A A 2
d — exp (z’@é+a£a) P =

- 2 -
B 20} o ¢ 2Qh,ba . €| -
=<{1+ (T) (cos§—1>+szm§ P,

(518)

~ ~ ~ ~ 2 ~ ~
® — exp (iQ/6+aSOa) ¢ = {1 + (Q/G-i-a) (cospq — 1) + in6+a sin %Oa} ®, (51r)
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Y1 = x, Y2 = ¥, p3 = C.

BosBpaiuasich ¢ nomoiibio onepatopa, obpatHoro (46), k ucxonHoMy W-npeacraBieHHIo
(44), nonyyaem u3 (51) 3akoH mpeobpasoBanus (42) mas BektopoB F u H. Teopema
JOKa3aHa.

§ 6. UuBapuanTHOCTh ypaBHeHU MakcBeJia
OTHOCHTEJbHO 22-MepHO# anredpsl JIu

PaccMoTtpum cHoBa ypaBHeHusi MakcBesa (1), (6). Mbl mokasanu Bblllle, UTO CY-
LleCTBYIOT 1Ba Habopa renepatopoB — { Py, J,,, K,, D} v {E, X5, X6}, yroBIETBOPS-
IOIMX YCJOBUSIM MHBAPHAHTHOCTH 3THX ypaBHeHu# (9). [Ipu sTom, omHaKo, omepaTopsl
(10), (11) u (38) ne obOpasyioT 3amMKHyTOH anre6pel. CummeTpusi ypaBHeHui (6), (1)
OTHOCHTEJIbHO 22-MepHO# asreGpsl JIu, Bkiiouatowleit nonanredpsl Cy u U(2) @ U(2),
yCTaHABIUBAETCs CeyIollell TeopeMoil.

Teopema 4. Ypasuenus (6) unsapuarmmuol OMHOCUMEAbHO 22-MmepHoti arcebpol Jlu,
basucHoie anemermor Komopoil 3adaromcs onepamopamu (38) u eenepamopamu

P;L = Pu; Jm/ :l';pu —CC:,PW

(52)

D= "+, K, =—2,2"p, + QxLﬁ,
ede
x =Wtz W,

W — onepamop, 3adannoiil popmyaroti (30).

Jloka3aTesbCTBO. YTBEPKAECHHUS TEOPEMBI JIETKO MTPOBEPUTH HEMOCPEICTBEHHO B Mpel-
CTaBJieHHH, Tae ypaBHeHus (6) umetoT dopmy (31). B Takom mpencraBieH|r OMepaTophbl
(38) mpunumator BUA (34), a A/ omepaTopoB (H52) mosydyaeM ¢ MOMOLIbIO MpPeobpaszo-
Bauus (30)

PPIL = W-P,U.WJF = Pu> jl/“/ = le»“/W+ = TuPv = TvPu, (53)
D =WDW* =z,p"+i, K,=WKW"=—z,2"p, +22,D".
[TpsiMoit mpoBepko#i ybexnaemesi, uto oneparopsl L) u L} (31) u reneparopst (34), (53)
YIOBJETBOPSIIOT YCJOBUSIM HHBapHaHTHOCTH (33):
[L/laP;i]* = [ /1’ z/zb]* = [Lllv ;cl]* =0,
(L}, K| = 2i [a:o + (Tapa — i)%} L,

[L},K!]- =2i [%Ioag +xa} L, [L!,D'_=iLll,, a=1,2,
[Llla‘](/)a]— = _ia3ﬁaL/1’ [L/27P;H— = [ /23 zlzb]— = [Ll2v ;cl]— =0,
[LIQaQ/A]* = [pv QIA]*p_lL/Zv {QA} = {K;/u‘]éa}v [L;,Zg]f =0.

Orneparopsl P/, JA,’“,, f(;/v D' ynosnetsopsior anreope (12), (18) u kommyTupyior ¢ X,

Y5, Xg, T.e. o6pasytot anrebpy Jlu rpynns U(2) ® U(2) @ U(2). Teopema nokasaua.



[pynnoBsle cBoiicTBa ypaBHeHHEH Makcsesia 513

Hcnonbays dopmasnuam, npemioxkeHHbii B padorax [9-11], yrBepxaeHust Teopems 4
MOXHO 00OOIIMTb HA CJAydyail MyaHKape-UHBAPUAHTHBIX ypaBHEHWH s 6e3MacCOBBIX
YaCTHIL POU3BOJIBHOIO CIIHHA.

OTmMeTHM, 4TO reHepaTopbl (38), (52) ABASAIOTCA HeJNOKaJbHBIMU (HHTErpo-mudde-
peHLMAaNbHBIMK) OnepaTopaMu. DTO 03HAUAeT, YTO HaklleHHas airedpa HHBAPUAHTHOCTH
ypaBHeHMH MakcBeJia B IPUHIUIIE HE MOXKET ObITb TOJyyeHa B KJIaCCHYECKOM TOAXOMIe
Jlu (cm. [7]), rme, Kak M3BECTHO, Te€HEPATOPHI TPYIMIlbI BCErAa MPHHAMLJIEKAT KJIACCY
nudepeHIIHATbHBIX OIEPATOPOB MEPBOTO MOPSAIKA.

§ 7. MuBapuaHTHOCTh ypaBHeHU MakcBejjia OTHOCUTEJIBHO
npeo0pa3oBaHNil, He N3MEHAIOINUX BpeMeH!

Xopol1io H3BeCTHO, uTo ypaBHeHust Makcsesaa (1), (6) HHBapHAHTHBI OTHOCHUTEJIBHO
npeo6pa3oBaHUil KOOpPAWHAT U BpeMeHH Buaa (2a), (26), o6pasyiolux HEOZHOPOIHYIO
rpynny Jlopenua (rpynmy IlyaHkape). 3mech MBI MOKaxeM, YTO ypaBHeHHs (6) ocra-
I0TCST MHBAPHAHTHBIMHM M B TOM CJy4ae, KOTJa BOJIHOBash (YHKIHs MpeoOpasyeTcs Mo
npexcrasiaeHuio rpynnel [lyaHkape, a KOOpAHHATH x, NpeoOpasyloTcs MO HeJOPeHIEeB-
CKOMY 3aKOHY

Tq — Ty = 2, (Xp, O, 1), Ty — x( = o, (54)

rie Ap, 0 — HekoTOpble napaMeTphl.

WuBapuanTHOCTb ypaBHeHHH (6) OTHOCHTe/bHO MpeobpazoBaHuil (54) mo CyiuiecTBy
yCTaHOBJeHA paHee B maparpade 2, rae MokasaHo, 4To reHepatopel rpymmsl P(1,3)
Ha MHOXeCTBe pelleHHi 3THUX ypaBHeHHi uMerorT Bup (11). [eiicTBUTENbHO, HETPYIHO
y6enuThCs, UTo

(s To] - = [P, zo] - = 0.

3mech MBI Ha#iIeM B IBHOM BHIE I'PYyNIY Npeo6pa3oBaHUi, NOPOKAAEMbIX [eHEPaTO-
pamu (11). ®opmanbHO 3TH Npeodpa3oBaHusi MOTYT OBITb 3alHCaHbl B BUIE

U — U =W, U = exp(iQada),
(iQada) (55)

TN 1+
zy, —x, =Wz, W7,

rie Q4 — npousBoJibHBIN TeHepatop U3 (11), A4 — nmelicTBUTe/IbHBIE MapameTphl, A =
1,2,...,10.

[Tockosibky renepatopsl Jo, (11) HEBO3MOXHO MpPENCTaBUTb B BHIE CYMMbl JIBYX
KOMMYTHUPYIOLLHX ONEPATOPOB, OAWH M3 KOTOPBHIX BhIpaxkajcs Obl TOJNBKO Yepe3 UHCJIO-
Bble MaTpHULBl, a BTOPOH — uepe3 omnepaTopbl IU((EPEeHLHPOBAHUS U YMHOXKEHUS Ha
X, BBIUKCJEHHE sIBHOTO BHAA 2, (BD) mpencTaBJisieT IOBOJBHO CAOKHYIO 3anady. Jus
pellleHUs 3TOH 3ajauy mpeoGpasyeM orepaTopsl W K Takoi (opMe, UTOObI OHH He CO-
JepKand MaTpHUI] MOA 3HAKOM 3KCIOHeHTbl. OTpaHMYMMCsl HeTPHUBHAJBHBIM CJy4aeM,
korna {Qa} = {Joa}, T.€. PACCMOTPUM TOJILKO OTEPATOPHI MPe0Opa3oBaHUil BUIA

W = exp(iJoaa)- (56)
Hcnosabays ToxaeCTBO

iJoada = AL Py + A_P_, (57)
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Py=-(1+d-p), A:=i(tpa FZp+ Soa)ha, Ty =T Fig,

M COOTHOIIEHHUHA

AyPyAL Py = A% Py, P.P, =Py, PyPy =0,

PiAzPr = PrA Py =0, 9)
npusonuM (54) K xkesnaemoi Qopme:
W = exp(idJoara) = N(A) [exp(iB4) Py + exp(iB_)P_], (59)
W = exp(—iJoara) = N(=A) [exp(—iBy) Py + exp(—iB-)P-],
rae
NV = exp(iShuha) = 1+ 2020 gy (SO“AA“)Z (ch —1), 0)

By =tps—&fp,  B_=tp.+i;p, A=+/\2

a°

Dopmyanl (59), (60) 3anaT HckoMOe mHpeacTaBieHue onepatopoB W, B KOTOpoM
He CofiepKaTCsi MaTpPHIlbl MOA 3HakoM 3KcroHeHThl. [logcraBus (59) B (55), moayuaem
Tenepb NPSIMbIM BEIYHC/IEHHEM 3aKOH NMPeoOpasOBaAHUS IS X,

xh = WaoW™! =z,

T = WaaW ™ = oy + Wowa] W = {[exp(iBy), 2] - Pyt
+lexp(iB_), 4] - P- + N(\)[Py, 2a]— + N(\)[P_, ma],}x
X N(=\)[exp(—iB4 )Py + exp(—iB_)P_] = z4[1 — N(=\)]+

1 2ipa(eN) . ~
+E;1{M |:tpa(5)\) + W - Ba(E)\)] N( /\)P8+

i pa(eN)d - P — dan(A
Lip (eN)a - p—iag(N)

9 p(E)\) (PE+‘/EP—€)}3

roe

A "
Pa(eN) = pa + A;’p” (chA—1)+ %psh (eN),

Ao BN,

Moy
+ —
A2

Bi(e)\) = Bich )\ + (chx—1) sh (e)),

a)\a
B; =tp, — ez E, My = Tapy — 24pa,  p(eX) =pch A 4 2 5y sh (eA),

AaQpAp
N2

IAqQp\p
2
V. = exp(—2iZ - Ap) exp[2itp(1 — ch \)], V.o=V"1

aq(EX) = agch A + (chA—=1)— sh A,
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Takum o6pasom, MBI MOJMYUHJM 3aKOH mpeoOpasoBaHus (61) njs onepatopos &,
Nopox/JaaeMblxX reHepatopamiu Jo, (11). [IpuHupnuanssHoe oTinuKe nmpeobpasoBaHuil (61)
ot (2a), (26) cocTouT B TOM, 4TO TpeobpaszoBanus (5l) He COXPaHSIOT KBaAPATHUHYIO
dopmy (3) (1 He U3MEHSIIOT BPeMeHH, X, = ), XOTs BOJHOBas pyHKUMsA U MpH 5TOM
npeoOpasyeTcs 1Mo npejacTaBjeHuo rpynmnsl [lyaHkape.
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Ilyankape-unBapuaHTHbIE
g gepeHnasbHble YPpaBHEHUS

AJId 4aCTHUIl MPOU3BOJBbHOI0O CIIMHA
A.l. HUKHTHH, B.H. ®YIIHY

The first and the second order differential equations have been deduced which describe
the motion of relativistic particle with arbitrary spin. On the basis of these equations, the
problem of the motion of the arbitrary spin particle in the homogeneous magnetic field
has been solved exactly. The covariant position and spin operators have been obtained
which are distinct from the Newton-Wigner and the Foldy—Wouthuysen operators. The
approximate diagonalization of the Hamiltonian of the particle interacting with the
external electromagnetic field has been carried out.

BoiBenennl nu¢depeHnyanbHble YpaBHEHHs! IEPBOrO M BTOPOTO MOPsIAKA, ONMUCHIBAIOLLIHE
NIBH)KEHHe PeJISTHBUCTCKOH YaCTHLBI ¢ MPOU3BOJIbHBIM CriHHOM. Ha ocHoBe 3THX ypaBHe-
HHE TOYHO pellleHa 3ajaya O IBHUKEHHH YaCTHLbI MPOU3BOJBHOTO CIHHA B OLHOPOIHOM
MarHuTHOM noJe. HalifeHbl KoBapHaHTHblE OMepaTOPbl KOOPAMHATBl M CIIMHA YaCTHLIBL,
OTJIMYHBIE OT U3BeCTHBIX onepaTopoB HeoioTona-Burnepa n @onnu-Bayrxoiizena. Ocye-
CTBJIEHA MPHOJIKEHHAsI IHarOHAMK3aL|sI TAMHJIbTOHHAHA YaCTUIIbI, B3aUMONEHACTBYOLIEH
C BHELIHUM 3/1€KTPOMAarHUTHBIM MOJIEM.

Beenenune

Bo Bcex sIBHO KOBapUaHTHBIX PEJIITHBUCTCKUX yPaBHEHUSIX MEPBOrO MOPsKa, OMH-
CBIBAIOLIMX NBHUXKEHHe YaCTHL[ CO CIIMHOM s > 1/2, BoJHOBasi (pYHKUHS UMeeT GoJiblie
KOMIIOHEHT, YeM YMCJIO BO3MOXKHBIX 2(254 1) COCTOSIHHI CBOOOAHOH CUCTEMBI YacTHLA—
aHTHYACTHLA. DTO “U3JHIIECTBO” SBJSETCS, BUAMMO, OLHOH M3 NMPHUHH IOSBJEHHS B
ypaBHenusix Kemmepa-Iadduna [1] (s = 1), Papurei-llsunrepa [2] (s = 3/2),
OMUCHIBAIOIIUX TIOBeJleHHe UACTHIl BO BHEIIHUX 3JeKTPOMArHUTHBIX MOJSAX, pPelleHnH,
COOTBETCTBYIOIIMX NBHXKEHHIO YacTHI[ C HEHYJeBOH MacCOd CO CKOPOCTbIO GOJblIIeH,
YeM CKOpPOCTb CBeTa B BaKyyMme. K HacrosiiiemMy BpeMeHH TOJIbKO ypaBHeHue Jlupakxa,
He MMelolee JUIIHUX KOMIIOHEHT, He TIPUBOIUT K YKa3aHHBIM He(pU3HUECKUH CJIeICTBU-
M.

Takoe UCKIIOUNTEIbHOE MOJIOXKEHHE YpaBHeHUs JlUpaka MOCJaYKHUI0 CTUMYJIOM IJIsi
NOCTPOEHHUs] ypPAaBHEHUH NBHKEeHHUSI BUAA

iV = Hp )W), pa= iy 0.1
IJIS 4aCTHLBl C TPOM3BOJNLHBIM CIMHOM, [I€ BOJIHOBass (GyHKUHS ¥ HMeeT TOJIbKO
2(2s + 1) xomnoHeHT [3, 4]. OcobenHocTb ypaBHeHuil (0.1) cocTouT B TOM, UTO ra-
MusabTOHHAH H(p,s) npu s > 1/2 sBasercs uHTerpopuddepeHLHalbHBIM ONepaTo-
pom. TpeGoBaHHe OTCYTCTBHS JIMIIHUX KOMIOHEHT Y BOJIHOBOM (DYHKUHH U YCJIOBHE
SPMHUTOBOCTH aMHJbTOHMAHA ¥ IPYTMX TeHepaTopoB rpynibl [lyaHKape oTHOCHTENBHO
OGBIYHOrO CKaJISIPHOrO MPOU3BEAEHHS

(W, ) = / B Ut 2)Us(t, 2) 0.2)

Teoperuueckast 1 MaTeMaTHuecKkas (pusuka, 1978, 34, Ne 3, C. 319-333.
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NPUBOAST K HEJOKaJbHBIM ypaBHeHusiM asuxenus (0.1) B KOH(MHUrypalHOHHOM TMPO-
cTpaHCTBe. DTO 0OCTOSTENbCTBO (HENOKAIBHOCTE COOTBETCTBYIOLIUX TaMUJIbTOHUAHOB)
CHUJIBHO 3aTpyAHsieT npuMeHeHue ypaBHeHuil Buga (0.1) st omucaHusi MoBeleHUs da-
CTHL CO COHMHOM § > 1/2 BO BHEIUHHMX 3JEKTPOMArHUTHHIX mNoJsiX. B [4] Ha ocHo-
BaHuu ypaBHenud (0.1) pelreHa 3amaya o B3aMMOAEHCTBHH YaCTHIBI MPOU3BOJBHOTO
CMIHHA C BHEIIHHUM M0JIEM B MPEAINONOXKEHHUH, YTO MMIYJbC YACTHIIBI MaJj 110 CpPaBHe-
HHIO C ee Maccoll MoKosi, T.e. MOJYYeHO KBa3HPEJNSITHBUCTCKOE OMHCAHHe YacTHLbl BO
BHEILIHEM TOJIe.

K aHa/loruuHbIM TPYIHOCTSIM MPUBOASIT ypaBHEHHUs, mojydyeHHbie Busepom, Xamme-
pom, ['ynom [6] u MaThio3oM ¢ coTpynHukaMu [7]. OCHOBHOE OTJIHUHE 3TUX YpaBHEHHH
OT ypaBHeHUH, MOJNYUYeHHBIX B [3, 4], COCTOUT B TOM, 4TO ypaBHeHHs [6, 7] onpeneseHbl
B MPOCTPAHCTBE CO CKAJISIPHBIM TIPOU3BEIeHHEM

(U1, Ty) = /d%xy{(t,w)M\pz(t,m), (0.3)

rae M — HeKOTOpBIM HHTerpogu(epeHNaNbHbI METPHUECKUH ONepaTop, 3aBUCAILIUN
OT MMIIyJbCa U CIIMHOBBIX MaTPUL.

[yeprun [8], pasBuBasi momxom [3, 4], BeiBea ypaBHenust Bupa (0.1), ucmonbsys
UHIEe(DUHUTHYIO METPUKY. DTH ypaBHeHUs /s s > 1 TakxKe sIBJASAIOTCS HUHTErponudde-
pEeHLMAJbHBIMH.

Hacrosiast paGora siBaisieTcst mponosikenueM crareit [3, 4]. Ucxonst 13 Tpe6oBaHus,
4yTo6bl raMusnbToHHaH H (p,s) B (0.1) Obl1 AuddepeHLHaNbHBIM ONePATOPOM MEPBOTO
WJIH BTOPOTO TOpsiIKa, HalilieHbl BCe BO3MOXKHBIE (C TOYHOCTBIO HO MpeoGpa3oBaHUil
SKBHUBAaJIEHTHOCTH) MyaHKape-HHBApHAHTHEIE YPaBHEHUS MJIST PEJISITUBHCTCKON YaCTHIIBI
IIPOU3BOJIBHOTO CIIMHA, JONyCKalolllue, KaK U ypaBHeHHe [lupaka, cTaHgapTHOe BBele-
HUe B3aWMOIEHCTBUS C BHEIIHUM moJsieM. BosnHoBasi QyHKUUS B AuddepeHINaIbHbIX
ypaBHEHHsIX BTOPOTO MOPsiiKA UMeeT TOJMbKO 2(2s+ 1) komnoHeHT. [/ HUXKAAIINX Le-
JIBIX CITHUHOB (s = 0, 1) 3TH ypaBHEHHUs COBNAAAIOT C U3BECTHBIMU ypaBHeHUsIMH TamMma-—
Cakarbi-Takeraun (TCT) [9]. Ilpu atom, kak u B popmanusme TCT, ramusbToHHAH
H(p,s) ne spmutoB oTHocuTesbHO (0.2), HO SPMHTOB B NMPOCTPAHCTBE ¢ MHAe(DHHHU-
THOH MeTpuKOH. TakuM 006pa3oM, HHIEPUHUTHOCTb METPHKH — 3TO LIE€HA, KOTOPYIO
NPUXOAUTCS MJIATHTh 3a TO, YTO ramuabrToHuaH H(p,s) B ypaBHenuu (0.l) sBasercs
oM QpepeHINaIbHBIM ONepaTopoM, a BosiHoBas (QyHKuus V(t,x) He HMeeT JHILIHUX
KOMIIOHEHT.

C ncnoJsb3oBaHHEM MOJYUYEHHBIX yPaBHEHUH TOYHO pellleHa 3ajadya O ABHKEHHH pe-
JIITUBUCTCKOH 4acTHUIbl IPOU3BOJIBHOIO CIIMHA B OfHOPOAHOM MarHuTHoM moJe. Iloka-
3aHO, UTO HalJleHHble YpaBHEHHUS He TPUBOAAT K MApPaflOKCy HapylleHHs NPUYMHHOCTH,
CBOMCTBEHHOMY, Hanpumep, ypaBHenuio Paputei-IlIBuHrepa [2].

1. ITocraHoBKa 3amauyu
JuddepeHinanbable YpaBHEHHs ABUKEHHS UaCTHIbI TPOU3BOJLHOTO CIIHHA MbI M0-
JIYUHM, MCXOAfl M3 CJEIYIOLIero MpeicTaBleHus renepatopos P, J,, Trpynnsl

P(1,3) [5]:

0
Py = Hs, Py =po=—iz—,
02,
) (1.1)
Jab = XaPb — TpPa T Saby JOa = ToPa — _[xaa Hs]+ + )\a7 ZTo = t7

2
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rne [A,B]y = AB + BA, H, — HeusBecTHbI#l noka auddepeHLHaNbHbIH 0nepaTop,
BKJIIOYAIOLIKH TPOU3BOAHbIE 10 O/Jx, HE BhILIE BTOPOrO MOPSIKa,
Se 0

Sap = S(: = ( 0 gc ) ) (a,b,c) LHUKJI (15273)7 (12)

S. — reHepaTopE! HeNPUBOAMMOro mpeactasienust D(s) rpymmsi O(3), Ao — HEKOTOPbIE
orepaTophl, SIBHBIM BUI KOTOPBIX onpepessieTcsi TpeGoBaHueM, 4ToObl renepatopsl (1.1)
ynoBJetBopsiiu anrebpe Ilyankape P(1,3).

@opmyae (1.1) 3anaoT caMblil 06LIMH BUL reHepaTopoB rpynnsl [lyaHkape, cooTBerT-
CTBYIOLIMX JIOKAJbHBIM Tpeobpa3oBaHusiM 2(2s + 1)-KOMIIOHEHTHOH BOJHOBOH (hYHKIMH
CHCTEMBl “UacTHlA + aHTHYacTHUA” TIPU MOBOPOTE CHUCTEeMbI KoopawHaTt. IIpencrasie-
uus Buga (1.1), tne H, mpu s > 1 mpUHAmJIEXRHUT Kjaaccy WHTerpoaudepeHInasbHbIX
0TepaTopoB, paccMaTpHBaJHCh paHee B [8].

Onpenenenne. bydem, eosopums, umo ypaswernue (0.1) nyawnkape-uH8apuaHmmo u
onucovieaem ce0600H0e 0BUINCEHUE YACMUUbL C MACCOL M U CRUHOM S, eCAu one-
pamopot Py, J,, (1.1) u eamunromonuan Hg yoosremeopaom KOMMYMAUUOHHbIM
coomuouenuam areebpo. P(1,3):

[P,,P))- =0, [Py, Juw]— = i(guPx — gunPy), (1.3a)
Juvs Iaol= = 1(Guodur + 9urJpe — gurdve — Guodun)s (1.36)
P,P" = H? - p? =m?, (1.38)
W, WHE = m?s(s + 1)7, (1.3r)

ede [A,B]- = AB — BA, g, — mempudeckuii mensop, gy, = (—1,1,1,1), W, —
sexmop Jliobarckoeo—Ilayru

1
WM = ESHVU)\JVO’PA' (1.4)

N3 ckasaHHOro cjenyet, 4To ec/Jd Mbl HaleM Bce Takue omepatopel Hy u Ay, 075
KOTOpHIX OYAyT YAOBJeTBOPsiTbCs cooTHolueHus (1.3), To TemM cambiM OyneT pelieHa
3ajaya o MOCTPOEHHH MyaHKape-HHBApUAHTHBIX ypaBHeHu# Buaa (0.1). lelcTBUTEBHO,
€CJIH YIOBJETBOPSIIOTCS cooTHOLIeHUs (1.3), TO BBHITIOMHSIOTCS YCJIOBUSI HHBAPUAHTHOCTH
ypaBtenusi (0.1) oTHocuTesbHO anre6psl [lyankape P(1,3)

0
i— — Hg, ¥ =0, 1.5
[ ot T QA}_ (1.5)
rae Q4 — TMpOM3BOJbHBIH reHepatop rpynnsl P(1,3).
2. MudpdepennuanpHbie oneparopbl H; BTOpOro nopsigka
Pewienue Haue#l 3agauu npuBeneM B BUE CJeNyIOLUIEH TeOpeMbl.

Teopema. Bce sosmodnctsie (¢ mounocmeio 00 npeobpasosanuti IK8UBAACHMHOCTL,
OCYULECMBAACMBLY HUCAOBbIMU MAmMpPUUamM) Oupepenyuaibrole 0nepamopsl mo-
poeo nopsdka H, ydosiemeopsiouue areebpe P(1,3) (1.3), sadaromes gopmyramu

1 .
Hy = oim+0o3k1S - p+ 5—(01 —ios) [p* = (k1S - p)*] 2.1)
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_ PN b o 2+ Lo - p)?
H1—01<m—|—2m> 2m02[p + 2k2(S - p) ]+m03 ko(ke — 1) (S - p) @9

P’ =pi +p5+p3,

2 2 ;
p° _ (ksS-p) i
Hi =0, |:m + om  om +03k35-p—%02 [p2 + (ks — 2)(S p)2]7(23)

2 .
_ p iky 2 D9 1 2 2
Hs3/o =01 (er —2m) + 3, 02 {(S'p) -t 2m\/’% —losp”, (2.4)

P (kS -p)?
2m 2m

oy [(K - 4) (5 p) — (9K - 5) ]

(2.5)

ede o, — 2(2s+1)-padusie mampuuel [layau, kommymupyowue ¢ Sq, ki (1=1,2,...,
5) — npoussonbHbie KOMNAEKCHbIE NAPAMEMpPbL.

Jloka3aTesbCTBO MOXKET ObITh TPOBEAEHO MO CXeMe, MOAPOGHO OmHcaHHOH B [3-5].
Panu xpatkoct Mbl ero omnyckaem. IIprBeneM TOJIBKO SIBHBIH BHI ONeEpPaToOpOB A,, NPHU
kotopbix renepatopbl (1.1), (2.1)-(2.5) ymosnerBopsitor cooTHotenusM (1.3) (B uem
MOXHO y6eIUThCsl HEMOCPeACTBEHHON MPOBEPKOH).

B cayuae, korna ramusnbronuan H, nmeet Bup (2.1),

Ao = <1 - %) [mgsa - %(al —io9)(p X S)Q] . (2.6)

B cayuae, korna Hy 3agaercst omHo# u3 dopmya (2.2)-(2.5),

i H, . .
Ao = FBS {pa <2 + |:E,(71:| _) —2z,Hy — E[;Ea,0'1]_} +

H, i
m |:Sabpb - E—Bssabpb(alE + Hs)] )

(2.7)
+

tie By = 2E + [Hy o]y, E = (p2+m?) ", p= (02 +p3 +p2) "%, A= i[H,, Al
3ameuanue 1. V3 dopmyn (2.1)-(2.5) BuaHo, uto cootHouenus (1.3) onpenensitoT ra-
MUJIbTOHHAHBl PENATHBUCTCKOH YacTHIBI ¢ TOUHOCTBIO JO MOCTOSTHHBIX KOMIIJIEKCHBIX
uncen k; (1 =1,2,...,5). Ypasuenue (0.1) ¢ TakuMu raMu/JbTOHHAHAMYM WHBapHUAHTHO
OTHOCHTEJIbHO Npeo6pa3oBaHus “cusbHOro otpaxkenus © = C'PT, Ho, BooOllie roBops,
He MHBapMaHTHO OTHOCHTeabHO P-, C-, u T-npeobpasoBaHuil. lHBapMaHTHOCTb ypas-
HeHust (0.1) oTHOCHTeNBHO JI06OTO U3 TUX MpeoOpa3oBaHU MoXeT OBITh oOecreueHa
crielManbHBIM BeIGOpOM 4dnced k;. Tak, Hampumep, ecad B ¢opmyse (2.1) ans crnuna
s = 1/2 nonoxute k1 = 1/s, B popmynax (2.2)-(2.5) nonoxutsb ke = 1, k3 = 0,
ky =1, ks = 0, To mosmyuum P-, C-, T-uHBapUaHTHbIE TaMUJIbTOHHAHBI BUIA

2 2
Hy =0, m+p— —’ing—, (2.8)
2m 2m

H1/2:01m+2035~p, (2.9
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2 Ry 2
Hymo (ms 2o piog (SRS 27 (2.10)
2m m 2m
2 2 2
B P . [(S-p)* 5p
Hsz/p =01 (m—|— _2m> + i09 {72m _8m] . (2.11)

Oneparop (2.9) coBnanaer ¢ ramunbroHnaHoMm Iupaka, a omepatopsl (2.8), (2.10)
— ¢ ramusbronuanamu TCT [9] mas wactun co cnurom s = 0, 1. Onepatop (2.1) st
cnuHa s = 1/2 paccmarpuBaics panee B [10].

3ameuanmne 2. Bee renepatopsl rpynmnsl P(1, 3), onpenessiembie popmynamu (1.1), (2.1),
(2.6), npuHanexar Kjaaccy au¢pdepeHIHANbHBIX onepatopoB. [Ipu ki = 2 reHepaTophl
Joa (L.1), (2.6) mpunumaiot oco6o mpoctoi Bun (3, 4]

1
Joa = Topa — i[xaaHs]—&-- (212)
3ameuanue 3. [amusabronuansl (2.1)—(2.5) u ocranbhble renepatopst (1.1), (1.2), (2.6),
(2.7) rpynnet P(1,3) moryT GbITb MpHBeaeHbl K KaHoHHuecKo# popme Ponnn-Iupoko-
Ba (11, 12] u [3, 4]. D10 mocTHraercst MOCPENCTBOM H30METPUUECKOrO MPpeobpa3oBaHusl

Py — Péc = VPQV_1 =o01F, P, — Pf — VPaV—l = pa,
Jab — J(]fb = VJabV_l = TaPb — TbPa + Saby
(2.13)

SabPs
E+m

)

1
Joa — J(gca = ‘/JOaVv_1 = ZoPa — §[xa7P[§€]+ — 01

E = (m? 4 p7)' 2,

rae omepatopbl V HUMeOT BUJ

S .
V=ViVaVs,  Vi=exp (01 P orth 3) :
p E

1
V2 = 7[EA+ +m/\7 - 20’1)\75 p},
2m

1 1
=exp | —a AT (k —2)S - o1t
V3 =exp 2m01/\ (k1 —2)8 p] , A 2( 03),
IJIs1 TaMUJIbTOHHAaHOB (2.1) u
V = (E+ o H,) (2B + E(H, 01]4) """

JIs1 raMuJIbTOHHaHoB (2.2)—(2.5).

3. NuddepeHnuanbHble TaMUJIbTOHOBBI YPaBHEHHUS MEPBOro MOpsiAKa
[lo anamoruu c Teopueil [upaka [OJs 3JeKTpOHA IMOCTYJHPyeM, UTO B YypaBHe-
uun (0.1) raMusbToHHaH H, DPEJSITHBHCTCKOH YacTHLbI C [POH3BOJBHBIM CIIHHOM SiB-
JsieTcsl auddepeHIHATbHBIM OMepaToOPOM, BKJIOYAIOUIUM TPOHU3BOJHBIE MO MPOCTPAHC-
TBEHHBIM NEPEMEHHBIM He BBILIE TePBOTO MOPSAKa

H, = f‘g‘s)pa + f‘és)m, (3.1)

rae FELS) — HEKOTOpbie YUCJIOBbIE MATPHILbI.
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[enepatopel mpeacTaBaeHus rpynmnsl [Iyankape, KoTopoe peanusyeTcss Ha pelleHHUsIX
ypasuenus (0.1) ¢ ramusabronuanom (2.1), Beibepem B BHe

Py = H,, P, =ps,=—1t )
0x,
rae Sy, — MaTpHlbl, ofpasylollde KOHeUHOMEepHOe MpejcTaB/eHHe (B oblieM ciayuae
npuBonumoe) anre6psl O(1,3). @opmyisl (3.2) 3apaioT camblél 06LIKH BHI FeHEPaTOPOB
rpynnel P(1,3), cCOOTBETCTBYIOLIMH JIOKa/JIbHBIM Pe06pa30BaHHUsIM BOJTHOBOH (DYHKLHH.

OrnpenesnTh Bce BO3MOXKHBIE FaMH/IbTOHHAHbI Buaa (3.1) 03HauaeT HalTH Bce TakHe
MaTpHULbl fff)
(1.3).

[ToxakeM, 4TO HCKOMble ypaBHEHUS ABHKEHHS 4acTHIbl CO CIIMHOM § M Maccod m
UMeIOT BUJ

JHV =TuPy — TPy + Sw/v (3.2)

u Sy, uto oneparopsl (3.1), (3.2) ymoeaerBopsitoT anre6pe Ilyankape

.0 = i%\k H,=TT®p, + T m, (3.3a)

by — o Lo @Y [ps) e

PU =0,  Pi=Pi+o— (1 I ) {FM D ,PSL, (3.36)
1

P.= (52, —2s(s—1)], S = Zsabsab, (3.38)

rue FLS), Sap — 8s-psHBIE MATPHULbI, 3aaBaeMble COOTHOIIEHUSMU

OO, T =20 TP —TPTOTPTY, S = s+

‘ T (s) (s ‘ ‘ . .
[T,uwjkcr}f =0, Ty = §F§L )FI(J )» Jab = Jes Joa = UJa; (3.4)

[javjb]f = Z.jcv Z]a - ] + 1 = S(S - 1)

T.e. MaTpHLbl FLS), KaKk W B cjayyae ypaBHeHHs JlMpaka, yHOBJETBOPSIOT aJsrebpe

Kﬂuqacpopua a ManI/ILLbI S, SBJSIOTCS TeHepaTopaMu mnpeactaBiedus [D (3,0) @
D (0,4)] ® D (s — 4,0) rpynnst O(1,3). HdeiicTBuTebHO, Henoab3yst (3.4), HETPyAHO
y6eILI/ITbCH 4TO FaMI/IJ'IbTOHI/IaH (3.32) u renepatops! (3.2) ymOBNETBOPSIOT YCJOBHSIM
(1.3a), (1.36). Uro »xe kacaercsi ycaosusi (1.3r), to cormacuo (1.4), (3.2)-(3.4) ero
MOXKHO 3anucaTh B Buae (3.30)

1

1 .
% [WWMWH—S(S—l)} ‘I’EPS\I’:\II7

rae Py — omepatop MpOeKTHPOBAHHS HA MOANPOCTPAHCTBO, COOTBETCTBYMOIIEE (UKCU-
pOBaHHOMY CIHHY S [5].
Hcrosib3yst ToXAECTBO

@ 1
(1+18) P = = (85 —4s(s = 1)) (14157,
ypaBHeHHst (2.3) MOXKHO 3amucaTb B IBHO KOBapHaHTHOH (opme

(rgﬁpﬂ - m) W =0, (3.52)
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(FL‘S)p” + m) (1 +I S)) [Su S —4s(s — 1)]¥ = 16msV. (3.50)

B cusy usnoxkeHHOro Bhille ypaBHeHUs (3.5) MyaHKape-MHBAPHAHTHBI U OMHUCBHIBAIOT
cBOOO/IHOE ABHMKEHHE YACTHLbI ¢ (PUKCUPOBAHHBIM CIIHHOM S U MacCoH m.

3ameuanue 1. YpaBHeHus (2.5) ompeneseHsl W ans caydas m = 0. Hanaras npu
3TOM Ha BOJIHOBYIO (yHKIMIO W NyaHKape-HHBapHaHTHOE IONOJHHTEJbHOE YCJIOBHE

(1 - Fff)) U = 0, mony4yaeM U3 (3.5) ypaBHeHUsl IBUKeHHs [J/s 6€3MacCOBBIX YaCTHIL

[POU3BOJILHOTO CIIHHA, KOTOPble NMPH § = 1/2 3KBUBAJEHTHBI ypaBHeHUI0 Beiss mis
HeHTpHHO, a MpU s = 1 — ypaBHeHHsIM MakcBessia AJIsl 3J€KTPOMarHMTHOTO MOJs B
Bakyyme [13].

3ameuanue 2. [locpenctBom npeobpasoBanus ¥ — ¢ = WU, rue

F(S) s
W = exp pp arctg exp (F( )ja}fa arth = )

ypaBHenus (2.3), (3.5) MoryT ObiTh MpPHBEAEHBl K JHArOHAJBHON (opme
. 6 s
i ®= r\YE®, Po=0.

Ha pewennsix ypaBHeHu#l (3.6) reHepaTopsl rpynnbsl P(1,3) HUMelT KaHOHHUECKYIO
dopmy (2.1).

OtmeruM, uto B [14] Takke mpemsarasuch 8s-KOMIIOHEHTHblE Hu(depeHIa bHbIE
ypaBHEHHsI [ePBOrO MOPSiiKA, OMUCHIBAIOIINE JBUXKEHHE CBOOONHON YaCTHIBI C MPOH-
3BOJIbHBIM CITHHOM s. DTH ypaBHeHHsi, B oTiHuke ot (5.1), (5.2), cTaHOBsATCS HecoBMe-
CTHBIMH MPH ydyeTe B3aUMOAEHCTBHS YaCTHIIbI C BHEIIHHM I0JIEM.

4. KoBapuaHTHbIe onepaTropbl KOOPAWHATHI M CIIMHA
[Ipu mepexone K HOBOH WHepLUHANbHOH CHCTEMe OTCUETa OMepaTophl (PU3HUECKUX
BeJIMYKH IN; (KOOPOMHATBI, CIMHA U T.N.) NPeobpasyloTcs CeAYIUM 06pa3oM:

Nz’ — Nl/ = exp(inel)Ni exp(—inel),

rie @Q; (I =1,2,...,10) — reneparopsl rpynnsl [lyankape, §; — napameTpsl npeoGpa-
30BaHUS.

OnHa U3 TpyoHOCTEH, ¢ KOTOPOH MPUXOAUTCS CTAJKHBATbCS B NPENCTABJEHUSX TH-

a (1.1) (xorma renepatopbl Jo, HeJb3si 3amucaThb B BHIE CYMMbl KOMMYTHPYIOLIHUX

cnm—xoaoi” 1 “opOUTasbHON” yacTei), COCTOMT B TOM, 4TO ONepaTop &, MMeeT HeKoBa-

pPHAHTHBIH 3aKOH Npeo6pa3oBaHusl, TP KOTOPOM He COXpaHsSIeTCsl BeJMUHHA HHTEpPBaJa,
z3 — 22 # (x()? — («,)?. CaenoBaTe/bHO, T, HeJb3si HHTEPIPETHPOBATh KAK KOBapH-
aHTHBIH ONepaTop KOOPAHWHATHI.

Hizke MBI onpefeinM KOBapHaHTHBIH olepaTop KOOpPAMHATH B mpencraBieHnu (1.1),
(2.1). Tem cambiM B mpHHUMIe GyAeT pellleHa 3ajaya AJs MPOU3BOJBHOIO MpencTaBJe-
nus (1.1), (2.6), mockosbKy reHepartopsl Jo, (2.12) u (1.1), (2.6) cBsizaHbl npeoGpaso-
BaHMEM 5KBUBAJTEHTHOCTH Jo, — V Joo, V™1, The

. 1
V =exp |(01 —i02)(2 — kl)%s -p
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[Tepefinem K mpencTaBieHHIO, B KOTOPOM TeHepaTopel Jy, (2.12) uMeloT J0KaIbHO-
KOBapHUaHTHYIO (DOpMY

. _ .0
JOa = X0Pa — TaPo + SOaa SOa = 20'35,1, Po=17—- (41)
3:50
ATo H0CTUraeTcs NOCPeACTBOM NpeodpasoBaHus
Joa = VJoaV 1, V = exp —ﬁ(()’g +1i02)(2S - p—po)| . 4.2)

B npencrasnenun (4.1) KoBapHaHTHEIH onepaTop KOOPAMHATHE! X,, MOXKHO BHIODATh B
Bue X, = x,. C nomorkio npeo6pasoBaHusi, o6paTHOro (3.2), momyyaem SBHBIH BUI
3THUX ONEPATOPOB B MCXOAHOM MpenacTaBjeHuH (2.12)

.- - 1. L
X, =V X, V=x,+ 5(201 + 02)&u, §a = Sa, o = 578 (4.3)

[Ipn mepexone K HOBOH HMHepLHaJbHOH CHCTeMe KOOPAMHAT onepaTopsl X, mpeo6pasy-
I0TCSl KaK KOMIIOHEHTBl YeThIPeXBEKTOpa M YLOBJETBOPSIOT KAaHOHHYECKUM IepecTaHo-
BOYHBIM COOTHOILIEHHUSIM

P, Xol- =190, (X, X,]-=0. (4.4)

Bce 370 nossosisier cienaTe BbIBOA, UTO X, (4.3) MOXKHO MHTepPHPeTHPOBATh KAaK KOBa-
PHaHTHBIH OrNepaTop KOOPAHHATHI YaCTHIIBI.
B cayuae s = 1/2 onepatopsl (4.3) NIpUHUMAIOT SIBHO KOBapUAHTHYIO (OpMY

7
X,=2z,+ %(1 + Ya) Yy, (4.5)

TIE Y4 = 03, Yo = 01, Va = —21025, — Marpuusl [upaka. B cuny nanokeHHOro BeIlIe
oneparop (4.5) MoxkeT GbITh BbIGpaH B KaueCTBE KOBAPHAHTHOIO OMEPaTopa KOOPAHHATHI
IUPaKOBCKOH 4acTullbl. IHTepecHO OTMETHUTb, UTO MIPU TAKOM OIpeleseHHH KOOPAUHATH
OIeparop CKOPOCTH

Xo = —i[Hy 2, Xa]- = (1 +’Y4)70%

(rne Hy/o — ramunbronnan upaka (2.9) ) uMeer Cr/IOMIHON CHEKTP M yIOBJIETBOPAET
cootHomenuio [X,, X;] = 0. TIpu 3T0M, 0f1HaKoO, [H1/27Xa], # 0.

[TonuyepkHeM, 4To omepatop (4.5) CylL1eCTBEHHO OTJIHMYAETCS OT ONEPAaTOPOB KOOPHH-
HaTBl, MpennoxKeHHbIX paHee Hetoronom u Burnepom [15], @osnnu u BaytxoiizeHom [16]
¥ MHOTUMHU Apyrumu [17]. DTo OT/iMUHE COCTOMT B TOM, UTO omepatop (4.5) JokaneH u
npeoOpasyercsi KaK KOBAapUAHTHBIM YeTHIPEXBEKTOP, B TO BpeMsi KaK OMepaToOpbl KOOp-
IMHATHl, NpensoKeHHble B [15-17], mpuHanexar Kjaccy HeJOKaJbHBIX HHTETPOAU]-
(bepeHLIMATBHBIX ONePaTOPOB ¢ HEKOBAPUAHTHBLIM 3aKOHOM Mpeofpa3oBaHUs.

[IprBeseM sIBHBIF BUJ KOBADHAHTHOTO ONepaTopa CIHHA X, YaCTHIIbI, OHCBIBAEMOH
ypaBHeHueM (0.1) ¢ raMmusbroHuaHom (2.1):

1
Eab - Sab + %(7;0’1 + UQ)Scdpdv (a7b7 C) = (17 273)7

) 1.
Yoa = 1035pc — E(wl +02)[28 - p — po, See+-
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ITo ananoruu c (4.1)-(4.3) MoXKHO TOKa3aTh, UTO ONEPaTOpPbl X, MPeobpasyloTcs Kak
KOBapUAaHTHBIA TEH30p BTOPOTO PaHTra, a OMepaTop Y.,, KOMMYTHPYET C FraMHJIbTOHHAHOM
U SIBJISIETCS] HHTErPaJOM JBHKEHHUS.

OTMeTHM ellle, YTO OMNEPaTOP KOOPAHHATHI YACTHIIbI, OMMCHIBAEMON YpaBHEHHSMH

(3.5), MoxeT ObITh MoJydeH U3 (4.5) ¢ TOMOIIbI0 3aMeHbI 7y, — I‘,(:).

5. YpaBHeHMe 1151 3apsidKeHHOW YaCTHULII
BO BHENIHEM 3JIEKTPOMATrHUTHOM I10JI€
MoxHO TOKasaTh, YTO BBEIEHHE MHHHMaJbHOIO 3JEKTPOMAarHUTHOIO B3aHMOAEH-
CTBHUSI HEMOCPEACTBEHHO B ypaBHeHUs (3.3) usu (3.5) MPUBOAUT K TOMY, YTO KaK ypaB-
HeHus (3.3), Tak W ypaBHeHHs (3.5) CTaHOBATCS HECOBMeCTHBIMM. UTOOBI MPeonoseTh
3Ty TPYAHOCTB, 3anuiueM (3.3) B BHIE OIHOTO ypaBHEHHUs

{Ps (i% —H) +%(1—Ps)} =0 (5.1)
e » — NPOU3BOJbHBIA MapaMeTp. DKBUBaseHTHOCTD (5.1) u (3.3) caenyeT U3 cCOOTHO-
EeHNUH

[3Hp} _0. PP —P.
ot _

SBHO KOBapHaHTHasa CHUcTeMa (35), B CBOIO o4depenb, MOXKET OBbITh 3amucaHa B BUJE

{BS (r,<j>p# - m> — (1 BS)] U =0, )

B = o= (T0p 4 m) (14+757) 18,8 = 25(s = 1)

MOCKOJIbKY

[Bsmff‘)p“ - m} U =0, B.B.=B..

Cnenaem B (5.1), (5.2) 3ameny p, — 7, = p, — eA,, rie A, — BeKTOp-NOTEHLHA/
3JIEKTPOMATHUTHOTO MOJsl, W MoKa)keM, uto B pesyabrate (b.1) u (5.2) cBomsitcs K
CHUCTEME SIBHO KOBAPUAHTHBIX AH(QpepeHlIHaNbHbIX YPaBHEHUH TE€PBOTO MOPSAKA, OMH-
CHIBAIOIINX MPUYMHHOE [BHXKEHUE 3apsPKEHHOH YaCTHIB IPOU3BOJIBHOTO CITHHA BO BHE-
wrem noJie. [Tockoabky ypaBuenusi (5.1) u (5.2) B KOHEUHOM HTOTe MPUBOAST K OfH-
HaKOBBIM pesyJibTaTaM, Mbl PACCMOTPHM TOJbKO ypaBHeHHe (5.1), KoTopoe MpHUHHMAET
BUJ

{Ps(w)[wo — Hy ()] 4+ 1 — Ps(w)]} v =0, (5.3)

1

Hy(m) =TT ma +T00m, - Pu(m) = Pot 5

(1 — rff)) [Fff)w“,Ps} (5.4)

Ymuoxus (5.3) Ha Py(m) u {1 - Ps(ﬂ')} M MCIOJIb3Ysl TOXK/AECTBA

. . 1 (s Y4 . ;
7o — H,(m), PS(Tr)} () = T )(1 — 1§ ))(ESW - zryry))FWPs(n),

PS(T")pS(ﬂ')ZPS(ﬂ')v Fu = =lmu,m]-.
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NpUXoouM K CHUCTEME ypaBHeHI/Iﬁ

Q U(t, @) = Hy(m, Ag)U (L, x),

ot
H,(m, Ag) = TSIy + T m + eAg+ (5.5)
+RF(()S) (1 - rff)) ESW - il“ff)l‘ff)} Fo,
{PS + % (1 - rff)) {FSH“,PS} } v =0, (5.6)
KoTopast, Kak ¥ (3.3), MOXeT ObITh 3alHcaHa B sIBHO KOBapHAHTHOH (opme
{(Ffw - m) + ﬁ (1 - FE{") (isw - z’FEf)F,(,S)) FH,,} U =0, (5.7)
(m+T7) (1= T8 ) (S8 = 4s(s = 1) = 16ms¥. (5.8)

[TokaxkeM, uto ypaBHeHus (5.7), (5.8) He NPUBOAAT K HapYyIIEHHIO MPHUUUHHOCTH.
Ilns atoro cuenaem 3ameHy

U(t,x) =VI(t,x), V =exp {(1 - Ffls)) %FLS)W“} ) (5.9
[Toncrasus (5.9) B (5.7) ¥ YMHOXHB pe3y/bTaT cJieBa Ha OMepaTop
F=m+ % (FLS)W“ - %gﬂuﬂw - ﬂiyrmr“) (1 - Ff)) )
rie Sab = Sub, §0a = 1S}, IPUXOIUM K ypPaBHEHUIO
(munt = 0% = Sy ) 0(0,2) =0, (5.10)
U3 (5.8), (5.9) mosyuaem moMOJHUTENbHOE ycaoBUe s P B Buze
Po=9 HJTH %Sﬁ,}l’ =s(s+1)P. (5.11)

Dopmynsr (5.10)-(5.11) obobuiator ypasHenue 3abineBa—Peiinmana-Ienn-ManHa
[18] mast s = 1/2 Ha caydail 4acTHLbl NPOH3BOMBHOTO criuHa. Peienus ®(t, x) sToro
ypaBHeHHs], KaK U3BecTHO [19], omUCBHIBAIOT MPUUMHHOE pACIpOCTpaHeHHe BOJH (C 10-
CBETOBOH CKOpPOCTbI0). TakoBbI XKe, OUeBUAHO, U cBOHCTBa peluennit W (¢, &) ypaBHeHHH
(5.7), (5.8), cBsizanubix ¢ P(¢, x) npeobpazoBaHreM 3KBHBaJeHTHOCTH (5.9).

Takum 06pas3oM, Mbl MOKasajd, 4To ypaBHeHHs (5.7), (5.8) omHCHIBAIOT OBHKEHHE
3apsKEHHOH PEJIITUBUCTCKOM YaCTUIBI C TPOU3BOJIbHBIM CIIHHOM BO BHEIIHEM 3JIEKTPO-
MarHUTHOM [I0JIe U He MPUBOAAT K HAPYIIEHHIO IPUHIUNA TPUUHHHOCTH. OTMETHM ellle,
yro ypaBHenus (5.7), (5.8) momyckaiT JarpaHxkeBy (opmyaupoBKy. JeicTBUTENBHO,
BbIGepeM IJIOTHOCTD JarpaH:uaHa L(x) B Bume

v fo)> (1 +ffls)) X

e

L(x) = <m\Il’
o0 (5.12)
X [S, S — As(s — 1)] Wil T— s ' 16msT ",
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rae

¥ = ( v ) )
X

W u x — 85-KOMIIOHEHTHbIE (PYHKLHH, a f‘(s), SW — MaTpuubl paaMepHocTH 165 x 16s

Fo _ (D0 Fo [T 0
k o 1 ) 0 o -r{ )’

po _ (oo Ty SV:<S”” ’ )
5 F(()S) 0 ’ Iz 0 SMV )

HMcnonb3yst mpUHLUKI MHHUMAJbHOrO NeHCTBHs, mosydaeMm u3 (5.12) ypaBuenus (3.5)
st yHkund W H ypaBHEHHs!, KOMILUIEKCHO-conpsikeHHbie (3.5) mas ¢pyHkuun x. Cre-

naB B (5.12) MMHMMaNbHYIO 3aMeHy —— — —— + 9eA,, IPUXOAUM K ypPaBHEHHAM
Oz, oz,
(5.7), (5.8).

6. PasnoxeHnue no creneHsm 1/m

[amusbroHHaH (5.5) MOXKET HMETb KaK IMOJOXKHUTENbHbIE, TAK U OTPULATENbHBIE COO-
cTBeHHble 3HayeHHst. C MOMOIIBI0 CEPUU MOC/ENOBATENbHBIX MPEOOPA30BAHUH MBI MO-
ayuum u3 (5.5) ypaBHeHHe s COCTOSTHHH C TOJIOXKHUTEIbHON IHEPTHEH MOI0GHO TOMY,
Kak 310 Obio caenaHo Poanu u BayTxofizenom [16] masi ypaBHenus Hupaka. [pu
stom oneparop H(m, Ay) OyieT mpeicTaBieH B BULe psia mo CTemeHsiM 1/m, yIo6HOM
1151 BHIYUCJIEHHH 110 TEOPUH BO3MYILEHHH.

OcHOBHasi TPYAHOCTb MpPH AHATOHAJM3alMH ypaBHeHHH (5.5), (5.6) COCTOHT B TOM,
4TO HEOOXOAHUMO HAaWTH MpPeoOpa3oBaHusl, OAHOBPEMEHHO MPHBOASLINE K THArOHA/JIbHOH
(opme 1Ba pas/MuUHBIX ypaBHeHHs. Mbl QuaroHajnM3UpyeM CHadaja AOMOJHHUTENbHOE
ycaosue (5.6), a 3aTeM, HCIOJb3Ys OMEPATOPLI, KOMMYTHPYIOIIHE C PeoOpa30oBaHHBIM
ypaBHenuem (5.6), mpuBeaeM K AHaroHajbHOU (hopme ypaBHeHue (5.7).

TMoxBepraem BoaHOBYIO (yHKIHIO W (¢, ) npeoGpasosannio ¥ — W = V¥, rie

_ 1 )Y (7 (5)
V = exp [% (1 1§ ) (ra 7o — kiT§ Saﬂa) . (6.1)
[ToneiicTBoBar omepatopom (6.1) ciea Ha (5.5), (5.6), mosyuaem ypaBHeHHE IJIst v

~ 0 ~
H AV =i—T
5(777 0) Z&'t )

Hy(m,Ag) =T m + TS -+ (6.2)

e (e |2 o Vaimr i
+5- T (1 I ) 7 — (k1S -p)* + -S(H —iE + ik E)

PU =0 HJIH %Sab\i =s(s+ l)ﬁl, (6.3)

rae H, = —i[my, 7| 1 E, = —[mp, Ta]— — HaNpsXKeHHOCTH MArHUTHOTO U 3JIEKTPH-
yeckoro noJjiet, Py — mpoektop (3.3c).
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U3 (6.3), (3.4) 3akmaouaeM, YTO BOJHOBasi (HYHKILHS U umeer 2(2s + 1) oTaHYHBIX
OT HyJisi KOMMOHEHT. Matpuilel Sy, U KOMMYTHPYIOLIHE C HUMH MATPHULLbI F(()S), Fff) Ha

MHOXKeCTBE TaKHUX (PYHKLHH MOXKHO MPEACTAaBUTb B BUIE

oq [ S 0 ) . _ 0 I () . _ I 0
Sab Sc - ( 0 Se )a I‘0 g1 = ( I 0 ) F4 g3 = 0 -1 a(64)

rae s. — reHeparopbl npencrasiedns D(s) rpynmsl O(3), I nu 0 — (2s + 1)-psinHeie
eNUHHWYHAs W HysneBasi matpuubl. [logcraBuB (6.4) B (6.2), mosyyaeM raMHJIbTOHHAH
Hg(m, Ap) B hopme

HS(TK',A()) =o1m+ k1035 -+

+ L (o i) {79 (k1S m)?+ SS[H —i(1 - kls)E]} + eA.
2m S

®opmyna (6.5) 0600611aeT raMUIbTOHUAH CBOOGOAHON UACTHULBI TIPOM3BOJIBHOTO CITH-
Ha (2.1) Ha caydall B3aUMOZEHCTBUSI C BHEIUHHM 3JE€KTPOMAHUTHBIM MOJeM. TakKuM
00pa3oM, HCXOIsl U3 SIBHO KOBAapHAHTHBIX ypaBHeHHH (5.7), (5.8), Mbl MONYUHJIH pe-
LeNT BBEJEHHS B3aUMOJIEHCTBHS B MyaHKape-dHHBAPHAHTHbBIE ypaBHEHHSI Ge3 JIMIIHUX
KOMIIOHEHT, HaliieHHble B paspede l.

[IpeoGpasyem (6.5) K muaroHasbHOiU ¢opme. Kak u B caydae ypaBHeHus [Hupa-
Ka [16], 37O MOXHO OCYIIECTBHUTH TOJIBKO MPHOMKEeHHO Ans 7, << m. Coepuas
CEepHUI0 MOC/e0BATENbHBIX MPE0OpPa3OBaHUM

(6.5)

H,(m, Ag) — VaVoViHy(m, Ag)Vy Vo Vst = Hi(w, Ay),

Vi =exp

At
Vg—exp{4m203{ 2—(k15~7r)2—§S-H+16<;—k1>S'E}}a (6.6)
{ L

+é {7# (kS w?-Ss - H+ S —skl)S'E,wo} H
S _

¥ npeHe0peras ujeHaMu nopsiaka 1/m?, nonydaem

2 S H
H' (m, Ag) = ¢
s(m, Ao) = 01<m + 2m 2sm

>+6A0 167(5 Exmw—S -wx E)—

e 1 0FE, .
—SiEst |:§Qaba—xb + s(s+ 1) div E} + 6.7)
ie(2s — 1)
i (S-wxH-S-Hxm)+ S 25262,11,

Qab = 3[Sa, Sb]Jr — 25ab8(8 + ].)

Ha mHOXecTBe (YHKIUH, YyAOBJIETBOPSIOMIUX HONOJHUTENBHOMY YCIOBHIO 1P = P,
raMu/bToHUaH (6.7) MOJI0KHUTEbHO-OMPeeeH U CONEPIKUT CaaraeMble COOTBETCTBYIO-
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E,
L1e AUIONBHOMY <—LS . H), KBaJpyHOJbHOMY —LQaba— , CITUH-0pOH-
2sm 48s2m?2 oxy
1
TaJbHOMY (—ﬁ(s -Exm—8-mxX E)) JIapBUHOBCKOMY <—% div E)

B3aUMOJIEHCTBUSIM YaCTHLbI C NoJieM. J[Ba mocsenHux uieHa B (6.7) MOXKHO HHTepIpe-
THPOBAaTh KaK MarHUTHOE CIHH-OPOUTAJIbHOE ¥ MATHUTHOE KBAJAPYIOJbHOE B3aUMOMIEH-
CTBHS.

[TpubnuxeHHbI# ramMmuibroHuan (6.6) coBmagaer ¢ mosydeHHbM B padore [20], B
KOTOPOH B KaueCcTBe HCXOAHOTO KCIO0Jb30Bal0Ch ypaBHeHue 3akineBa—Peiinmana—Tesn-
Masnna (5.10). B ciyuae s = 1/2 (6.7) coBnamaer ¢ ramusnbrondanoM Posau u Bay-
Txok3eHa [16], monyyeHHbiM U3 ypaBHenus [upaka.

7. TouHoe pelieHNE YPABHEHUU NBUIKEHUS YaCTHLL
MPOU3BOJILHOTO CIIMHA B OMHOPOXHOM MAarHUTHOM IOJI€
PaccmoTpuM crcTemy ypaBHeHuit (5.5), (5.6) mjs cayyasi 4acTHIIBI B OZHOPOIHOM
MarHuTHOM ToJie. He ymaJisisi 0GLIHOCTH, MOXKHO CUMTATh, UTO BEKTODP HAMPSIXKEHHOCTH
storo noJssi H mnapaJjseneH TpeTbed NMPOEKUHH WMIYJbCa YacTHULl p3. TOraa KOMIIO-
HEHTBI TEH30pa 3/eKTPOMarHUTHOrO mojs F), paBHbI

Fyo = E, =0, Fy3 = Hy =0, F31 = Hy =0, Fio=H3=H. (71)

M3 (7.1) caenyer, 4To 7, MOXHO BEIOPATh B BHJE
m = p1 — eHuy, Ty = P2, T3 = D3, T =1 (7.2)

[Moncrasus (7.1), (7.2) B (5.8), monyuaem Hg(w) B opme
H 1
H,(m) = DT 7, + T m + o1 (1 - rfﬁ) (irf)rgS) - gsm> . (73)

[Tpeobpasyem H(7) K TakoMy BHALY, YTOObI OH COIEPKaJ TOJNBKO KOMMYTHPYIOLIHe
BeJIMYMHBI. DTO MO3BOJUT HaM, He pelllasi ypaBHeHWH NBUXKeHHs (5.5), (5.6), ompene-
JIUTh CIEKTP COOCTBEHHBIX 3HaueHHH ramuibronuana (7.3). HefcTBUTENBHO, B pe3yiib-
Tate npeobpasoBaHUs

H(mw) — H\(w) = VH,V™',  Py(w) — Py(x) = VP,(m)V !, (7.4)
rae
1 1/2
V=X 4N TPH (), €E= <7r2 — =51 H + m2> :
S
1 1
-1 _ (- —1(s) +_ 2 (s)
vTl= ()\ £+ H,(m)A"T§ ) A= (1j:F4 )
noJsqiydaemMm
1 1/2
H(m) =T (m2 - —512H> , (7.5)
S

1
P®=%® wm 5S§b<1> =s(s+1)®, d=V0. (7.6)
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Oneparops Fés), Sio U 72

coOCTBeHHbIE 3HAYEHUS:

KOMMYTHPYIOT IPYyr C APYFOM H HUMEIOT CJefyloliue

I‘E)s)fb =ed, €= +1, S12® = 539, s3=—s,—s+1,....s, (7.7)
0= [2n+1)H +p3]®, n=0,1,2,.... (7.8)

Dopmynwt (7.7) caemyior HemocpeactBeHHo u3 (3.4), (7.6), a cootHoiienue (7.8)
TNpUBeleHo, HarpuMep, B [21].

Kanpar ramusnbroHuana (7.5) u omepartopsl (7.7), (7.8) uMeroT oOlIyl0 CHCTEMY
COOCTBEHHBIX PYHKUHUH Pepsyp,. OTCIONA U U3 (7.7), (7.8) 3aK/11049aeM, 4TO COOCTBEHHEIE
3HaueHHs] TaMUIbTOHHAHAa (7.5) paBHBI

Eensgps =€ [mQ +(2n+1-—s3/s)eH +p§] 1z (7.9)

Coornotuenue (7.9) o6o6uiaer ussectuyio gopmyay [21] nas ypoBHe# sHepruu 3Je-
KTPOHA B OJHOPOJHOM MAarHUTHOM II0JIe HA CJydal YacTULBl C MPOU3BOJBHBIM CIIMHOM
s. Kak BugHo u3 (7.9), 3HaueHHs] 3HEPrUM TaKOH YaCTHLbl NEHCTBUTEJNbHBI TIPU JIHO-
ObIX S, B TO BpeMsl Kak ypaBHenusi Papurbi-IllBunrepa nss s = 3/2 npu pelieHnu
AHaJIOTHYHOH 3a/laud MPUBOASAT K KOMIJIEKCHBIM 3HAUeHUsIM dHepruu [2].

[TprBenem 1718 MOJHOTBI BUJ COOCTBEHHBIX (QYHKUUHA Popgypg

(I)E7L83p3 = (I)E(I)se, (I)npga (710)

rae ®,,,, — cobcTBeHHble DYHKUKK onepatopa 2 [21]

Dpp; = exp(ip1z1 + ip3z3) exp [—g (xz + %)} H, [\/ﬁ <IL‘2 + %)} . (7.11)

H, — nosuHoMsl dpmura, a P, ¢;, — cobcTBeHHble (PYHKIHU ONepaTopoB I‘(()s) u Sia,
SIBHBIH BHJ KOTOPBIX MOXKET OBbITh JIETKO HalJeH AJisl JI0O0r0 KOHKPETHOTO MpeaCcTaBJe-

HHUS MaTpHIL I‘((JS) u Sia.
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